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1. Introduction

Independent Component Analysis (ICA), and in particular Blind Source Sep-
aration (BSS), can be obtained from the maximization of mutual information,
as first shown in [Nadal and Parga, 1994][1]. This result was obtained for a
deterministic processing system, with an arbitrary input-output relationship.
Technically, a small additive noise was considered in order to define the mutual
information between the inputs and the outputs variable. Then the zero noise
limit was taken in order to extract the relevant ” contrast” cost function for the
deterministic case. The relevance for BSS was stressed out: in the particular
case where the inputs are linear combinations of independent random variables
("sources”), one can use a feedforward network (with no hidden layer), and
nonlinear transfer functions; then the outputs of the system will give the inde-
pendent components if both the weigths and the transfer functions are adapted
in such a way that mutual information is maximized.

The practical interest of this information theoretic based cost function was
then demonstrated by [Bell and Sejnowski, 1995 and 1996][2, 3] in several BSS
applications. Since then, it has also been realized [5, 6] that, for this BSS case,
the cost function in the form written in [2] is in fact identical to the one derived
several years before from a maximum likelihood approach [7].

*Laboratoire associé au C.N.R.S. (U.R.A. 1306), & PENS, et aux Universités Paris VI et
Paris VII.
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In the present contribution, after a short reminder of [1], we report on recent
results based on such information theoretic approach, and on new conditions
on cross cumulants which guarantee that BSS has been performed.

2. Expansion of the mutual information

2.1. Link between infomax, loglikelihood, and ICA

Our starting point is the main result obtained in [1], namely that maximization
of the mutual information between the input data and the output (neural code)
leads to redundancy reduction, hence to source separation for both linear and
non linear mixtures. We consider a network with N inputs and p outputs, and
nonlinear transfer functions f;,i = 1,...,p. Hence the output V is given by a
gain control after some (linear or non linear) processing:

where the h;’s are arbitrary deterministic functions of the inputs S, h;(t) =
h;[S](t). For a noiseless channel, one gets that maximizing the mutual infor-
mation is equivalent to maximizing the (differential) output entropy H(Q) of
the output distribution @ = Q(V),

HQ) =~ [V Q) 1ogQ(v) @)
Making the change of variable V — h, one gets
H(Q) = - [ dw(s) 1o o s 6
1 fi(ha)
This implies that H(Q) is maximal when ¥(h) factorizes,
P
T(h) =[] wi(h), 4

and at the same time for each output neuron the transfer function f; has
its derivative equal to the corresponding marginal probability distribution:
fi(hs) = ¥;(hy), i = 1,...,p. As a result, infomax implies redundancy
reduction: the optimal neural representation is a factorial code. In particular,
this result applies for a linear mixture of independent components, in which

case h; has to be linear in the inputs:
N
t) = Z JijS;(t), i=1,...,p (5)
Jj=1

Recently, we showed that this result extends to stochastic outputs [4].
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It is convenient to rewrite the output entropy, making in (3) the change of
variable h — 8. Since the input entropy is a constant the quantity which has
to be maximized is

E=<Ing > + > <log¥(h;) > (6)

where < . > is the average over the output activity h;, and J is the Jacobian
of the transformation S — h. For a linear rule as in (5), this is the change of
variable done by Bell and Sejnowski [2]. In this case the Jacobian J is just
| J |, the absolute value of the determinant of the coupling matrix J, and one
has
E=In|J| + ) <log¥;(h;) > 7
i

In fact, this cost (7) was first derived in a maximum likelihood approach
[7]: it is easy to see that (7) is equal to the (average of) the loglikelihood of the
observed data (the inputs S), given that they have been generated as a linear
combination of independent sources with the ¥; as marginal distributions.

The cost (6) can be conveniently used for nonlinear ICA. If one uses a
multilayer feedforward network, from the chain rule for derivatives the term
<InJ > takes the simple form of a sum of terms, one for each layer [5].

From now on we restrict to the case of the architecture needed for BSS,
that is with linear h;’s as in (5).

2.2. Close to Gaussian expansion

To get some insight on BSS based on infomax, we consider the maximisation of
the output entropy making a close-to-Gaussian cumulant expansion of ¥;(h;)
[8, 5]. At first non trivial order, it is given by

hi = 3)

Wilho) ~ Whh) = WO(h) 1+ 20 ML) ®

where U0(h;) is the normal distribution ¥°(h;) = exp(v%?-), and /\53) is

the third (true) cumulant of h;:

it

A =< nd>,. (9)

In the above expression (8) we have taken into account that one can always
take
<h;>=0 and <Ah?>.=1. (10)

In the cost function (7) we replace ¥;(h;) by ¥}(h;), and expand at first order
in A. One then gets that the quantity to be maximized is, up to a constant,

1 (3) N
= 2 —_; 2 —
E=n|J]| + 5 E A7) - E 2pz(< h; >c—1) (11)

i=1 i=1
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where p; are Lagrange multiplyers introduced in order to enforce (10). One
then derives the updating equation for a given synaptic efficacy Ji; as AJj; o
- ‘%ﬁl. Considering the fixed point equations, that is AJ;; = 0, one obtains[5]
that a]ny J solution of these equations satisifies

Oipp = pi < hihy >, — < h? >e< h?hil >e (12)

together with < h? >.= 1 for every i. The parameters p; are obtained by
writing the fix point equation (12) at ¢ =4', that is p; = 1+ < h$ >2. Note
that, in particular, p; > 0 for all 7.

