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1 Introduction

A very interesting extension of the notion of a metric, called b-metric, was proposed by Czerwik [11, 12]. In
these pioneer papers, Czerwik observed some fixed point results, including the analog of the Banach contrac-
tion principle in the context of complete b-metric spaces. In the sequel, several papers have been reported on
the existence (and the uniqueness) of (common) fixed points of various classes of single-valued and multi-
valued operators in the setting of b-metric spaces (see, e.g., [2-4, 8-10, 13-15, 17, 18, 24, 27, 30, 31] and
the related references therein).

In 2011, Samet, C. Vetro and P. Vetro [29] considered the concept of an admissible mapping to get a very
general structure that combines several existing fixed point theorems by introducing a — 1-contractive type
mappings in complete metric spaces. Karapmar and Samet [22] improved the results in [29] by defining
the notion of generalized a — y)-contractive type mappings. They listed several existing results as conse-
quences of their main results. Following these initial papers, Karapiar [19, 20] introduced a — y)-Geraghty
contraction type mappings that generalize the results of Geraghty [16]. For other fixed points via a-admissible
mappings, see, e.g., [1, 5-7, 21, 28]. In this paper, we introduce the concept of generalized a — 1)-Geraghty
contraction type mappings in complete b-metric spaces and investigate the existence and uniqueness of
a fixed point for such mappings.

For the sake of completeness, we recall some basic notions, notations and fundamental results. In the
sequel, the standard letters R, R, Ny and IN will represent the set of all real numbers, the set of all non-
negative real numbers, the set of all non-negative integer numbers and the set of all positive integer numbers,
respectively.
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Definition 1.1 ([12]). Let X beanonemptysetandlets > 1bea given real number. Amappingd: X x X — R}
is said to be a b-metric if for all x, y, z € X, the following conditions are satisfied:

(b1) d(x,y) =0ifand onlyif x = y,

(b2) d(x,y) = d(y, x),

(b3) d(x, z) < s[d(x,y) +d(y, z)].

In this case, the pair (X, d) is called a b-metric space (with constant s).

Remark 1.2. Since a metric spaceis a b-metric space by taking the constant s = 1, the class of b-metric spaces
is larger than the class of metric spaces.

The following example shows that there exists a b-metric which is not a metric.
Example 1.3. Let X = {0, 1, 2} and let d: X x X — [0, co) be defined by
d0,1)=1, d(0,2)= % and d(1,2)=2,

with d(x, x) = 0 and d(x, y) = d(y, x) for all x, y € X. Notice that d is not a metric, since we have d(1, 2) >
d(1,0) + d(0, 2). However, it is easy to see that d is a b-metric with s > %

Definition 1.4 ([29]). Let T: X — X be amappingandleta: X x X — [0, co) be a function. The mapping T is
said to be a-admissible if for all x, y € X,

a(x,y) 21 = a(Tx, Ty) > 1.
Definition 1.5 ([21]). A self-mapping T: X — X is called triangular a-admissible if the following hold:

(T1) Tis a-admissible,
(T2) a(x,z2)=21,a(z,y) 21 = a(x,y)=21,x,y,z € X.

Very recently, Popescu [25] has improved the notion of a triangular a-admissible mapping as follows.

Definition 1.6 ([25]). Let T: X — X be aself-mappingandleta: X x X — [0, co) be a function. Then T is said
to be a-orbital admissible if the following implication holds:
(T3) a(x, Tx) >1 = a(Tx, T?*x) > 1.

Definition 1.7 ([25]). Let T: X — X be aself-mapping andleta: X x X — [0, co) be a function. Then T is said
to be triangular a-orbital admissible if T is a-orbital admissible and the following implication holds:
(T4) a(x,y)21landa(y,Ty) 21 = a(x, Ty) > 1.

As mentioned in [25], each a-admissible mapping is an a-orbital admissible mapping and each triangular
a-admissible mapping is a triangular a-orbital admissible mapping. The converse is false, see, e.g., [25,
Example 7].

