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A b s t r a c t 

Because o f t h e d i s c r e t e n a t u r e o f t h e memory 
and l o g i c o f a d i g i t a l c o m p u t e r , a d i g i t a l com
p u t e r " s e e s " p i c t u r e s i n c e l l u l a r f o r m , each c e l l 
c o n t a i n i n g a number t h a t r e p r e s e n t s t h e 
d e n s i t y o f t h e v i e w e d o b j e c t a t t h a t c e l l . I n 
p a r t i c u l a r , when t h e p i c t u r e i s b i n a r y , each c e l l 
h o l d s a 1 o r 0 , depend ing on w h e t h e r o r n o t t h e 
v i e w e d o b j e c t i s p r o j e c t e d o n t o t h a t c e l l . The 
c o n v e x i t y o f c e l l u l a r b l o b s - i . e . , b i n a r y s i n g l y 
c o n n e c t e d c e l l u l a r f i g u r e s - i s d i s c u s s e d and 
d e f i n e d i n t e rms o f t h e c o n t i n u o u s b l o b s o f w h i c h 
t h e c e l l u l a r b l o b s a r e i m a g e s . 

A t h e o r y o f convex c e l l u l a r b l o b s i s s k e t c h e d , 
and t h e use o f t h e " m i n i m u m - p e r i m e t e r p o l y g o n " i n 
a n a l g o r i t h m f o r t e s t i n g t h e c o n v e x i t y o f c e l l u l a r 
b l o b s i s d e s c r i b e d . 

I n t r o d u c t i o n 

I n d e s i g n i n g o r p rogramming d i g i t a l mach ines 
t o r e c o g n i z e t w o - d i m e n s i o n a l c o n n e c t e d o b j e c t s , 
one i s o f t e n conce rned w i t h t h e g e o m e t r i c p r o p e r 
t i e s o f t h e p r e s e n t e d o b j e c t s . Examples o f such 
p r o p e r t i e s a r e c o n v e x i t y , e l o n g a t e d n e s s , t h r e e -
l o b e d n e s s , e t c . 

The p r o p e r t i e s o f c o n t i n u o u s convex f i g u r e s 
a r e w e l l d e f i n e d and u n d e r s t o o d 1 . But a compute r 
" s e e s " t h e s e o b j e c t s i n t h e f o r m o f c e l l u l a r 
r a t h e r t h a n c o n t i n u o u s i m a g e s , each c e l l h o l d i n g 
a number t h a t r e p r e s e n t s t h e o b j e c t ' s p r o j e c t i o n 
i n t o t h a t c e l l . 

Hence i t i s i m p o r t a n t a ) t o d e f i n e r i g o r o u s l y 
t h e g e o m e t r i c p r o p e r t i e s o f c e l l u l a r b l o b s i n 
t e rms o f t h e c o n t i n u o u s o b j e c t s o f w h i c h t h e 
c e l l u l a r b l o b s a r e i m a g e s , and b ) t o d e v e l o p a l 
g o r i t h m s t h a t t e s t c e l l u l a r b l o b s f o r t h e s e 
p r o p e r t i e s . 

I n t h i s paper w e r e s t r i c t ou r a t t e n t i o n t o 
t w o - d i m e n s i o n a l b i n a r y o b j e c t s o r " b l o b s " , i . e . , 
b l a c k f i g u r e s o n a w h i t e b a c k g r o u n d , and t o 
b i n a r y c e l l u l a r " i m a g e s " o f t h e s e o b j e c t s , i . e . , 
l ' s on a b a c k g r o u n d o f 0 ' s . A c e l l h o l d i n g a 1 
r e p r e s e n t s a nonempty p r o j e c t i o n o f t h e o b j e c t 
i n t o t h e c e l l . Two examples o f c o n t i n u o u s b i n a r y 
o b j e c t s a r e shown i n F i g u r e 1 . F i g u r e 2 shows 
how t h e s e o b j e c t s a r e u s u a l l y seen b y a d i g i t a l 
c o m p u t e r . I n t h i s f i g u r e t h e c e l l u l a r images a r e 
a r r a n g e d on a r e c t a n g u l a r m o s a i c . O t h e r m o s a i c s , 
such a s h e x a g o n a l o r i r r e g u l a r m o s a i c s , a r e a l s o 
p o s s i b l e . 

W e d e s c r i b e t h e p r o b l e m o f d e f i n i n g and t e s t 
i n g c o n v e x i t y o f bounded c e l l u l a r b l o b s , and w e 
p r e s e n t a s o l u t i o n . I n p r e s e n t i n g o u r s o l u t i o n , 

we develop the elements of a theory of convex 
b lobs . In the I n t e r e s t o f b r e v i t y , the presenta
t i o n of the theory is p a r t l y nonrigorous and 
i n t u i t i v e . For r igorous p roo fs , see Reference 4. 

Statement of the Problem 

A f i g u r e is def ined to be convex i f i t con
ta ins the l i n e segment tha t j o i n s any two po in ts 
of the f i g u r e . Otherwise the f i g u r e is concave. 

