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Abstract
The naive Bayesclassifiergreatly simplify learn-
ing byassumingthatfeaturesareindependentgiven
class. Although independenceis generallya poor
assumption,in practicenaiveBayesoftencompetes
well with moresophisticatedclassifiers.
Our broadgoal is to understandthedatacharacter-
isticswhichaffect theperformanceof naiveBayes.
OurapproachusesMonteCarlosimulationsthatal-
low a systematicstudy of classificationaccuracy
for several classesof randomly generatedprob-
lems. We analyzethe impact of the distribution
entropy on the classificationerror, showing that
low-entropy featuredistributions yield good per-
formanceof naive Bayes. We also demonstrate
that naive Bayes works well for certain nearly-
functional featuredependencies,thus reachingits
bestperformancein twooppositecases:completely
independentfeatures(as expected)and function-
ally dependentfeatures(which is surprising).An-
othersurprisingresultis that theaccuracy of naive
Bayes is not directly correlatedwith the degree
of feature dependenciesmeasuredas the class-
conditional mutual information betweenthe fea-
tures.Instead,a betterpredictorof naiveBayesac-
curacy is theamountof informationabouttheclass
that is lost becauseof the independenceassump-
tion.

1 Intr oduction
Bayesianclassifiersassignthe most likely classto a given
exampledescribedby its featurevector. Learningsuchclas-
sifierscanbegreatlysimplifiedby assumingthatfeaturesare
independentgivenclass,thatis,

������� �
	���
������������� � � �
	
,

where
������� ����������� � � 	 is afeaturevectorand

�
is aclass.

Despitethis unrealisticassumption,the resulting classifier
known asnaiveBayesis remarkablysuccessfulin practice,
oftencompetingwith muchmoresophisticatedtechniques[6;
8; 4; 2]. Naive Bayeshasproveneffective in many practical
applications,includingtext classification,medicaldiagnosis,
andsystemsperformancemanagement[2; 9; 5]. 

T.J. Watson ResearchCenter, 30 Saw Mill River Road,
Hawthorne,NY 10532.Phone+1 (914)784-7431

Thesuccessof naive Bayesin the presenceof featurede-
pendenciescanbeexplainedasfollows: optimality in terms
of zero-oneloss(classificationerror)is notnecessarilyrelated
to the quality of the fit to a probability distribution (i.e., the
appropriatenessof theindependenceassumption).Rather, an
optimal classifieris obtainedas long asboth the actualand
estimateddistributionsagreeon themost-probableclass[2].
For example,[2] provenaiveBayesoptimalityfor someprob-
lemsclassesthathavea highdegreeof featuredependencies,
suchasdisjunctiveandconjunctiveconcepts.

However, this explanationis too generalandthereforenot
very informative. Ultimately, we would like to understand
thedatacharacteristicswhichaffect theperformanceof naive
Bayes. While most of the work on naive Bayescompares
its performanceto otherclassifierson particularbenchmark
problems(e.g.,UCI benchmarks),our approachusesMonte
Carlosimulationsthatallow a moresystematicstudyof clas-
sificationaccuracy on parametricfamiliesof randomlygen-
eratedproblems.Also, our currentanalysisis focusedonly
on the bias of naive Bayesclassifier, not on its variance.
Namely, we assumeaninfinite amountof data(i.e.,a perfect
knowledgeof datadistribution) which allows us to separate
theapproximationerror (bias)of naive Bayesfrom theerror
inducedby trainingsamplesetsize(variance).

We analyze the impact of the distribution entropy
on the classification error, showing that certain almost-
deterministic,or low-entropy, dependenciesyield goodper-
formanceof naive Bayes. (Note that almost-deterministic
dependenciesare a commoncharacteristicin many practi-
cal problemdomains,suchas, for example,computersys-
tem managementanderror-correctingcodes.)We show that
theerrorof naiveBayesvanishesastheentropy ! ��������� �
	"	
approacheszero. Anotherclassof almost-deterministicde-
pendenciesgeneralizesfunctionaldependenciesbetweenthe
features.Particularly, weshow thatnaiveBayesworksbestin
two cases:completelyindependentfeatures(asexpected)and
functionallydependentfeatures(whichis lessobvious),while
reachingits worstperformancebetweentheseextremes.

