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A b s t r a c t 
( AD generated objects can be defined in terms 
of the comple te geomet ry of the par t . In au to­
mated process p l a n n i n g , the geometry is the 
same, but the mean ing associated w i t h th is ge­
omet r i c s t ruc tu re is d i f ferent , and d ic tates a 
change in the descr ip t ion . Var ious so lu t ions 
have been proposed to solve th is i n c o m p a t i b i l ­
i ty , i n c l u d i n g au toma ted feature ex t rac t i on , de­
sign by features, and human-superv ised feature 
e x t r a c t i o n . 
An i m p o r t a n t p rob lem to be addressed here is 
h a n d l i n g feature in te rac t ions . Due to geomet­
ric in te rac t ions among the mach inab le features, 
there may be several equal ly va l id feature in -
terpret a t ions for the same par t . T h i s paper 
describes an au toma t i c way of c o m p u t i n g al­
te rnate feature in te rp re ta t ions , using an alge­
bra of feature in terac t ions. This w i l l enable 
a u t o m a t e d process p l a n n i n g systems to decide 
whether var ious in te rp re ta t ions of a part as a 
co l lec t ion of mach inab le features are feasible for 
m a n u f a c t u r i n g , and among the feasible ones, 
wh ich is the most app rop r i a te one for manu-
f a c t u r i n g . 

A l t e r n a t e feature in te rp re ta t ions are compu ted 
by p e r f o r m i n g opera t ions in the a lgebra. Fur­
t he rmore , var ious provable propert ies o i the 
feature algebra a id in resolv ing a m a j o r i t y of 
the feat ure in te rac t ions w i thou t even a p p l y i n g 
the opera t ions in the a lgebra, thereby improv ­
ing the eff iciency of the algebraic approach. 

1 I n t r o d u c t i o n 
M a c h i n i n g a meta l pa r t consists of t a k i n g a piece of stock 
and p e r f o r m i n g var ious processes or operat ions on it to 

t rans fo rm i t i n to the desired par t . Each m a c h i n i n g pro­
cess acts on a piece of stock and changes its s t ruc tu re 
in a unique way. C iven the ( ' A D descr ip t ion of the ob­
jec t , one would l ike to derive how it can he manu fac tu red 
or machined (since we ta lk on ly of mach in ing processes 
here). Th is means a r r i v i ng at a sequence of processes 
which when appl ied to the stock wou ld result in the f i ­
nal machinable par t . Not ice that such a sequence is not 
unique. T rad i t i ona l l y the designer comes up w i t h the 
C A D descr ipt ion of the object to be mach ined , and the 
process engineer and the NC p rog rammer produce the 
precise process p lan . 

There has been a lot of progress in de r i v i ng process 
plans f rom manufac tu rab le features and we have sev­
eral work ing ( j tnnat ivt process planners such as XCUT 
[Brooks et al , 1987] and SIPS [Nan , 1987]. Several 
approaches have been proposed for b r i dg ing the gap be­
tween Compu te r A ided Design ( C A D ) and C o m p u t e r 
A ided Manu fac tu r i ng ( ( ' A M ) and au toma t i c feature ex­
t rac t i on , design by features, and human supervised fea­
ture ex t rac t ion are among the prominent ones. One of 
the l im i t a t i ons of these approaches is of m u l t i p l e feature 
in terpre ta t ions, which is discussed in the next pa rag raph . 

Due to geometr ic in teract ions among the features, 
there may be several equal ly va l id sets of features de­
scr ib ing the same par t . To produce a good process 
plan or, in some cases, even to produce a process p lan 
at al l it may be necessary to use a different interpre­
ta t ion o f the part than the one obta ined f r om the C A D 
model . The prob lem is how to f ind these a l te rna te inter­
pretat ions. A machinist solves this p rob lem because of 
the human ab i l i t y to visualize an object in three d imen -
sions and l>\ do ing geometr ic reasoning to f igure out the 
interact ions. 
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cost cr i ter ia (whether it is cheaper to make a deep hole 
or a smal l hole), feasibi l i ty (ava i lab i l i ty of proper tools 
to make a deep hole), f i x tu r ing cr i ter ia (can the part be 
proper ly f ix tured to make h4 after S1 and .s2 have been 
made, or w i l l it v ibrate) . Thus one can see tha t there 
can be several possible in terpretat ions such as {h1, .s1, 
s 2 } , {h2, .s1,,.s2}, {h3, .S1, S2] or { h 4 , s1 ,s2} for the 
same part and having only one of them can be a serious 
l im i ta t i on in process p lann ing . 

