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A b s t r a c t 

T h i s paper ex tends Shap i ro ' s M o d e l Inference 
System for syn thes iz ing logic p rog rams f r o m ex
amples of i n p u t / o u t p u t behav io r . A new re
f inement ope ra to r for clause genera t i on , based 
u p o n the d e c o m p o s i t i o n o f P ro l og p rog rams 
i n t o skeletons, basic P ro l og p rog rams w i t h a 
we l l - unde rs tood c o n t r o l f l ow, a n d techniques, 
s t a n d a r d P r o l o g p r o g r a m m i n g pract ices is de
scr ibed. Shap i ro ' s o r i g i na l sys tem is i n t r o 
duced , skeletons and techniques are discussed, 
a n d s imp le examples are p r o v i d e d , to f am i l i a r 
ize the reader w i t h t he necessary t e rm ino logy . 
T h e M o d e l Inference Sys tem equ ipped w i t h th is 
new re f inement ope ra to r is compa red a n d con
t ras ted w i t h the o r i g i na l vers ion presented by 
Shap i ro . T h e s t rengths a n d weaknesses o f ap
p l y i n g skeletons a n d techniques to syn thes iz ing 
P r o l o g p rog rams is discussed. 

1 I n t r o d u c t i o n 
I n d u c t i v e l ea rn ing of concepts, g iven a set of examples 
a n d coun te rexamples , has been g iven a l o t of a t t e n t i o n 
i n the A r t i f i c i a l In te l l igence c o m m u n i t y . T h i s paper con
cerns a special case of i n d u c t i v e l e a r n i n g , syn thes iz ing 
P ro log p rog rams f r o m examples o f t he i r i n p u t / o u t p u t 
behav io r . A n i n c r e m e n t a l i n d u c t i v e inference a l g o r i t h m 
was developed in [Shap i ro , 1983] fo r syn thes iz ing logic 
p rog rams . Shap i ro n a m e d his i m p l e m e n t a t i o n the M o d e l 
Inference Sys tem ( M I S ) . 

M I S has several componen ts i n c l u d i n g : de tec t ion and 
remova l o f a false clause, de tec t i on of the i n a b i l i t y to 
prove a goa l k n o w n to be t r u e , and the a b i l i t y to f i nd a 
new clause to j u s t i f y t he k n o w n t r u t h o f a goa l . Anyone 
e x p e r i m e n t i n g w i t h M I S q u i c k l y discovers t h a t some p ro 
g rams are easy to l ea rn , o thers can be synthesized w i t h 
d i f f i cu l t y , and o thers are beyond the scope of the sys
t e m . T h e reason fo r t he v a r i a t i o n in pe r fo rmance can be 
t raced to the re f inement opera to r used to p roduce new 
clauses, a n d the search s t ra tegy emp loyed to de te rm ine 
i f t he new clause co r rec t l y imp l ies the examples . Hence 
the re f inement ope ra to r , due to i t s in f luence u p o n the 
scope o f t he sys tem, is t he foca l p o i n t fo r th i s paper . 

T h i s paper w i l l descr ibe M I S w i t h one o f i t s re f inement 

L e o n S. S te r l i ng 
Computer Engineering & Science Dept. 

Case Western Reserve University 
Cleveland, Ohio 44106 

U.S.A. 

opera tors and w i t h a new re f inement opera to r based 
on w o r k on decompos ing P ro log p rog rams i n t o skele
tons , basic P ro l og p rog rams w i t h a we l l - unde rs tood con
t r o l f l ow , and techniques, s t a n d a r d P ro log p r o g r a m m i n g 
pract ices. In cont ras t to Shap i ro 's re f inement opera to r , 
wh i ch checks and adds new clauses one at a t i m e , the new 
opera to r produces a l l re f inements and then checks the 
clauses generated. In fac t , every t i m e M I S t r ies to learn 
a new clause the re f inement opera to r goes t h r o u g h the 
same order o f clause genera t ion . By check ing p rev ious ly 
re fu ted clauses, the p r o g r a m ref ra ins f r o m repea t ing i ts 
mis takes. We w i l l denote M I S equ ipped w i t h our new 
opera to r as the M o d e l Inference System w i t h Skeletons 
and Techniques ( M I S S T ) . 

