DETERMINING CYLINDRICAL SHAPE
FROM
CONTOUR AND SHADING

Minoru Asada*

Center for Automation Research, University of Maryland, College Park, MD 20742

ABSTRACT

This paper presents an algorithm for reconstructing
the shape of a cylindrical object from contour and
shading without knowing the surface albedo of the
object or the lighting conditions of the scene. The input
image is segmented into spherical, cylindrical, or planar
surfaces by analyzing local shading. The cylindrical
surface is characterized by the direction of the generat-
ing lines, determined from spatial derivatives in the
image. The brightest generating line has strong con-
straints on the shading analysis on the cylindrical sur-
face and leads to a simplification of the equation which
represents the relation between the contour shape and
the shading. Although there remains one degree of
freedom between the surface normal of the base plane
and the slant angle of the generating line, we can
uniquely recover the cylindrical shape from this solu-
tion (up to reflection). Experimental results for syn-
thetic image are shown.

1. INTRODUCTION

Recent studies on computer vision have exploited many
methods for interpreting a brightness pattern in an image as a
shape in 3-D space using physical constraints on the light
source, object class, surface properties of the object and multi-
ple views (Brady 1975) Especially, contour and shading in the
image have a very important role in recovering surface shape
in both computer vision and human perception (Marr 1982).
Shape from shading methods obtain surface properties by
exploiting photometric constraints on the image formation pro-
cess (Horn 1975, Woodham 1977) The difficulty in these
methods is to characterize the lighting geometry, because most
of them cannot recover the surface shape unless the lighting
conditions are given. Although Pentland (Pentland 1984) has
tried to extract information on shape locally without knowing
the lighting conditions, his method requires strong assump-
tions, e.g. that the surface is spherical. Interpretation of line
drawings has been one focal point of vision work, and there
are successful results in the polyhedral world (Mackworth
1973, Huffman 1977 and Sugihara 1984). Outside this world,
only qualitative description is obtained (Barrow and Tene-
baum 1981, Marr 1977), such as extremal boundaries and sur-
face discontinuities, or a strong assumption is necessary to
recover the surface orientation, e.g. the extremum principle
(Brady and Yuille 1984). The first quantitative approach to
recovering surface shape from contour and shading was
developed by Horn (Horn 1977). In his method, the reflectance
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map is effectively used to infer the surface normals of the
planes of a block in gradient space. Also lkeuchi and Horn
(Ikeuchi and Horn 1981) used the occluding boundaries as
boundary conditions on their relaxation method to infer the
surface structure. Both methods, however, assume that the
the lighting conditions and the surface albedo are known.

In those methods, the surface type is planar (in the
polyhedral world) or doubly curved (for shading analysis).
Between them is the class of objects that have singly curved
surfaces. The most representative object in this class is a
cylindrical object which can be often seen in daily life.
Cylindrical models have been popular for describing many
kinds of objects in terms of generalized cylinders since Binford
(Binford 1971) introduced them as a useful method of volume
description for 3-D objects. Although several papers have been
published which attempt to describe cylindrical shape parame-
ters from range data (Nevatia and Binford 1977, Rao and
Nevatia 1986) or which examine geometrical properties of gen-
eralized cylinders with shadows and occluding boundaries
(Shafer 1983), there are few papers dealing with the problem of
reconstructing cylindrical shapes from images. Asada et al.
(Asada and Tsuji 1983a,b) proposed two approaches to recon-
structing a cylindrical shape from the viewpoint of dynamic
scene analysis. One approach is to analyze shading information
to obtain the normals of surfaces, which are useful for finding
the correspondence of base planes between consecutive frames.
Local shading analysis (Pentland 1984) is not applicable to
estimating the normal at a point on a cylindrical surface unless
the lighting conditions are known. With knowledge of the
lighting conditions, the motion between frames can be deter-
mined by the extended reflectance map method. The other
approach is to analyze changes in contour shape between
frames. If the base planes of an object are perpendicular to its
cylindrical surface, the 3-D geometry of the object can be
recovered from two views. The first approach cannot recon-
struct the cylindrical shape without knowledge of the lighting
conditions; the second approach needs two frames and assumes
perpendicularity of the base plane to the cylindrical surface.