Definition 1.8 ([25]). Let (X, d) be a b-metric space and let a: X x X — X be a function. X is said to be a-
regular if for every sequence {x,} in X such that a(x,;, x,+1) > 1 for all n and x, — x € X as n — oo, there
exists a subsequence {xy(x} of {x,} with a(xn), x) > 1 for all k.

Lemma 1.9 ([25]). Let T: X — X be a triangular a-orbital admissible mapping. Assume that there exists xo € X
such that a(xo, Txo) > 1. Define a sequence {x,} by xn+1 = Tx,, foreachn € No. Then we have a(x,, xn) = 1 for
allm,n € N, withn < m.

2 Main results

Now, we are ready to state and prove our main results. Let ¥ be the set of all increasing and continuous
functions ¥: [0, co) — [0, 00), with ~1({0}) = {0}. Let F be the family of all non-decreasing functions
B: [0, c0) — [0, 1) which satisfy the condition

1
lim f(t,) = - = lim t, =0 forsomes > 1.
n—oo S n—oo
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Definition 2.1. Let (X, d) be a b-metric space and let T: X — X be a self-map. We say that T is a generalized
a - P-Geraghty contractive mapping whenever there exist a: X x X — [0, co) and some L > 0 such that for

M(x,y) = max{d(x, ), d(x, Tx), d(y, Ty), d(x, Ty) + d(y, Tx) }’

2s
N(x, y) = min{d(x, Tx), d(y, Tx)},

we have
a(x, YP(s>d(Tx, Ty)) < Bap(M(x, y)P(M(x, y)) + LP(N(x, y)) (2.1)
forall x,y € X, where f € Fand ¢, ¢ € V.

Remark 2.2. Since the functions belonging to F are strictly smaller than %, the expression S((M(x, y))) in
(2.1) can be estimated as

1
Bp(M(x, y))) < 3 for any x, y € X, with x # y.

Theorem 2.3. Let (X, d) be a complete b-metric space and let T: X — X be a generalized a — -Geraghty con-
tractive mapping with the following properties:

(i) T is triangular a-orbital admissible,

(ii) there exists xo € X such that a(xq, Txg) > 1,

(iii) T is continuous.

Then T has a fixed point.

Proof. Let xo € X be such that a(xq, Txg) > 1. We construct an iterative sequence {x,} such that
Xns1 = IXn, n € Np.

If there exists ng such that Txy, = x,, for some ng, then x,, is a fixed point of T, which completes the proof.
Thus, without loss of generality, we assume that

Xn # Xpy1 forall n € Ng. (2.2)
Since the mapping T is triangular a-orbital admissible, by Lemma 1.9, we have
a(Xn, Xne1) =1 foralln € No. (2.3)

By taking x = x,—1 and y = x,, in inequality (2.1), using inequality (2.3) and recalling that i is an increasing
function, we obtain

Y(d(Xn, Xn+1)) = Y(A(Txn-1, TXy))
< a(Xn—1,Xn)lP(S3d(TXn—1, Txy))
< BAPM(Xp-1, X)) DP(M(Xp-1, Xn)) + LO(N(Xp-1, Xn)) (2.4)

for all n € IN, where

d(xn-1, Txn) + d(xn, TXn—l)}
2s
d(Xn-1, Xns+1) + d(Xn, Xn) }
2s

M(Xn_1, Xn) = max{d(xn_l, Xn)s (1> Ton-1), d(xn, Txn),

= max{d(xn—l, Xn), d(Xn-1, Xn), d(Xn, Xn+1),

d(Xn-1, Xn+1) }

= max{d(xn,h Xn), d(Xn, Xns1), s

and
N(xn-1, xn) = min{d(xn_1, Txn-1), d(Xn, Txp-1)} = min{d(xn_1, Xn), d(Xn, Xn)} = 0. (2.5)
Since
d(Xn-1, Xn+1) < s[d(xn-1, Xn) + d(Xn, Xn+1)]
2s - 2s