We also show that, surprisingly, the accuracy of naive
Bayesis notdirectlycorrelatedwith thedegreeof featurede-
pendenciesmeasuredas the class-conditionalmutual infor-
mation betweenthe features,# ��� �"$ �&%'� �
	 (

� �
and

� �
are

featuresand
�

is the class). Instead,our experimentsre-
veal that a betterpredictorof naive Bayesaccuracy can be
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the lossof informationthat featurescontainaboutthe class
whenassumingnaiveBayesmodel,namely# ��� $ ��� � � � % 	"	)(#+*-, �.� $ ��� �/� �0%�	1	 , where#+*-, is themutualinformationbe-
tweenfeaturesandclassundernaiveBayesassumption.

This paperis structuredasfollows. In thenext sectionwe
providenecessarybackgroundanddefinitions.Section3 dis-
cussesnaive Bayesperformancefor nearly-deterministicde-
pendencies,while Section4 demonstratesthat the “informa-
tion loss” criterion can be a bettererror predictor than the
strengthof featuredependencies.A summaryand conclu-
sionsaregivenin Section5.

2 Definitions and Background
Let

�2�3��� ����4�454�� � � 	 bea vectorof observedrandomvari-
ables,called features, whereeachfeaturetakesvaluesfrom
its domain 6 � . The setof all featurevectors(examples, or
states), is denoted7 � 6 ��894�4�4:8 6 � . Let

�
be an un-

observedrandomvariabledenotingtheclassof anexample,
where

�
cantake oneof ; values<>=@?)A ��4�454�� ; (CBED 4 Capi-

tal letters,suchas
� �

, will denotevariables,while lower-case
letters,suchas F � , will denotetheir values;boldfaceletters
will denotevectors.

A function GIHJ7LKM?NA ��454�45� ; (�BED
, where G ��OP	Q�R�

,
denotesa conceptto be learned. Deterministic G � F 	 corre-
spondsto a conceptwithout noise,which alwaysassignsthe
sameclassto a givenexample(e.g.,disjunctiveandconjunc-
tive conceptsaredeterministic).In general,however, a con-
ceptcanbenoisy, yieldinga randomfunction G � F 	 .

A classifieris definedby a (deterministic)function STH7UK ?)A ��454�4�� ; (VBWD
(a hypothesis) that assignsa class

to any given example. A common approachis to asso-
ciate eachclass X with a discriminantfunction Y � ��OP	 , X �A ��454�4�� ; (9B , andlet the classifierselectthe classwith max-
imum discriminantfunction on a given example: S ��OP	Z�[W\/]_^�[�` ��a'bdc�egfgfgfge hji��/k Y � ��OP	 .

TheBayesclassifierS�l ��OP	 (thatwealsocall Bayes-optimal
classifieranddenotem&n ��OP	 ), usesasdiscriminantfunctions
the classposteriorprobabilitiesgiven a featurevector, i.e.Yol� ��OP	��p���.�q� X � �r�sOP	

. Applying Bayesrule gives�����t� X � �L�uOP	v�xwzy5{ �o|~} �P�o��� wzy ���o���w�y5{ ��|W� , where
�����L��OP	

is identicalfor all classes,andthereforecanbeignored.This
yieldsBayesdiscriminantfunctions

Y l� ��OP	��9��������O�� ��� X 	d���.��� X 	 � (1)

where
�������9O�� �I� X 	 is calledtheclass-conditionalprob-

ability distribution (CPD). Thus,theBayesclassifier

S l ��OP	�� [E\1]�^�[W`� ��������O�� ��� X 	d���.��� X 	 (2)

finds the maximuma posteriori probability (MAP) hypothe-
sis givenexample

O
. However, directestimationof

�������O�� ��� X 	 from a givensetof trainingexamplesis hardwhen
thefeaturespaceis high-dimensional.Therefore,approxima-
tions arecommonlyused,suchasusingthe simplifying as-
sumptionthat featuresareindependentgiventheclass.This
yieldsthenaiveBayesclassifier��m ��OP	 definedby discrimi-
nantfunctions

Y *-,� ��OP	��9� �% ��� �����&%v� F %'� ��� X 	d���.��� X 	 4 (3)

Theprobabilityof a classificationerror, or �NXd�N� of a clas-
sifier S is definedas � � S 	_����� S ����	��� G ����	"	�����|�aE� ��� S ��OP	��� G ��OP	"	"�����3�9OP	_�9� | ? ��� S ��OP	��� G ��OP	"	�D �
where

� |
is theexpectationover

O
.