We consider the image understanding problem of infer-
ring the shape of a cylindrical object from an image such as
Figure 1. This paper presents a new method which determines
the shape of a cylindrical object using the contour of the base
plane and the intensities on the cylindrical surface without
knowledge about the lighting conditions of the scene or the
albedo. Local shading analysis enables us to segment the input
image into planar, cylindrical and spherical surfaces and tells
us the direction of the generating line from which the cylindri-
cal surface is produced. The brightest generating line, like
singular points and occluding boundaries which play a impor-
tant role in shape from shading methods (lkeuchi and Horn
1981, Brooks and Horn 1985), provides strong constraints on
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shading analysis on the cylindrical surface and on the relation
between the contour shape of the base and the brightness on
the cylindrical surface.

The validity of our method
image.

is tested using a synthetic

2. BASIC ASSUMPTIONS

The computational analyses in this paper are based on
the following three assumptions.
(1) The projection from scene to image is orthographic.
(2) The object has cylindrical and planar surfaces.
Here, a cylindrical surface is defined as a surface covered with
parallel lines (generating lines) that pass through a closed
curve
(3) The surface is Lambertian and has a constant albedo. It is
not necessary that both the planar surface and the cylindrical
surface have the same albedo. The distribution of illumination
is constant (distant point source illumination).

We can segment an image projected from a scene contain-
ing unknown shaped objects into spherical, cylindrical, and
planar surfaces if (3) is assumed. That is, we can test whether
(2) is true or not.

3. SHADING ANALYSIS

3.1 Local Shading Analysis

Pentland presented a computational analysis of local
shading without knowledge of lighting conditions. It gives an
estimate of surface orientation for an umbilical point (having
equal principal curvatures) on a Lambertian surface, and also
identifies whether the surface is planar, singly or doubly
curved at each point.

We use this algorithm for segmentation of the image to
find each surface and to identify shape as spherical, cylindrical,
or planar. Figure 1 shows an input image (a 256 by 256 8bit
digital image of a cylindrical object synthesized by computer)
and Figure 2 is the result of the analysis of Figure 1. From this
picture we obtain the information that the object has a
cylindrical and a planar surface. Another important feature of
the cylindrical surface, the direction of its generating lines in
the image, is also obtained.

3.2 Brightness on the Cylindrical Surface

For simplicity and without loss of generality, we can
choose the viewer-centered coordinate system W, so that the
X-axis is parallel to the generating line in the image (the gen-
erating line has slant angle a relative to the X-axis in 3-D

space) and the z-axis is parallel to the viewing direction.

First, let us consider the brightness on the cylindrical sur-
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face in the cylindrical surface centered coordinate system W,
whose X-axis is parallel to the generating line in 3-D space and
whose y-axis is parallel to that of the viewer centered coordi-
nate system W, Figure 3 shows the relation between these
two coordinate systems. The observed intensity Eg at a point

in W. is equal to the observed intensity E. at the same point
in W, because we assume a Lambertian surface. E; can be
represented by the following equation:
Poc Pe +e §c +1
E, = pl (3.1)

- p .
Ve tae+ 1V p g +1

where p is the albedo of the cylindrical surface, / is the inten-
sity of the illuminant, (p,.q,] denotes the surface orientation
on the cylindrical surface and (pxq,s) is the light source direc-
tion in W,. Since these parameters are defined in W, the sur-
face orientation on the cylindrical surface has only one param-
eter 9 at each point as in Figure 4, that is, p,=0 and g, =tan#.
Therefore, eqn (3.1) becomes

tanhtanf+}

E, = pl ,
¢ tan M+ pa + 1V im0 +1

where tan{}}=g,, .

If we substitute the following equation into eqn {3 2):
Vel e +1

=l Viani(h)+1

(3.2)

then we obtain
R tanktanf+1

vianh+1vtan 841

This equation tells us the following important facts about the
brightness on the cylindrical surface:

E, =pl pl'cos{f-M)=E,. (3.8}

* Rather than knowing the actual lighting conditions (the
illuminant / and the direction of light source {p, .4, )), we can
always assume normalized lighting conditions where the

illuminant is /' and the direction of the light source is (0,q, ).

* The brightest intensity on the cylindrical surface Egu==pfl’
where #mmh.

* The ratio of the intensity of a point to that of the brightest
point {Sm) gives us the cosine of the angle between the sur-
face normal (6) at the point and the normalized light source
direction (X).

