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Bounds and Constructions of Codes Over
Symbol-Pair Read Channels

Ohad Elishco™, Member, IEEE, Ryan Gabrys

Abstract— Cassuto and Blaum recently studied the symbol-
pair channel, a model where every two consecutive symbols are
read together. This special channel structure is motivated by the
limitations of the reading process in high density data storage
systems, where it is no longer possible to read individual symbols.
In this new paradigm, the errors are not individual symbol errors,
but rather symbol-pair errors, where at least one of the symbols
is erroneous. In this work, we study bounds and constructions
of codes over the symbol-pair channel. We extend the Johnson
bound and the linear programming bound for this channel and
show that they improve upon existing bounds. We then propose
new code constructions that improve upon existing results for
pair-distance six, seven, and ten.

Index Terms— Coding theory,
symbol-pair codes.

codes for storage media,

I. INTRODUCTION

A BASIC limitation of high density data storage systems
is that the outputs of the reading process are pairs
of consecutive symbols rather than individual symbols. The
symbol-pair read channel was recently proposed as a model
reflecting this limitation and it was first studied in [2] and [3].
In those papers the authors studied fundamental questions
arising from pair-symbol readings such as the pair-distance,
code constructions, decoding of error-correction codes, and
bounds on codes size. These results were later extended in
several directions such as cyclic codes [20], maximum distance
separable (MDS) codes [13], decoding algorithms [21] and
more.

In [21], the authors presented efficient decoding algorithms
that improved the initial lower bounds from [2] and [3] on the
minimum pair-distance of linear cyclic codes. Several more
works presented different decoding algorithms for arbitrary
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linear codes; see e.g. [9], [10], [15], [18]-[20]. The study of
MDS codes for the symbol-pair channel was initiated in [4],
and was later extended in several more works and for other
non-binary codes; see e.g. [5], [6], [12], [13], [17]. Another
generalization of the pair-symbol model was studied in [21] for
the b-symbol read channel. Here the assumption is that every
b > 2 consecutive symbols are read together. This model was
further studied for MDS codes in [5], [13].

Assume the stored word is given by the vector
x = (x0, X1, ...,X,—1). The pair-read vector is given by

m(x) = ((x0,x1), (x1,%2), ..., (Xn—2, Xn—1), (Xn—1, X0)) -

A symbol-pair error is the event where at least one of
the symbols in the pair-read vector is in error. The pair-
distance between two words x and y, denoted by d,(x, y),
is the Hamming distance between their pair-read vectors, that
is dp(x,y) = du(z(x), 7 (y)). Finally, the minimum pair-
distance of a code C is the minimum pair-distance between
any two different codewords. Under this paradigm, the goal is
to construct codes with large minimum pair-distance since this
is the appropriate figure of merit to study in order to correct
symbol-pair errors; that is, a code with minimum pair-distance
d), permits the correction of at least Ldp; 1 ] symbol-pair errors.

In [21], it was shown that if a linear cyclic code has min-
imum Hamming distance dy then its minimum pair-distance
is at least d, > {3‘17”] This work presents also decoding
algorithms for such codes. On the other hand, bounds on codes
with minimum pair-distance were studied in [3], where the
authors extended the sphere packing bound for symbol-pair
errors.

In this work, we improve upon existing results and propose
new upper bounds and code constructions for the symbol-
pair read channel. Specifically, we show how to extend the
Johnson bound and the linear programming bound for this
setup, and demonstrate how the new bounds improve upon
the best previously known bound from [3]. We also study
code constructions for relatively small minimum pair-distance,
namely six, seven, and ten. For these cases we show how to
improve the result from [21] using cyclic linear codes in order
to obtain codes with better redundancy.

The rest of this paper is organized as follows. In Section II,
we review the symbol-pair read channel and list several basic
properties that will be used throughout the paper. In Section III
we study bounds on codes correcting symbol-pair errors.
Then, in Section IV we present our new code constructions
of symbol-pair error-correcting codes when the minimum
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pair-distance is six, seven, and ten. Lastly, in Section V we
conclude the paper and discuss the results and future research.

II. PRELIMINARIES

Let n € N (the natural numbers, including 0), and denote by
[n] the set {0, ..., n — 1}. For a prime power g, we denote by
Iy the field of size g. For a sequence x € I} denote by wy (x)
the Hamming weight of x. For two sequences x, y € F5 let
dg(x,y) denote the Hamming distance between x, y. For a
set C C F%, denote by dy(C) £ miny yec x2y {du(x, y)}
the minimum Hamming distance between any two different
sequences in C. We also denote by 0,1 € 5 the all zeros and
the all ones sequences, respectively.

Definition1. Let 7 : F; — (F2 x F2)" denote the (cyclic)
pair-symbol read representation which is defined as follows. For
X = (xo’xla e ,xnfl) € F”;

w(x) = ((x0, x1), (¥1,%2), - .., (Xn—2, Xn—1), (Xn—1, X0)) .

For a code C € [}, we denote by 7 (C) C (IF%)” the pair-code
generated by C, i.e.,

Q)& (n(c) : ceC).

We now define the associated pair-weight and pair-distance.
For a sequence x € [, define the pair-weight of x as

wp(x) 2wy () = [{j el : (xj,x541) # 0,0}

with coordinates taken modulo n. Similarly, for sequences
x, y € IF, define the pair-distance as

dp(x,y) £ du(x(x), ()
=[{jelnl : &j,xj41) # Ojyj+D }

with coordinates taken modulo n. For a set C C [} we define
dp(C) as the minimum pair-distance between two codewords,

d,(C) 2 in  dy,(x,y).
»(C) xjyggg#y p(X,y)

In the following, we make use of the well known property
(see [21])

dp(x,y) = wp(x — y). (h

Note that for a linear code C, we obtain
d,(C)= min d,(0,y)= min w . 2
p( ) el y p( y) el y p(.Y) 2)

Example 1. Let x = (0110), y = (0101) € IF‘2‘. We have that
° wH(x) = wH(y) =2.
o dy(x,y)=2.
o w(x)=((0,1),(1,1),(1,0), (0,0)).

z(y) = ((0, 1), (1,0), (0, 1), (1, 0)).

e wp(x) =3, wy(y) =4

e dp(x,y)=3.

