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Summary 

This paper analyzes an optimal data co l 
lection and processing system for detecting a 
random signal f ield in a random noise f ield 
employing multiple antennas. The statist ical 
model consists of a Gaussian random signal 
f ield and an independent Gaussian noise f i e ld . 
The time optimal data processing system to be 
analyzed is specified in terms of array deploy
ment and signal/noise space time correlation 
structure. An exact expression for the charac
teristic function of the test statistic computed 
by the space-time signal processor is derived 
under the assumptions of stationarity and a long 
observation t ime. Analytical dif f icult ies 
involved in evaluating and inverse transforming 
the characteristic function are considered through 
case studies. The test statistic is analytical ly 
shown to reduce to a Gaussian random variable 
in the threshold case for the array situation. The 
dependence of receiver performance on the space-
time correlation structure of the signal and noise 
f ie lds , the antenna deployment, and the optimal 
performance criteria (outage rate, pre-detection 
signal-to-noise rat io, etc.) is considered. Opt i 
mal antenna deployment is considered, for the 
threshold case, in terms of several physically 
real ist ic signal and noise field space-time corre
lation structure models. 

Introduction 

The problem of detecting a random signal 
f ield in the presence of a random noise f ield has 
received various treatments in the l i terature. 
Despite certain limited analytical treatment this 
is an important problem that occurs in many 
areas, such as fading on long range communica
tion and radar l i nks , sonar, radio astronomy, 
etc . The treatment addressed to this problem 
thus far consists almost exclusively of the der i 
vation of the optimal receiver structure. The 
early work was done for the scalar (one antenna) 
case by Price* who only considered white noise 
and Middleton2/3 who considered colored noise. 
In these cases the derivations were performed 
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using sampling point analysis rather than the 
more rigorous and useful Karhunen-Loeve expan
sion4 approach employed herein. Middleton2,3 
also considered system performance with results 
presented in sampling point notation. 

An approach for enhancing detectability in 
this problem area is the employment of an 
antenna array. The antenna array collects 
spatial samples of the signal and noise f ie lds. 
Key issues are (1) optimal spatial coupling 
(antenna deployment), (2) optimal time process
ing (receiver structure), and (3) the performance 
improvement resulting from use of antenna array 
col lect ion. The time optimal processing issue for 
the general case of detecting a random signal in 
random noise with an array receiver has been 
resolved by Middleton and Groginsky5 and by 
VanTrees.6 However, efforts toward determining 
exact receiver performance and optimal coupling 
have been less successful for both array and 
single antenna coupling. This paper analytically 
develops the relationships essential for an exact 
performance evaluation for the antenna array case. 

Problem Formulation 

Statistical Model 
The incident signal coupled by the n e le

ments of the antenna array is represented by a 
column vectorx(t) , and is assumed to contain a 
signal component and a noise component under 
the indicated hypothesis structure. 

(1) 

The restriction to the "on-off" case is made to 
render the mathematics less cumbersome, and 
its removal is a straightforward extension of the 
results contained herein. The amplitude time 
structure of the signal s.(t) to be detected can be 
a narrow band, complex stochastic process y_(t) 
which has been modulated with some determinis
t ic and possibly complex narrow band function 
f(t) 7 If the carrier frequency is w , then 

(2) 

The orthogonal components of y.(t) are assumed to 
be Gaussian distributed and independent. This 
model can be used to represent situations such 
as multiplicative Rayleigh fading with a uniformly 
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and 



Opt imal Antenna D imens ions 

In order to max imize system performance i t 
is necessary to s imu l taneous ly make Pf as smal l 
and PD as large as p o s s i b l e . This is done by 
max im iz ing the d i f fe rence between the arguments 
in (44) , or e q u i v a l e n t l y , by max im iz ing the square 
of the d i f ference w h i c h is 

n e g l l c t e d , i . e . , i f a l l the noise is assumed to be 
rece ived through the an tennas . Singular de tec 
t i on occurs when the s N (W) mat r i x becomes 
s i n g u l a r 2 and two such cases need to be d i s t i n 
g u i s h e d . 

In the f i r s t case y is max imized for zero 
antenna s p a c i n g s , i . e . , when the antennas are 
( idea l ly ) loca ted at the same p o i n t . 1 2 Later in 
th is report i t is shown that the SN ma t r i x becomes 
s ingular for zero spacings so that y appears to 
become unbounded. The phys i ca l s i g n i f i c a n c e of 
th is phenomenon is that for zero spac ings the 
no ises in the antennas are i den t i ca l and the 
opt imum rece iver s t ructure phases and sums the 
antenna vo l tages In such a way as to comple te ly 
e l im ina te the n o i s e . Unfor tuna te ly the des i red 
s igna ls In the antennas are a lso Iden t i ca l and are 
a lso comple te ly e l im ina ted by the opt imum 
rece i ve r . 