This paper discusses an approach for deal ing w i t h th is 
prob lem, based on an algebra of features. A l te rna t ive 
interpretat ions of features resul t ing f rom feature inter­
actions an ' provided by means of operat ions in th is al­
gebra. Th is scheme provides several a l ternat ive feature 
representations of a machinable par t , given one such rep­
resent at ion. 

The rest of the paper is organized as fol lows: In Sec­
t ion 2 we describe the feature algebra. In Section 3 we 
compare our work w i th related research in th is area. Sec­
t ion 4 is a discussion of the issues addressed by this re­
search. In Section 5 present the current status of the 
research and the work we plan to do in the fu tu re . 

2 T h e A lgeb ra of Features 

In this section we discuss the domain of features we work 
w i t h , the operations on features, some propert ies of the 
feature algebra and an a lgor i thm that produces mu l t i p le 
feature interpretat ions of a par t , given one such repre­
sentat ion. 

An algebraic structure [Pinter, 1982] in its simplest 
fo rm is any set, w i th a rule (or rules) for combin ing its 
elements. Let A be any set. An operat ion * on A is 
a rule which assigns to each ordered pair of 
elements of A exactly one element. 

2.1 Feature Definitions 
For the purposes of this paper, the only features consid­
ered are a rectangular pocket, a slot and a hole. Further, 
in th is paper we restrict the features to have the normals 
of their planar faces, to be paral lel to the base vectors 
of our co-ordinate system. In add i t ion to the features, 
there is a special object called the slock on which all the 
features are made. 

It is well known that when set theoretic operat ions 
such as un ion , intersect ion, and subt rac t ion when ap­
pl ied to two val id n dimensional objects, the result is not 
necessarily a val id n-dimensional object . For example, if 
two squares touch on one side, their intersection is a sin­
gle l ine segment, which is not a val id two dimensional 
ob ject . Requieha and Voelcker[Hequicha and Voelcker, 
1985)l have shown that this d i f f icu l tv can be overcome l>v 
using regularized set operat ions instead of o rd inary set 
operat ions. The symbols are used to 
denote regularized un ion, intersect ion, subt rac t ion and 
complementa t ion respectively. 

Let us denote the in i t i a l stock by S0. Let J\, f-j, . . f„ 
be the features subtracted out of N n , in that order. The 
part, after / features have been defined is denoted by S,. 

A face j- of a feature /, is said to be opt n, if J* belongs 
to the boundary of Sv f, where St, denotes the f inal 
par t . A pocket is a rectangular cavi ty w i th at least one 
of i ts faces open. A slot is a rectangular cav i ty w i t h at 
least one of i ts faces and two faces or thogonal to it also 
open. These two faces must be paral lel to each other. A 
hole is s imply a cy l indr ica l hole. F igure 2 shows a part 
w i t h a pocket, a slot and a hole. 

Every feature must have at least one of its faces in 
common w i th of a face of the stock or some other fea­
ture. These two parameters are called the containing 
fact and the containing featurt. In other words, the con 
ta in ing feature is the feature hav ing the conta in ing face. 
At the t ime of def in ing any feature the conta in ing face 
must belong to the boundary of the part at t ha t step. 
I t cannot be in ter ior to the part or outside the par t . 
Th i s cond i t ion is more restr ict ive than the ones given 
in the previous paragraph, and hence supercedes them. 
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Further , for slots, two faces or thogonal to the contain­
ing face are required to be par t of the part boundary at 
t ha t step. As ment ioned earlier, these two faces must be 
paral lel to each other. 