I n M I S S T the re f inement opera to r consists o f two 
phases. T h e f i rs t phase matches the necessary d a t a 
s t ruc tu res w i t h a skeleton - an a p p r o p r i a t e con t ro l f low 
for the p r o g r a m . T h i s genera t ion of a skeleton is ac
comp l i shed by c rea t i ng a t e m p l a t e us ing on l y the i n p u t 
a rgumen ts f r o m the p r o g r a m to be synthes ized. Once 
the skeleton is c reated, the second phase enhances the 
skeleton by a p p l y i n g a techn ique to i t . Each technique 
w i l l generate a p r o g r a m to be checked for correctness. 
Examp les o f the types o f p r o g r a m s w h i c h are ha rd o r 
imposs ib le to l ea rn and those easy to learn w i l l be given 
for each sys tem. We w i l l examine the i m p l i c a t i o n s o f the 
resul ts and c i te areas for f u t u r e research. 

2 T h e M o d e l In fe rence Sys tem 

T h e M o d e l Inference Sys tem is an i m p l e m e n t a t i o n o f an 
i n c r e m e n t a l i n d u c t i v e inference a l g o r i t h m . G i v e n a set 
o f examples and counte rexamples o f a new concept , M I S 
produces a set of H o r n clauses to represent the concept . 
Whenever the cu r ren t set of clauses prove a counterex
a m p l e t rue , the p r o o f tree is used to de te rm ine the f au l t y 
clause in the set w h i c h is then removed . I f there exists 
an examp le no t exp la ined by the cur ren t set of clauses, a 
new clause is generated us ing a re f inement opera to r . A 
m a j o r assump t i on o f the system is t h a t an oracle exists 
w h i c h knows the t r u t h o r fa ls i t y o f any pa r t i cu l a r g r o u n d 
instance of the concept to be learned. 

T h e re f inement opera to r de termines the t ype o f P ro log 
p rog rams w h i c h can e a s i l y / n o t easi ly be learned t h r o u g h 
M I S . One re f inement opera to r g iven in [Shap i ro , 1983] 
was special ized fo r genera t ing clauses for de f in i te clause 

Kirschenbaum and Sterling 757 

Ref inement Strategies for Induc t i ve Learn ing Of Simple Prolog 
Programs 



g r a m m a r s whereas a second opera to r was presented as 
a more general opera to r . Each opera to r was designed 
for syn thes iz ing a d i f ferent t ype o f p r o g r a m . In th i s pa
per, we use the general ised re f inement ope ra to r fo r a l l 
compar isons w i t h M I S S T . 

M I S needs to have access to ce r t a i n knowledge to suc
cessful ly synthesize a logic p r o g r a m . T h e f o l l o w i n g t w o 
types o f knowledge are specif ic to the i n tended ta rge t 
p r o g r a m a n d are supp l ied by the user. 

Dec la ra t ions a b o u t the t ype a n d m o d e o f each var iab le 
are used to de te rm ine how the var iab les w i l l be i n s t a n 
t i a t e d . 

I n f o r m a t i o n a b o u t ' a l l owab le ' predicates guides clause 
c rea t ion . An added goa l i s re la ted to the o ther goals 
in the clause t h r o u g h the i n s t a n t i a t i o n o f var iab les as 
specif ied by the t ype a n d m o d e dec la ra t ions . 

O the r knowledge is i nc l uded as p a r t o f the M I S 
database. For examp le , there is a l i s t of i n s t a n t i a t i o n s 
for each t y p e . A l i s t va r iab le can be i n s t a n t i a t e d to [ ] or 
[X|X.]. 

T h e general re f inement opera to r pe r fo rms i n the f o l 
l o w i n g way : 

1 . I n s t a n t i a t e o u t p u t var iab les to some i n p u t var iab les, 
r e m o v i n g those var iab les f r o m the yet to i n s t an t i a t e 
o u t p u t l i s t . 