The second case invo lves plane wave no ise 
y i e l d i n g no ises In the antennas as de layed ver
s ions of each o ther . Thus I t Is t heo re t i ca l l y 
poss ib le to comple te ly e l im ina te the ex te rna l 
no i se w i thou t e l i m i n a t i n g the s igna l prov ided the 
s igna l Is not rece i ved from the same d i r e c t i o n as 
the n o i s e . In th is case the performance Is 
t heo re t i ca l l y the same for a l l non-zero antenna 
s p a c i n g s . The plane wave no ise Is therefore not 
cons idered fur ther In regard to op t ima l antenna 
s p a c i n g . 

The zero spac ings so lu t i on is i n v a l i d as is 
a l so ev iden t from the fac t that for s ingu lar 
de tec t i on the th resho ld assumpt ion no longer 
ho lds s ince the inequa l i t y In equa t ion (40) is 
r eve rsed . I f the thresho ld assumpt ion does not 
h o l d , then equat ion (55) for Y IS Inva l i d and it is 
no longer ev iden t that the opt imum procedure is to 
max im ize Y . 

In order to ob ta in p h y s i c a l l y mean ing fu l 
r esu l t s I t is necessary to avo id the s p a t i a l l y 
s ingu lar de tec t ion s i t u a t i o n . This is done by 
i nc lud ing an add i t i ve rece iver no ise whose 
s t a t i s t i c a l proper t ies are independent of the 
antenna spac ings . The rece iver no ise need not 
be wh i te but may reasonab ly be assumed uncor 
r e l e t e d . This is the approach taken by 
G a a r d e r 1 3 ' 1 4 in max im iz ing the antenna ga in 
f unc t i on and cha l lenges the conc lus i on o f M a r t e l 
and Ma thews who Ind icate that near zero 
spac ings are o p t i m a l . 

S ingular D e t e c t i o n 

At th i s po in t the phenomena of spa t i a l s i n g u 
lar de tec t i on can ar ise In the max im iza t i on o f Y . 
This phenomenon ar ises I f rece iver no ise Is 

Problem S i m p l i f i c a t i o n 

The Inser t ion of rece iver no ise Increases 
the comp lex i t y of the Integrand In (55) . Even In 
the most s imp le cases the exac t eva lua t i on of Y 
becomes so cumbersome as to render a d i rec t 
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approach practically useless. It is therefore 
desLrable to simplify the analytical task by finding 
some simpler expression which Is maximal for the 
same antenna deployment that maximizes y. The 
cases under which this is possible w i l l now be 
developed. 

A considerable simplif ication results If max
imizing the Integrand Is the same as maximizing 
the Integral. The development which maximizes 
the Integrand wi l l be a function of w unless the 
Integrand can be factored Into the product of a 
function of only the deployment and a function of 
frequency alone. With physically real ist ic 
antenna cross correlation spectra such a factor
ization Is not possible. Thus the two maximiza
tions coincide only If the optimal deployment for 
the Integral equals that for the Integrand 
evaluated at a particular frequency; w , perhaps 
the carrier frequency. This In turn occurs only 
when the Integrand contains, as a factor, 
6(w- w)0). If the signal covarlance matrix contains 
a common spectral term [S (W)=S (w) P (w))] then 

s s 

It would be much simpler to maximize £ \{ 
1=1 l 

Instead, but the two maximizations do not In 
general coincide. There are two obvious cases 
In which the maximizations do coincide, these 
being (1) when al l the X's are equal and (2) when 
al l the X's except one are zero. 

If a l l the X's are equal, then (assuming A 
Is normal) A Is similar to a scalar multiple of the 
Identity matrix and hence Is Itself a scalar mul
tiple of the Identity matrix. This in turn would 
require SN to be a scalar function of Ps , which 
Is not possible here because of the assumed 
additive receiver noise. Thus the case In which 
the X's are al l equal Is physically unreal ist ic. 

If a l l but one of the X's are zero, then A 
must have rank 1 and hence Ps must have rank 1. 

Is sometimes called the array gain function since 
It represents the SNR gain effected by the antenna 
array. The maximization of the antenna gain 
function by Gaarder13,14 Is valid only for narrow 
band plane wave signals (requiring that S2(W) 
approximate a delta function). 