Define r(x) £ |{i : 7 (x); = (0, 1)}|. It is evident that r(x)
is the number of occurrences of the symbol (0, 1) in 7 (x). It is
straightforward to show that r(x) = |{i : z(x); = (0, )}| =
[{i : w(x); = (1,0)}|. Note that the sequence 1 has r(1) = 0.
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We may consider r(x) as the number of runs of consecutive
symbols in x. Throughout the rest of the paper, we will
consider only binary vectors unless mentioned otherwise or it
is clear from the context. It is known [3] that for the binary
case

3)

Moreover, if C is a linear code, from (2), it is straightforward
to verify that

wp(x) = wg(x) +r(x).

dp(€) = min {wu(y)+r(y)} 4)
yeC,y#0
In this work we focus on bounds and constructions for codes
that, for fixed levels of redundancy, maximize the pair-distance
dp(x, y) for x, y € ;. We make use of the following lemma
from [21] which we include for completeness.

Lemma 2. [2], Lemma 1] Suppose C C F73 is a cyclic linear
code with dimension greater than 1 and with dy (C) > d. Then,
foranyx € C,r(x) > f%].

As a consequence of Lemma 2, it follows that if C is a
linear cyclic code with minimum Hamming distance dg (C),
then the code C satisfies

dy(C) > [

3dH(C)-|.

> (5)

III. UPPER BOUNDS

In this section, we derive a number of new bounds on
the maximum size of a code with a prescribed pair-distance.
In the first subsection, we consider upper bounds for even pair-
distance and then in the following subsection we apply linear
programming techniques.

A. Upper Bounds for Even Pair-Distance

In this subsection, we derive upper bounds for even pair-
distance codes using similar logic as in the Johnson bound
[11, Theorem 2.3.8]. In Lemma 3, we first derive a bound
on the maximal size of a code with minimum pair-distance at
least 2w where each codeword has pair-weight w. Afterwards,
this result is used in Theorem 5 to derive an upper bound for
codes with even pair-distance.

Letn,d, w € N and denote by A ,(n, d) the maximal size of
a code of length n with pair-distance d, and by A ,(n, d, w) the
maximal size of a code of length n with pair-distance at least d
where each codeword has pair-weight w. For the specific case
in which d = 2w we have the following equality.

Lemma 3. For positive integers n, w,

Ap(n,2 w,w) = LEJ .

w
Proof: Let x, y € IF} have pair-weight w,(x) = w,(y) =
w and d,(x, y) > 2w. Since d), is a metric, by the triangle
inequality, d,(x,y) < d,(x,0) + d,(0,y) = 2 w, which
implies that if d,(x,y) > 2w, then d,(x,y) = 2w. At
first, we show that A,(n,2w,w) = L%J We do so by
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constructing a code as follows. Let ¢;, 0 < i < |Z], be the
sequence generated by appending iw zeroes, (w — 1) ones
and n —iw — w + 1 zeros, i.e., ¢; = 0w 10— lgn—iw—w+l 4p4
consider the code C = {co,...,cL%J_l}. Note that |C| =

L%J Vx € C, wp(x) = wand Vx,y € C, dp(x,y) = 2w.
Thus, A,(n, 2w, w) > [%J

In order to show that A,(n,2w,w) < L%J we note
(using (1)) that 2w < dp(x, y) = wp(x+y). Since each word
has pair-weight w we obtain that 2w = w,(x) + w,(y) =
r(x) + wg(x) + r(y) + wy(y). Combining the inequalities
with the fact that d,(x, y) < w,(x) + w,(y) we obtain

wy(x +y)=rx)+wpx)+ry)+wy(y).

This equality means that for every j € [n], xj - y; = 0 and
Xj Y41 = yj - Xj+1 = 0. In other words, it means that x
and y cannot have 1 in the same position. Moreover, if x (y)
has a run of ones that ends in position j, then y (x) cannot
have a run of ones beginning in position j + 1.

Suppose C is a code of maximal size where all sequences
in C have pair-weight w and d,(C) =2 w. Let M € IFMX” be
a matrix which contains as rows the codewords from C From
the previous discussion, notice that each column of M has at
most a single | in it. Additionally, the column immediately
after the end of any run of ones must not contain any 1.
We say that column j of M is occupied by x if x has a 1 in
position j or a run of ones ending in position j — 1. We claim
that the number of columns of M occupied by any codeword
in C is wy(x) + r(x) = w. Since each codeword occupies

w columns of M, and each column can only be occupied

by a single codeword, we can have at most L%J

in C.

Before continuing, we introduce some additional notation
and useful results from [3]. For integers i, j where i < j,
let [i,j] = {i,i +1,...,j}. For integers n > ¢ > L, let
D(n, ¢, L) be the number of sequences of weight ¢ that have
L runs. Recall that a sequence x is said to have L runs if the
symbol (0, 1) occurs L times in 7 (x) and so a run is sequence
of ones or zeros which appear consecutively. The next lemma
appears in [3].

codewords

Lemma 4. [3] For integersn>¢ > L

(")

For a sequence x IE‘Z and for a natural number ¢ € N,
denote by S;(x) the radius-¢ sphere around x, i.e., S;(x) =
{y :dy(x, y) =1t}. In particular, from [3] we have

-1

D(n, ¢, L) = L( .

t—1
Si@) =D D, t,t—6)(q—1).
(=[t/2]

Let Bi(x) = {y : dp(x, y) <

x. Then,

t} be the ball of radius ¢ around

t
1Bi(x)| =14 > |Si(x)l.

i=1

1387

Notice from these expressions that the values for |S;(x)]
and |B;(x)| do not depend on x. Consequently, we denote

Sp(”» t) = |St(x)|9 (6)

and
Bp(n,t) = |B(x)|. (7

Note that for any fixed ¢, the order of both S,(n,t) and

B,(n,t)is O(n l/21) . A code with pair distance 27+ 1 has size
at most 2( 0 which implies at least log B,(n, 1) = 5 Llogn
bits of redundancy Thus, according to the sphere packing
bound [3], the redundancy of a code with minimum symbol-
pair distance d, is at least

{?J log(n). ®)

We may now state the main result of this subsection. The proof
follows a similar logic as in the proof of the Johnson bound
[11, Theorem 2.3.8].