2 . I n s t a n t i a t e i n p u t s in the head o f the clause to one 
in the l i s t o f poss ib i l i t ies . In the case o f l i s ts , th is 
cou ld create t w o new i n p u t var iab les, one for the 
head o f the l i s t a n d one for the t a i l . 

3 . I n s t a n t i a t e o u t p u t s in the head o f the clause to one 
in the l i s t o f poss ib i l i t ies . In the case o f l i s ts , t h i s 
cou ld create t w o new o u t p u t var iab les , one for the 
head o f the l i s t and one for the t a i l . 

4 . Un i f y t w o i n p u t var iab les w h i c h are selected a t r a n 
d o m . 

5. A d d a goal w h i c h generates some o u t p u t . 

6 . A d d a goal for test purposes. T h e i n p u t var iab les for 
the new goal are selected f r o m the i n p u t var iab les 
for the head. 

M I S has special ized search strategies to de te rm ine i f 
a clause generated by the re f inement opera to r covers a 
pa r t i cu l a r goa l . A clause A B1, B2, •••, Bn covers a 
goa l A i f there is a s u b s t i t u t i o n such t h a t and 
B i 0 are t r ue for T h e three g iven strategies 
descr ibed in [Shap i ro , 1983] are ca l led eager, lazy, and 
adap t i ve . T h e eager s t ra tegy w i l l f ind a clause to cover 
the goal i n ques t ion a n d , i f necessary, query the user to 
de te rm ine the t r u t h o f the goals i n the body . T h i s i s 
a power fu l s t ra tegy in the sense t h a t i t w i l l go beyond 
the cu r ren t set o f facts to synthesize a p r o g r a m . T h e 
obv ious d rawback is the numerous i n te rac t i ons requ i red 
w i t h the user. T h e lazy s t ra tegy behaves i n an oppo 
si te m a n n e r , on l y us ing goals k n o w n to be t r ue when 
checking the examples aga ins t the hypothes ized clauses. 
T h e lazy s t ra tegy is less power fu l t h a n the eager one b u t 
does have the advan tage of n o t r e q u i r i n g any assistance 
f r o m the user. T h e a d a p t i v e s t ra tegy is a c o m b i n a t i o n 
o f the prev ious t w o . L i k e the lazy app roach , the a d a p -
t i ve s t ra tegy w i l l n o t query the user, b u t i t w i l l t r y t o 

see i f a goa l is correct by no t on l y check ing the facts for 
t h a t goal b u t also by check ing the facts for the b o d y o f 
the clause. T h e s t ra tegy choice is i m p o r t a n t as to w h i c h 
k i n d of p rog rams can be synthesized as can be seen w i t h 
the w e l l - k n o w n p r o g r a m append, g iven be low, w h i c h can 
o n l y be synthesized us ing the eager s t ra tegy. 

T h e comp le te M I S a l g o r i t h m i s g iven i n F igu re 1 . T h e 
repeat l o o p in F igu re 1 is bounded by the a l lowed d e p t h 
o f the p r o o f t ree. T h e de fau l t d e p t h used is 25. 

T h e M I S A l g o r i t h m 

G i v e n a poss ib ly e m p t y set of H o r n clauses (back
g r o u n d i n f o r m a t i o n ) , goals to be ca l led by the ta rge t 
concept p, fa lse-so lu t ions = and t r ue .so lu t ions =  

repeat 

Read the nex t examp le or coun te rexamp le of p 
a n d a d d i t t o the co r respond ing l i s t o f t r ue o r 
false so lu t ions , 
repeat 

I f i t i s possible to der ive a fac t in 
false_solut ions t hen f i n d a false clause 
a n d remove i t f r o m the set o f H o r n 
clauses represent ing the hypothes is . 