The Integrand can also be simplif ied by 
further selection of the SN and P matrices. That 

~N —s 
this Is the case might be suspected because these 
matrices have the often convenient properties of 
being Hermltlan and positive defini te. The pro
duct SNTs is Hermltlan only If S!" and Ps 
commute. S" and P„ w i l l commute If and only If 
they have the same eigenvectors, or equlvalently 
If SN Is a scalar function of £ s , or vice versa. 
(Note that these statements are true only because 
S_N and Ps are Hermltlan.) For the physically 
realizable cross covarlance spectra considered In 
this report, the restrict ion that S.N be a scalar 
function of Ps requires that the additive receiver 
noise be uncorrelated and that the external noise 
and signal sources be of the same type. 

Case Study 

At this point It Is desirable to Investigate 
(1) specific functional forms for the signal and 
noise statist ics and (2) the plane wave signal 
case without the benefit of the threshold assump
t ion. These w i l l be considered as the case studies. 

Physically Relevant Space-Time Correlation and 
Power Spectra Models 

If physically meaningful conclusions are to 
be obtained, physically realist ic space-time 
covarlance functions must be employed. The 
system designer must f i rst model the physical 
noise f ield environment and then use the model to 
obtains; (w) and hence £N(w). The procedures 
Involved, and some representative results w i l l 
now be considered. 

A treatment of this aspect has been given 
by Chl lders l 5 ln terms of a vector antenna height 
function h(a>;0,cp) of the antennas used, which Is 
useful when the coupling elements are dlpoles. 
The voltage coupled In by an antenna Is the dot 
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Is a power spectrum mat r ix of the 9 and cp com
ponents of the e l ec t r i c vector of the Inc ident 
f i e l d and where z is the separat ion between the 
antenna phase cen te r s . Note that the auto power 
spectrum can be ob ta ined from (60) by se t t ing 
z=0 and hi. =Jh2. Note a l so that i f h ^ J l o / then 
sN has r a n k 1 and hence is s ingu lar for z = 0, 
i l l u s t r a t i n g the s ingu lar de tec t ion phenomenon. 

I t Is read i l y apparent that var ious poss ib le 
func t iona l forms for Sn12 e x i s t . Un fo r tuna te ly 
except for a few spec ia l cases the resu l t i ng 
a n a l y t i c a l forms of S N . 1 2 ( (D ) In terms of f i e l d , 
env i ronment , and coup l ing element v a r i a b l e s , are 
usua l l y very complex and lead to unw ie ldy ma th 
emat i ca l c o m p l i c a t i o n s . However , a number of 
spec ia l cases have been developed In the 
l i t e r a t u r e 1 6 ' 1 7 ' 1 8 ' 1 9 ' 2 0 ' 2 1 wh i ch resu l t I n 
reasonably s imple a n a l y t i c a l forms for Sn 1 2 w ) . 
Four such phys i ca l cases are now c o n s i d e r e d . 
The assumpt ion that the no ise is homogeneous 
(SNA is Independent of r) Is common to a l l these 
cases and w i l l not be separate ly s tated for each 
c a s e . 

The f i r s t case Is one cons idered by Ch l l de rs 
and Reed1 6 In w h i c h d lpo le antennas and Iso t rop ic 
( S N Is independent of 0 and cp), unpo la r i zed 
s s N e 0 = sNcpcp=sN a n d s N 0 = S N 0 = ° ) no ise are 
assumed. The resu l t i ng express ion for SKno(w)) is 
then N12 

SN12(w) = S N A [ s l n 0 i s i n 0 2 c o s ( " 02> 

This Is the case most f requent ly found In the 
l i t e r a t u r e . 1 7 ' 1 8 ' 1 9 ' 2 0 The iso t rop ic assumpt ion 
Is equ iva len t to the assumpt ion that the random 
inc iden t f i e l d is the resu l t of a large number of 
independent random sources un i fo rmly d is tu rbed 
In a sphere centered around the antennas (See 
Figure 4 ) . Such a s i t ua t i on Is encountered w h e n 
ever the antennas are enc losed In a large volume 
of random sca t te r ing e lements (any e lements 
whose s ize approaches operat ing wave lengths) and 
where there are no nearby ( In terms of wavelengths) 
boundary s u r f a c e s . 1 9 ' 2 0 

The th i rd case Is a lso f requent ly found In 
the l i t e r a t u r e 1 9 / 2 0 / 2 1 and Invo lves n o n - i s o t r o p i c 
no ise such as obta ined when the no ise Is gene
rated by a large number of Independent no ise 
sources un i fo rmly d i s t r i bu ted on a large c i r cu la r 
area of any plane passed through the array volume 
(See Figure 4 ) . Such a s i t ua t i on Is encountered 
when the random f i e l d is due to sca t te r ing from a 
" d i s t a n t " plane s u r f a c e . 1 9 ' 2 0 1 
power spectrum then has the form 