Theorem 5. Let n,d € N where d is even. Lett € N be such
thatd = 2t + 2, then

2”
Ap(n,d) <
p B (n I)+ Sp(n, t—j—l)
Lo

Proof: Let C C ] be a code of size M with d,(C) > d
where d = 2t + 2. For a sequence x € [, let d,(C,x) =
Mingec £y dp(x, ¢) and denote N' = {x € F} : d,(C,x) =

t + 1}. Clearly,
M - B,(n, 1) + N[ <2". 9)
Consider the set X =
{(e.x) eCxN : dy(e,x)=1t+1}. We first calculate

|X|. For any ¢ € C, denote by X, = {x e N : (¢, x) € X}
and note that |X'| = > - |A¢|. For a fixed ¢ € C, let x € [}
be any sequence such that d,,(c, x) = ¢ + 1. There are exactly
Sp(n,t + 1) such sequences. Thus, w,(c +x) = ¢ + 1
which means that d,(C,x) < t + 1. We show that for any
¢ € C,c # ¢, we have d,(c’,x) > t + 1, which implies
d,(C,x) =1t + 1. By the triangle inequality we obtain,

d <dp(c,d)=wylc+c)=wplc+x+c +x)

Swple+x)+wp(x+¢)=1+1+wy(c +x).
This implies that if d = 2¢ 42 then w, (¢’ +x) = d,(c, x) >
t + 1. Since ¢’ was arbitrary, we obtain d,(C,x) =t + 1.

Therefore, for a fixed ¢ € C, we have that |X;| = S,(n, t+1),
which implies that

|X| =M -Sy(n,1+1). (10)

We now fix x € N and consider the set
:{x+c : ceCanddp(x,c):t—i—l}.

Note that C, is a constant pair-weight code of length n with
codewords of pair-weight # + 1 and minimum pair-distance d.
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Therefore, for every choice x € N, |C,| <
This, in turn, implies that

X < V|-
Combining Lemma 3 with (9), (10) and (11) we obtain

Ap(n, 2042, 1+1).

Ap(n,2t +2,t +1). (11)

Sy(n, 1 41)

=l

Since this is true for every code of size M, it is also true for
the value A, (n, d), which establishes the theorem’s statement.
[ |

M Bp(}’l,t)—i- gMBp(n’t)—i_'N' <2n

B. Linear Programming Upper Bound

We now consider the application of linear programming
techniques to derive upper bounds on codes under the pair-
distance metric. The approach used here is analogous to the
approach from [8]. First, we introduce a mapping, which we
refer to as 7, ,m,]. In Lemma 6, we show that if the input to
Tim,.my] 18 @ sequence with Hamming weight i and j runs, then
the Hamming weight of the output sequence is a function of i
and j only. Lemma 7 then provides a necessary condition on
the weight enumerator for a code over (IE‘ )"* and this condition
along with the result from Lemma 6 is used in Lemma 8
to derive a set of necessary conditions on the number of
codewords in a code with a prescribed pair-distance. Finally,
Theorem 9 gives our linear programming upper bound, which
contains the statement of Lemma 8 as one of its necessary
conditions.

Before continuing, we first introduce some useful notation.
For a linear code C C I} and for i, j € [n], let

Ajj LixeC : wy(x)=1i, r(x)=j},

and denote by a; ; = |A; j|. Note that for i < j, A;; =0,
and so we may consider only the cases where j < i. Note
also that [C| = > < <j<pdi,j- The following claim states
that given wy(x) and r(x) we can determine the statistics of
the symbols in 7z (x).

Claim 1 Supposex € I is such thatwp (x) =i andr(x) = j
and denote w (x) = (20,21, .- .»2n—1) € (F%)n Then
DHteln] s ze=0Q, D} =i—],
2) {teln]l : z¢=(1,0)}| =/, and
3 Heeln] 1 z¢= (0,1} = .

Proof: Note that under the setup described in the claim,
wp(x) = i+ j. The fact that |{£ € [n] : z, =(1,0)}]| =
|[{€ €[n] : zz =(0,1)}| = j follows immediately from the
definition of r (x) presented in Section II. Since w,(x) =i+ j,
it follows then that |[{£ € [n] : zp = (1, 1)} = wp(x) — 2j =
i — j as desired. [ |

Let my, my € [n] be such that m; +my < n and let N =

(r:ll]) . (n:n';”) We introduce a mapping Zpm,.m,] (IE‘%)"
(F3)" as follows. Let Jo, ..., Jy—1 be the distinct ways of

choosing m positions out of n and then choosing additional
my positions. For every 0 < i < N—1 we think of 7; as a pair
Ji = {Tir, Tip} where Ji; C [nl, |Jiil = my fort = 1,2
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and J;1NJ; 2 = ¥. Meaning that we think of J; 1 as all the m
positions that were chosen in the first round and of 7> as all
the my positions that were chosen in the second round. For a
sequence z = ((20,0,20,1), (21,05 21,1)5 - - -» (Zn—1,0, Zn—1,1)) €
(F%)n we define T, m,1(z) = y where y = (yo, ..., ynN—1) €
(F%)N is defined as follows. For i € [N],

vi=| Y ooz + Y ©0.20,) | mod 2.
1€ treJin
Note that if x = (x0,...,X,—1) and Zpp, m,] (w(x)) =
where y = (yo, ..., yN—1), then for i € [N],
vi=| > Geo.xe)+ Y 0.x,1) | mod 2.

t1edin treJin

Lemma 6. Supposex € F;, wy(x) =i,r(x) = j where j < i
Then,

o Tnten) = () (") -
> ("’)(’)(’)
55t+s/+t/5u(m0d2) ' !
n—i—j l_J_S ]_t
mp—s—1t—u

n—i—u
my —s —t

where (Z) = 0 whenevera < 0,b <0,b > a.
Proof:  Let Timymy)(x(x)) =y = (Vo,...,YN-1)-
We would like to calculate the size | {¢ € [N] : yr = (0,0)}|

and obtain the Hamming weight by subtracting this amount
from N. From Claim 1, we have that in 7 (x) there are
i — j positions containing (1, 1), j positions containing (0, 1)
and j positions containing (1,0). Fix £ € [N] and let s =
ke TerinGy =D}, t = |tk € Joi : 2oy =
O, D}, u={k € Jr.1 : w(x)r = (1,0)}|. We have that