� l � � � S l 	 denotesthe
Bayeserror(Bayesrisk).

We saythatclassifierS is optimalonagivenproblemif its
risk coincideswith theBayesrisk. Assumingthereis nonoise
(i.e. zeroBayesrisk), aconceptis calledseparableby asetof
functions � � ?�YW� � F 	�� < � A ��454�4�� ; (�BWD if every example

O
is classifiedcorrectlywhenusingeachYW� � F 	 asdiscriminant
functions.

As a measureof dependencebetweentwo features
���

and
� %

we usetheclass-conditionalmutualinformation[1],
which canbedefinedas# ����� $ �0%'� �
	_� ! �����~� �
	P� ! ���&%'� �
	z( ! ����� � �&%'� �
	 �
where! ����� �
	 is theclass-conditionalentropy of

�
, defined

as:(�� � �����I� X 	 �¢¡��������¤£�� �I� X 	�¥5¦ ] �������¤£�� �I� X 	 4
Mutual informationis zerowhen

���
and

�&%
aremutuallyin-

dependentgivenclass
�

, andincreaseswith increasinglevel
of dependence,reachingthemaximumwhenonefeatureis a
deterministicfunctionof theother.

3 When doesnaiveBayeswork well? Effects
of somenearly-deterministic dependencies

In this section, we discuss known limitations of naive
Bayesand thensomeconditionsof its optimality andnear-
optimality, that includelow-entropy featuredistributionsand
nearly-functionalfeaturedependencies.

3.1 Conceptswithout noise
We focusfirst onconceptswith

�����I� X � OP	�� A or
B

for anyO
and X (i.e. no noise),which thereforehavezeroBayesrisk.

Thefeaturesareassumedto have finite domains( X -th feature
has � � values),andareoftencallednominal. (A nominalfea-
ture canbe transformedinto a numericoneby imposingan
orderon its domain.) Our attentionwill be restrictedto bi-
naryclassificationproblemswheretheclassis either0 or 1.

Somelimitations of naive Bayesarewell-known: in case
of binary features( � � �L§

for all X �RB ��454�4��"¨
), it canonly

learnlinear discriminantfunctions[3], andthusit is always
suboptimalfor non-linearlyseparableconcepts(theclassical
exampleis XOR function;anotheroneis ; -of-

¨
concepts[7;

2]). When � �ª© §
for somefeatures,naive Bayesis able

to learn(some)polynomialdiscriminantfunctions[3]; thus,
polynomial separabilityis a necessary, althoughnot suffi-
cient, conditionof naive Bayesoptimality for conceptswith
finite-domainfeatures.

Despiteits limitations,naive Bayeswasshown to beopti-
mal for someimportantclassesof conceptsthathave a high
degreeof featuredependencies,suchasdisjunctive andcon-
junctive concepts[2]. Theseresultscan be generalizedto
conceptswith any nominalfeatures(see[10] for details):
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Theorem1 [10] The naive Bayesclassifier is optimal for
any two-classconceptwith nominal features that assigns
class0 to exactly oneexample, and class1 to the other ex-
amples,with probability1. 1

The performanceof naive Bayesdegradeswith increas-
ing numberof class-0examples(i.e., with increasingprior������� A 	 , alsodenoted

��� A 	 ), asdemonstratedin Figure
1a. This figure plots averagenaive Bayeserror computed
over 1000 problem instancesgeneratedrandomly for each
value of

�����«� A 	 . The problemgenerator, called Zer-
oBayesRisk, assumes; features(hereweonly considertwo
features),eachhaving � values,andvariesthe number ¬ of
class-0examplesfrom 1 to �¢­N® § (so that

���.�L� A 	 varies
from

B ®�� to 0.5; the resultsfor
�����¯� A 	 © A 4g° aresym-

metric)2. As expected,larger
������� A 	 (equivalently, larger¬ ), yield awiderrangeof problemswith variousdependencies

amongfeatures,which resultinto increasederrorsof Bayes;
a closerlook at the datashows no othercasesof optimality
besides

