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1. INTRODUCTION

For a real example, when an institute chooses whether to enroll a tutoring team, a ten-representative committee of authorities evaluated the
selected persons, seven of them approved to employ these persons, two of them gave negative opinion, and the additional one did not give
any judgment. To characterize this result, an intuitionistic fuzzy set (IFS) was presented by Atanassov [1] to express this kind of information
by including a falsity grade based on the fuzzy set (FS) [2] The truth and the falsity in IFS meet a rule that the sum of both of them is
restricted to [0, 1]. Now IFS has received extensive attentions from many scholars and has been widely utilized in the different decision areas
[3-7]. Due to some complications of decision environment, sometimes, it is difficult for IFS to describe some daily life issues, for instance,
if a person gives 0.6 for truth grade and 0.5 for falsity, then the sum of both values is beyond the scope of [0, 1], the IFS is not able to express
this type of information accurately. Therefore, Yager [8] proposed the Pythagorean FS (PFS) which is a proficient and capable technique
to express complex information for the decision-making problems. The truth and falsity in PFS meet a rule that the sum of the squares of
them is in [0, 1]. The PFS has been widely utilized in the different decision making areas [9-14]. Similarly, if a person gives 0.9 for truth
grade and 0.8 for falsity, then the sum of the squares of both values is not in [0, 1], the PFS is not able to express this type of information
accurately. Therefore, Yager [15] proposed the q-rung orthopair FS (QROES) to solve this issue. The truth and falsity in QROFS meet a rule
that the sum of the q-powers of them is restricted to [0, 1]. Now the QROFS has received extensive attentions from many scholars and has
been widely utilized in the different areas [16-19].

To process complex fuzzy information, the truth and falsity degrees are modified from a real subset to the unit disc of the complex plane,
and then Alkouri and Salleh [20] established the complex IFS (CIFS) by including the complex-valued falsity on the basis of complex FS
(CFS) [21] to handle complex information. The truth and falsity in CIFS meet the rule that the sum of the real parts (also for imaginary
parts) of them is restricted to [0, 1]. The CIFS has received extensive attentions from many scholars and has been widely utilized in the
different areas [22-25]. However, the CIFS is not able to process some problems, for instance, if a person gives 0.6¢/2"(”) for truth grade and
0.5¢27® for falsity, then the sum of the real parts (also for imaginary parts) of both values is beyond the scope of [0, 1]. Therefore, Ullah
et al. [26] proposed the complex PFS (CPES) in which the truth and falsity meet the rule that the sum of the squares of the real parts (also
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for imaginary parts) of them is restricted to [0, 1]. The CPFS has received extensive attentions from scholars and has been widely utilized in
the different areas [27]. Similarly, if a person gives 0.9¢/2™® for truth grade and 0.8¢">*(7) for falsity, then the sum of the squares of the real
parts (also for imaginary parts) of them is beyond the scope of [0, 1], the CPFS is not able to describe this type of information accurately.
Therefore, Liu et al. [28,29] proposed the complex QROFS (CQROFS) in which the truth and falsity meet the rule that the sum of the q-
powers of the real parts (also for imaginary parts) of them is restricted to [0, 1]. The CQROFS has received extensive attentions from many
scholars and has been widely utilized in the different areas [30-36].

In real decision problems, we go over numerous circumstances where we need to measure the vulnerability existing in the information to get
one ideal choice. Data measures are significant tools for taking care of uncertain information presented in our day-to-day life issues. Different
measures of information, such as similarity, distance, entropy, and inclusion, can process the uncertain information and facilitate us to reach
some conclusions. Recently, these measures have gained much attention from many scholars due to their wide applications in various fields,
such as pattern recognition, medical diagnosis, clustering analysis, and image segment. All the prevailing approaches of decision-making,
based on information measures for PFS and QROFS, can only deal with the real-valued truth and falsity grades. In CQROFS, truth and
falsity grades are complex-values and are represented in polar coordinates. The amplitudes corresponding to truth and falsity degrees give
the extents of membership and nonmembership of an object in a CQROFS with a rule that the sum of the q-powers of the real and unreal
parts of both grades is restricted to the unit interval. The phase parts are novel parameters of the truth and falsity degrees added from
traditional QROFS. QROFS can deal with only one dimension at a time, which results in information loss in some instances. However, in
real life, we come across complex natural phenomena where only one dimensional information cannot express fully the evaluation value,
and the second dimensional information is needed to express the truth and falsity grades. By adding the second dimension, the complete
information can be projected in one set, and hence, loss of information can be avoided. To illustrate the significance of the phase term, we
give an example. Assume XYZ organization chooses to set up biometric-based participation gadgets (BBPGs) in the entirety of its workplaces
spread everywhere in the country. For this, the organization counsels a specialist who gives the data concerning (i) demonstrates of BBPGs
and (ii) creation dates of BBPGs. The organization needs to choose the most ideal model of BBPGs with its creation date all the while. Here,
this issue is two-dimensional, to be specific, the model of BBPGs and the creation date of BBPGs. This kind of issue cannot be expressed
precisely by the conventional QROFS. The most ideal approach to address this problem is by utilizing the CQROFS. The amplitudes in
CQROFS might be utilized to give the organization’s choice regarding the model of BBPGs and the phase parts might be utilized to address
the organization’s judgment concerning the creation date of BBPGs.