I f i t i s imposs ib le to der ive a fac t in 
t r ue so lu t ions then generate the re
f inements u n t i l a p rev ious ly u n t r i e d 
clause covers th i s fac t . A d d th i s 
clause to the set o f H o r n clauses. 

u n t i l ne i ther o f the I f tests is entered 

O u t p u t the cu r ren t set o f H o r n clauses. 

forever 
Figure 1 

3 S k e l e t o n s a n d T e c h n i q u e s 

W i r t h presented the idea of stepwise re f inement as a 
m e t h o d o l o g y to be used d u r i n g p r o g r a m deve lopment to 
p roduce clear, we l l s t r u c t u r e d p r o g r a m s [ W i r t h , 1971]. 
C u r r e n t l y , the co l lec t ion o f P r o l o g examples ava i lab le 
f r o m the l i t e r a t u r e i s l ack i ng in s t r u c t u r e . We have de
ve loped the m e t h o d o f stepwise enhancement to p rov ide 
th i s m iss ing s t r uc tu re [K i r schenbaum a n d S te r l i ng , 1990; 
L a k h o t i a a n d S te r l i ng , 1990]. 

Stepwise enhancement del ivers a s t r u c t u r e d and pro
cedura l app roach to P r o l o g p r o g r a m deve lopment wh i ch 
can be descr ibed as fo l l ows : W h e n a new p r o b l e m is a t 
t e m p t e d , iso la te the basic con t ro l f low needed to solve 
the p r o b l e m a n d e m b o d y i t in a skeleton. Once the 
skeleton has been d e t e r m i n e d , e x t r a c o m p u t a t i o n s are i n 
c luded b y a p p l y i n g a p p r o p r i a t e p r o g r a m m i n g me thods , 
w h i c h we ca l l techniques, to y i e l d an extension. Sepa
ra te extens ions can be comb ined to p roduce the desired 
p r o d u c t . T h e extens ion(s) can t hen be regarded as an
o ther skeleton a l l o w i n g us to repeat the process u n t i l 
t he f i na l p r o g r a m has been deve loped. T h e number o f 
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re f inements made d u r i n g the t o p - d o w n deve lopment o f 
the p r o g r a m w i l l de te rm ine h o w o f ten the above process 
w i l l be repeated. 

Stepwise enhancement can be a p p l i e d to m a n i p u l a t i n g 
recursive d a t a s t ruc tu res , one o f P ro log ' s s t reng ths , since 
the var ious m e t h o d s ava i lab le for h a n d l i n g recursive d a t a 
s t ruc tu res can be n a t u r a l l y p a r t i t i o n e d i n t o several skele
tons based on a c o m m o n con t ro l f l ow. These skeletons 
cons t i t u te the basic b u i l d i n g b locks for p r o g r a m devel 
o p m e n t . For e x a m p l e , i f we need to process an ent i re l i s t 
o f e lements, we m i g h t w a n t to use the f o l l o w i n g ske le ton: 

I f we w a n t to process a l is t u n t i l we f ind a p a r t i c u l a r 
e lement then the a p p r o p r i a t e skeleton is : 

T w o po in t s need m e n t i o n i n g here. F i r s t , a s l igh t m o d 
i f i ca t i on in the base case produces a d i f fe rent ske le ton. 
Second, the o n l y purpose of a skeleton is to d r i ve c o m 
p u t a t i o n s b u i l t u p o n i t . 

I n con t ras t t o the cha rac te r i za t i on o f skeletons i n 
te rms o f con t ro l f low, techniques shou ld be conceived 
in te rms of the specif ic goa l to be accomp l i shed . For ex
amp le , the a p p r o p r i a t e m e t h o d for c o u n t i n g the number 
of e lements of a l i s t , the n u m b e r of nodes in a tree, or 
the number o f goal reduc t ions or d e p t h in a p r o o f t ree, 
has been to i nc remen t an a r g u m e n t and t hen car ry i t as 
a con tex t . S t a n d a r d P r o l o g p r o g r a m m i n g pract ices, or 
techniques, l i ke th is one have the c o m m o n feature t h a t 
they b u i l d upon an a l ready ex i s t i ng p r o g r a m . T h e tech
n ique calculate can be app l i ed to traverse to p roduce a 
p r o g r a m to f ind the l e n g t h o f a l i s t . The re are d i f ferent 
var ian ts of calculate, one for each t ype of a r i t h m e t i c op
e ra t ion t h a t cou ld be added to the skeleton as an e x t r a 
goa l . 

