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Abstract

An arc in a tournament 7' with n > 3 vertices is called k-pancyclic, if
it belongs to a cycle of length [ for all & < [ < mn. In this paper, the
result that each s-strong (s > 3) tournament 7' contains at least s + 2
out-arc 5-pancyclic vertices is obtained. Furthermore, our proof yields a
polynomial algorithm to find s 4+ 2 out-arc 5-pancyclic vertices of T'.

1 Introduction

Let D be a digraph with vertex-set V(D) and arc-set A(D). D is said to be strong,
if for all z,y € V(D), there is a path from z to y. A directed path from z to y in D
is called an (z,y)-path. D is called k-strong if |[V(D)| > k+ 1 and D — X is strong
for any set X C V(D) with |X| < k. If D is k-strong, but not (k + 1)-strong, then
(D) = k is defined as the strong connectivity of D.

A tournament is an orientation of edges of a complete graph. An I-cycle is a cycle
of length [. An arc or a vertex is said to be k-pancyclic in a digraph D, if it belongs
to an l-cycle for all £ < < |[V(D)|. For k = 3, we also say that the arc or the
vertex is pancyclic. An arc leaving from a vertex x in a digraph is called an out-arc
of z. If all out-arcs of a vertex x are k-pancyclic, then we say that x is an out-arc
k-pancyclic vertex. For k = 3, we also say that the vertex is an out-arc pancyclic
vertex.

In 1980, Thomassen [8] proved that every strong tournament contains a vertex
x such that each out-arc of z is contained in a Hamiltonian cycle. In 2000, Yao,
Guo and Zhang [9] extended the result of Thomassen and proved that every strong
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tournament 7T contains an out-arc pancyclic vertex. At present, there are many
results on out-arc pancyclic vertices in strong tournaments, see[2,3-7,9, 10].

In [3], Feng et al. proved that every s-strong (s > 3) tournament 7 contains at
least s + 1 out-arc 4-pancyclic vertices. In [4], the author and Li proved that each
s-strong (s > 4) tournament 7" contains at least s+ 2 out-arc 5-pancyclic vertices. In
this paper, we prove that each s-strong (s > 3) tournament 7" contains at least s+ 2
out-arc 5-pancyclic vertices. Furthermore, our proof yields a polynomial algorithm
to find s + 2 out-arc 5-pancyclic vertices of 7. This result is not true for s = 1,
since there is an infinite family of 1-strong tournaments with exactly one out-arc
5-pancyclic vertex.

Example. Let n > 5 be an integer and let T be a tournament with the vertex set
{v1,ve,...,v,} and the arc set {vv; | 2 <i < j <n}U{v,_1v1, 0,01} U{vjv; | 2 <
Jj <n—2}. It is easy to check that v, is unique out-arc 5-pancyclic vertex of T' (see
Figure 1).

U1
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Figure 1. A strong tournament 7' containing exactly one out-arc 5-pancyclic
vertex, where T'[vg, ..., v,] is a transitive tournament.

Problem. Is it true for s = 2 that each s-strong tournament 7" contains at least
s + 2 out-arc 5-pancyclic vertices?

2 Preliminaries

This paper will generally follow the notation and terminology defined in [1].

Let D = (V(D), A(D)) be a digraph without multiple arcs and loops. We denote
the number of vertices of D by |V(D)]. A subdigraph induced by a subset X C V(D)
is denoted by D[X]. We also write D — X for D[V(D) — X].

If (u,v) is an arc in D, then we say that u dominates v and write u — v. We
also say that uv is an out-arc of u. For disjoint subsets X and Y of V (D), if every
vertex of X dominates every vertex of Y, we say X dominates Y and write X — Y.
X =Y means that there is no arc from a vertex in Y to a vertex in X.

For a vertex x in D, the set of all vertices dominating x (dominated by x, respec-
tively) is denoted by N, (z) (N} (), respectively). Furthermore, d},(z) = [N} ()|
and d(z) = |Np(z)| are the out-degree and in-degree of x in D, respectively. We use
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6T(D) =min{d},(z) : x € V(D)} to stand for the minimum out-degree of D. When
there is no confusion possible, we use N*(z), N~ (z), d*(x) and d~(z) instead of
N} (z), Np(z), df(z) and dj(z), respectively.