������� A 	_�uB ®�� .
Surprisingly, the strength of inter-feature dependen-

cies, measuredas the class-conditionalmutual information# ��� � $ � ­ � �
	 (alsodenoted±I# ), is not a goodpredictorof
naive Bayesperformance:while averagenaive Bayeserror
increasesmonotonicallywith

��� A 	 , the mutual information
is non-monotone,reachingits maximumaround

��� A 	_� A 4 B .
Thisobservationis consistentwith previousempiricalresults
on UCI benchmarks[2]) that also revealedlow correlation
betweenthedegreeof featuredependenceandrelativeperfor-
manceof naive Bayeswith respectto otherclassifiers,such
asC4.5,CN2,andPEBLS.

It turnsout that the entropy of class-conditionalmarginal
distributions,

����� � � �
	
, is a betterpredictorof naive Bayes

performance.Intuitively, low entropy of
����� � � A 	 meansthat

mostof 0sare“concentratedaround” onestate(in thelimit,
thisyieldstheoptimality conditionstatedby Theorem1). In-
deed,plottingaverage! ������� � � A 	 in Figure1ademonstrates
that both averageerror andaverageentropy increasemono-
tonically in

��� A 	 . Furtherdiscussionof low-entropy distri-
butions is given next in the more generalcontext of noisy
(non-zeroBayesrisk) classificationproblems.

3.2 Noisyconcepts
Low-entropy featuredistrib utions
Generally, conceptscan be noisy, i.e. can have non-
deterministic

������� X � OP	 and thusa non-zeroBayesrisk.
A naturalextensionof theconditionsof Theorem1 to noisy
conceptsyieldslow-entropy, or “extreme”,probabilitydistri-
butions,having almostall theprobability massconcentrated
in one state. Indeed,as shown in [10], the independence
assumptionbecomesmoreaccuratewith decreasingentropy
whichyieldsanasymptoticallyoptimalperformanceof naive
Bayes.Namely,

Theorem2 [10] Giventhat oneof the following conditions
hold:

1Clearly, this alsoholdsin caseof a singleexampleof class1.
2Notethatin all experimentsperfectknowledgeof datadistribu-

tion (i.e., infinite amountof data)isassumedin order to avoid the
effect of finite samplesize.
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Figure 1: (a) results for the generatorZeroBayesRisk
(k=10, 1000 instances): average naive Bayes error
(NBerr), class-conditionalmutual informationbetweenfea-
tures( # ���²B $ ��§³� �
	 ), andentropy of marginal distribution,! ������� � � A 	1	 ; theerrorbarscorrespondto thestandarddevi-
ation of eachmeasurementacross1000 probleminstances;
(b) Resultsfor the generatorEXTREME : averageBayes
andnaiveBayeserrorsandaverage# ���ZB $ �´§ � �
	 ; (c) results
for thegeneratorFUNC1: averagedifferencebetweennaive
Bayeserror andBayeserror ( µ¶A 4 ·¸·E¹ - constantfor all º ),
andscaledI(X1;X2—C) (dividedby 300).43



1. a joint probability distribution
����� � ��4�454�� � � 	 is such

that
��� F�l� ��454�4�� F�l� 	T» B�( º for some state

O l �� F l� ��4�454�� F l� 	 , or

2. a set of marginal probability distributions����� � 	 ��454�45� ����� � 	 is such that for each X ,����� � � F�l� 	�»�BJ( º for someF�l� ,
then

� ��� F � ��4�454�� F � 	z(²
 ������������ � � F � 	��¢¼ ¨ º .
The performanceof naive Bayeson low-entropy distri-

butions is demonstratedusing a random problem genera-
tor calledEXTREME . This generatortakes the numberof
classes,; , numberof features,̈ , numberof valuesper fea-
ture, � , andtheparameterº , andcreates; class-conditional
featuredistributions,eachsatisfyingthecondition

����O�� �t�
< 	½�2B
( º if

OI�3O � , wherethe
O � are ; differentstates

randomlyselectedfrom � � possiblestates.For eachclassX ,
theremainingprobabilitymassº in

����O�� �u� X 	 is randomly
distributedamongthe remaining � � (�B states.Classprior
distributionsareuniform. Once

������� �
	
is generated,naive

Bayesclassifier(NB) is comparedagainsttheBayes-optimal
classifier(BO).