1. The in i t i a l stock is specified by its location in space 
and the dimensions along the x, y and z axes 

2. A pocket is specified by four parameters, viz. the 
conta in ing face, the conta in ing feature, the open 
fare and the depth. The conta in ing face and the 
conta in ing feature specify the face and the feature 
in which the pocket is contained. The open face of 
the pocket is a set of four points in the containing 
face specifying the face of the pocket that is open 
and the direct ion of the normal po in t ing into the 
feature. We w i l l call the face of the pocket paral­
lel to the open face as the bottom fact. The depth 
parameter gives the dimension normal to the open 
face. 

3. A slot has the same parameters as a pocket. The 
two open faces of the slot tha t are orthogonal to the 
open face of the slot are called the side faces. 

4. A hole is specified by the conta in ing face, the 
conta in ing feature, the open face and the depth. 
The conta in ing face, the conta in ing feature and the 

dept h parameters are analogous to t hose of a pocket. 
The open face parameter in case of a hole is speci­
fied by the center and the diameter of the circle that 
const i tutes the open face of the hole and the direc­
t ion of the normal po in t ing in to the feature. As in 
the case of a pocket, the open face of a hole must 
lie on the conta in ing face. The face parallel to the 
open face is known as the bottom fan. 

2.2 O p e r a t i o n s 

As the operat ions on features are defined, one wi l l no­
tice that the operat ions give meaningful values only for 
certain pairs of features, thereby causing a conflict w i th 
the def in i t ion of an operat ion. This problem is solved by 
add ing a special element called I N V A L I D to the set of 
features. Further, by def in i t ion , for any operat ion *, 

f rom subject to 
certain condit ions. In formal ly , l are two 
ways of extending a feature t i l l the boundaries of the 
stock. Pockets and holes are extended only in the direc­
t ion normal to their open and bo t t om faces. Th is is done 
using the funct ion. On the other hand, slots can be 
extended both in the direct ion normal to their open and 
bo t tom faces as well as in the direct ion normal to their 
side faces. Thus, for any slot r both and 
have meaningful values. Referring back to the example 
in Figure 

2.3 P r o p e r t i e s o f t h e A l g e b r a o f F e a t u r e s 

In this section, certain properties of the algebra of fea­
tures are discussed. The goal is to generate new features 
f rom the features one already has. using the operators 
discussed earlier. Dur ing this process, one would not l ike 
to generate a feature anew if it can be shown that the 
same feature has already been generated. Fsing the al-
g"hraic properties is a significant saving par t icu lar ly in 
this domain, because the boolean operations on solids are 
quite expensive as compared to symbol ic comparisons. 

Several properties regarding the features and their in­
teractions have been proved. Some properties of the fea­
tures are stated below. The interested reader is referred 
to [Kar in th i and Nan, 1989] for more details on the prop­
erties and the proofs. 
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i f the resul t ing feature(s) have NOT 
already been generated 
t h e n b e g i n 

add the feature to F 
add the feature to NEW 

e n d 
if the feature set is dist inct 

t h e n add the feature set(s) to F. 
e n d f o r 

e n d f o r 
CURRENT= NEW 
NEW = 

e n d w h i l e 

At first glance, the worst case performance of the algo­
r i t h m might appear to be of exponent ia l complex i ty , be­
cause of the possibi l i ty of combinator ia l explosion i f there 
are several mutua l l y - in te rac t ing features. However, ge­
ometr ic local i ty dictates tha t each feature w i l l interact 
w i th only a few of i ts neighbors, so there is no reason to 
believe that significant exponent ia l b lowup would ever 
occur. 

2.5 I l l u s t r a t i v e E x a m p l e 

In this section, we wi l l i l lus t ra te the work ing of the alge­
bra of features (and the features a lgo r i thm) th rough an 
example. 

