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Abstract

We study the use of negacyclic matrices to form orthogonal designs and
hence Hadamard matrices. We give results for all possible tuple for order
12, all but 3 for order 20 and all but 3 for order 28.

1 Introduction

An orthogonal design of order n and type (s1, S, ..., Sx) in variables xy, x, ..., xy,
denoted OD(n; sy, Sa, ..., Sk), is a matrix A of order n with entries in the set {0, £z,
+29,. .., £} satisfying

k
AAT = (Z six?)lm
i=1

where I, is the identity matrix of order n. Alternatively, the rows of A are formally
orthogonal and each row has precisely s; entries of the type ;. In [1], where this
was first defined, it was mentioned that

k
ATA = > six?) 1,

i=1

and so our alternative description of A applies equally well to the columns of A.
An Hadamard matriz H of order n is a square (1, —1) matrix having inner product
of distinct rows zero. Hence HHT = nl,. We note that n = 1,2 or n = 0 (mod 4).
A matrix A & I is skew-type if A has zero diagonal and AT = —A. A skew-type
Hadamard matrix is said to be skew-Hadamard.
Clirculant matrices of order n are polynomials in the shift matrix

010 ---0
001 0
S=1: :
000 1
100 0
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Negacyclic matrices of order n are polynomials in the negashift matrix

0 10 ---0
0 01 0
N=| :
0 00 1
-1 00 0

The back-diagonal matriz R of order n is the matrix whose elements 7;; are given
by
v ifi+i=n+1,
"ii =) 0 otherwise

where 4,7 = 1,...,n. We note that if A, B are polynomial in S then A(BR)T =
(BR)AT. We show below that the same is true if A, B are polynomial in N.
Lastly, we define the nonperiodic autocorrelation function. Let

X = {{alh s 7aln}> {a21a cee a2n}a cees {amh - ~>amn}}

be m sequences of commuting variables of length n. Then the nonperiodic autocor-
relation function of the family of sequences X (denoted Ny) is the function defined
by

n—j

Nx(j) = Z(al,ial,i+j + A2,02,45 + - F G iimitg)-

i=1

2 Preliminary results

We note some properties of the negashift matrix N given above:
(NY)" = —N""" and N'R=—RN""

Hence we have:

Lemma 1 NY(N'R)T = (NR)(NT.

Proof. N/(N/R)" = NiR(N’/)T = —~N'RN"~J = N'NJR = N/N'R = —NiRN""
= (NVR)(N')". O

Lemma 2 Suppose A, B are polynomial in S or N then A(BR)T = (BR)AT.

Proof. The result for S, circulant, can be found in Wallis [6]. For N, negacyclic,

we note A and B are polynomials in IV so by repeated applications of Lemma 1 we

have the result. a
We now develop some properties of negacyclic matrices.

Theorem 1 Let R;, R; be two rows of a negacyclic matriz of dimension n, where
1<i<j<n. Then RiR;F = RlR{H_i.
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Proof. Leti=1+sand j=1+ s+t If wewrite Ry = (z1,...,2,), we have

R1+s = (_xnfsﬁ»la vy T, Ty e ,J}n,b-)
R1+t = (7In_t+17...77.117”1:],.--,:[”_1‘)
R1+s+t = (7In—.s—t+17 vy T, Ly e wrn—s—t)
We note that
s t
—_—m
RH—S = (*xn—& sy Ty Ly ey Tty L1y - - 7'1:71—5)
R1+s+f, = (_x'n,fsftJrh coy Tn—ty = Tn—t4ly s " Tn, Tl e 7xnfsft)

s t

Then
R; R;‘F = R1+SR?+s+t

Tp—st1Tp—s—t+1 T T TpTp—t — T1Tp—tq1 — *** — T4y

+ Ti41T1 + -+ Tp—sTp—s—t
= —T1Tp—t41 — 0~ LTp + T T1 T+ T sTp—s—t

+ Tp—s4+1Tn—s—t+1 R ol % o
= —T1Tp—tl — T Ty + T T+ BTt
= R1R1T+t
= RlR1T+j—i

O

Corollary 1 For a negacylic matriz of odd dimension n, there are only n inner
products of interest, i.e. each row with the first. More precisely, for a negacylic

matriz of odd dimension n, there are ";1 distinct inner products, p1, pa, p3, - - -, Pnti,
2
where p; = R\ RY. The remaining "T_l inner products are related by the property that

1
Pty = Pugs g, for 1< g < U5

Corollary 2 For a negacyclic matriz of odd dimension n, RiR} = —R\RL_,,, for
1<i1<n.