Consider the c e l l u l a r blobs i l l u s t r a t e d in 
Figure 2. I n t u i t i o n t e l l s us tha t Blob A is a 
c e l l u l a r image of a convex o b j e c t , and that Blob B 
is a c e l l u l a r image of a concave ob jec t . Blob A, 
considered as a continuous f i g u r e , is c l e a r l y 
concave, as shown by the dot ted l i n e . Hence we 
need to f i n d a reasonable, i n t u i t i v e l y s a t i s f y i n g 
d e f i n i t i o n of "convex c e l l u l a r b l o b . " The proper
t i e s we be l ieve such a d e f i n i t i o n must have are 
discussed in the next two paragraphs. 

We t h i n k of " convex i t y " as a form of "smooth
ness . " I . e . , the more convex an ob ject i s , the 
smoother it i s . When we ask whether a c e l l u l a r 
image J is convex or concave, we are there fore ask
ing whether the smoothest ob jec t q, such that 
I ( q ) ■ J, is convex or concave, where 
l a r image of q. Thus if we can f i n d any plane 
f i g u r e , say r, such tha t I ( r ) - J and such tha t r 
is convex, then a l l ob jec ts smoother than r , say 

such tha t w i l l a lso be convex. 

This leads us to the f o l l o w i n g p re l im ina ry 
d e f i n i t i o n o f c e l l u l a r convex i ty : A c e l l u l a r blob 
is convex i f and only i f there e x i s t s a t l eas t one 
convex f i g u r e r of which the given c e l l u l a r blob 
is an image. 

Searching f o r such an r is not a p r a c t i c a l 
t e s t f o r convex i t y , however, because even a f t e r an 
i n d e f i n i t e l y long unsuccessful search such an r may 
s t i l l e x i s t . What we need is an a lgor i thm fo r 
cons t ruc t i ng an ob jec t p, such tha t I ( p ) ■ J, and 
such tha t i f p is concave then every other ob ject 
whose image is J w i l l necessar i l y be concave, too . 
We show in Theorems 1 to 3 tha t the "minimum-
per imeter polygon" answers t h i s need. 

Unger's a lgor i thms f o r de tec t ing " v e r t i c a l con
c a v i t y " and " h o r i z o n t a l concav i ty " are the c losest 
known e a r l i e r approaches to the de tec t ion of convex 
c e l l u l a r b l o b s . I t i s easy, however, to draw a 
concave blob tha t is v e r t i c a l l y convex and h o r i 
z o n t a l l y convex. Such a blob is shown in F i g . 3. 
The do t ted l i n e shows tha t t h i s blob is concave. 
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Elementary Concepts of Plane Figures Elements of the Theory of C e l l u l a r Blobs 

A s imple curve is de f ined i n t u i t i v e l y as the 
curve obta ined from the continuous motion of a 
po in t on a p lane , such t ha t the path of the po in t 
never crosses or becomes tangent to i t s e l f , except 
poss ib ly when the path reenters i t s e l f . A simple 
c losed curve is a simple curve which reenters it-
s e l f . A simple curve may be bounded or unbounded 
a t e i t h e r o f i t s "ends . " (For r igorous d e f i n i 
t i ons o f these e n t i t i e s , see A lexandrov 1 . ) I f 
the d is tance of p r e c i s e l y one of a simple curve 's 
ends from the p lane 's o r i g i n i s i n f i n i t e , the 
curve is s i n g l y unbounded; i f both of a simple 
curve 's ends are i n f i n i t e l y d i s t a n t from the 
o r i g i n , the curve is doubly unbounded. 

A plane f i g u r e , or s imply a f i g u r e , is d e f i n 
ed here as a set of po in ts f having the f o l l o w i n g 
p r o p e r t i e s . 

1. f l i e s in a plane 
2. f = , whe re i s t h e empty s e t 
3. f conta ins a simple curve c which is 

e i t h e r c losed or doubly unbounded 
4. f conta ins the i n t e r i o r of c 
5. f conta ins no po in t of the e x t e r i o r 

of c 

Curve c is the boundary of f . 

We usua l l y represent a f i g u r e by a lower case 
charac te r , such as p, q, r. 

A f i g u r e i s bounded i f i t l i e s e n t i r e l y w i t h 
in some c i r c l e o f f i n i t e d iameter . Thus q u a d r i 
l a t e r a l s and e l l i p s e s are bounded f i g u r e s . A 
blob is any bounded f i g u r e . Note tha t i f a 
f i g u r e is bounded, i t s boundary must be c losed . 