For a strong digraph D = (V (D), A(D)), a set S C V(D) is called a separating
set of D if D — S is not strong. Furthermore, S is called a minimum separating set
of D if D— S is not strong and o(D) = |S|. A vertex u € V(D) is called a cut vertex
of D if D — {u} is not strong. A strong component of a digraph D is a maximal
induced subdigraph of D which is strong. If D is strong, then D is the only strong

component. If D is not strong, then we can partition D into strong components
T, T, ..., T, (r>2),such that Ty = Ty = ... = T,.

Let D be a digraph, let x and y be distinct vertices of D and let P be an (x,y)-
path in D. We say that D’ is the digraph obtained from D by path-contracting P
into a new vertex w, not contained in D, if the following holds: V(D’) = (V(D) \
V(P))U{w}, Np(w)=Njy)n(V(D)\V(P)), Np(w) = Np()N(V(D)\V(P))
and an arc with both end-points in V(D) \ V(P) belongs to D’ if and only if it
belongs to D. It is easy to see that wwv is a path in D', if and only if uPv is a path
in D. Analogously, there exists an [-cycle containing w in D’ if and only if there is
an (I — 1+ |V(P)])-cycle containing P in D.

In the proofs of our main results, the following results are very useful.

Lemma 2.1 (Yeo [10]). Let D be a strong digraph, containing a verter x, such
that D — x is a tournament and d},(x) + dp(z) > |V(D)|. Then there is an l-cycle
containing x in D, for all 2 <1 <|V(D)|.

Lemma 2.2 (Yeo [10]). Let T be a 2-strong tournament, containing an arc e = xy,
such that d*(y) > d(z). Then e is pancyclic in T.

By Lemma 2.2, we can obtain the following lemma.

Lemma 2.3 (Yao, Guo and Zhang [9]). In a 2-strong tournament, all out-arcs of
the vertices with minimum out-degree are pancyclic.

Lemma 2.4 (Guo, Li and Li [6]). Let T be an s-strong tournament and let P =
T1T2 ... x4 be a path in T. Let D be the digraph obtained from T by path-contracting
P tow. If s>t >2, then D 1is strong.

Lemma 2.5 (Yeo [10]). Let D be a strong digraph, and let S = {x} be a separating
setin D, such that T = D — S is a tournament. Then x is pancyclic in D.

Lemma 2.6. Let T be a 3-strong tournament and xyz be a path of length 2. If
T — {x,y, 2z} is not strong, then xy and yz are 5-pancyclic in T .

Proof. Let D be the digraph obtained from T by contracting the path zyz into a
vertex w. By Lemma 2.4, we have that D is strong. Since S = {w} be a separating
set in D and D — S is a tournament, we have that w is pancyclic in D by Lemma
2.5. In other words, xy and yz is 5-pancyclic in T'. O
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Lemma 2.7. Let T be a 3-strong tournament and let x1x2x3%4 be a path of length 3.
Let D be the digraph obtained from T by contracting the path xixox324 into a vertex
2. If T —{xq, w0, 23} and T — {2, x3, 24} are strong, then D is strong.

Proof. Assume that T'— {1, x5, 23} and T — {x3, x3, 24} are strong. For any vertex
y € D—2z=T—{x1,19, 23,24}, there is an (x4, y)-path in T — {x1, 29,23} and a
(y, x1)-path in T'— {xq, x3, 24 }. In other words, there is a (2, y)-path and a (y, z)-path
in D. Therefore, D is strong. O

Lemma 2.8 (Feng, Li and Li [3]). Let T be a 3-strong tournament and uy,x € V(1)
with d*(uy) = 67(T) and x € N*(w). If there is y € NT(uy) with y — x, then all
out-arcs of x are 4-pancyclic in T.

Lemma 2.9. Let T be a 3-strong tournament and let u be a vertex with minimum
out-degree in T. Then there are at least [IN*(u)| — 1 out-arc 4-pancyclic vertices of
T in N*(u).