< max{d(Xn-1, Xn), d(Xn, Xn+1)},
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we get
M(Xn-1, Xp) < max{d(xn—l, Xn), d(Xn, Xn+1)}- (2.6)

Taking (2.6) and (2.5) into account, (2.4) yields

Hb(d(xn: Xn+1)) < 'I)(S3d(Xn, Xn+1))
< A(Xn_1, Xp)P(S> d(Xn, Xns1))
< ,B(l/)(M(Xn—l’ Xn)))lp(max{d(xn—l: Xn), d(Xn, Xn+1)})- (2.7)

If for some n € IN, we have max{d(x,_1, Xn), d(Xn, Xn+1)} = d(Xn, Xn+1), then, by (2.7) and Remark 2.2, we get

’;b(d(xn’ Xn+1)) < ﬁ(¢(M(Xn—1’ Xn))’;b(d(xn’ Xn+1) < %';b(d(xn’ Xns1) < l/J(d(Xn, Xn+1)»

which is a contradiction. Thus, from (2.7) we conclude that

Y(d(Xn, Xn+1)) < PAPM(Xn-1, Xn))P(d(Xn-1, Xn)) < ékb(d(xn—l, Xn)) < P(d(Xn-1, Xn)) (2.8)

for all n € N. Hence, {(d(xn, xn+1))} iS a non-negative decreasing sequence. Since i is increasing, the
sequence {d(x,, Xn+1)} is non-increasing. Consequently, there exists § > 0 such that lim,_,o, d(Xy, Xn+1) = 6.
We claim that § = 0. Suppose, on the contrary, that

lim d(xp, Xps1) =6 > 0.
n—oo

Since s > 1, inequality (2.8) can be estimated as

%lp(d(xn: Xn+1)) < Y(d(Xn, Xn41)) < BAPM(Xn-1, X)) P(d(Xn-1, Xn)). (2.9)

With regard to (2.2), inequality (2.9) implies that

1 P(d(Xn, Xn+1)) L
S W0, ) = PP 0 < 5

This yields limy, o S(W(M(Xn-1, Xn))) = % Since B € &, we have lim,_,q, Y(M(Xxn-1, X5)) = 0. We deduce that
nango Y(d(xn, Xns1)) = 0.

Thus, taking into account the fact that d(xy, x,+1) — 6 and the continuity of i, we derive (8) = 0. Since
~1({0}) = {0}, we get § = 0, which is a contradiction. Thus, we have

lim d(xy, Xps1) = 0. (2.10)
n—oo
Now, we claim that
lim d(x,, xm) = O.
m,n—oo

Assume, on the contrary, that there exist € > 0 and subsequences {xy,}, {xn,} of {xn}, with n; > m; > i, such
that
d(Xm;, Xn;) = €. (2.11)

Additionally, for each m;, we may choose n; so that it is the smallest integer satisfying (2.11) and n; > m; > i.
Then we have
d(Xm;s Xn—1) < €. (2.12)

From (2.11) and the triangle inequality, we obtain

€ < d(Xn;, Xm;) < SA(Xn;5 Xny,y) + SA(Xn,y 5 Xm;)

< sd(Xp;, Xn,,, ) + S2d(Xny,, > Xmy,) + 2 Ay, » Xmy)- (2.13)
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Letting i — oo and taking (2.10) into account, inequality (2.13) yields

% < limsup d(Xp,,,, Xm;.,)- (2.14)
S i—00

By Lemma 1.9, recall that a(xpm,, xn;) > 1. Consequently, by (2.1), we have
l)[)(d(xl’l,’ﬂ > Xm,-+1)) = Eb(d(TXn,-, Txm,-))

< (s> d(Txn,, Txm,))
< a(Xm,-, Xni)¢(53d(TXni, Txm,-))