N t u
MWD+ 0.h+ > (1,0=

k=1 kp=1 k3=1

(0,0) mod 2

iff s =t = u (mod 2). Now we do the same for the positions
in Jrp. Let 5" = |{k € Tr2 r(x) =, D}, ' =|{k €
Trp w w(x)e =0, D} u' =tk e Trp : wx)= (1,0
Since the sum on the positions in Jz,» contributes only to the
(0, 1) term, we obtain that

t4s'+t'
2(1 D+ > 0.+ 2(1 0) = (0, 0) mod 2
k1=1 k=1 k3=1

iff s =145 +¢ = u (mod 2). Since (’;J>(J)

t
J n—i-—j
g u my—Ss—t—u
of picking the m positions for the set Jz,1 (where s positions
in the set have value (1, 1), ¢ positions have value (0, 1), and

is equal to the number of ways
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u positions have value (1, 0)), and ( ! _5{’_ § > < J t—/f )
n—i—u

my—s —1t

picking the my positions for the set Jro, we get that

[{€ € [N] : yp=1(0,0)}]| can be calculated as
L=J\[(J J
Z Tymtysiyr= u(mod2)< ><)<)X
s t) \u
s,t,s"t ,u=1
n—i—j i—j—s\[j—t
. X
my—s—t—u s/ t
n—i—u
my —s —t'
which gives the desired result. [ ]
Notice from the previous lemma that wg (Zpn, my (7 (x)))
only depends on wy(x) = i,r(x) = j. Therefore, for any

x, we can characterize wg (7, m,](w (x))) by the following
function

wr (i, )2 ( ”; ) ( o

> (Y

)(7) ()~
t u
s=t+s'+t'=u( mod 2)
n—i—j i—j—s «
mp—s—t—u s’
j—t n—i—u
t my—s —t' )’

where 7, j are non-negative integers and j < i

Before stating the main result of this section, we need one
more lemma which requires the following notation. For a pair-
code C, € (F3)", let a; denote the number of codewords with
pair-weight i, i.e., a; = | {x €eCp : wplx)= i} |. Consider-
ing C, as a binary expansion of a code over {0, 1,2, 3} we
obtain the following lemma from the Plotkin bound.

is equal to the number of ways of

Lemma 7. Fora code C,, C (F%)n,

n—1 4.

g (n—=i)a; =20
‘ 3

i=0

Proof: Similar to the proof of Lemma 3, let C,,  (F3)"
be a code of size |C,| = M, and let M be the codeword
matrix which contains as rows all the codewords from C,,. For
shorthand, let m; ; denote the element in row i and column j
of M. For j € [n], let wo,; = |tk : m; = (0,0)}], w1,; =
Itk :mp,;j = (0, D}, wa,j = l{k : mgj = (1,0)}], and w3 ; =
[{k : my, ; = (1, 1)}|. Then we have

n
MZiai = Zd[-[(c,d)
i=0 c,d
n
=2() " wijwaj + wi jws; + wi jwo,j
i=1
+ wa,jw3, j + w2, jwo,j + w3, jwo, ;)

we have

1389

N . .
where ¢, d € (F%) . To maximize the above expression we set
2
wij =M/4fori €{0,1,2,3} sothat M Y} ;ia; < 12 % b
which implies

so that 34—” Soioai — > oigia; = 0 which after simplifying
gives the expression in the lemma. [ ]

We can now derive the main result of this section by
applying the previous lemma to the pair-code 7y, m,1(7 (C)).

To simplify the notation, let
> L0
N t
s=t+s'+t'=u( mod 2)
j n—i—j o\,
u mp—s—t—u
i—j—s j—t n—i—u
s’ t my —s —t
[ n n—mi
mi my ’

Lemma 8. For a positive integer n and non-negative integers
m1, my where 0 < my; +my < n, we have

Z Ky my (1,1, j)ai,j =0

Jsi

Kml,mz(n, i,J) £4

Proof: From Lemma 7 we can write

r=0
N n n—m 4
—mi

- <<m1)< ' )5) 5
r=0 wy (i,j)=r
N
2 2 () () =5
= i
r=0 wp (i, j)=r i e 3

() 05) e
= —swa, ij
< mi 3
(G
N t
s t+s'+t —u(mod 2)
n—i—j i—j—s j—t
mp—s—t—u s’ t
n—i—u _ Lin n—m
my—s' —1t 3\ my my ’
which simplifies to the expression in the statement of the
theorem. [ |

We now may state the linear programming bound. For
integers n, m where 0 < m < n, let

e $30 (1) (274)
k=0

)(2)
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TABLE I

COMPARISON OF THE RESULTS OF THEOREM 9 AND THEOREM 5
WITH THE SPHERE PACKING BOUND [3]

n\d, | 3 4 5 6 7
2 274 - - - -
3 4/8 2/8 - - -
4 8 /16 41/16 274 - -
5 16 /32 91732 4175 2/5 -
6 32/ 64 21/ 64 8/9 4719 2/4
7 64/128 38/128 16/16 8/16 4/8

Theorem 9. Suppose C € F; with d,(C) > d. Then, |C| is
upper bounded by the following expression

Maximize Z aj,
ISj<i
Subject to: 1) apo =1
2) ajj=0ifi+j<d

3) zn: K (n, i)
i=0

0<m<n

i

> aij| >0

j=1

n—1 i
4) Km\,ms (n,0, 0)a0,0 + Z Z Km\,ms (n, i, j)ai,j
i=1 j=1
+ Kmy,m (n,n, O)an,O >0
0<m +mp <n.