I n t u i t i v e l y , one can t h i n k o f skeletons as the mech
an i sm w h i c h con t ro ls t he p r o g r a m whereas techniques 
de te rm ine w h a t i s done w i t h the d a t a . Skeletons, there
fore, make exp l i c i t the c o n t r o l f l ow t h a t the p r o g r a m is 
expected to f o l l ow . A consequence of t h i s is our rest r ic
t i o n o f i n d u c t i o n t o P r o l o g p rog rams ra the r t h a n log ic 
p rog rams more genera l ly since log ic p rog rams are n o n -
de te rm in i s t i c a n d therefore d isp lay no p rede te rm ined 
con t ro l f l o w . T h e separa t ion o f c o n t r o l f l o w f r o m tech
n ique i s the m a i n idea for p r o v i d i n g e x t r a s t ruc tu re for 
p r o g r a m synthesis . For more i n f o r m a t i o n a b o u t skele
tons a n d techniques see [ K i r s c h e n b a u m and S te r l i ng , 
1990]. 

4 M I S S T ' s Clause gene ra t i on 
I n our p r o t o t y p e M I S S T sys tem, we have res t r ic ted ou r 
a t t e n t i o n to l i s t d a t a s t ruc tu res . T h e skeletons are gen
erated by choos ing one or mo re l i s t a rgumen ts to recurse 
u p o n a n d by d e t e r m i n i n g a l l t he reasonable base cases. 
We have made the same a s s u m p t i o n as M I S t h a t there 
exists an a l l k n o w i n g oracle to answer the queries posed 

by the sys tem. We also assume the presence o f i n f o r m a 
t i o n d e t a i l i n g a l l owab le predicates for clause c rea t i on . 

An i n te res t i ng aspect o f ske leton genera t ion occurs 
w h e n the ta rge t p r o g r a m uses o ther predicates for test
i n g a n d u p d a t i n g a rgumen ts . Predicates l i ke a n d 
requi re the compar i son o f t w o var iab les w h i c h , i n a l l gen
era l i t y , m a y be any o f the var iab les in the head o f the 
clause or even worse i t m a y be o u t p u t var iab les f r o m 
some o ther goa l in t he b o d y o f the clause. For examp le , 
here are a few of the reasonable poss ib i l i t ies fo r a skele
t o n p red ica te w i t h one l i s t , t w o e lement var iab les and 
wh i ch uses < a n d >. 

W i t h o u t us ing some knowledge we w i l l generate t oo 
m a n y poss ib i l i t ies . T h e f o l l o w i n g qu ick es t ima te c lear ly 
shows why . Le t 

• N = the a r i t y of the skeleton pred ica te 

• p i = n u m b e r of a rgumen ts in the p red ica te pi 

• M = number of possible predicates to be used in the 
skeleton 

T h e n , in the special case where each of the M predicates 
i s i nc luded in the ske le ton once, a n d a l l t he a rgumen ts 
come f r o m the head of the clause, we w i l l generate N s 

skeletons. There fo re the t o t a l n u m b e r o f skeletons gen
era ted is at least 0(NS). An examp le of a p o o r l y gen
erated skeleton w o u l d be 

There fo re , we have added the f o l l o w i n g knowledge to 
M I S S T . 

1 . M o d e of var iab les - u n i f y i n p u t var iab les for the ex
t r a predicates o n l y w i t h the i n p u t var iab les fo r the 
head o f the clause o r w i t h an o u t p u t va r iab le f r o m 
ano the r p red ica te . 

2 . T y p e of var iab les - o n l y u n i f y var iab les of the same 
t y p e . 

3. I n c o m p a t i b l e predicates - a p red ica te exclu
sive (P red l,Pred2, Type) is used to i nd i ca te if two 
pred icates can on l y be used together under ce r ta in 
res t r i c t ions . For examp le , < and canno t be used 
in the same clause i f they have the same a rgumen ts 
i n the same order . A n o t h e r s i t u a t i o n we w o u l d 
l i ke to avo id w o u l d be h a v i n g b o t h X < Y and 
Y > X in the same clause. For b i n a r y predicates 
t h i s can be accompl i shed by h a v i n g a p red ica te op-
posite(Predl,Pred2), wh i ch w i l l t e l l i f the t w o p red i 
cates p roduce the same resul ts i f t he a rgumen ts are 
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sw i t ched . A t h i r d category checks for s y m m e t r y . 
We do no t w a n t to p roduce one clause h a v i n g 
Y a n d ano the r clause wh ich is i den t i ca l except i t 
conta ins Y X. 