< B(’ub(M(Xni, Xmi)))'yb(M(Xn,- , Xmi)) + L¢(d(xm,-, Txn,»))a (2.15)
where
 TXm, | Txn,
M(Xn,«» Xm,-) = max{d(xn,«» Xm,')) d(Xnis Txni), d(Xmi, Txmi), d(an - Xm');sd(xmx an)}
d(Xn., Xm, d(Xm: s Xn,
= maX{d(Xniy Xm,')y d(Xni) Xnm), d(Xmi, Xmm)y (an Xm1+1)2+5 (Xml XnHl) }
and
N(xn;, Xm;) = min{d(xXn;, Txn,), d(Xm;» Txn,)} = min{d(xn,, Xn;+1)5 d(Xm;> Xng+1)}-
Notice that
d(Xn;» Xmy,,) + d(Xmys Xny,,) - S[d(Xn;, Xm;) + A(Xmy s Ximg, )] + S[AOn; > Xny) + A(Xng Xy, 1)) (2.16)
2s - 2s ’
and
d(Xn;» Xm;) < S[A(Xn;s Xn—1) + d(Xn—1, Xm;)] < SA(Xn;, Xn;-1) + SE. (2.17)
Taking (2.12), (2.16) and (2.17) into account, we find that
lim sup M(xp,, Xm,) < S€, (2.18)
i—o0
lim N(xp,, xm,;) = 0. (2.19)
1—00

By taking the upper limit as i — oo and using condition (T4) together with expressions (2.14), (2.18) and
(2.19), inequality (2.15) becomes

%l,b(ss) < P(se) < limsup W(s® d(xn,,,» Xmy,,))

< 111: :lp a(Xm;s Xn)P(S> AXnyyy s Xim.)

= lir:_{ ;le A(Xm;» Xn)W(5? d(Tn;» Txm,))

< lir,-riigp[ﬁ(lp(M(x""’ Xm))P (M (Xn;, Xm,)) + L(N(d(Xn;, Xm;)))]
< Y(se) lim sup B(Y(M (X, , Xm,)))

1—00
1

Y(se).

<

@ |

Then lim sup;_, o, BWP(M(xn;, Xm,

~

)) = 1. Due to the fact that 8 € F, we have

lim sup Y(M(xp;, Xm;)) = O.

i—o0o

Thus, we conclude that

lim Y(d(xp;, xm,;)) = 0.
1—00
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Therefore, by the continuity of i and the fact that ¥)=1({0}) = {0}, we have

im d(xp;, Xm;) = 0,
—00

1

which contradicts (2.11). We deduce that {x,} is a Cauchy sequence in (X, d). Since (X, d) is a complete
b-metric space, there exists x* € X such that lim,_,o, X, = x*. The mapping T is continuous and it is obvious
that Tx* = x*. O

We replace the continuity of the mapping T in the above theorem by a suitable condition on X.

Theorem 2.4. Let (X, d) be a complete b-metric space and let T: X — X be a generalized a — \)-Geraghty con-
tractive mapping with the following properties:

(i) T is triangular a-orbital admissible,

(ii) there exists xo € X such that a(xg, Txg) > 1,

(iii) X is a-regular.

Then T has a fixed point.

Proof. Following the lines in the proof of Theorem 2.3, we conclude that lim,_,o, X, = x*. If X is a-regular,
then, since a(xy, x,+1) = 1, there exists a subsequence {xy, } of {x,} such that

a(xp,,x") =1 (2.20)
for all k. By the triangle inequality, we have
d(x*, Tx*) < sd(x*, xp,+1) + Sd(Xn,+1, TX*) = sd(X*, Xpe+1) + SA(Txp,, Tx™).