Proof: The fact that ag,o = 1 follows since there is only
one codeword of weight zero. Furthermore, if i + j < d,
then as a result of the minimum pair-distance of the code C,
a;,j = 0. Since Elj=1 a;,j represents the set of all codewords
of weight 7, the third constraint is a direct consequence of the
linear programming bound found in [8] for instance. The last
constraint follows directly from Lemma 8. [ ]

In order to evaluate the new bounds we derived in this
section, we compared in Table I our results with the sphere-
packing upper bound from [3], for 2 < n,d, < 7. Each entry
consists of a pair of numbers delimited by a ’/* where the first
number in the pair represents the result of using our linear
programming bound or the Johnson bound and the second
number represents the sphere-packing upper bound from [3].
For even distances we used our result from Theorem 5 and
for odd distances Theorem 9.

IV. CONSTRUCTIONS FOR SMALL
MINIMUM PAIR-DISTANCE

In this section, we present new code constructions for the
pair-symbol channel. Table II compares between the sizes
of the best known code constructions for the pair-symbol
channel (in terms of their code lengths) and the best known
upper bound on the codes cardinalities. For odd pair distance
we used the sphere-packing upper bound from [3] and for
even pair distance we used Theorem 5. We have highlighted
the contributions of this section by (x). The fourth column
Table II, labeled as “Hamming Distance of the Code”, is a
lower bound on the Hamming distance of the code whose size
is listed in the third column. As can be seen from Table II,
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our constructions provide codes that improve upon the state-
of-the-art results for the cases where d, = 6,7, 10.

Note that the case of d, = 2,3 are trivial and are known.
For the case where d, = 2, since every code has minimum
pair-distance at least 2, A,(n,2) = 2". For the case where
d, = 3, it can be shown that code with a single parity bit is
optimal, which implies A ,(n, 3) = 2"=1 For dp = 4, the best
known construction is based on two interleaved simple parity
codes which results with codes of cardinality 2" /4, when n is
even. Note that the upper bound from Theorem 5 on the code
cardinality in this case is 2" /3, and thus this case is still not
fully solved (though it is solved for linear codes).

In general, if we were to apply the best known codes
in order to construct codes with minimum pair-distance d
then the Hamming distance dy of the codes will have to
satisfy PdTH] = dp, ordy > L2d,;+1 (see [21]). Hence,
the redundancy of these codes will be roughly

2d,+1
R

2

log(n) = VPS

J log(n), (12)

which is already close to the lower bound in (8), which states
that the redundancy has to be at least L(dp — l)/4J log(n).
Our goal in this section is to improve this construction for
dp =6,7,10.

Throughout this section we represent codewords also as
polynomials. For a word ¢ = (co, ..., cn—1) € [, the poly-
nomial representation ¢(x) of ¢ (with the indeterminate x) is
given by

n—1
c=c(x)= Zcixi e Fylx].
i=0

A. Codes with Minimum Pair-Distance Six

We now show how to construct codes with an even length n
and pair-distance equals to 6. Let {0, 1, «a, az} = [F4 and define
the map IT : F4 — F3 so that TI(0) = (0,0),I1(1) =
0, 1), II(a) = (1,0), I(a?) = (1,1). Clearly, the map I

is invertible. For a sequence x = (xq, x1, . ..,x%,l) € FZ,

let IT(x) = (I1(xo), ..., H(x%_l)) € (F%)% Note that (IF%)%
is isomorphic to 5 and hence we may consider a sequence

x e IFZ as a sequence I1(x) € 4. Similarly, for a set Z C F}
let TT(Z) be the result of applying the map II to every element
in Z. The following useful claim may be regarded as a slightly
generalized version of Theorem 1 in [21], since it holds for
all linear codes which do not have to be cyclic.

Claim 2 Suppose n is an even integer and let C € F} be a
linear code such that dyy (C) > d. Then, d,(I1(C)) > [3£].

Proof: Since C is a linear code, we can determine the
minimum pair-distance of the code IT(C) by considering the
minimum pair-weight of a sequence in I1(C). We show the
result by proving that there does not exist a sequence in IT(C)
with pair-weight less than [%] Let z = (z0,...2n—1) =
Ix)eF5, x e C. Let Z C [%] denote the non-zero indices
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TABLE 11
TABLE OF LARGEST KNOWN CODES AND UPPER BOUNDS

dy Upper Bound Lower Bound on Code Size = Hamming Distance of the Code

4 2" 2 7131 23]

5 e o 13l 303]
271 271

6 1+n+@ Y (%) 4(x)
2!1 2'1

7 T+2n 4(1+,,) (*) 4(x)
271

8 r1(r1—1)+(4n+2){%J n+1 (m+1)2 [21] 5 [21]
ZL%J

9 I _2n 6

1(2+3n+n2) 2(n+1)?2

2" 2"

10 e sremdE etz (*) 6(+)
2[f]

in x and suppose we partition Z into 3 subsets 71, Zo, Z3 where
for any k € 77, we have x; = a, for any k € 7, we have
Xp = a2, and for any k € 73, we have x; = 1. Furthermore, let
i1 = |Z1|, i2 = |Z2], and i3 = |Z3| where clearly w,(x) = i1+
ip +i3. From (3) we know that w,(z) = wy(z) +r(z) where
r(z) is the number of runs in z. Hence, w,(z) = i1 + 2i> +
i3 + r(z). Since a run of symbols may start with IT(1) = 01
and may end with I1(a?) = 10 we obtain r(z) > {%_I
Thus we have

w0y () > 213 + [3(1'1 +i3)—‘ .

2

We can minimize the expression by setting i» = 0 and the
lemma follows. u

We now describe the code using a parity-check matrix.
In the following, we describe how to construct the parity check
matrix. We begin by generating a set of matrices