4. Last recursive ca l l - every recursive skeletal clause 
has the recursive pred icate as the last goa l . 

T h i s i n f o r m a t i o n i s used b o t h in the c rea t ion o f the 
clauses a n d for p r u n i n g the r edundan t clauses. In the 
sense t h a t th is is knowledge a b o u t the p r o g r a m , i t cou ld 
be cal led m e t a know ledge . Re la ted te rms in mach ine 
lea rn ing are backg round knowledge and preference c r i te 
r ia . T h e effect o f the knowledge is to bias w h a t p rog rams 
are learned. T h e skeleton c rea t ion phase can be t h o u g h t 
of as a descr ip t ion language to de te rm ine w h i c h concepts 
are descr ibable. T h i s use of a res t r i c ted hypothes is space 
is one k i n d of bias desc r i p t i on f o u n d in [Utgof f , 1986]. 

T h e on l y techn ique we have i m p l e m e n t e d so far is col
lect. T h i s techn ique adds one o u t p u t var iab le to the 
sought af ter p red ica te . D e p e n d i n g u p o n the other goals, 
the cur rent head of the l i s t is added or no t to the ou t 
p u t var iab le . T h i s techn ique is s im i l a r to calculate men 
t ioned earl ier i n t h a t i t adds an o u t p u t var iab le , and 
depend ing u p o n the o ther goals in the clause, the va lue 
o f the head o f the l i s t i s comb ined w i t h o ther values 
to be p u t i n t o the o u t p u t var iab le . An examp le o f ap
p l y i n g a col lect techn ique to the skeleton search is to 
r e t u r n the l is t r e m a i n i n g af ter the element has been 
f o u n d . In th is case, the head of the i n p u t l i s t is never 
added to the o u t p u t l i s t . T h i s generates the p r o g r a m 
search w i t h r e m a i n d e r ( X s , Y s ) . 

5 Compar i sons be tween M I S and 
M I S S T 

M I S S T is g iven a fac t for the ta rge t P r o l o g p r o g r a m and 
creates a l l possible skeletons us ing the knowledge men
t ioned above. These in t u r n are g iven to an enhance
men t m o d u l e to p roduce a l l possible extensions to those 
clauses. T h e componen t o f M I S w h i c h removes incor rec t 
clauses w h e n counterexamples are supp l ied is app l i ed 
to the generated clauses to p roduce the f i na l p r o g r a m . 
T h u s , t he skeleton c rea t ion a n d the var ious techniques 
in the enhancement m o d u l e de te rm ine the possible p ro
grams to be learned . 

M I S S T w i l l synthesize p rog rams h a v i n g on l y l is ts and 
elements as var iab les and e i ther has no o u t p u t va r i 
ables or the o u t p u t var iab le is used for some t ype of 
co l lec t ion . T h i s las t r es t r i c t i on can be overcome by i n 
c l ud i ng m o r e techniques b u t i t i sn ' t clear a t t h i s p o i n t 
how slow the sys tem w i l l become as mo re techniques are 
added . Some o f the p rog rams used for compar i son i n 
c lude: prefix (3 .13) , suffix (3 .13) , append (3 .15) , sublist 
(3 .14) , member (3 .12) , nonmember ( 7 .5 ) , select (3 .19) , 
and subset (7 .7 ) . T h e number in parenthesis af ter each of 
the above p red ica te names refers to the p r o g r a m number 
used i n T h e A r t o f P ro l og [S ter l ing a n d Shap i ro , 1986]. 
We also used predicates union, difference, and intersec
tion in our c o m p a r i s o n . T h e code for union is 

T h e code for difference and intersection is s i m i l a r to the 
code for union. In each case, the t h i r d a r g u m e n t exem
pl i f ies a col lect techn ique. 