One can then ask whether any solution of (12) is a proper solution of the
BSS problem, or whether one can have additional solutions of the fixed point
equations which do not extract the independent components. Since an ap-
proximation has been made in order to derive these equations, the presence of
such spurious solutions would not be a surprise. However, one may ask what
happens if every term in (12) is set to zero, that is if

< hihy >.=0 and < hfhi: >.=0 for every i #1'. (13)

In the next section, we will see that these conditions (13) does imply that source
separation has been obtained, since they appear as a particular case of a more
general theorem.

3. BSS from new conditions on cross-cumulants

We thus assume that the data are a linear superposition of independent sources:

N
Si(t) =D Mja0a(t), j=1,..,N (14)
a=1

(in vector form S = Mo) where the o, are N independent random variables,
of unknown probability distributions, and M is an unknown, constant, N x N
matrix, called the mizture matriz. By hypothesis, all the source cumulants are
diagonal, in particular the two point correlation at equal time KO, Kg’b =<
04 (t)op(t) >c= 84K where 8,4 is the Kronecker symbol.

In this section we claim that for J to be a solution of the BSS problem,
it is sufficient (and of course necessary) that J performs whitening and sets
altogether to zero a given set of cross-cumulants of some given order k, the
number of which being only of order N2. We have the following theorem:

Theorem 1 Let k be an odd integer at least equal to 3 for which the k-
cumulants of the sources are not identically null; then

o (i) if at most one of these k-cumulants is null, J is equal to the inverse
of M (up to a sign-permutation and a rescaling as explained above), if
and only if one has:
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for every 1,4,

{ < hihy >.= 61’,1" (15)

< ¥ Vhy >.=0 fori #4.
where h is the output vector as defined in (5).

o (i) If only 1 < L < N — 2 k-order cumulants are nonzero, then any
solution J of (15) is the product of a sign-permutation by a matriz which
separates the L sources having non zero k- cumulants, and such that the
restriction of J MK° 3 to the space of the N — L other sources is still an
arbitrary (N — L) x (N — L) orthogonal matriz.

The detailed proof will be published elsewhere[5]. Remark: for k& even, one
can easily find an example showing that the conditions (15) are not sufficient.

An interesting application of this theorem concerns the algorithm of Herault
and Jutten [9]. In its simplest version, this algorithm aims at setting to zero
the two point correlation and the cross-cumulants < h2hy >, for i # i'. If the
algorithm does reach that particular fixed point, Theorem 1 asserts that full
source separation has been obtained.

It is not difficult to find other families of cumulants of a given order % for
which a similar theorem will hold. We illustrate this by giving an anologous
result for a set of cumulants involving more indices.

Theorem 2 Let k and m be two integers with m at least equal to 2 and k
strictly greater than m, for which the k-cumulants of the sources are not iden-
tically null; then

o (i) if at most one of these k-cumulants is null, J is equal to the inverse
of M (up to a sign-permutation and a rescaling as explained above), if
and only if one has:

for every i,7',i",

< hihy >c=0;4
< hgk_m) hZ’_lh,-u >.= 0 for at least two non identical indices.

(16)

where h is the output vector as defined in (5).

o (it) If only 1 < L < N — 2 k-order cumulants are nonzero, then any
solution J of (16) is the product of a sign-permutation by a matriz which
separates the L sources having non zero k- cumulants, and such that the
restriction of J MK® % to the space of the N — L other sources is still an
arbitrary (N — L) x (N — L) orthogonal matriz.

Again the proof is given in [5]. One can show that the case m = 2 is
somehow related to the joint diagonalization approach of [10]. One should
note that Theorem 2 is not exhausted by Theorem 1, as it may seem since
the conditions (15) are a subset of the conditions (16). But in Theorem 2 no
condition on the parity of & (the order of the cumulants) is required.
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4. Conclusion

We have presented recent results obtained for ICA, and in particular BSS. We
mentionned that the mutual information, shown to be as a tool for performing
ICA [1], can be used for both linear and nonlinear as well as for deterministic
or stochastic networks. In the case of BSS (one layer feedforward network),
we gave new conditons on cross cumulants[5]. These conditions show that it is
sufficient to set to zero a limited number of cross-cumulants of a given order.
In addition we showed that some of these conditions appear implicitely in the
mutual information criterion.
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