Proof. Note that T[N*(u)] is a tournament. There is a Hamilton path, say
Vi1V - . . Uy, in T[NT(u)]. By Lemma 2.8, each out-arc of v;; is 4-pancyclic for all
1 < j <t. Thus, v, vs3,...,0; are |NT(u)] — 1 out-arc 4-pancyclic vertices of T' in
N*(u). O

3 Main results

Lemma 3.1. Let T be an s-strong (s > 3) tournament and M be the set of vertices
with minimum out-degree in T. If |[M| > 2, then T contains at least s + 2 out-arc
5-pancyclic vertices.

Proof. Let u € M be a vertex with minimum out-degree of 7. By Lemma 2.3, u
is an out-arc pancyclic vertex. Let NT(u) = {v1,vs,..., v} with d¥(v;) < dt(vg) <
... <d"(v;), then s < ¢. By Lemma 2.9, N (u) contains at least [N*(u)|—1=1¢—1
out-arc 4-pancyclic vertices of T.. Thus, there are at least (t — 1) + [{u}| =¢ > s
out-arc 4-pancyclic vertices in T'. Clearly, they are out-arc 5-pancyclic vertices of T'.
Below, we will seek for another two out-arc 5-pancyclic vertices of 7. The following
two cases are considered.

Case 1. There are exactly |N*(u)| — 1 out-arc 5-pancyclic vertices of T in N7 (u).

Suppose that v; € N*(u) is not an out-arc 5-pancyclic vertex of 7. Then we have
v; — v; for all v; € N*(u) \ {v;} by Lemma 2.8. Let  be an arbitrary out-neighbor
of v; and let D; be the digraph obtained from T by contracting the path uv;z into a
vertex z;. By Lemma 2.4, we have that D; is strong.

When z € N*(u), we get

dp, (1) + dp, (21) d(x) +d (u) =d"(z) + (n - 1 - d"(u))

n—14(d"(x) —d"(v)) >n—2=|V(Dy)|.
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By Lemma 2.1, there is an l-cycle containing z; in Dy, for all 2 < I < |V(Dy)|.
Therefore, v;x is 4-pancyclic in T'.

When = ¢ N*(u), we have & — u. If there exists some vx € NT(u) \ {v;} such
that & — vy, let Do be the digraph obtained from 7' by contracting the path uv;zvy
into a vertex zp. If T'— {u,v;,x} or T'— {v;, 2, v1 } is not strong, then, by Lemma 2.6,
v;z is 5-pancyclic. Assume that T — {u,v;, 2} and T — {v;, 2, vx} are both strong.
By Lemma 2.7, D is strong. Note that v; — v;. We have

dEQ(ZQ) +dp, (22) dt(ve) +d (u) =1 =db(vp) + (n —1—dt(u)) — 1
n—2+(d"(v) — d" (u))

> n—3=V(Dy)].

By Lemma 2.1, there is an l-cycle containing zo in Dy, for all 2 < [ < [V(Dy)|.
That is, v;z is 5-pancyclic in T. Thus, v; is an out-arc 5-pancyclic vertex of T, a
contradiction. So we have v; — x for all v; € N*(u) \ {v;} .

If d*(x) > d*(u), then let D3 be the digraph obtained from T' by contracting the
path wv;x into a vertex z3. By Lemma 2.4, we have that Djs is strong.

dhy(z5) +dpy () = d¥(@)—1+d (W) —1=d* (@)~ 1+ (n—1—d*(w) — 1
= n—2+(d"(z) —dt(u) = 1)
> n—2=1|V(Ds)|
By Lemma 2.1, there is an I-cycle containing z3 in Dj, for all 2 < [ < |V(Dj3)|.
That is, v;x is 4-pancyclic in T. Thus, v; is an out-arc 4-pancyclic vertex of T, a
contradiction. Therefore dt(z) = d(u). Now, z is an out-arc pancyclic vertex of
T by Lemma 2.3, and |NT(z) \ N*(u)| > 3. By Lemma 2.9, there exists a vertex
w € NT(z)\ ({u} UNT(u)) such that w is even out-arc 4-pancyclic.