U n f o r t u n a t e l y , since M I S S T is based u p o n M I S , i t also 
canno t remove redundan t clauses. T h e p r o g r a m learned 
for prefix g iven be low demonst ra tes th i s u n w a n t e d be
hav io r . 

R e m o v i n g r edundan t clauses is, in genera l , t oo c o m p u 
t a t i o n a l l y expensive to be p rac t i ca l l y i m p l e m e n t e d . One 
possible way of a v o i d i n g redundan t clauses is to take a 
correct set of hypothes ized clauses and f o r m a new set of 
clauses by select ing a base clause p lus a l l t he recursive 
clauses and check i f the examples can be p roven by th i s 
new set of clauses. I f no t , repeat the above w i t h a di f 
ferent base case. Of course, in genera l , a p r o g r a m m i g h t 
requ i re t w o or more base cases and i t is also possible t h a t 
some of the recurs ive clauses w i l l be r e d u n d a n t . 

Prefix, suffix, a n d append were easy for b o t h systems to 
l ea rn . N o t su rp r i s ing ly , member, select a n d append were 
very easy for M I S to learn since t h a t re f inement opera to r 
gives a h i gh p r i o r i t y to e x p a n d i n g and u n i f y i n g elements 
on a l i s t . M I S S T f o u n d member, select a n d append to be 
n o n t r i v i a l p rog rams to learn due to the large number o f 
clauses created by the re f inement opera to r . Once these 
clauses have been generated, i t is necessary to feed the 
sys tem coun te rexamples to weed ou t the i n a p p r o p r i a t e 
clauses. Subset was d i f f i cu l t for M I S S T to learn w i t h o u t 
select be ing learned f i rs t because the f i rs t p r o g r a m pro
duced for select in c o n j u n c t i o n w i t h the one p roduced 
for subset w i l l have an i n f i n i t e l o o p i n i t . M I S S T w i l l 
recognize the n o n - t e r m i n a t i n g c o n d i t i o n b u t , due to the 
large de fau l t d e p t h b o u n d and the numerous clauses to 
be tes ted, t h i s is a very slow process. Union has the same 
p rob lems i f nonmember and member are no t synthesized 
f i rs t . I t t o o k a l o t o f m e m o r y to comple te the synthesis 
of union even w h e n i t s ca l led goals are synthesized f i rs t . 
T h e code generated for subset is 
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s e l e c t ( Y , X s , X s l ) , 
s u b s e t ( X s l , Y s ) . 

s u b s e t ( X , [ Y | Y s ] ) :-
subse t (X ,Ys ) . 

T h e expected P ro log p r o g r a m is compr ised of the sec
ond and f o u r t h clause above. T h e reason w h y select was 
easy for M I S to l ea rn , caused M I S to fa i l t o learn b o t h 
subset and union even when the eager search s t ra tegy 
was emp loyed . M e m o r y ran o u t ! T h e re f inement oper
a to r used for M I S gives p r i o r i t y to expand ing the va r i 
ables in con t ras t to a d d i n g goals to a clause. T h e var iab le 
[X |Xs ] w i l l be expanded to [X ,Y |Zs ] m a k i n g i t d i f f i cu l t t o 
learn a p r o g r a m wh ich cal ls numerous goals. B o t h sub
set and union make use of the predicates member and 
nonmember. 

A nice feature of M I S S T can be seen in the synthesis 
of the p r o g r a m for union. I f nonmember and member are 
p rev ious ly k n o w n to the sys tem, the user does no t in te r 
act w i t h the sys tem f r o m the t i m e the i n i t i a l dec lara t ions 
are made u n t i l the l is t o f possible clauses are generated. 
T h e a b i l i t y to free the user f r o m system queries d u r i n g 
the clause genera t ion stage w i l l general ize for any tar
get p r o g r a m t h a t has a l l o f i ts ca l led goals p rev ious ly 
synthesized. 