Definition 1 Let L, M be two negacyclic matrices of dimension n. We say L and
M are in the same inner product equivalence class if for every 1 <i,5 < mn, RZRJ-T of
L equals RZR;F of M.

Theorem 2 Let M be a negacyclic matriz of dimension n, with first row
my, Mo, ..., Mpy.
Then the negacyclic matrices with first rows
—my, —Ma, ..., —My and My, My_1,...,M

(denoted —M and M* respectively) are in the same inner product equivalence class
as M.
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Proof. By Theorem 1, we need only consider the inner products of rows R, Ri4;
for 1 < j <n — 1. We observe that for the matrix M,

R, = my ma v MMy My Mgy -0 My
Riyj= —mpji1 —Mp_jia - —myu My Mg Mp—j.

Likewise, for the matrix —M,

R= -m —mg e =My =My =My —My
R1+j: Mp—j41 Mp—jr2 - My - —Mmy o —Mp—j.

Similarly, for the matrix M*,

Ri= mu, Mu1 - Mu_ji1 Mp—j Mp_jo1 - My
Riyyj= —m; —mjy -+ —my My, Mp_1 -+ My
The inner product of Ry with Ryy; is the same in all three cases, namely
o
R1R1+j = —mlmn,j+1 — mZmn7j+2 — e — m]mn
TN+ MMy + o T
J n—j
= =D MMyt Y MMy

i=1 i=1

Hence M, —M and M* are in the same inner product equivalence class. O

Corollary 3 Given a negacyclic matriz M, the negacyclic matrix —M* is in the
same inner product equivalence class as M.

Theorem 3 Let M be a negacyclic matriz with first row Ry = (ma,...,my). Then
every negacyclic matrizc M’ with a first row Ry equal to a negashift of Ry is in the
same inner product equivalence class as M. (There are 2n — 1 negashifts of Ry.)

Proof. The 2n — 1 negashifts of R; are
R27 cee 7R71,> _Rb B} _Rn

where R; is the ith row of the matrix M.

By Theorem 2, the negacyclic matrix with first row equal to —R; is in the same
inner product equivalence class as M. Likewise, the negacyclic matrices with first
rows equal to —Rs, ..., —R, are in the same inner product equivalence class as the
negacyclic matrices with first rows Rs, ..., R, respectively. Thus we need consider
only the negacyclic matrices with first rows R} = R;, where 2 <i <n.

Let M’ be a negacyclic matrix with first row R} = R; for some ¢ in the range
2 <i < n. By Corollary 1, M’ has only “$* distinct inner products, namely Ri(R)T,
for2<j < ”T“

Now, R} = R;, and

/
Run =

2

{ Rina for2 <i< it
+3 .
—Ri+n;1771/ for ”T <i<n.



ORTHOGONAL DESIGNS FROM NEGACYCLIC MATRICES 323

We consider the two cases in turn.
Case I: When 2 < i < %, the rows RY,..., R4 are all from M. Then the
2

inner product Rj(R})" for 2 <j < il s
R’I(R’j)T = 11?,1-115’%-}%1
= RiR; (by Theorem 1).

Thus the negacyclic matrices M’ with first row R} = R; for 2 < i < % are in the

same inner product equivalence class as M.
Case II: When "T”’ <4<, therows Ry,..., R,_, , are from M, and the rows
R, ;9. Ry are from —M. For 2 < j <n—i+1, Ri(R;)" = RiR] by the

2

argument presented in Case I. For n —i 4+ 2 < j < ™! we have

2

R/l(R;')T = RiRzTJrj—l—n

= —RiR,_jio (observei+j—1—-n<i
and then apply Theorem 1)

= RR; (by Corollary 2).

Thus the negacyclic matrices M’ with first row Ry = R; for "T*'?’ < ¢ < n are in the
same inner product equivalence class as M.