In this case, x and w are two desired vertices, and we are done.

Case 2. All vertices in N*(u) are out-arc 5-pancyclic vertices of T

In this case, there are at least |[N*(u)| + [{u}| = t+1 > s+ 1 out-arc 5-
pancyclic vertices in T'. We only need one other out-arc 5-pancyclic vertex. Recall
that |[M| > 2.

If there exists some y € M and y ¢ {u} UN*(u), then y is another desired vertex
by Lemma 2.3, we are done. Suppose now that each vertex in M is in N*(u) U {u}.

Recalling d*(v1) < d(vy) < ... < d¥(v), we have v1 € M. In other words,
for any vertex z in T, we have d*(z) > d"(u) = d¥(v;). If there exists a vertex
v; € Nt (u) such that v; — vy, then |[N*(v1) \ N*(u)| > 2. By Lemma 2.9, there
is a vertex in N*(v;) \ N*(u) which is a desired vertex, we are done. Therefore,
suppose that v; — v; for all v; € NT(u) \ {v1}. Thus, [N*(v;) \ N*(u)| = 1. Let
w € NT(v1) \ N*(u). We will prove that w is a desired out-arc 5-pancyclic vertex.
Let © € N*(w) be arbitrary.
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Subcase 2.1: x ¢ NT(u) U{u}.

In this case, we have d*(z) > d*(v1). Let D; be the digraph obtained from T'
by contracting the path vjwx into a vertex z;. By Lemma 2.4, we have that D; is
strong. And we get

dh (=) +dp (z1) = d¥(@)—14+d () —1=d"(z) =24 (n—1—d"(v1))
= n—-2+d"(z)—dt(v)) = 1) >n—-2=|V(Dy)]

By Lemma 2.1, there is an [-cycle containing z; in Dy, for all 2 < [ < |V(Dy)].
Therefore, wx is 4-pancyclic in T

Subcase 2.2: x € NT(u).

Without loss of generality, suppose x = v; for some j # 1. Let Dy be the digraph
obtained from T' by contracting the path vywv; into a vertex z,. By Lemma 2.4, we
have that D is strong. Note that v; — v;. We get

dp,(z2) +dp, () = d¥(v;)+d (1) =d"(v;) + (n =1 —d"(v))
= n—14(d"(v;) —d*(v1)) >n—2=|V(Dy)|.

By Lemma 2.1, there is an [-cycle containing z» in Dy, for all 2 < [ < |V(D,)].
Therefore, wv; is 4-pancyclic in 7.

Subcase 2.8: x = u.

If T—{w, u, v} is not strong for some v, € NT (), then wu is 5-pancyclic in T' by
Lemma 2.6. Thus, w is an out-arc 5-pancyclic vertex of T', we are done. Therefore,
suppose that T — {w, u, vy} is strong for each v, € N*(u). Let D3 be the digraph
obtained from T by contracting the path vywuwvy into a vertex z3. By Lemma 2.7,
Djs is strong. And we have

df,(z3) +dp,(z3) > df(vy) —1+d () —1=d"(vn) =1+ (n—1—d*(v)) — 1

= n—3+4 (d(v2) —d(v1)) > n—3=|V(Ds)].

By Lemma 2.1, there is an l-cycle containing z3 in D3, for all 2 <[ < [V(Dj3)|.
That is, wu is 5-pancyclic in 7.

Thus, w is an out-arc 5-pancyclic vertex of T', we are done. [ |

Lemma 3.2. Let T be an s-strong (s > 3) tournament and M be the set of vertices
with minimum out-degree in T. If M| = 1, then T contains at least s + 2 out-arc
5-pancyclic vertices.

Proof. Let u € M. Then u is an out-arc pancyclic vertex of T and we have
dt(y) > d*(u) for all y # u. Let NT(u) = {v1,va,...,v} with d"(v1) < d*(vg) <
... <d"(vy). Then s <¢. When d*(v1) = d¥(v2), we always assume v; — vg.