* The intensity on the cylindrical surface gives us no informa-
tion about the slant angle (o) of the generating line.

We call this equation the Brightness Constraint Equation
on the cylindrical surface.

4. CYLINDRICAL SHAPE FROM CONTOUR AND
SHADING
4.1 Cylindrical Shape from Contour

A cylindrical shape is characterized by the shape of a
cross-section perpendicular to the cylindrical surface, because
the normal to the contour of the intersection represents the
surface normal on the cylindrical surface, as shown in Figure 4.
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In other words, determining the surface normal on the cylindr-
ical surface is equivalent to reconstructing the shape of a
cross-section perpendicular to the cylindrical surface.

Therefore, let us consider how to recover the shape of the
perpendicular cross-section from the contour of the base plane
in the image. There are three unknowns, the surface orienta-
tion of the base plane (ps.gy) and the slant angle of the gen-
erating line &, The shape of the cross-section can be obtained
by mapping the contour of the base plane onto a plane perpen-
dicular to the generating line as shown in Figure 5.
Proposition 1 The coordinates (#,,#;) of the contour
mapped onto the cross-section are given by the following equa-

tion:
7, — (~ps ;-1 ¥; Jroso 43, sinc
¥y v,

where [2;,3;} denote the coordinates of the base contour in the
image plane.

Proof : Since we assume orthographic projection, the base
plane can go through the origin in the viewer coordinate sys-
tem W;: Therefore, the coordinates of the base contour in W,
are (z,,’,,-—p.z,—q,y’] Rotating these points about the F-axis
by the angle x/2-0, we obtain eqn {4 1}

Proposition 2 : Similarly, we obtain the relation between the
normals on the contour in the image and those on the cross-
section as follows:

(4.1)

& =—2,{p, cosa—sino}+g, cosa, (4.2)

where l’;—tm@’j (shape parameter of the cross-section) and
l,--l-lrlﬂ,- (shape parameter in the image plane) as shown in
Figure 5.

Proof : Since the shape parameters l’,‘ and & are perpendicu-
lar to the tangents g’,r and g; to the contours (see Figure 5), we
obtain the following equations, in the image plane and on the

cross-section, respectively:

P ... ]
B Ay
and
F. ¥4 —py Az;—q, Ay; Jeosa+ Az, ving
"j' 1 ) { L e 1 3 ,;) ¢ . (4.3)

s Ay; Ay
From these equations, we obtain eqgn (4.2).

In order to determine the cylindrical shape parameter t',-
from the shape parameter »; in the image plane, we have to
obtain three unknowns, the surface orientation of the base
plane {(#3,9) and the slant angle of the generating i ()W e
call eqn (4.2) the Contour Constraint Equation.

4.2 Combining Constraints from Shading and Contour

In order to determine the cylindrical shape, we need to
combine the brightness constraint equation (eqn (3.3)) and the
contour constraint equation (eqn (4.2)). From egn (3.3), we
obtain the following equation:

augls))--38°
4

anglsii=o*

sngls)=50° (o} -
Fig.7 Fig.a
co.(o',.-x)n-;’—. (4.4)

Also, we obtain the following equation from eqn (4.2):
(4.5}

To combine these equations, we rotate #;(=tant’;) about the
otigin by the angle -X; then we obtain the lollowing equation:

tand; ==-s;(p; cong-sing)+ g, coss.

sinh-+cosh( s p, coso—pine)-g, coser}

tan(F;-) cos)—uinh(#;{p, coso-sino}-g, coss) (4.6)
Eqna (4.4) and {4.6) give
sink+cos)~{a,-{p. cw—ainﬂ}-m cm}
= Ry{cosh-sini(s; (py coaz—sinc)-q, cosd), (4.7)

where
Rj=v/(Epu-Ef)/E".
Dividing eqn (4.7) by cosk (940) leads to the lollowing equation:

tanh+ a;(p; cosr-sine)-g, cosa

=2 R (1-tank{4;{ps coBo—8inc )¢, cORS), (4.8)
Since eqn (4.8) is & nonlinear equation with four unknowns,
7.0 2 and ), solving thie equation anslytically seems very
difficuit. However, we obtain the following proposition using
the brightest generating line constraint.
Proposition 3 : Eqn (4.8) represents the conic curves in the
following form:

AQ=%R,(1+BN-CNP+$Y, (4.9)

where  [l=p,coso-sing, @=g,cons, A=2-a), B=-=l,-l".
C=u;+2}", and & is the shape parameter of the brighteat gen-
erating line.