Letting k tend to infinity yields
dix*, Tx*) < h;Pl inf sd(Txp,, Tx™). (2.21)
—00

Using the fact that i € ¥, (2.20) and (2.21), we get
P(s2d(x*, Tx")) < klim Y($>d(Txy, , TX*))
—00

< lim a(xp,,,, x*)P(s>d(Txn,, Tx*))
k—00

< Jim [BAMOcn,, x )P M X)) + LN, 7)) (2.22)

We have

M(xp,, X*) = maX{d(Xnk,X*)’ A, Tny)s d(x*, T, d(xn,, Tx )2+Sd(X , Txnk)}

Tx* x
= maX{d(Xnk,X*), d(Xny s Xnp,y)s d(X*, TXY), d(xp,, Tx )2+sd(X ,xnk+1)}
and
N(xn,, x*) = mil’l{d(Xnk, Txy,), d(x*, TXnk)} = min{d(xnk, Xnper)s d(x*, Xnkﬂ)}.

Recall that

d(Xn, Tx*) + d(x*, Xn,,,) - sd(xp,, x*) +sd(x*, Tx*) + d(x*, Xn,,,)
2s - 2s ’

Then, by (2.10), we get

limsup d(Xnk, TX*) + d(X*, Xnk+1) . d(X*, TX*) .
k—00 2s 2

When k tends to infinity, we deduce
lim M(xp,,x*) = d(x*, Tx")
k—oo

and

lim N(xp,,x*) =0.
k—o00
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Since B(Y(M(xy,, x*))) < % for all k € IN, from (2.22), we obtain
P(s2d(x*, Tx*)) < %l,b(d(x*, Tx*)) < Y(d(x*, Tx*)).

Since Y € ¥, the above holds unless d(x*, Tx*) = O, that is, Tx* = x* and x* is a fixed point of T. O

For the uniqueness of a fixed point of a generalized a — Y contractive mapping, we will consider the following
hypothesis:

(H) For all x, y € Fix(T), either a(x, y) > 1 or a(y, x) > 1.

Here, Fix(T) denotes the set of fixed points of T.

Theorem 2.5. Adding condition (H) to the hypotheses of Theorem 2.3 (respectively, Theorem 2.4), we obtain
the uniqueness of the fixed point of T.

Proof. Suppose that x* and y* are two fixed points of T. It is obvious that M(x*,y*) = d(x*,y*) and
N(x*,y*) = 0. Hence,

P, y*) < P(sd(Tx*, Ty*))
<a(x*, yO)P(sPd(Tx*, Ty*))
< BMOET, y NPM(x*, y*)) + LO(N(x™, y*))
< %lli(d(x*,y*))
<Pdx*,y*)),
which is contradiction. O

Definition 2.6. Let (X, d) be a b-metric space and let T: X — X be a self-mapping. We say that T is a gen-
eralized a — -Geraghty contractive mapping of type (B) whenever there exists a: X x X — [0, co) such that
for

d(x, Ty) + d(y, Tx) }

Mx,y) = maX{d(x, y), d(x, Tx), d(y, Ty), 53

we have
a(x, Y)P(s>d(Tx, Ty)) < Bap(M(x, ) p(M(x, )
forall x,y € X, where f € Fand ¢ € V.

From the proofs of Theorems 2.3, 2.4 and 2.5, we get the following results.

Theorem 2.7. Let (X, d) be a complete b-metric space and let T: X — X be a generalized a — )-Geraghty con-
tractive mapping of type (B) with the following properties:

(i) T is triangular a-orbital admissible,

(ii) there exists xo € X such that a(xg, Txo) = 1,

(iii) either T is continuous or X is a-regular.

Then T has a fixed point.

Theorem 2.8. Adding condition (H) to the hypotheses of Theorem 2.7, we obtain the uniqueness of the fixed
point of T.

Example 2.9. Let X be a set of Lebesgue measurable functions on [0, 1] such that

1
Jlx(t)l dt < 1.
0

Defined: X x X — [0, co0) by
1
2
doe,y) = ( j|x(t> -y(oldt) .
0

Then d is a b-metric on X with s = 2.
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The operator T: X — X is defined by
Tx(t) = %ln(l + |x(t)]).