H'O g'® g,

For j € [m — 3], suppose ap—j—1 € Fym—j—1 is a primitive
element. Note that every power of a,,—j—1 can be represented
by a sequence over F4 of length m — j — 1 which corresponds
to the polynomial representation of a,,_;_1. We construct the

matrix H') € ]FZ’X4'11_'j_1_1 as follows:
H'U) = (13)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 .. 0 >
1 1 1 1 1
2 3 4 gm=j=l_q
Om—j—1 G %pj1 %p—j—1 7 Cp—j1

where the first j rows of H'() are equal to zero, the j +
Ith row is all ones and the last m — j — 1 rows are

obtained by the sequence representation of af for ¢ €

m—j—1
mjll

{1,...,4"7/=1 — 1}. Note that under this writing, &, _;

is the (multiphcative) unit of Fym—j-1. Moreover, the 1 in
H'U) corresponds to the (multiplicative) unit in F4. We now
construct a set of matrices H /) , J € [m—3] by removing one
column sequence from H'() = (h/(] ) 4,,,) j-1_,)- More
precisely, let a be a primitive element in IE‘4, we remove the

column from the matrix H’/) which equals to
1 G+1)
? : ( +a- hl ) ,

where we interpret the matrices cyclically so that H
H'®_ We denote the resultlng matrix as H ) which we index

asH(f)—(h D, nY) ) for j € [m—3]. Notice that the

sequence in (14) is not equal to the first column of H' ) (for

3 h/(l)

gm—j—1_1 (14)

rm=3) —

any j) since, according to (13) (considering the lastm—j—1
components), we have h W = = Op—j—1 and o’ h;(,i)j it

o - h’l(]H) = A +a-an_j # a3 - Om—j—1 Where the
last inequality holds since a,,—; has a different order than
az(am,j,l — 1). Also note that for j € [m — 3],

HU) — (h(lj) h(/) L)€ m><(4’" - -2,

where for every i € {1, .. —j =2} h(j) is a sequence of
length m. Moreover, for ]1 ;é jo € [m— 3] HUD and HU2)
have different sizes. Next, we form the matrix

H=HO 1V, . gD cpmN

where N = ¥4 *43 —2m +6.
The matrix H satisfies the following properties which are

proved in Appendix:

Lemma 10.
1) For any non-zeroz € FN, ifH -z =0, thenwy(z) >3
2) Supposez € Iﬁ‘im_/_z andwp (z) = 3. Then,if H.z = 0,
r(z) = 2.

3) Leta be aprimitive element for F4, for any j € [m — 3],

j+1 ; j
hz(tin)/ 2+“'hi] )750‘2"1;((]),
where k € {1, ...,m — j — 2} and we assume hgm%) =

(0)

hy”.
The code Cg C IFiV is defined as
Co2{ceF) H-c=0.

The following theorem uses Claim 2 along with Lemma 10
to produce codes with minimum pair-distance six.

Theorem 11. The code Cg satisfies d,,(I1(Cs)) > 6
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Proof: From property 1) of the matrix H, we know
dp(C) > 3 and so by Claim 2, we have that d,(II(C)) > 5.
We proceed by assuming there exists a codeword y € IFQV
where w, (IT(y)) = 5 and we will arrive at a contradiction.

If w,(II(y)) = 5, then since dy(C) = 3, we have two
possible options. Either wgy (I1(y)) = 3 and r(I1(y)) = 2,
or wy (IT(y)) = 4 and r(I1(y)) = 1. We first consider the case
in which wy (IT(y)) = 4 and r(I1(y)) = 1. Thus, the sequence
II(y) contains 011110 as a subsequence. Under this setup,
wy(y) > 3, and so y contains the substring 1, a2, a. Since
the symbols 1, a, a? appear consecutively in y, it follows that
we can invoke property 2) and conclude that r(y) > 2.

Now suppose that wgy (I1(y)) = 3 and r(I1(y)) = 2 and
assume that the three non-zero symbols in y are in positions
which multiply only columns in H /) for some j € [m — 3].
For instance, if j = 1, this assumption implies that all three
non-zero symbols in y are contained within the first 4™ — 2
positions of y. Then we have that for some sequence v,

HYD .y =0,

where H) contains a row that is all ones. This implies that
the non-zero symbols of v are a,a?, and 1 which in turn
implies the non-zero symbols of y are a, ”, and 1. Under
the map II, this implies that wy(I1(v)) = wy (I1(y)) = 4.
We now would like to apply Property 2). The fact that the
conditions are met is proved in Lemma 16 which appears in
the appendix. From property 2) of the matrix H, we have
r(v) = r(y) = 2 which implies »(IT1(v)) = r(I1(y)) > 2 and
hence d,(I1(y)) > 6 and we arrive at a contradiction in this
case.

Suppose now that the three non-zero symbols in I1(y) are
in positions which multiply columns in different sub-matrices
of H. Suppose first that y contains non-zero components that
multiply 3 sub-matrices in H. In other words, we would have

0=y1- g 2 i 43 . (15)
where 71, 72, 73 € Fq and |{j1, jo, j3}| = 3. Recall that k) is
zero in the first j —1 components and 1 in the j-th component
so that if [{J1, j2, j3a}| = 3, then (15) cannot hold. Suppose
then that |{ji, j2, j3}| = 2, and without loss of generality,
J1 = Jja2. By the structure of the sequences h;; ’ Y (in particular,

since h(j V) has a row which is all- ones), this unplles Y1 =72
and so 1f r(IT(y)) = 2, then either:

()] (i+1) ()
h2{,} Ao +a - hy hkf, (16)
or
) _— —_
B W e W
Note that (17) cannot be satisfied since h(j 1) has 1 in a

om=ji_n
position in which both a - hg’lH) and o - h,ng) have zero. As a
consequence, we are left with (16). However, this contradicts
property 3) of H and so we arrive at a contradiction in this
case as well. ]

We consider the cardinality of the code I1(Cs) and compare
it with the previously best known codes. Since C¢ is a linear
code with parity check matrix of dimension m, |Cs| = iTN,.
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Since N = 4m3_43 —2m+6 where m < 10g4(3N+43) and since

the mapping II creates codes of length 2N, setting n = 2N
gives:

n
ICl > m
The best known construction for codes with d,, > 6 requires
a binary cyclic code with Hamming distance at least 4 [21].
Hence the cardinality of that code would be at least %—

B. Codes with Minimum Pair-Distance Seven

In this subsection we turn to the construction of codes with
minimum pair-distance seven. Our point of departure for this
construction is a known result from [1] on burst-correcting
codes. A code will be called a b-burst-correcting code if it
can correct any error pattern which is confined to at most
b consecutive locations. According to [1], it is known that
for every even m > 4, there exists a cyclic 3-burst-correcting
code of length 2" — 1 with a generator polynomial of the form
(1 +x +x2)p(x), where p(x) is a primitive polynomial. The
connection between three-burst-correcting codes and symbol-
pair codes with minimum pair distance seven is established in
the next theorem.