Proof : At the brightest point, R;=0; therefore, we obtain the
following equation:

tm)z—a,-”[p. ¢a80-8ing )+ g; coad, (4.10)

Subatituting eqn (4.10) into eqn (4.8) gives eqn (4.9).

Eqn {4.9) suggests the folloying remarks:

» We peed at Jenat two points except the brightest point in
order to determine O nnd ¢,

» Since this equation is symmetric about the origin, the solu-
tion {{1,4) i» also symmetric about the origin; that i, if (£1,0) is
s solution then {-0,-®) ia also o solution. This mesns that we
can interpret the input image in two ways, one as viewing the
cylindrical surface from outside and the other as viewing the
inside surface of the object as in a cut model. The later in
unlikely and is illegal if we assume genera! position of the
viewer,

* The solution (0,%) ean uniquely determine the exact shape of
the croms-section from eqn (4.1); however, there remains one
degres of fresdom wnong p,.q, snd o.

We call eqn (4.9) the Conatraint on Shading and Contour.



5. EXPERIMENTAL RESULTS

Figure 1 shows a synthetic image (256 by 256 8-bit digital
image) of a cylindrical object whose base plane is perpendicu-
lar to the generating line. The longest diameter of the base is
128 pixels and the length of the generating line is 200 pixels.
The incident angle of the normalized light source X is 38 °, and
the slant angle of the generating line & is 45"; therefore,
pi==-1 aad g, =0 if we set the X-axis parallel to the generating
line in the image plane. Thus, fl=-+Z snd =0. Figure 6 shows
the intensity profile of the cylindrical surface; each intensity is
quantized into 8-bit gray levels.

Since the solution is symmetric about the origin as
described in section 4, we find the solutions in a half space of
the entire {f3,®} space, for example, R<0. After finding the
solutions in the half space, we decide which is true and which
is the reflection of true by recovering the geometrical structure
of the base and the cylindrical surface. In the structure of the
reflection, the viewer sees the inside surface of the cylindrical
object

In order to determine ftand . we need at least two
points not on the brightest generating line. Each point gives
two hyperbolas; therefore, we obtain four intersections as the
candidate solutions in the half space when we use only two
points on the cylindrical surface Then, another point is neces-
sary to obtain the unique solution

Figure 7 shows three hyperbolas arising from points on a
cylindrical surface whose shape parameters are o,=tm0,
{¢;=x/3,0 and -x/8} and whose intensities are 225, 192 and 44,
respectively in this figure, only one of the two hyperbolas for

each point is shown The intersection points  give
Q=-1.34 and ¢=007. The slight difference between the true
and estimated solutions is caused by quantization error The

shape parameter s; in the image plane is calculated by fitting a
circular arc to 15 consecutive points along the contour Sub-
stituting the obtained solution into eqn (4), we can reconstruct
the shape of the cross-section. Figures 8 (a) and (b) show the
shape of the cross-section; (a) is for the true shape and (b) is
for the estimated shape. The similarity of these shapes indi-
cates the validity of the method

6. CONCLUSION

A method which reconstructs a cylindrical shape from the
base contour and the brightness on the cylindrical surface
without knowledge of the lighting conditions or the surface
albedo has been described. The brightest generating line plays
a very important role in both the brightness constraint equa-
tion on the cylindrical surface and the brightness and contour
shape constraint equation. In the former, the actual lighting
conditions can be transformed into normalized lighting condi-
tions where the light source direction is parallel to the surface
normal on the brightest generating line, and the illuminant
intensity times the surface albedo is easily obtained by
measuring the intensity on the brightest generating line. In the
latter, the nonlinear equation with four unknowns is converted
into conic curves involving two unknowns by introducing the
brightest generating line constraint.

Although we can uniquely determine the cylindrical shape
(up to reflection), there remains one degree of freedom between
the surface normal of the base and the slant angle of the gen-
erating line. If we used other constraints, for example, stereo
vision or motion, we would be able to deduce these parame-
ters. This is a goal of our future research.
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