Hence the 2n — 1 negacyclic matrices which have a first row equal to a negashift
of the first row of M are all in the same inner product equivalence class as M. O

We note from Wallis and Whiteman [7] that circulant can be replaced by group-
type or type 1 in abelian groups so that all results that follow for circulant also follow
for group-type or type 1. Similarly we observe that group-type or type 1 negacyclic
can be used instead of negacyclic and the corresponding results hold. So we have,
modifying Goethals-Seidel construction [6]:

Theorem 4 Suppose there exist four negacyclic (1, —1) matrices A, B,C, D of order
n. Further, suppose

AAT + BBT + cCT + DDT = 4nl,,.

Then
A BR CR DR
_BR A DT'R —CTR
SE=1| _cp _D'R A BTR (1)
_DR CTR —B'R A

is an Hadamard matriz of order 4n of SF type. (Here R is the back diagonal matriz.)
If A is of skew-type, then SF is skew-Hadamard.

3 Our results

Definition 2 A set of four negacyclic matrices A, B, C, D is said to be suitable if
AAT + BBT + cCT 4+ DDT = fI

for some f.
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Theorem 5 If there exist four sequences with zero non-periodic autocorrelation func-
tion, then there exist four suitable negacyclic matrices.

Proof. Let there be four sequences of length n, denoted
X = {{a17 ag, ..., an}7 {b17 b27 DRI bn}7 {Clu Coy.n vy Cn}7 {d17 d27 .. 7dn}}7

with zero non-periodic autocorrelation function. We now treat each of these se-
quences as the first row of a negacyclic matrix. The matrices generated in this way
are denoted A, B, C, D respectively. We consider the sum

AAT + BBT + cCT + DDT.
For a negacyclic matrix M, the element (i, j) of the product MM7 is equal to

RiRJT, where R;, R; are the 7th and jth rows of M respectively. By Theorem 1, it is
sufficient to consider only the products RlRlTH, for 1 < j <n—1. We recall that

J n—j
T
RiR{ ;==Y mimu_ji+ » mimi;
i=1 =1

(as shown in the proof of Theorem 2).
Thus the sum of the products RIR{H of A, B,C and D, for 1 <j <mn-—1,is
equal to

J
- Z(aianfjﬁ»z’ + biby—jri + cicnmjri + didy_ i)
i=1
n—j
+ > (@itiyj + bibiy; + cicij + didiy )
i=1
—Nx(n —j)+ Nx(j)
0
By Theorem 1, the off-diagonal element (i, j), where i # j, of the sum AAT + BBT +
CCT+DDT | is equal to element (1,143 —14). As has just been shown, these elements
are all equal to 0. Thus all off-diagonal elements of the sum are 0.

Lastly, we consider the diagonal elements. It is clear that element (j,j) =
" (a2 + 02 + 4 d?) for 1 < j < n. Write this sum as f. Thus we have

AAT + BBT + cCT 4+ DDT = fI
and so the negacyclic matrices A, B, C, D are suitable. |

Corollary 4 The four suitable negacyclic matrices A, B, C, D that were constructed
in the last proof satisfy

AAT + BBT + cCT + DDT = 4nl,,.
Hence, by Theorem 4, we can produce an Hadamard matriz of order 4n of SF-type.

We have found that suitable negacyclic matrices are not limited to those generated
from sequences with a zero non-periodic autocorrelation function. The appendix
contains a listing of negacyclic sequences of order n = 3,5, 7 which are suitable, and
so yield SF-type Hadamard matrices and orthogonal designs of order 4n.
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a 0 0 0 O b 0 0 0 O
d

c-d 0 0 O

(1,1,2,2)

0O 0 O

C

b 0 d d O

0 d 4 O
0 d-d O

a
0

b 0 d d 0

a 0 d4d d4d 0

0 -d

(1,1,2,8)

0 d-d 0

-c
0 0

[+
a

-C

[

(1,1,4,4)

0 0 d-d O
b 0 d d O

d -d

(1,1,4,9)

c -c -d

b 0 d d O

-d 0

0

a
C

(1,1,5,5)

—-C

C

0 d-d O

b -c -d -d -c
0-c-d d

b -d -c -c -d
-d -d d-d d

d d -c
d -d

—-C

a

(1,1,8,8)