By the proof of Lemma 3.1, we get that all vertices in N*(u) are out-arc 5-
pancyclic vertices of T' (Otherwise, we can get a vertex x # u such that d*(z) =
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d*(u). Thus |M| > 2, a contradiction.). If ¢ > s+ 1, then there are at least
t+ |{u}| =t+1 > s+ 2 out-arc 5-pancyclic vertices in T, we are done. Therefore
t = s and there are at least ¢ + [{u}| = ¢+ 1 > s + 1 out-arc 5-pancyclic vertices in
T. Below, we will seek for another out-arc 5-pancyclic vertex of 7. The following
two cases are considered.

Case 1: d*(v;) > d*(v1)+2 or there exists some v; € Nt (u)\ {v1} such that v; — ;.

Let w be a vertex with minimum out-degree in N*(vy) \ N*(u). Below, we will
show that w or another vertex is a desired vertex. Let x € N*(w) be arbitrary. By
Lemma 2.2, we only need to consider the case when d*(z) < d*(w).

Subcase 1.1: v = u.

If T — {w,u,vx} is not strong for some k € {1,2,...,t}, we have that wu is
5-pancyclic in T' by Lemma 2.6. Suppose now that 7" — {w, u, vx} is strong for each
kEe{l,2,...,t}.

If d*(v;) > d*(v1) + 2, let D be the digraph obtained from T by contracting the
path vywuv, into a vertex z. By Lemma 2.7, we get that D is strong. And

dj(z) +dp(2) = d(v) = 2+d (v1) =2
= d'(v) =2+ (n—1—d"(v1)) -2
= n—3+(d(v) —d"(v)) —2) >n—3=|V(D)|.

By Lemma 2.1, there is an [-cycle containing z in D, for all 2 <1 < |V(D)|. That
is, wu is 5-pancyclic in T'.

If there exists some v; € Nt (u) \ {v1} such that v; — v;, let Dy be the digraph
obtained from T' by contracting the path viwuv; into a vertex z;. By Lemma 2.7,
we get that D; is strong. And

dh (=) +dp (z1) = d(v) —1+d (v1) —1=d"(v;) =1+ (n—1—d"(vy)) -1
= n—3+(d"(v;) —dt(v1)) >n—3=|V(Dy)|

By Lemma 2.1, there is an l-cycle containing z; in Dy, for all 2 <[ < [V(Dy)|.
That is, wu is 5-pancyclic in 7.

Altogether, wu is 5-pancyclic in T

Subcase 1.2: x € N*(u).

Let z = vy, for some k # 1. Let Dy be the digraph obtained from T by contracting
the path v;wuvy into a vertex z. By Lemma 2.4, D, is strong.

If d*(vg) > d*(v1), then

df, () +dp () > d¥(ve) =1+d (1) —1=d" () =14+ (n—1—-d"(v)) -1
n—2+(d"(v) —dt(v)) —1) >n—2=|V(Dy)|.
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By Lemma 2.1, there is an [-cycle containing 2z, in Ds, for all 2 < < |V(D3)|. That
is, wuy is 4-pancyclic.

If d*(vy) = d*(v1), let D3 be the digraph obtained from T' by contracting the
path uv;wvy into a vertex z3. Then

df,(z3) +dp,(z3) > df(vp) —14+d (w) —1=d* () =1+ (n—1—d"(u) -1
= n—3+4(d (v) —d"(u)) >n—3=|V(Ds)|.

If Dj is strong, then, by Lemma 2.1, there is an [-cycle containing 23 in D3, for
all 2 <[ < |V(Dj3)|. That is, wvy is 5-pancyclic in T

Suppose that Dj is not strong. If s > 4, then Dj is strong by Lemma 2.4, a
contradiction. So s = 3. Recalling that s = ¢, we have |[N*(u)| = 3 and N*(u) =
{v1,v2,v3}. We will show that wvy, and wvs are 5-pancyclic in T. By the above
discussion, we only need to consider the case d*(v;) = d*(vq) for j = 2,3.