Th is example is the same as the example one discussed 
in Figure 1. The s ta r t ing set. of features are h1, S1 and 
s2. We compute, 
and . Therefore, we have, 

(1) 
(2) 

(3) 
(4) 

( 5 ) 

( 6 ) 

In this section, we wi l l study the example. by look 
ing only at the changes that occur f rom one i te ra t ion 
to the next, w i thout examin ing all the interact ions ( l ike 
t he ones which result in already exist ing features). Obv i ­
ously, all the interact ions need to be considered because 
apr io r i , one does not know, which interact ions result in 
new features and which do not. At the start of the fea­
tures a lgor i thm the values of the variables are: 

Let us examine F and F each t ime before the outer­
most loop is entered. The value of N EW is each t ime 
before the outermost loop is entered. After the first i t­
erat ion : 

In th is i te ra t ion , h2 and /13 were generated using the S 
opera t ion , where /12 = h1Ss1 and h3 = h1Ss2- Fur­
thermore, using Equat ion 1, and and Propos i t ion 3 we 
conclude tha t h1M1S1 — h\, h1M1S2 = h\. O ther in­
teract ions are considered s imi lar ly . 

A f te r the second i tera t ion : 

In th is i te ra t ion , let us say h4 was generated as h4 = 
h2Ss2. But notice that h 3 Ss1 was not generated as a 
new feature, say h5, Th i s is because, f rom Propos i t ion 1 
h 3 Ss 1 — h2Ss2 — h4, which has already been generated 
S imi la r ly , whi le considering h2M1s2 using Proposi t ion 2 
we infer h24\s<> — h2. 

Af ter the th i rd i terat ion : 

A t this point t h e l o o p ter­
minates, because1 ( 7 ■■ RRF N J = For th is example, 
it can be shown that summed over the three i terat ions, 
a to ta l of 54 possible feature interact ions are considered. 
Of these interact ions, only three result in new features 
( h 2 , h3 and h4). 

3 Rela ted W o r k 
There has been considerable research in au tomat ic fea­
ture ex t rac t ion and feat ure-based design over the last 
ten years. But as mentioned earl ier, even though this 
work is pert inent f rom the point of view of C A D / C ' A M 
in tegra t ion , very l i t t le of it has actua l ly addressed fea­
ture interact ions. The remainder of the section describes 
some of the recent work that addresses feature interac­
t ions. 

Nicholas Ide [ble, 1987] at the Universi ty of Mary 
land developed a feature based design system integrat­
ing the SIPS process p lann ing system [Nan, 1987] w i th 
the P A D b 2 solid modeler. In Ide s system, the designer 
star ts out w i t h a representation of a piece of stock, and 
designs his part by subt rac t ing various machinable fea­
tures f rom the stock. Ide s system points out certain 
geometric interact ions that make a feature impossible to 
machine. In this system, the kinds of feature interac-

m. 

l ions that, can lead to mu l t ip le feature in terpreta t ions 
were either not considered or not al lowed (for example, 
a hole was not allowed to intersect any other feature). 

Maeda and ShinoharaJMaeda and Shinohara, 1988] 
have developed an rule-based system called KSPKR (Kx-
pert System for Product ion KngineeRs) that does certain 
k inds of geometric reasoning to account for feature in­
teract ions. The rules in KSPKR can be used not only 
to recognize features in geometry, but to man ipu la te the 
geometry direct ly. Th is system addresses some of the 
non-geometric issues in process p lann ing , but its geo­
metr ic reasoning is based on feature parameters and is 
not integrated w i th a solid modeler. 
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Hayes[Hayes, 1987], has developed a rule-based system 
called Machinist that detects feature interact ions using 
rules obta ined f rom human experts. Th is system is wr i t ­
ten in OPS5. The system determines t ime-order ing re­
lat ions among features by app ly ing the rules. Thus, i f 
certain condi t ions are satisfied, a rule would tell us that 
one feature must be machined before another. 