The cross antenna 
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The final case Involves a directional random 
f ield of the form 

so that the double integral In (64) factors Into the 
product of two Integrals. The function of f(0) can 
be arbitrary except that It should be normalized 
to make Its Integral equal to some convenient 
constant. The noise field w i l l then have the 
shape f(0) In the 0 dimension and e-B |cos(cp-cpo) | 
In the cp dimension. This latter form Is that of a 
lobe centered at = -2 + cpQ. This structure can 
be employed as a model for the situation Involving 
a distant random source (jamming, etc.) and a 
multlpath environment so that the noise appears 
to be coming from an angular region of arbitrary 
dimensions (See Fig 4). Narrow Lobe widths of 
the noise f ield correspond to large p values and 
for 3sln(|>0 greater than about three, the rational 
cross antenna power spectrum 

Is obtained. The 3 db lobewldth of the noise 
f ield Is determined by B and Is 

- L i n 2, 
3 db lobewld th = 2 s in A ( - : ) . (69) 

where aga in j = g. (Note that the summations are 
a resu l t of the mu l t i p l e antennas and have noth ing 
to do w i t h the Karhunen-Loeve expans ion 
approach used ear l ie r In the repor t . ) The e v a l u 
a t ion of (72) Is g rea t ly s i m p l i f i e d if the add i t i ve 
no ise Is assumed to be wh i t e and uncor re la ted 
from antenna to an tenna , so that 

This spectrum agrees w e l l w i t h ava i l ab le e x p e r i 
menta l data for po in t sources in mu l t l pa th 
env i ronment . (For example see the data g i ven 
by K u r l c h a r a . 2 2 ) 

The l i m i t i n g case of (68) In w h i c h B becomes 
unbounded corresponds to the plane wave no ise 
f i e l d In wh i ch the noise comes from one p a r t i c u 
lar a n g l e . In th is case the no ises in the d i f fe ren t 
antennas are Iden t i ca l ( spa t ia l coherence) except 
poss ib l y for a de lay . A l s o , un less the s igna l 
f i e l d is o f an i den t i ca l space - t ime co r re la t i on 
na tu re , the noise can be comple te ly e l im ina ted 
by proper ly phas ing , we igh t i ng and combin ing 
the s i g n a l s , leav ing on ly the system no ise 
in t roduced in the receiver f ront e n d . However I f 
the s igna l f i e l d Is exac t l y of th is space - t ime 
f o rm , no advantage can be obta ined from space 
d i v e r s i t y s ince the spa t ia l f i l t e r i n g o f both s igna l 
and no ise Is I d e n t i c a l . 

Plane Wave (Point to Point Spa t ia l l y Coherent) 
S ignal Case 

The trace opera t ion In f i nd ing h (W,U) can 
be performed exac t l y w i t hou t the th resho ld 
assumpt ion In the spec ia l case In w h i c h the 
s igna l In the var ious antennas Is the same 
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R = 2K /N be ing a measure of the s l g n a i - t o - n o l s e 
ra t io (s N R)°ln th is c a s e . Ne i ther of these charac 
te r i s t i c func t ions can be Inverse transformed In 
c l osed fo rm . I t Is observed that the e f fec t of the 
mu l t i p l e an tennas , In th is c a s e , is to Increase 
the SNR by a factor of n. This is a d i rec t c o n 
sequence of the assumpt ions of uncor re la ted 
no ise from antenna to antenna and plane wave 
( spa t i a l l y coherent) s i g n a l . 

Other assumpt ions w h i c h a l l ow an exac t 
eva lua t i on of the trace in (39) are poss ib le but 
usua l l y lead to cha rac te r i s t i c func t ions w h i c h 
cannot be inverse transformed in c losed fo rm. 
Numer ica l invers ion can be used in these cases 
but the resu l ts are necessa r i l y v a l i d on ly for the 
spec i f i c case pos tu la ted and cannot be c o n 
ven ien t l y ex t rapo la ted to other cases or used to 
form b road , quanta t l ve c o n c l u s i o n s . The exact 
performance ana l ys i s approach was therefore d i s 
con t inued by the authors in favor of the more 
p roduc t i ve th resho ld case assump t i on , w h i c h 
a l l o w s s impler in terpre ta t ions of steps to take in 
enhanc ing d e t e c t a b l l l t y by spec i f i c antenna 
dep loyment . 