Theorem 12. Let n = 2™ — 1 where m > 4 is an even integer.
Then, there exists a binary cyclic code C7 of length n such that
dp (C7) =1.

Proof: Recall from [1] that there exists a cyclic code C7

of length 2™ — 1 with a generator polynomial of the form (14
x +x2)p(x) where p(x) is primitive that can correct a single
burst of errors of length at most 3. Since the minimum distance
of the code C7 is 3, it follows from (5) that any codeword
in C7 with dy > 3 has at least two runs in it. Since the
code is cyclic, it therefore suffices to show that there does
not exist a codeword c(x) € C7 where we can write c(x) =
Bi(x) + x!Bs(x) mod x — 1 for a positive integer £ when
(B1(x), Bo(x)) € {(1, 1 + x)(1, 1 +x +x2), (1 +x,1 + x)}.
The result follows by noting that if, on the contrary, c¢(x) could
be written as c¢(x) = Bj(x) + x‘B(x) mod x” — 1 then the
code C7 could not correct a burst of errors of length 3. This is
due to the fact that a linear code is a 3-burst error correcting
code iff every codeword (except the zero codeword) is not the
sum of two or less cyclic burst of length at most 3 [1]. |

For n = 2™ —1, let Cy be the code constructed according to
Theorem 12, so that d,(C) > 7. Since the degree of a primitive
polynomial is m, this implies that the generator polynomial has
degree of m + 2 which in turn implies that

2}’1
4(1 +n)’
since m = log,(n + 1). If we were to construct a code with
minimum pair distance seven using the result from [21], its
minimum Hamming distance will have to be at least five.
Hence, by the sphere packing bound, this implies that the
cardinality of the resulting code will be at most

27!

1+n+<'2’>

|Gl =
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Furthermore, by the sphere packing bound for symbol-pair
codes [3], the largest cardinality of a code with minimum pair
2)[

distance seven is at most T Therefore, the redundancy of

the code C7 is roughly at most a single bit from optimality.

C. Codes with Minimum Pair-Distance Ten

Now, we turn to constructing codes that have pair-
distance 10. We will use the following property of cyclic
codes.

Lemma 13. (c.f., [14] ) SupposeC is a code with a self-reciprocal
generator polynomial. Then the codewords in C are reversible.

The following lemma will be used to prove our main result.

Lemma 14. For a positive integer m > 2, let g(x) € Fa[x] be
a generator polynomial for a cyclic code C C IF;LI with roots
{a, ™'} € Fom where o is a primitive element of Fom. Then
dg(C) > 4.

Proof: Since g(x) has the primitive element a as a root,
dy(C) > 3 from the BCH bound [16]. Suppose, on the
contrary, that dy(C) = 3. Then there exists a codeword
c(x) € C where ¢(x) = 1 4+ x/ + x/ for j > i. Since
g(x) is self-reciprocal we know from Lemma 13 that the
codewords in C are reversible, and so there exists a codeword
c'(x) = 14+x/7"4+xJ. But then c(x) +¢'(x) =x'+x/~" e C,
which is a contradiction since dy (C) > 3. [ ]

Using the previous lemma, we can now prove the main
result of this section.

Theorem 15. For a positive integer m > 2, let g(x) € Fa[x]
be a generator polynomial for a cyclic code C1g C F%m_l with
roots {a~', a°, a'} C Fom where a is a primitive element of
[Fom, then dp(Cm) > 10.

Proof: Let n = 2™ — 1. From the BCH bound [16] we
obtain dg(C10) > 6 (note that if a (a~') is a root of the
generator polynomial then also all of its conjugates which
include a2 (¢~2)). Hence, dp(Cro) = 9 from (5). Suppose,
on the contrary that d,(Ci0) = 9 and let c(x) € Cio be a
codeword in Cjo with pair-weight 9. Then, there are three
possibilities to consider. Either a) c¢(x) is comprised of 3 runs
each of length 2, or b) c(x) is comprised of 3 runs where there
is a run of length 1,2, and 3 in c(x), or ¢) c¢(x) is comprised
of 3 runs where there are 2 runs of length 1 and one run of
length 4.

We first consider case a) so assume c(x) is comprised of 3
runs each of length 2. Then we can write c(x) = (1 4+x)(1 +
x' 4 x7) fori >3 and j —i > 3. Since g(x) is the generator
polynomial for Cjg, g(x)|c(x) and so

A+ x)0+x/ +x7) =

gx)-(x+a - (x+1)- (x +a) mod x" + 1
where g(x) € Fo[x]. This implies (x + a) - (x + a~ M+
x"'+x7) which is a contradiction since from Lemma 14, a code

with a generator polynomial (x +a) - (x +a~') has minimum
Hamming distance at least 4.

1393

Assume case b) holds and that ¢(x) = 14+x+x>+x/ +x/ +
xIt1 ¢ C where i > 4 and j—i > 2. Then, the reverse of c(x),
(x) = l4+x+x/7H 4 xi=l4 xJ 4 xJ+1 € C. However, then
c(x)+c'(x) € Cro where c(x)+c'(x) = x24xi4x/ 7t 4 xi—1
which is a contradiction since dg(Cy9) = 6.

In the previous paragraph we shows that Cjo does not
contain any codewords of weight 6 where the first run has
length 3 the next run has length 1 and the last run has length 2.
Denote the set of sequences of Hamming weight 6 and length
n where the first run has length 3 the next run has length 1
and the last run has length 2 as V(3,1,2). In particular,
we showed in the previous paragraph that V (3, 1,2)NCio = ¢
and also that V(2,1,3) N Cip = @. Since the code Cjq is
cyclic, we can also conclude that V(1,2,3) N Cjo = ¢ and
V(2,3,1)NCip = @ from the fact that V(3,1,2)NCjp = @
and also that V(1,3,2)NCio =9, V(3,2,1)NCio = ¥ from
V(2,1,3)NCi9 = @. Thus, Cio cannot contain any codewords
of weight 6 comprised of runs of length 1, 2, and 3.