Consider the mappings a: X x X — [0, 00), B: [0, 00) — [0, %) and ¥: [0, co) — [0, co) defined by

1 ifx(t) > y(t) forall t € [0, 1], In(1 + Vi))?
alx,y) = , By = LAV ang iy .
0 otherwise. 2t
Evidently, ) € ¥ and 8 € &. Moreover, T is a triangular a-orbital admissible mapping and a(1, T1) > 1.

Now, we shall prove that T is a generalized a — 1)-Geraghty contractive mapping. Indeed, forall ¢ € [0, 1],
we have

1 2
\/a(X(t), y(O)P(s3d(Tx (o), Ty(1))) < 23( JITX(t) - Ty(0)l dt)
0

V2

N

<

——

1 1
IZ In(1 -+ () - 5 In(1 + y(O))| dt

=

S

(o)l

5

(1+%)|dt

IN

ol

|
5|~
Oty . Oy Oy

[In(1 + [x(t)| - [y(6)D)] dt.
By Lemma A.1 (given in Appendix A), we get

1 1 1
Jlln(l +x(0)] - [y dt < ln( J(l +|x(t) —y(®)]) dt) = ln(l + Jlx(t) - y(0)] dt).
0 0 0

Therefore,

1
\/a(x(t), y(O)P(s3d(Tx(t), Ty(t))) < % ln(l + Jlx(t) - y(t)| dt) < % In(1 + Vd(x, y)).

So, we obtain

a(x(t), y(e)p(s>d(Tx(t), Ty()) < =(In(1 + Vd(x, )))*

> (In(1 + VM(x, y)))*

_ (n(1 + VMG, y))?
N 2M(x, y)

= BAM(x, y))P(M(x,y)).

| =N

<

()

Thus, by Theorem 2.7, we see that T has a fixed point.

3 Consequences

In this section, we demonstrate that several existing results in the literature can be easily concluded from
Theorem 2.5.
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3.1 Standard fixed point theorems in a b-metric

By taking a(x, y) = 1 in Theorem 2.5, for all x, y € X, we immediately obtain the following corollary.

Corollary 3.1. Let (X, d) be a complete b-metric space withs > 1 and let T: X — X be a mapping on X. If there
exists L > O such that forall x,y € X,

PY(s2d(Tx, Ty)) < Bap(M(x, y))P(M(x, y)) + Lo(N(x, y)),
where § € F, Y, ¢ € ¥ and

Mx,y) = max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty) + d(y, Tx) }

2s
N(x,y) = min{d(x, Tx), d(y, Tx)},

then T has a unique fixed point.
By taking a(x, y) = 1 in Theorem 2.8, for all x, y € X, we immediately obtain the following fixed point result.

Corollary 3.2. Let (X, d) be a complete b-metric space with s > 1 and let T: X — X be a mapping on X such
that forall x, y € X,

Y(s>d(Tx, Ty)) < Bap(M(x, ) P(M(x, ),
where § € F, ¢ € ¥ and

M(x,y) = max{d(x, y), d(x, Tx), d(y, Ty), dx, Ty) + d(y, T) }

2s

Then T has a unique fixed point.
Ifweput a(x,y) =1forall x,y € X, L = 0and y(t) = t in Theorem 2.5, we may state the following result.

Corollary 3.3. Let (X, d) be a complete b-metric space with s > 1 and let T: X — X be a mapping on X such
that for all x, y € X,
s> d(Tx, Ty) < B(M(x, y)M(x, y),

where 8 € F and

M(x, y) = max{d(x, ), d(x, T, d(, Ty), d(x, Ty) + d(y, Tx) }

2s
Then T has a unique fixed point.

If we take s = 1 and J(t) = % for t > 0 in Corollary 3.3, we deduce the following result.