T h e weakness o f M I S S T is the vo lume of clauses p ro 
duced. T h e remova l o f the dup l i ca te clauses p roduced by 
M I S S T , before they are asserted as hypothes ized clauses, 
is the most expensive ope ra t i on in the sys tem. A f te r 
the dup l i ca te clauses have been removed i t is s t i l l nec
essary to feed the system counterexamples to weed ou t 
the i n a p p r o p r i a t e clauses. However , j u d i c i o u s select ion 
o f counterexamples w i l l l i m i t the number requ i red by the 
sys tem. A possible so lu t i on to th is p r o b l e m is to m o d i f y 
M I S S T to keep al l the generated clauses in a l is t to be 
processed one at a t i m e 

Due to the c o m b i n a t o r i a l exp los ion of clause genera
t i o n , a res t r i c t i on was made in M I S S T to no t a l low an 
expanded var iab le [X |Xs ] to have b o t h X and Xs in the 
same goal in the b o d y o f the clause. T h i s res t r i c t ion 
made i t imposs ib le to synthesize a p r o g r a m to remove 
repeated elements in a l is t . I f the above res t r i c t i on is 
removed, union w i l l exp lode w i t h generated clauses. A 
possible so lu t i on to th is is to have d i f ferent search s t ra te
gies s im i l a r to w h a t i s f o u n d in M I S . 

6 D i s c u s s i o n 

We bel ieve th is wo rk w i l l have a greater i m p a c t u p o n 
lea rn ing when knowledge is i n t r oduced to d i rec t the gen
e ra t ion o f skeletons. T h i s i s t r u l y the bo t t leneck in 
M I S S T . We may need to add knowledge in the f o r m o f 
a re la t i onsh ip between the number of e lements in l is ts , 
or wh i ch l i s t is to be recursed u p o n , or some th ing else 
to m i n i m i z e the number o f possible skeletons be ing gen
era ted. I f we t h i n k o f ske leton c rea t ion as the ' g e t t i n g 
s t a r t e d ' process o f l e a r n i n g , t hen M I S S T ' s d i f f i cu l t y i s 
t h a t i t is does no t k n o w how to get s t a r t ed . T h i s is a 
t yp i ca l p rob lem for l ea rn ing systems. 

T h e knowledge requ i red to de te rm ine w h i c h o f a l l the 
possible skeletons are a p p r o p r i a t e for a p a r t i c u l a r l ea rn 
i n g exercise i s no t c u r r e n t l y cap tu red in M I S S T . One 

possible approach to reduce the c o m p l e x i t y o f clause gen
e ra t i on w i t h o u t r equ i r i ng t oo m u c h f r o m the user w o u l d 
be to ask the user to g ive the pos i t i on of the a rgumen t ( s ) 
to be recursed u p o n . For union, the n u m b e r of clauses 
generated w o u l d be cu t in hal f . 

A p r o m i s i n g source of i ns igh t for s t r u c t u r i n g skeleton 
c rea t ion is the wo rk o f [Dev i i le , 1990]. T h e knowledge 
i nc luded in his concept o f log ic spec i f i ca t ion over laps 
w i t h the knowledge in M I S S T descr ibed in sect ion 4 and 
also conta ins e x t r a i n f o r m a t i o n , for examp le m u l t i p l i c i t y . 
Dev i l le ' s use of i n d u c t i o n schemes in logic descr ip t ions 
may also be re levant since m o d i f y i n g the log ica l descr ip
t i o n of a skeleton can be i n te rp re ted as a sh i f t i ng to a 
weaker bias as descr ibed in [Utgof f , 1986]. T h e requ i red 
heur is t ic me thods for dec id ing exac t l y how to m o d i f y the 
skeleton c rea t ion process needs to be de te rm ined . 

W o r k done by [ M u g g l e t o n a n d B u n t i n e , 1988] presents 
a f r a m e w o r k for P ro log i n d u c t i o n w h i c h in t roduces new 
predicates i n t o the language i t i s supp l i ed . I n v e r t i n g 
reso lu t ion is the t o o l used to weaken the bias desc r ip t ion . 
A t th i s t i m e , we do no t know how usefu l l th is w i l l be for 
skeleton genera t ion . 

A c k n o w l e d g m e n t s : W e t h a n k the P r o S E discussion 
g roup for s t i m u l a t i n g conversa t ion . T h e work o f 
Leon S. S te r l i ng was suppo r ted in pa r t by N S F grant 
CCR-9000387. 
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