Assume case c) holds and c(x) = 1 4+ x% + xT! 4 xI+2 4
xit3 4+ xJ € Cjp where i > 3 and j —1i > 5. Since the
codewords of Cj¢ are reversible we know ¢/(x) = 14+x/ =34
X/ 772 4 )il 4 x i1 4 xJ e Cp9. However, then c(x) +
¢(x) = xf T pxi+2 i3 i3 2 =il
x/~1 € C1p which is a contradiction since any codeword in Cjq
has at least 3 runs from Lemma 2. Using similar logic as the
previous paragraph, it can be shown that since Cjg is a linear,
cyclic code with reversible codewords case ¢) cannot hold. H

In order to evaluate the redundancy of the code, we note
that since « and a~! are primitive, the degree of the generator
polynomial is 2m + 1. Since m = log,(n + 1) we obtain that
the size of the code from Theorem 15 is 2(n2——:1)2’ that is, its

redundancy is 2log,(n) + 1. This follows since a (a~') is
primitive and hence it corresponds to a polynomial of degree
m. This implies that the degree of the generator polynomial of
the code Cjg is 2m + 1. Note that the best known construction
requires the Hamming distance of the code to be at least
seven and thus its redundancy is approximately 3 log, (n) [21].
Lastly, according to the sphere packing bound or Theorem 5,
the minimum redundancy of a code with minimum pair
distance ten is at least 2log,(n + 1) + ¢, for some constant c.
Hence, the redundancy of the code Cjp is at most a fixed
number of bits away from optimality.

V. CONCLUSIONS AND DISCUSSIONS

In this work we studied symbol-pair codes for the symbol-
pair read channel. First we derived new upper bounds on
the code cardinalities. Our new bounds improved upon the
best known bound which was based on the sphere packing
bound [3]. The new bounds are adaptations of the Johnson
bound and the linear programming bound to the symbol-pair
read channel. We then showed how to improve the codes
from [21] when the minimum pair distance is six, seven, and
ten. Our constructions are almost optimal in the sense that the
redundancy of our code constructions is at most a constant
number of bits away from the lower bound on the redundancy.

There are several new ideas that were introduced in the
paper. For the Johnson bound, we derive an upper bound on the
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number of codewords of weight w and pair-weight 2w based
on the idea that symbols and positions “occupy” columns of
the matrix M which contains all the codewords in the code.
The departure from the traditional result in the Hamming
metric here is that codewords need to occupy one additional
column (where there are no symbols) to account for the fact
that the pair distance is 2w. For the linear programming
bound, the mapping T on the output of the pair channel itself
7 (x) was used. This created some surprising symmetries and
we believe the technique may be applicable to other types
of channels. One such relatively straightforward extension is
to consider the technique on the b-symbol channel. Another
potential application of the technique might be to consider it on
the error-burst channel whereby codewords should have runs
longer than the error-burst. The approach places conditions on
the number of runs of the codewords since it uses the output
of the pair channel. To the best of the our knowledge, there
is no linear programming bound which places constraints on
the structure of the ones in the underlying code. The classical
LP bound simply places conditions on the number of ones.

An interesting generalization is to consider the g-ary alpha-
bet. There are technical challenges to extending the bounds
to the non-binary setup. For the Johnson bound, the main
difficulty is in generalizing Theorem 5. Specifically, it requires
the calculation of the following value: For a given codeword
¢ with d,(c) = 2t + 1, how many vectors x are there with
dp(x) =t + 1 such that d,(c — x) = t? Regarding the LP
bound, one of the principal challenges would be to determine
an expression for the pair weight in terms of the number of
runs of zeros and consecutive non-binary symbols. We believe
that some new ideas would be required to make the derivations
work. In addition, running the LP bound itself to produce
results would be a challenge since, even for [F», the linear
programming bound required a prohibitive amount of time to
compute for code lengths beyond 7. The construction of codes
with minimum pair distance 6 relies on mapping between [Fy
and F, and it also relies on some simple properties of the
elements of 4 (see Lemma 10). Hence, it will be interesting
to extend this to the non-binary case.

APPENDIX
PROOF OF LEMMA 10

Before proving Lemma 10 we highlight a property of the
matrices H'() which will be useful later. For a sequence z €
IFZ let /(z) denote the minimum length between the first and the
last non-zero symbol in z, considered cyclically. For instance
if z=1(0,1,2,0,0,a%,0,0,0,0,0,0) € F}2, then I(z) =
min {5, 10, 12} = 5 since the the minimum is obtained when
considering the first non-zero symbol in z to be in position 1
and the last non-zero symbol is in position 5. Note that taking
Z' to be the 2-cyclic left shift of z, we obtain /(z') = 12 and
taking z” to be the 5-cyclic left shift of z we obtain [(z”) = 10.
Hence, [(z) = min {5, 10, 12} = 5.

Lemma 16. For a non-zero z € Fimij_l, if H'Y) .z = 0, then
I(z) > 5and wy(z) > 3.
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Proof: The proof follows by noting that H'") is a parity
check matrix for a cyclic code. This code has m — j — 1 length
codewords over F4. Note also that the minimum distance of
the code is 3 since every two columns are linearly independent
thanks to the row of ones and since a,_;_1 is primitive.
We also have that the degree of the generator polynomial for
the code is at least m — j > 4. Therefore, any codeword
polynomial has degree at least 4 which implies /(x) > 5 for
any codeword x. |

From Lemma 16 and noting that H () is the result of

removing a single column from H 7 ), we can prove Lemma 10
Proof: [Proof of Lemma 10]

1) By the construction of H, it is clear that H has a stairs-
like shape. First, it is clear that wgy(z) # 1. Assume
wg(z) = 2 and note that if H - z = 0 then z must
have 2 non-zero elements in positions which correspond
to a specific matrix HY) for some j € [m — 3]. This is
because each matrix H /) has a row of ones. Moreover,
those non-zero elements in z must be equal. Since the
next lines contain powers of a primitive element, it results
in H -z # 0. Hence, wg(z) > 3.

2) This is a direct consequence of Lemma 16. Since if z’ is
such that H'V)z = 0 then I(z) > 5. This means that if
HWz = 0 then I(z) > 4 and hence wy(z) = 3 implies
r(z) > 2.

3) This property follows directly from the construction of
the matrix H.

|
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