When d*(ve) = d*(v1), we have v; — vy by the assumption ( since we always
assume v; — vg when d*(v;) = d*(vy)). Let Dy be the digraph obtained from T by
contracting the path viwvy into a vertex z;. By Lemma 2.4, D, is strong. We get

dp,(24) + dp, (21) d*(v2) +d(v1) = d"(v2) + (n — 1 —d*(v1))
= n—1+{d"(vz) —dt(v1)) >n—2=|V(Dy)|

By Lemma 2.1, there is an [-cycle containing z, in Dy, for all 2 < [ < |V(Dy)|.
That is, wv, is 4-pancyclic in 7.

When d*(v3) = d¥(v1), we have d*(v3) = d*(vg) = d*(v1). If v; — v, then by a
similar argument, wvs is 4-pancyclic in T. Therefore, suppose that v — vy.

If T — {v;,w,v3} is not strong, then wwvsz is 5-pancyclic in 7' by Lemma 2.6.
Suppose now that T'—{v;, w, v3} is strong. Recalling that Ds is not strong, therefore,
T — {u,v1,w} is not strong by Lemma 2.7. Let 71 = Ty = ... = T, be r strong
components of T' — {u,v;,w}. If vs ¢ V(T,), then it is easy to check that wuvs
is pancyclic. So assume that vs € V(7,). Recalling that d*(y) > dt(u) for all
y # u, we have |V(T,)] > 3. Since T — {v;,w} is strong, there is an arc from u
to V(T1). So vy € V(T1). Note that d*(v3) = d*(ve) = d™(v1). Then r = 2 and
V(T1) = {ve} and d¥(v2) = d*(vs) = |V(T})]. Since T} = T, and {u,w} — vs, we
have |V(T,)| < d*(vy) = d*(vs) = dj, (vs) + 1. Taking into account that 7). is strong
and |V(T,)| > 3 the vertex vs has positive in-degree and positive out-degree in T,.
Thus we have |V(T,)| < df, (v3) +1 < [V(T,)| —2+1 = |[V(T,)| — 1, a contradiction.

Thus, wz is 5-pancyclic.

Subcase 1.3: x ¢ NT(u) U{u}.

In this case, we have z — {u, v1}.

If d*(z) < d*(u)+1, then, since d*(z) > d*(u), we have d*(z) = d*(u) + 1. We
will show z is a desired vertex.

Let y € N*(z) be arbitrary. Recalling that d*(y) > d*(u) when y # u, that is,
d*(y) > d"(u)+1=d"(z) when y # u. By Lemma 2.2, xy is pancyclic when y # u.
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For the arc xu, let D5 be the digraph obtained from T by contracting the path
zuv; into a vertex zz. By Lemma 2.4, Dy is strong. Note that x — v;. We have

dp,(z5) + dp, (25) d*(v) +d (x) = d"(vi) + (n—1-d"(x))
|

= n—1+4d () —d"(x)) >n—-2=|V(Ds)

By Lemma 2.1, there is an [-cycle containing z5 in Ds, for all 2 <1 < |V(Ds)|. That
is, zu is 4-pancyclic in T'. Thus, = is a desired vertex, we are done.

Suppose now that d*(z) > d*(u) + 2. Let Dg be the digraph obtained from T
by contracting the path wv,wz into a vertex zg. Then

Y%

d},(z6) + dp,(z) dt(x) —=2+d (v)—2=d"(z) =2+ (n—1—d"(u)) — 2

= n—3+(d"(z) —dt(u) —2) >n—3=|V(De)|

If Dg is strong, then, by Lemma 2.1, there is an [-cycle containing z in Dg, for
all 2 <1 < |V(Dg)|. That is, wz is 5-pancyclic in T'. Suppose that Dg is not strong.

If T—{vy,w, x} is not strong, then wz is 5-pancyclic in T by Lemma 2.6. Suppose
now that T'— {1, w, 2} is strong. Note that Dg is not strong. Therefore T'— {u, v, w}
is not strong by Lemma 2.7. Let T} = T, = --- = T, be r strong components of
T — {u,vy,w}.

If 2 ¢ V(T,), then it is easy to check that wz is pancyclic in T. Suppose that
z € V(T,). Recalling that d*(y) > d*(u) for all y # u, we have |V(T,)| > 3.
Therefore, T' — {u, vy, w, x} is not strong.