Figure1b shows that, asexpected,the naive Bayeserror
(both theaverageandthemaximum)convergesto zerowithº�K¾A (simulationperformedon a setof 500problemswith¨ �V§

, ; �V§
, � �xB A ). Note that, similarly to the previ-

ousobservations,theerrorof naive Bayesis not a monotone
functionof thestrengthof featuredependencies;namely, the
averageclass-conditionalmutualinformationplottedin Fig-
ure1b is a concave functionreachingits maximumbetweenº � A 4 ¿�° and º � A 4g° , while the decreaseof averagenaive
Bayeserroris monotonein º .
Almost-functional featuredependencies
Another ”counterintuitive” example that demonstratesthe
non-monotonicrelationbetweenthe featuredependenceand
thenaiveBayesaccuracy is thecaseof certainfunctionaland
nearly-functionaldependenciesamongfeatures.Formally,

Theorem3 [10] Given equal classpriors, Naive Bayesis
optimal if

� � � Y � ��� � 	 for every feature
� �

, X �T§ ��454�4��"¨
,

where Y � � � 	 is a one-to-onemapping3.

Namely, naive Bayescanbeoptimal in situationsjust oppo-
siteto theclass-conditionalfeatureindependence(whenmu-
tual informationis at minimum) - namely, in casesof com-
pletely deterministicdependenceamongthe features(when
mutual information achieves its maximum). For exam-
ple, Figure 1c plots the simulationsresultsobtainedusing
an ”nearly-functional” featuredistribution generatorcalled
FUNC1, which assumesuniform classpriors, two features,
eachhaving � values,and”relaxes” functionaldependencies
betweenthe featuresusing the noiseparameterº . Namely,
this generatorselectsa randompermutationof � numbers,
which correspondsto a one-to-onefunction Y thatbindsthe
two features:

� ­ � Y ��� � 	��dB
( º 	 . Thenit generatesran-
domly two class-conditional(marginal) distributionsfor the

3A similarobservationwasmadein [11], but theimportant”one-
to-one” condition on functional dependencieswas not mentioned
there. However, it easyto constructan exampleof a non-one-to-
onefunctionaldependencebetweenthefeaturesthatyieldsnon-zero
errorof naive Bayes.

� �
feature,

� c ��� � 	
and

� � ��� � 	
, for class0 andclass1, re-

spectively. Finally, it createsclass-conditionaljoint feature
distributionssatisfyingthefollowing conditions:� � � F �W� F ­ � Y � F � 	"	���� � � F � 	+�dBJ( º 	 � and� � � F �W� F ­ �� Y � F � 	"	_��� � � F � 	 º� (CB � < � A � B 4
This way the statessatisfyingfunctionaldependenceobtainB-( º probabilitymass,sothatby controlling º wecangetas
closeaswe want to thefunctionaldependencedescribedbe-
fore, i.e. the generatorrelaxestheconditionsof Theorem3.
Notethat,ontheotherhand,º � � io�� givesusuniformdistri-
butionsover thesecondfeature

� � � F ­ 	���À9Á�ÂÃ� � � F �W� F ­ 	_��� , which makesit independentof
� �

(given class < ). Thus
varying º from 0 to 1 exploresthe whole rangefrom deter-
ministic dependenceto completeindependencebetweenthe
featuresgivenclass.

Theresultsfor 500problemswith � ��B A aresummarized
in Figure1c, which plotsthedifferencebetweentheaverage
naiveBayeserrorandaverageBayesrisk (whichturnedoutto
be µIA 4 ·¸·E¹ , a constantfor all º ) is plottedagainstº . We can
seethat naive Bayesis optimal when º � A (functionalde-
pendence)andwhen º � A 4 Ä (completeindependence),while
its maximumerror is reachedbetweenthetwo extremes.On
the otherhand,the class-conditionalmutualinformationde-
creasesmonotonicallyin º , from its maximumat º (func-
tional dependencies)to its minimum at º � A 4 Ä (complete
independence)4.