Requicha and Vandenbrande [Requicha and Vanden 
brande, 1988] have proposed the not ion of engineering 
environments (analogous to p rogramming environments) 
which are tools useful for design and manufac tur ing engi­
neers. They are bu i ld ing a system known as the A I / S M 
test, bed, which has geometric reasoning and feature 
recognit ion modules combined w i th a solid model ing and 
computa t iona l geometry modules. Th is system was not 
completed as of the above c i ta t ion , so we do not know 
of its capabi l i t ies in deta i l , but it appears to us that 
their approach of combin ing solid model ing w i th geo 
metric reasoning is one of the most promis ing directions 
for future research in C A D / C A M integrat ion 

4 Discussion 

A methodology for addressing feature interactions using 
an algebra of features has been described. We believe 
the fo l lowing are the significant aspects of the algebraic 
approach: 

1. One of the p r imary purposes of the feature algebra 
is to allow consideration of several possible feature 
al ternat ives. Based on our discussions w i th machin­
ists, it appears that a machinable part cannot be 
interpreted as a unique set of features. What seems 
more appropr ia te is to consider alternatives and 
generate plans to see which is better (or leasible). 
The popular approaches addressing the C A D / C A M 
integrat ion problem (as described in Section 1) have 
ignored the issue of mul t ip le feature interpretat ions. 

2. The kinds of reasoning done in the FSPFR [Maeda 
and Shinohara, 1988] and Machinist [Hayes, 1987] 
systems represent significant steps in the develop­
ment of wavs to. handle feature interactions. How 
ever, problems arise in t r y i ng to extend these sys­
tems into complete computer-aided manufactur ing 
systems, because the representation of solid objects 
is not sufficient to resolve ambigui t ies, l o r example, 
if the Machinist program decides that some hole h 
needs to be made before some slot .s, it does not rec­
ognize that this requires machin ing a hole of differ 
eut dimensions than i f / ; were machined after s and 
vet such in fo rmat ion is necessarv in order to know 
whether it is possible to machine //. In the feature 
algebra described in this paper, a feat tire is an un­
ambiguous and complete representation of a physi 
cal sol id. Thus , the in format ion missing f rom Ma­
chinist 's rules could be restored by rewr i t ing these 
rules in terms of operat ions in the feature algebra. 

l\. The operat ions in the algebra are efficient as com 
pared to boolean operat ions on solids, because, they 
take advantage of the nature of the features (sim­
ple 2 - D shapes) and the nature of the interactions 

(or thogonal interact ions). Fur thermore, the proper­
ties of the feature algebra al low us to resolve many 
of the interact ions w i thout invok ing the algebraic 
operators. Th is results in fur ther savings in compu­
tat ions. 

5 C u r r e n t S ta tus and F u t u r e W o r k 
This work consti tutes a por t ion of a larger project whose 
goal is to develop an integrated system for design and 
process p lanning [Nau et ai , 1988]. Other compo­
nents of this project include the Protosol id solid modeler 
[Vanecek and Nau, 1988] and the SIPS [Nau and Cray , 
1986, Nau, 1987] process p lanning system. Protosol id 
and SIPS are wr i t ten in Lisp and run on a Texas Ins t ru ­
ments Explorer-FI. Having developed the feature algebra, 
our next step wi l l be to use it as the basis of a feature 
analysis and t ranslat ion system to fac i l i ta te communi ­
cation between Protosol id and SFPS. For example, th is 
wi l l allow SIPS to decide dynamica l ly whether various 
interpretat ions of a part as a collection of manufactur­
ing features are feasible for manufac tur ing , and among 
the feasible ones, which is the most appropr iate one for 
manufactur ing. 

Current ly, a theoretical f ramework for the algebra is 
complete, and work is beginning on the feature analy­
sis and translat ion system. Future work on the algebra 
includes incorporat ing a wider set of features and inter­
actions than what we have now. In par t icu lar , we would 
like to extend it to model interactions among features 
that are not at a right angle to the faces of the stock or 
other features. This requires new operat ions and func­
tions to be incorporated into the algebra. We also intend 
to extend the algebra to model the rounded corners of 
pockets and slots, and tapered holes. 
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