Let D7 be the digraph obtained from T by contracting the path viwzu into a
vertex z7. If T — {w, z,u} is not strong, then wx is 5-pancyclic in 7' by Lemma 2.6.
Suppose now that T'— {w, z, u} is strong. Recalling that T — {v1, w, x} is strong, we
have Dy is strong by Lemma 2.7. Note that D; — z; = T — {u, vy, w, 2} is not strong.
We have that z7 is pancyclic in D7 by Lemma 2.5. That is, wz is 6-pancyclic in T
Since d*(z) > d*(u) + 2, there is a vertex y ¢ N*(u) U {u} such that z — y — w.
Clearly, wryuviw is a 5-cycle containing wz. Thus, wz is 5-pancyclic in T'.

Altogether, we have that w or another vertex is a desired vertex.

Case 2: d*(v;) <d"(v1) +1 and v; — vy for all ¢ € {2,3,...,t}.

In this case, there must exist 4, such that |¢ — j| = 1 and d*(v;) = d*(v;) and
v; — v;. Without loss of generality, assume that j =i+ 1. Let w € N*(v;) \ N*(u)
be a vertex with minimum out-degree. Below, we will prove that w or another vertex
is a desired vertex. Let x € NT(w) be arbitrary. By Lemma 2.2, we only need to
consider the case when d*(z) < d*(w).

Subcase 2.1: x = u.

If T — {w, u, v} is not strong for some v, € N (u), then wu is pancyclic in T by
Lemma 2.6. Suppose now that T — {w,u, v} is strong for all vy, € NT(u). Let D
be the digraph obtained from T" by contracting the path v;wuv; into a vertex z. We
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get that D is strong by Lemma 2.7. And
d5(2) +dp(z) > dF(y) = 1+d"(0) =1 = d"(v) — 1+ (n—1— d*(vy) — 1
= n—34(d"(v;) —d*(v;)) >n—3=|V(D)|.

By Lemma 2.1, there is an I-cycle containing z in D, for all 2 < { < |V(D)|. That
is, wu is 5-pancyclic in T
Subcase 2.2: v € NT(u).

Let x = vy, for some k # i. Let Dy be the digraph obtained from T" by contracting
the path uwv;wuvy into a vertex z;. Then

Y

dt(v) —1+d (u)—1=d"(n) -1+ n—-1-d(u) -1
= n—3+d"(n)—d (u)>n-3=|V(D))]

dp,(z1) +dp, (21)

If Dy is strong, then, by Lemma 2.1, there is an [-cycle containing z; in D;, for
all 2 <1 < |V(Dy)|. That is, wug is 5-pancyclic in T

Suppose that D; is not strong. If s > 4, then D; is strong by Lemma 2.4,
a contradiction. So s = 3. Now |N*t(u)| = 3 and N*(u) = {v1,ve,v3}. Since
d*(v;) = d*(vi41) and v; — v;41, we have ¢ € {1,2}. Note that we assume v; — v;
for all i € {2,3,...,t}. Soi = 2. We will show that wv; and wvs are 5-pancyclic
inT.

Let D5 be the digraph obtained from T by contracting the path vewwv; into a vertex
29. Then Dy is strong by Lemma 2.4. Note that vy — v; and d*(vg) < d¥(vq) + 1.

dh,(22) +dp,(22) = d"(v1) +d " (v2) = d"(v1) + (n =1 = d"(v2))
= n—2+4(d(v)) +1—d"(vg)) >n—2= V(D).

By Lemma 2.1, there is an l-cycle containing zo in Dy, for all 2 <[ < [V(Dy)|.
That is, wwv; is 4-pancyclic in T'.

Let D3 be the digraph obtained from 7" by contracting the path vowwvs into a vertex
z3. Then Dj is strong by Lemma 2.4. Note that vo — v3 and d¥(vy) = d*(v3).

d(2s) +dp,(23) = d(vs) +d"(v2) = d"(vs) + (n — 1 = d"(v2))
= n—14(d"(vz) —d"(v2)) >n—2=|V(D3)]|.
By Lemma 2.1, there is an l-cycle containing z3 in D3, for all 2 <[ < [V(Dj3)].