4 Inf ormation loss: a better error predictor
than feature dependencies?

As we observedbefore,thestrengthof featuredependencies
(i.e. the class-conditionalmutual information betweenthe
features)’ignored’ by naive Bayesis not a goodpredictorof
its classificationerror. Thismakesuslook for abetterparam-
eterthatestimatestheimpactof independenceassumptionon
classification.

We start with a basicquestion: which dependenciesbe-
tweenfeaturescanbe ignoredwhensolving a classification
task? Clearly, the dependencieswhich do not help distin-
guishingbetweendifferentclasses,i.e. do not provide any
information about the class. Formally, let # ��� $ ��� �W� � ­ 	"	
be the mutual information betweenthe featuresand the
class (note the difference from class-conditionalmutual
information) given the “true” distribution

����� � � � ­ � �
	 ,
while #+*-, ��� $ ��� ��� � ­ 	"	 is the samequantitycomputedfor� *�, ��� �W� � ­ � �
	�� �����²B�� �
	"������§³� �
	"�����
	

, the naive
Bayesapproximationof

����� � � � ­ � �
	 . Thentheparameter#'ÅEXdY�Y � # ��� $ ��� � � � ­ 	1	�( # *�, ��� $ ��� � � � ­ 	"	 measuresthe
amountof informationabouttheclasswhich is “lost” dueto
naiveBayesassumption.Figure2ashowsthataverage#'ÅEXdY�Y
(“information loss”) increasesmonotonicallywith

��� A 	 , just
astheaverageerrorof naive Bayes.More interestingly, Fig-
ure2b plotsaveragenaiveBayeserrorversusaverage#'ÅEXdY�Y
for threedifferentvaluesof � ( � � °~� B A � B ° ), which all yield

4Notethatthemutualinformationin Figure1cis scaled(divided
by 300)to fit theerrorrange.
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almostsamecurve,closelyapproximatedby aquadraticfunc-
tion Æ � A 4 · F³­ � A 4 B F � A 4 AEA B . Our results,not shown here
due to spacerestrictions,also demonstratethat varianceof
the error increaseswith #'Å¸XÇY�Y for eachfixed � ; however,
maximumvariancedecreaseswith � . While thedependence
betweenthe error and the information loss requiresfurther
study, it is clearthat the for zero-Bayes-riskproblemsinfor-
mation loss is a muchbetterpredictorof the error than the
mutualdependencebetweenthefeatures(compareto Figure
1a).
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Figure2: Resultsfor generatorZeroBayesRisk(13valuesof
P(0)in È A � A 4 °�É range,2000instancespereachvalueof

��� A 	 ):
(a) Averagenaive Bayeserror andaverageinformation loss#'ÅEXdY�Y versus

��� A 	 ; (b) AveragenaiveBayeserrorversusav-
erage”information loss” #'Å¸XÇY�Y for k=5,10,and15.

For non-zeroBayesrisk, thepictureis somewhatlessclear.
However, the information lossstill seemsto be a betterer-
ror predictor than the class-conditionalmutual information
betweenthe features. Figure 3a plots the averagediffer-
encebetweennaive Bayeserror and the Bayesrisk, called� Å¸XdY�Y , andthe information loss #¸Å¸XdY�Y versusthe parame-
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Figure3: Information loss #¸Å¸XdY�Y on noisy concepts:aver-
ageerrordifferencebetweennaiveBayesandoptimalBayes,� Å¸XdY�Y , andaverage#¸Å¸XdY�Y for (a)generatorEXTREME and
(b)generatorFUNC1; (c) scatterplot of

� Å¸XdY�Y versus#'ÅEXdY�Y
andversusmutualinformation ±I# � # ��� �W$ � ­ � �
	 for gen-
eratorRANDOM .
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ter º . At thefirst sight, it looks like #¸Å¸XdY�Y is non-monotone
in º while

� Å¸XÇY�Y is monotone;particularly, while the error
increaseswith º , information loss decreasesin the intervalA ¼ º ¼ A 4 § ° . Note,however, thisintervalyields

¨oÊ G¢Ë £ X.Ì Ê (!)
valuesof #'ÅEXdY�Y . It appearsthat naive Bayesoverestimates
the amountof informationthe featureshave aboutthe class
(possibly, by countingsameinformationtwice dueto the in-
dependenceassumption),which resultsin negative #'ÅEXdY�Y .
If we assumethat suchoverestimationis not harmful, just
equivalentto not losingany information,andplot insteadthe
averageof ;QË'F � #¸Å¸XdY�Y � A 	 (denoted#'Å¸XÇY�Y�Í ), we observe a
monotonerelationshipbetweenthe averageof #'ÅEXdY�Y�Í and
theaveragenaiveBayeserror, asonewouldexpect(i.e.,both
increasemonotonicallyup to º � A 4 Ä , andthendecrease).