C

-C

-¢c d d -c
c

a

(1,1,9,9)

-C

—-C —C

0 0 d-d O

a 0 4 4 0
b -c

(1,2,2,4)

b 0 0 O
d-d d 0 O

C

0 0 O

a-d 0 O0-d

(1,2,2,9)

d d 0 c b 0-d-d
a 0 4 4 0

b

—-C

0-d 0
0-d 4 0
b -c
d

b -c
c

(1,2,3,6)

0 d o0

C

d -d -c

a 0 d4d d4d 0
b 0-d d 0

a -d

(1,2,4,8)

c -d d-d d-c -c
b

C

(1,2,8,9)

c —¢c -d -d

C

c-b d d
a 0 b b O

0 0 b-b 0

(1,4,4,4)

-¢c d -d -c
0 O

-d -c

d d
a-d 0 0-d
c-d b b d
a -b

b

-C

C

(1,4,5,5)

b -b -c

0 -c

-c-b d d b
-d -d d-d d

c -b
c -c -d

C

(1,5,5,9)

-d

b a 0 0 O

a-b 0 0 O
c-d 0 0 O
a-d b d 0

(2,2,2,2)

c 0 0 O
a d-b-d O

d

(2,2,2,8)

0-d 0-d
b a 0 0 O

0 4 0 d c
a-b 0 0 O
0 -c

c
0 -c

(2,2,4,4)

d -d -c

d d

a b d d 0

d -d

a-b d d O

0 -d
a -d

(2,2,4,9)

c -c -d
c -d -c

C

d

a d -c

b

(2,2,8,8)

c c -d

d

b -c -d -c

b-d a 0 0 b-d-a 0 O
-b -d 0 -d

(2,3,4,6)

c -c -d

d

c
c -a-d

a-d-d b-c

d -d -c -c

b -d

-b
[¢

(2,3,6,9)

d

C

-d -d -c

0 b-d d c 0 b d-d
b a -c

-a -¢c -d -d

(2,4,4,8)

d d

b

-c d -d -c
d d

c-b d d b a

-a-b d-d-b

(2,5,5,8)

-b -c

a b 0-d O
b

c 0 O

a -b

(3,3,3,3)

d 0 O

C

d 0

0 -c
0 -d -a -c -b

(3,3,6,6)

-c d d
0-a b-b-a
0 -c

d -d -c a
0O-a b b

-c
0 -c

a

(4,4,4,4)

d -d -c

d d
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a a c 0-d a-a-d
-c-d b b d
-b -a

d -c

(4,4,5,5)

b -b -c

0 -c

a —Cc —cC

a-b b-d-d

(6,5,5,5)

-c-d d b b

0 -c -c

a

-C

C

a —C -C -Cc —C

(1,1,13)

-c 0 0 -c
a -c -c -c -c

b

-C

C

b -c -c

(1,2,17)

0
b 0 -c -c

a

(1,2,11)

-c 0 -c
[

-b -c

C

-¢c 0
0 b
c
c -c -b
b -b -c

a —CcC —Cc -C —C

(1,3,14)

c -c -c
0 -c -c

c -b -c
a -c -c -¢c -c
b -c
c

0 -c
a

-C

-C

(1,4,13)

b -b -c
b b -c
c

a -c -b -b

-C

-C

(1,6,11)

—-C

-b -c

b
c

-c -c
c -b

a
C

-c
b

0 -a

b-b 0 -c
0 -b

(1,8,11)

—-C

C

b b 0
b 0 -c

-c
0 -b

CcC -C —C

(2,5,7)

0
c

0

Cc —a

b -c

C

(3,6,8)

c b -c

b
b-a a a a
b 0 b b

0 -c a

a -b -c

0O-a a b-b

(7,10)

a

b

a

0-a a

Order 28

Design

b 0 0 0 0 0 O
d 0 0 00 0O
b 0 0 0 0 0 O
d 0 d 00 0 O
d-b-d 0 0 0 O
d 0 d 0d 0 O
b 0 d 0 0 d O
0-d d d d-d d
b-d d d d d-d
-d-d d-d d-d d

a 0 0 0 0 0 O

(1,1,1,1)