That is, wvs is 4-pancyclic in T'.

Subcase 2.3: © ¢ NT(u) U {u}.

By a similar argument as in Subcase 1.3 (only using v; instead of v;), we get wx
is 5-pancyclic or another vertex is a desired vertex. Thus, w or another vertex is a
desired vertex. Altogether, the proof of Lemma 3.2 is complete. [ |

Combining Lemma 3.1 and Lemma 3.2, we get the following Theorem 3.3.
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Theorem 3.3. Let T' be an s-strong (s > 3) tournament. Then T' contains at least
s + 2 out-arc 5-pancyclic vertices.

The proofs of Lemma 3.1 and Lemma 3.2 gives rise to the following polynomial
algorithm to find at least s+2 out-arc 5-pancyclic vertices in an s-strong tournament.

Algorithm:

Input: An s-strong tournament 7.

Output: s+ 2 out-arc 5-pancyclic vertices.

1. For each vertex v in T, track record its out-neighbors NT(v) and compute its
out-degree d*(v).

2. Let M be the set of vertices with minimum out-degree in T'. Decide |M| > 2
or |M| =1 and choose a vertex u € M. Let N*(u) = {v1,va,..., v} with d*(v) <
dt(vg) < -+ < dF(vy).

3. If [M| > 2, then go to Step 4. If |M]| = 1, then go to Step 5.

4. If there exists a vertex v; € N (u) and a vertex € M \ (N*(u) U {u})
satisfying that v; — {v1,...,vi_1,Vip1, ..., v, @} and {v1, ..., V-1, Vg1, .. ., 0} — T,
then there are two vertices in N (x)\ {u}, say w; and ws, such that wy — wy. Now,
Uy Vs - v oy Ve, Vitd, - - -, Ut, T, Wo are at least s + 2 out-arc 5-pancyclic vertices of 7.

Otherwise, all vertices in N T (u) are out-arc 5-pancyclic vertices. If there exists
a vertex y € M\ (Nt (u) U{u}), then u,vy,vs,...,v;,y are at least s + 2 out-arc
5-pancyclic vertices of T. Otherwise, we have that v; € M. If [NT(vy) \ N (u)] > 2,

assume that wy,wy € N (v) \ N*(u) and wy — wy, then w, vy, vy, ..., vy, wy are at
least s 4+ 2 out-arc 5-pancyclic vertices of T. If |[N*(v;) \ N*(u)| = 1, assume that
w € NT(v1) \ N*(u), then u,vy,vs,..., v, w are at least s + 2 out-arc 5-pancyclic

vertices of T'.

5. If d*(v) > d*(v1)+2 or there exists some v; € NT(u)\ {v1} such that v; — v,
then go to Step 6. If d*(v;) < d*(v1) +1 and v; — vy for all 4 € {2,3,...,¢}, then
go to Step 7.

6. Let w be a vertex in N*(v;) \ N*(u) with minimum out-degree. If there
exists a vertex x € NT(w) \ (N*(u) U {u}) and d¥(w) > d*(z) = d(u) + 1, then
u, V1, Vs, ..., U, & are at least s + 2 out-arc 5-pancyclic vertices of T. Otherwise,
U, V1, Ve, ..., U, w are at least s + 2 out-arc 5-pancyclic vertices of T'.

7. Let v; be a vertex with v; — wv,1 and d*(v;) = d™(v;41) and let w be a
vertex in N*(v;) \ N"(u) with minimum out-degree. If there exists a vertex z €
Nt (w) \ (Nt (u) U{u}) and d*(w) > d*(z) = d*(u) + 1, then u, vy, v, ..., v, 2 are
at least s + 2 out-arc 5-pancyclic vertices of T. Otherwise, u, vy, vs, ..., v, w are at
least s + 2 out-arc 5-pancyclic vertices of T

The correctness of this algorithm follows from the proofs of Lemma 3.1 and
Lemma 3.2. We see that this algorithm can be implemented in time O(n?).
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