Similarly, in Figure3b we plot theerrordifference
� ÅEXdY�Y

aswell as #¸Å¸XdY�Y and #¸Å¸XdY�Y�Í versusº for our secondgen-
erator of non-zeroBayesrisk problems,FUNC1. In this
cases,naive Bayesalways overestimatesthe amountof in-
formationabouttheclass,thus #¸Å¸XdY�Y is alwaysnon-positive,
i.e. #¸Å¸XdY�Y�Í � A . Its relationto thenaive errorBayeswhich
reachesits maximumat someintermediatevalueof º is thus
not clear.

Finally, we useda “completely” randomproblemgenera-
tor (calledRANDOM ) to comparetheclass-conditionalmu-
tual informationbetweenthefeatures,# ��� ��$ � ­ � �
	 , andthe
information loss #¸Å¸XdY�Y , on arbitrary noisy concepts. For
eachclass,this generatorsampleseach

����� � � F �N� � ­ �F ­ � � � < 	 from a uniform distribution on the interval
[0.0,1.0]; the resultingprobability table is then normalized
(dividedby the total sumover all entries). Figure3c shows
a scatter-plot for

� Å¸XÇY�Y , the error differencebetweennaive
Bayesand optimal Bayesclassifiers,versusfeaturedepen-
dence# ��� � $ � ­ � �
	 andversusinformation loss #¸Å¸XdY�Y . In
thiscases,wecanseethatbothparametersarecorrelatedwith
the error, however, the varianceis quite high, especiallyfor# ��� �N$ � ­ � �
	 . Furtherstudyof bothparameterson different
classesof noisy conceptsis neededto gain a betterunder-
standingof their relevanceto theclassificationerror.

5 Conclusions
Despiteits unrealisticindependenceassumption,the naive
Bayesclassifieris surprisinglyeffective in practicesinceits
classificationdecisionmay oftenbe correcteven if its prob-
ability estimatesare inaccurate. Although someoptimality
conditionsof naiveBayeshavebeenalreadyidentifiedin the
past[2], a deeperunderstandingof datacharacteristicsthat
affect theperformanceof naiveBayesis still required.

Our broad goal is to understandthe datacharacteristics
which affect the performanceof naive Bayes.Our approach
usesMonteCarlosimulationsthatallow asystematicstudyof
classificationaccuracy for severalclassesof randomlygener-
atedproblems.We analyzetheimpactof thedistribution en-
tropy on theclassificationerror, showing thatcertainalmost-
deterministic,or low-entropy, dependenciesyield goodper-
formanceof naive Bayes. Particularly, we demonstratethat
naive Bayesworks bestin two cases:completelyindepen-
dent features(asexpected)and functionally dependentfea-
tures(which is surprising).NaiveBayeshasits worstperfor-

mancebetweentheseextremes.
Surprisingly, the accuracy of naive Bayesis not directly

correlatedwith thedegreeof featuredependenciesmeasured
astheclass-conditionalmutualinformationbetweenthefea-
tures. Instead,a betterpredictorof accuracy is the loss of
informationthatfeaturescontainabouttheclasswhenassum-
ing naive Bayesmodel. However, furtherempiricalandthe-
oreticalstudyis requiredto betterunderstandtherelationbe-
tweenthoseinformation-theoreticmetricsandthebehavior of
naiveBayes.Furtherdirectionsalsoincludeanalysisof naive
Bayeson practicalapplicationthathavealmost-deterministic
dependencies,characterizingotherregionsof naiveBayesop-
timality andstudyingtheeffectof variousdataparameterson
the naive Bayeserror. Finally, a betterunderstandingof the
impactof independenceassumptionon classificationcanbe
usedto devise betterapproximationtechniquesfor learning
efficient Bayesiannet classifiers,andfor probabilisticinfer-
ence,e.g.,for findingmaximum-likelihoodassignments.
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