A set o f po in ts s is connected i f i t i s non-
empty and i f every p a i r o f po in ts in s is c o n t a i n 
ed in a simple curve belonging e n t i r e l y to s. A 
set o f po in ts i s simply connected i f i t i s connect
ed and if there e x i s t s no f i g u r e f whose boundary 
l i e s in s , but some po in t in f does not l i e in s . 
Note t ha t every f i g u r e , as we have def ined i t , is 
s imply connected, 

A polygon is a f i g u r e whose boundary contains 
on ly s t r a i g h t l i n e segments. Thus, i n t h i s paper, 
a rec tang le is a po lygon, but a q u a d r i l a t e r i a l 
w i t h a p a i r o f i n t e r s e c t i n g opposi te sides is n o t . 

The ve r tex angle of a polygon is the i n t e r i o r 
angle between two adjacent edges of the polygon. 
Note tha t a ve r tex angle l i e s in one of the open 
i n t e r v a l s ( 0 , T T ) , (TT, 2TT) . 

As a consequence of the d e f i n i t i o n of con
v e x i t y , a polygon is convex i f and only i f each 
of i t s ve r tex angles is less than TT rad ians . 
Hence every t r i a n g l e is convex. The above obser
va t i ons lead to the f o l l o w i n g d e f i n i t i o n s . A 
ve r t ex o f a polygon is a convex ve r tex i f i t s v e r 
tex angle is less than IT rad ians ; i t is a concave 
ve r tex i f i t s ve r tex angle exceeds TT rad ians . 

A c e l l u l a r mosaic* is a set of bounded convex 
f i gu res ( c } , c a l l e d c e l l s , such tha t 
e i t h e r o r pa r t o f the boundary o f c f o r a l l i , 
j , and such tha t the union o f a l l the c e l l s covers 
the e n t i r e p lane. 

A c e l l u l a r mosaic i s i l l u s t r a t e d in Figure 4 . 
An array of c e l l s which is somewhat l i k e a c e l l u 
l a r mosaic, but which v i o l a t e s the convexi ty r e 
quirement, is shown in Figure 5. 

Let denote c e l l s in a c e l l u l a r mosaic, 
q is a neighbor of p if is a curve of non
zero l e n g t h . I t can be shown tha t t h i s curve must 
be a s t r a i g h t l i n e segment. Hence every c e l l of a 
c e l l u l a r mosaic is a convex polygon. 

A c e l l u l a r map is a nonempty subset of c e l l s 
of a c e l l u l a r mosaic. A c e l l u l a r map may cons is t 
of j u s t one c e l l . Note tha t a c e l l u l a r map need 
not be connected, bounded or convex. 

A chain is a sequence of c e l l s each of which 
is a neighbor o f i t s predecessor, i t s successor, 
or b o t h . A c e l l u l a r map J is chained i f i t is non
empty, and i f f o r every pa i r o f c e l l s (a ,b) in J 
there ex i s t s a chain belonging e n t i r e l y to J and 
conta in ing c e l l s a and b. Note tha t i f the boun
dary of the union of the elements of a c e l l u l a r 
map J is a simple closed curve , then J is chained. 

A c e l l u l a r map J is the c e l l u l a r image, or 
b r i e f l y the image, of a f i g u r e p i f and only i f 
a) the union of the members of J conta ins p, and 
b) every member of J con ta in ing an e x t e r i o r po in t 
of p a lso conta ins a boundary po in t of p. We use 
the n o t a t i o n I ( p ) to denote the c e l l u l a r image of 
P. 

The degree of a polygon is the number of 
s ides i t has. A minimum-degree polygon of a c e l l u 
l a r image J is any polygon p such tha t I ( p ) = J, 
and such tha t there e x i s t s no polygon q whose 
degree is less than tha t of p and such tha t i C q ^ J . 

A minimum per imeter polygon of J is any po l y -
on p such tha t I ( p ) = J, and such tha t there e x i s t s 
no polygon q whose per imeter is less than tha t of 
p and such tha t 

The c e l l u l a r e x t e r i o r of a c e l l u l a r f i g u r e J 
i s the set cons i s t i ng o f a l l c e l l s not i n J . J 
denotes the c e l l e x t e r i o r o f J . 

boundary o f the union o f a l l c e l l s o f J . 
C lea r l y LJ is the boundary of a po lygon, s ince 
every c e l l of J is a po lygon. At each ve r tex of 
feJ draw a c i r c l e of rad ius e, w i t h e s u f f i c i e n t l y 
smal l so t ha t the c i r c l e i n t e r s e c t s on ly the s ides 
forming the v e r t e x . Replace every corner of 

*A c e l l u l a r mosaic i s s i m i l a r , but not i d e n t i c a l 
t o , a " t o p o l o g i c a l complex."1 
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F ig . 3. A concave blob that Is both v e r t i c a l l y 
convex and ho r i zon ta l l y convex 
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Fig . 5. An array of ce l l s which v io la tes the 
convexity requirement of a ce l l u l a r 
mosaic 
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F i g . 6. The minimum per imete r po lygon in a 
concave c e l l u l a r b lob 
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F i g . 7 . R e l a t i o n s h i p s among v a r i o u s c lasses o f 
f i g u r e s and t h e i r c e l l u l a r images 
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