Corollary 3.4. Let (X, d) be a complete metric space and let T: X — X be a mapping on X such that for all

x,y€X,

M(x, y)
d(Tx, Ty) < m

Then T has a unique fixed point.

3.2 Fixed point theorems on b-metric spaces endowed with a partial order

In the last decade, several exciting developments have been reported in the field of existence of a fixed point
on metric spaces endowed with partial orders, see, e.g., [23, 26, 32]. In this section, from Theorem 2.5 (and
also from Theorem 2.8), we shall easily conclude some fixed point results on a b-metric space endowed with
a partial order. First of all, we recall some basic concepts.

Definition 3.5. Let (X, <) be a partially ordered set and let T: X — X be a given mapping. We say that T is
non-decreasing with respect to < if
x,yeX, x<y = Tx<Ty.
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Definition 3.6. Let (X, <) be a partially ordered set. A sequence {x,} ¢ X is said to be non-decreasing with
respect to < if x,, < x41 forall n.

Definition 3.7. Let (X, <) be a partially ordered set and let d be a b-metric on X. We say that (X, <, d) is regular
if for every non-decreasing sequence {x,} ¢ X such that x, — x € X as n — oo, there exists a subsequence
{Xn@o} of {xn} such that xn) < x for all k.

We have the following result.

Corollary 3.8. Let (X, <) be a partially ordered set and let d be a b-metric on X such that (X, d) is complete. Let
T: X — X be a non-decreasing mapping with respect to <. Suppose that there exist functions f € F and p € ¥
such that

P(s>d(Tx, Ty)) < BapM(x, y))PM(x, )

and

T T.
M(x,y) = max{d(x, y), d(x, Tx), d(y, Ty), dix, y);d(y’ X)}
forall x,y € X with x = y. Suppose also that the following conditions hold:
(i) there exists xo € X such that xo < Txg,
(ii) T is continuous or (X, <, d) is regular.
Then T has a fixed point. Moreover, if for all x, y € Fix(T) either x <y ory < x, then the fixed point is unique.

Proof. Define the mapping a: X x X — [0, co) by

1 ifx<yorxx>y,
a(x,y) = )
0 otherwise.

Clearly, T is a generalized a — ) contractive mapping, that is,

a(x, y)P(s*d(Tx, Ty)) < Bap(M(x, ) Pp(M(x, y))

forall x, y € X. From condition (i), we have a(xq, Txo) = 1. On the other hand, for all x, y € X, from the mono-
tone property of T, we have

ax,y)21 = xxzyorx<xy = Txx=TyorTx < Ty = a(Tx,Ty) > 1.

So T is a-admissible. If T is continuous, the existence of a fixed point is concluded from Theorem 2.7. Now,
assume that (X, <, d) is regular. Let {x,,} be a sequence in X such that a(x,, x,+1) > 1 forallnand x, » x € X
as n — oo. From the regularity hypothesis, there exists a subsequence {xn)} of {x,} such that xn) < x for
all k. From the definition of a, we have that a(xn), x) > 1 for all k. In this case, the existence of a fixed point
follows from Theorem 2.7. To prove the uniqueness, let x, y € X. Due to the hypothesis, we have a(x, y) > 1
and a(y, x) > 1. Hence, by Theorem 2.8, we conclude the uniqueness of the fixed point. O

The following results are immediate consequences of Corollary 3.8.

Corollary 3.9. Let (X, <) be a partially ordered set and let d be a b-metric on X such that (X, d) is complete. Let
T: X — X be a non-decreasing mapping with respect to <. Suppose that there exist functions f € F and p € ¥
such that

P(s>d(Tx, Ty)) < Bap(d(x, y)P(d(x, )

forall x,y € X, with x > y. Suppose also that the following conditions hold:

(i) there exists x¢ € X such that xo < Txg,

(ii) T is continuous or (X, <, d) is regular.

Then T has a fixed point. Moreover, if for all x, y € Fix(T) either x < y or y < x, then the fixed point is unique.