0O 0 0 0 0 O
a 0 0 0 0 0 O
d-c-d 0 0 0 O
d-a-d 0 0 0 O

c
d

(1,1,1,4)

(1,1,1,9)

0-d 0 O

C

0

a-d d d d d-d

(1,1,1,16)

0 d 0 0 d O
a-d d d d d4d-d

C

(1,1,1,25)

c-d d d d d-d
a 0 0 0 0 0 O
c-d 0 0 0 0 O
d-a-d 0 0 0 O

d -c

b 0 0 0O O O

(1,1,2,2)

d 0 0 0 0 O
d-b-d 0 0 0 O

c
d

(1,1,2,8)

d 0 0 0 O

C

d 0 0 0 O

c-b b b b b-b
-d-b b 0 b 0 O

a-b b b b b-b
d-b b 0 b 0 O
a 0 0 0 0 0 O

(1,1,2,18)

b 0 0 0 0O O O

(1,1,4,4)

0O 0 O
0-d 4d 0 4d 0 O

d -d -¢c -c
0 0 0 -c

d d 0 0 O
a-d d d d d-d
b 0 0 -c -c

-C

(1,1,4,9)

0

C

0o 0

b 0O b-a-b 0-b

b-c-b-d b

b 0 b 0O b 0 b

b-c-b 0-b-c

(1,1,4,16)

c -b

b

b 0 0 00 0O

d -d -d
-c-d b d

a 0 0 0 0 0 O

c-c-c-d 0-d O

(1,1,5,5)

C

0
0

0
0

C
C

0 0
0

a d -c

c -d

(1,1,8,8)

0 c d 0 d

C

c-d 0 -d
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-C

a

(1,1,9,9)

0-d d 0 4d 0 O
c-b b b b b

b -a
-b a-a-b-a-b b

b-d d d d d-d

d -a
-a-b b 0 b 0 O

(1,1,13,13) -a -b b -a b -a a

-b

-a

a a a

a

(1,1,10,10)

0

0

a

d-b b b b b-b
b 0 b 0 0 0 O

—-a

c-a a a a a
b-a-b 0 0 0 O
c-d 0 0 0 0 O
a-d d d d d-d

b -c

(1,2,2,4)

d 0 0 0 0 O
0-d 4d 0 4d 0 O

c
b

(1,2,2,9)

0O 0 0 0 O

C

0O 0 0 0 O

b 0 d-c 0 4 O

a-d d d d d4d-d

b 0 d
a -b

(1,2,2,16)

0 d o0 0-d d d d-d d
0O 0 0 O a -b -c

c
b a b 0 0 0 O

0 0 0 O

[

(1,2,3,6)

b-d-b 0 0 0 O

0 0 0 O

C

0
d-b-d d 0 4 O

0 0 0 O c
d-b-d-d 0-d O
a-d d d d d4d-d 0-d d 0 4d 0 O
-b-b b

—-C
-b-b b

c —a

(1,2,4,8)

(1,2,8,9)

b 0 O
0-c-a b

b 0 O c
b-d-b 0 0 0 O
b 0 b 0 0 0 O
d -d -c -c

—-C

-C

C

c-a b

c O
b a b 0 0 0 O
b-a-b 0 0 0 O

-C —-C

(1,3,6,8)

(1,4,4,4)

0 0 O

-cd d 0 0 O
a-d d d d d-d

C

0-d 4d 0 4d 0 O

b -b

(1,4,4,9

0 0 O

-C —C

b b 0 0 O
b-a-b 0 0 0 O
c-c-c-d 0-d O
a-d d d d d-d

—-C
b -b -b -c

b 0O b 00 0 O

d -d -d

(1,4,5,5)

C

0-d d 0 4d 0 O

(1,5,5,9)

0 c-c-c b 0 b O
a b 0 0 0 0 O

0 -c

a-b 0 0 0 0 O
c-d 0 0 0 0 O
a-b 0 0 0 0 O

(2,2,2,2)

d 0 0 0 0 O
a b 0 0 0 0 O
c -d -c

C

(2,2,8,2)

0

0 -c

a-d-d 0 b-d-d
c-d d-d d 4 O
a-b 0 0 0 0 O

c -d -¢c -c

a-d-d 0-b-d-d
-c-d d-d d d O
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