C r i t i que 

The con t r i bu t i on of th is paper cons i s t s of 
(1) an a n a l y t i c a l development of the exact charac 
t e r i s t i c func t ions for the tes t s t a t i s t i c computed 
by a t ime opt imum data p rocess ing system 
emp loy ing m u l t i p l e antennas for a random s igna l 

and no ise f i e l d in terms of the space - t ime st ructure 
of the s igna l and noise f i e l d s and the antenna 
array c o n f i g u r a t i o n , (2) a s i m p l e , conc ise ana l y 
t i c a l demonst ra t ion t ha t , in the thresho ld case the 
test s t a t i s t i c d i s t r i bu t i ons for the array case 
become asymp to t i ca l l y G a u s s i a n , and (3) ana l y 
t i c a l t reatment in terms of p h y s i c a l l y r e a l i s t i c 
space- t ime co r re la t i on models of s igna l and no ise 
f i e l d s t ruc tu res . The assumpt ions inc lude 
Gauss ian n o i s e , s t a t l o n a r l t y , and " l o n g " obser 
va t i on t imes . 

Unfor tuna te ly the cha rac te r i s t i c f unc t i on 
form der ived here in cannot be inverse t ransformed 
in c losed form in the general c a s e . Numer ica l 
so lu t ions may be of value in spec i f i c ins tances 
but cannot be expec ted to prov ide broad quan t i t a 
t i ve In fo rmat ion . Thus the on ly route lead ing to 
quan t i t a t i ve resu l t s appears to be the thresho ld 
case for wh i ch c losed form invers ion is p o s s i b l e . 

In the thresho ld case the test s t a t i s t i c is 
Gauss ian d i s t r i bu ted and hence its p . d . f . is 
un ique ly determined by i ts f i r s t two moments . 
Even in non- th resho ld s i tua t ions the accuracy to 
w h i c h the s igna l and noise f i e l ds can be s t a t i s 
t i c a l l y charac te r i zed may prec lude a more accurate 
representa t ion of the test s t a t i s t i c p . d . f . Thus 
the thresho ld assumpt ion w i l l probably y i e l d 
resu l t s w h i c h are as mean ingfu l as can be obta ined 
even in non - th resho ld s i tua t ions un less an 
unusua l l y accurate s t a t i s t i c a l fo rmu la t ion is 
p o s s i b l e . 

It is of in teres t to note the general e f fec ts 
of the array upon recep t ion c a p a b i l i t y for spec i f i c 
c l asses of random noise f i e l ds and fad ing s igna l 
f i e l d s in terms of their space - t ime co r re la t i on 
s t ructure and array dep loyment . These aspects 
are cur ren t l y be ing pursued through a de ta i l ed 
i nves t i ga t i on of a number of spec ia l s i t ua t i ons 
by the authors and w i l l be presented in a la ter 
repor t . A thorough d i s c u s s i o n of an t i c i pa ted 
resu l t s is at th is t ime premature but a number of 
specu la t ions can be p ro jec ted : 

(1) Performance capac i t y can Increase w i t h 
the number of an tennas , n, but the ex ten t of any 
Improvement, as w e l l as incrementa l g a i n , is 
g rea t ly dependent upon the space - t ime co r re la t i on 
of the s i gna l and no ise f i e l ds and the antenna 
geometry emp loyed . 

(2) Dep loy ing antennas so as to increase 
the no ise c r o s s - c o r r e l a t i o n be tween antennas 
inc reases the performance c a p a b i l i t y , assuming 
that the deployment does not render a s im i l a r 
e f fec t upon s igna l c r o s s - c o r r e l a t i o n be tween 
an tennas . For examp le , for f u l l y co r re la ted 
( spa t i a l l y coherent) no ise be tween an tennas , the 
In teres t ing case of s ingu la r de tec t i on is ob ta ined 
in w h i c h t heo re t i ca l l y the no ise can be comp le te l y 
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eliminated if that noise is the only source of 
interference and the antenna's front end can be 
ignored. 

(3) The effect of signal cross-correlation 
between antennas (correlated fading) is such that 
increasing this correlation, by appropriate antenna 
deployment, w i l l Increase the combined signal to 
noise leve l , but w i l l also increase the "outage 
rate" due to spatially correlated fading. Thus 
deploying antennas to increase signal cross-cor
relation under these conditions increases perfor
mance capacity if SNR gain is the criteria and 
decreases performance capacity if signal loss or 
outage rate is the cr i ter ia. 

It should be emphasized that physically 
realist ic space time correlation models are used 
in the preceding analysis. The set of cross-
power spectra cited in .his paper should rea l is t i 
cally model a number of situations of engineering 
Interest. 
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FIGURE 2. OPTIMAL SIGNAL PROCESSOR STRUCTURES FOR 
n = 2 ANTENNA ELEMENTS 
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