Remark 3.10. In fact, in all the results above, one can take s = 1 to conclude the existing results in the
literature.
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4 Application

As an application, we consider the following integral equation:
1
x(t) = h(t) + J K(t, Of(Z, x(§) € forall ¢ € [0, 1]. 4.1)
0

Let Q denote the class of non-decreasing functions w: [0, co) — [0, co) satisfying
(w) <tw(t") forallr>1andallt>0.

We will analyze equation (4.1) under the following assumptions:
(a1l) h: [0, 1] — Ris a continuous function.
(a2) f:[0,1] x R — Ris a continuous function, f(t, x) > 0 and there exists w € Q such that forall x, y € R,

If(t, ) = ft, )| < w(lx - yD),

with w(t,) — 55 as n — oo implying limy e t, = 0.
(@3) k:[0,1]x [0, 1] — Ris continuous in ¢ € [0, 1] for every ¢ € [0, 1] and is measurable in ¢ € [0, 1] for
all t € [0, 1] such that k(¢t, x) > 0 and

1
_3

1

Jk(t, £) df <
2377

0

Consider the space of continuous functions X = C([0, 1]), with the standard metric given by

p(x,y) = sup |x(t) - y(t)] forallx,y e C([O, 1]).
te[0,1]

Now, for r > 1, we define

d(x,y) = (p(x, y))' = (f[‘épl]"‘“) -y0l) = Sup () =y(Ol" forallx,y € (0, 1).

Note that (X, d) is a complete b-metric space with s = 2"1,
Theorem 4.1. Under assumptions (al)—(a3), equation (4.1) has a unique solution in C([0, 1]).

Proof. We consider the operator T: X — X defined by

1

TOO(®) = h(t) + j K(t, OfZ, x(E)dE,  te [0, 1].

0

By virtue of our assumptions, T is well defined (this means that if x € X, then Tx € X). Also, for x, y € X, we
have
1

1
ITCO() - TY)(®)] = ’h(t) " j k(t, Of(E, x(&)) d€ - h(t) - j K(t, Of(E, x(&)) dE
0] 0

<

k(t, HIf(&, x(§)) - f(&, y(E)I d§

<

k(t, §w(1x(§) - y(&)) dé.

Since the function w is non-decreasing, we get

w(X(§) -y < o 5P Ix() - ¥(@)I) = (px, ).
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Therefore,

ITOO() - TO)()] < 2; W(p(x, y))-

Now, we have

1
d(Tx, Ty) = s[up T - T < | 3

< S35 406 YO0, Y) < 51 0(MO6 V)M, ),

that is,
s2d(Tx, Ty) < B(M(x, y))M(x, y),

where s = 2" and B(t) = w(t). Notice that if w € F, then € F. By Corollary 3.3, equation (4.1) has a unique
solution in C[0, 1] and the proof is completed. O

A Appendix

Lemma A.1. Let (X, u) be a measure space such that u(X) = 1. Let f € L*(X, u), with f(x) > O forall x € X. Then
In(f) € L*(X, u) and

Jln(f) dp < In( dey).
Proof. Putg(t):=t-1-1In(t)and h(t) :=1 -3 —In(t)fort > 0.Theng'(t) =1-1 andh (== -+ Clearly,
we have
g(t)>g(1)=0 and h(t)<h(1)=0 forallt>O.
We deduce

t—lzln(t)zl—% forall £ > 0. (A.1)

Since f is measurable and In is continuous, In(f) is measurable. Now, for all x € X, let t = JICITY (A.1). So, we

have Ifl £ .
1 X
1—m < In(f(x)) - In(lfll1) < W_l

Since the right-hand and the left-hand expression in the above estimations are both integrable, we have that
In(f(x)) — In(||f|l1) is integrable as well. We also have

[ an(fo0) - na1f1)) de < j(ﬁTT) ~1)du=o.

Therefore,

Jln(f) du sln(dey). O
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