In addition, cosine similarity is one of the most important measures, which can not only compare one data entity with others but also show
the extents of association between them and their direction. Also, CQROFSs have a powerful ability to model the imprecise and ambiguous
information in real-world applications than the existing information expressions such as CFSs, CIFSs, CPFSs. Besides, the SM is a valid
tool to examine the interrelationships among any number of CQROFSs, and it has been utilized to different areas [34]. Rani and Garg [23]
investigated the distance similarity by using CIFS. Garg and Rani [37] proposed some information measures based on CIFS. Garg and Rani
[24] developed the robust correlation coefficient based on CIFS. But up to date, the SMs for CQROFSs have not been investigated. Because
the CQROEFSs are a reliable technique to express complex fuzzy information, and the SM is an important tool for decision-making problems,
itis necessary to develop some SMs for CQROFSs. Therefore, keeping the advantages of SMs and CQROFSs, the main investigations of this
manuscript are summarized as follows:

1. The cosine similarity measures (CSMs) and Euclidean distance measures (EDMs) for CQROFSs and their properties are investigated.

2. Considering that the CSMs do not meet the axiom of similarity measure (SM), some new SMs based on CQROFSs using the explored
CSMs and EDMs are developed, which meets the axiom of the SMs.

3. Cosine DMs (CDMs) based on CQROEFSs by considering the interrelationship among the SM and DMs are proposed and an extended
TOPSIS method is developed.

4. Some examples are given to demonstrate the practicality and efficiency of the suggested procedure.

5. The graphical representations of the developed measures are also given in this manuscript.

This manuscript is summarized as follows: In Section 2, we briefly recall the concept of CIFSs, CPFSs, CQROFSs, and their fundamental
laws. In Section 3, we develop the CSMs and DMs by using CQROEFNS. In Section 4, we develop the TOPSIS method based on the investi-

gated measures. In Section 5, we give a comparative analysis of the proposed work with some existing approaches. The conclusion of this
manuscript is discussed in Section 6.

2. PRELIMINARIES

In this work, we recall the main ideas of CIFSs, CPFSs, CQROFSs, and their fundamental laws. We use the symbol O for universal
sets and the truth and falsity degrees are shown by M, and N, where M, (o) = M., (¢ ¢27(Me1p () and Ne,, (%) =

m@RP (5) einf(WQH, (3)).
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Definition 1. [20] A CIFS € is demonstrated by

GCQ = {(mcco (E) ’WGCQ (3)) . g (S 6} (1)

where Mg, (0) = Mg, (¢ 27 (M1 (2)) and N, (0) = Ng,, (0)e 2%, (7)) express the truth degree and the falsity degree
with 0 < Mg, (¢) + Ng,, (¢) < 1and 0 < Mg, (0) + N, (¢) < 1. Moreover, the term Tscq () = g, (0) ei2r(erp) =
(1-Mg,, (¢) — N, () 27 (170615 ()6, (7)) expresses the degree of indeterminacy.

Definition 2. [26] A CPFS € is demonstrated by

Geo = {(Mey, (3) . N, (5)) : T € O} @)

where Mg, (¢) = Mg, (¢ ¢27(Me;p(9) and Ne,, (0) = N, (0) 27 (M1 (9) express the truth degree and the falsity degree
with 0 < IMZ (3) + m(g (¢) < 1and0 < Mg (3) + méw () < 1. Moreover, the term v/ (¥) = Js,, (©) e (%rp) =
2 (o 1
( 1- g'RGRP SO) ) 1271(1—9)?%;”) (0)—925”, (o))2
NG, (@)
Definition 3. [28,29] A CQROFS €, is demonstrated by

expresses the degree of indeterminacy.

Ceo = {(Me, (3).Ng,, (3)) : T € O} (3)

where Mg, (%) = Mg, (¥) ¢27 (M1 (?)) and N, (0) = N, () ei27(%e;p (7)) express the truth degree and the falsity degree with
0 < M2 (B) + WZCQ (%) <1and 0 < Mgo? (3) + N¢? (T) < 1,9¢q = 1. Moreover, the term T, (%) = T, (¢ e2sr) =

- 1
< M, (2) - )‘”Qe‘ (1o ()90 () Fe0
Ng,y (2)

g-rung orthopair fuzzy numbers (CQROFNs) are shown by €cq = (WQRP P (m¢1P>, Ne,, ei2m (%,P))_ Further, we define the score and
accuracy values such that

expresses the degree of indeterminacy. Throughout, this manuscript, the complex

1
S (Ccq) = 5 (Mg + Mg, = Ny = N, 7). Seq (Ceo) € [-1.1] @
1
Hco (Cco) = 3 (fmg,ff + m%Q + mgﬁf %PQ) Hco (Ccg) €10,1] (5)
To find the relationships between any two CQROFNs Cco_; = (Em(zRP,leiZH(mG’P‘l),mcRPﬂenﬂ(mc’P—l)) and Coo, =
(?ﬁgwdeizn (m@,};,z), ERQRP?zeiZ” (WCIP—z)), we use the following rules:

1. 1f@cq (Ceor) > Sco (Cco—z) = Ccor > Ccos

2. I @co (Ccoot) < Scq (Cco-z) = Ccoot < Cgoss

3. IfSco(Ceoo1) =S¢ (Ceoz) =
1) 9o (Ccoor) > Heo (Ceo—z) = Cegor > €z
2) 1 9o (Ccor) < Heo (Cco—s) = Ceoot < Ccgon.

3. CSMs AND DMs BETWEEN CQROFSs

In this part, some CSMs and DMs for CQROFSs are proposed.
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Definition 4. For any two CQROFNs Cco; = (W@RP_I (o) ei2(Mepp_, (’5}))’ Ne,,, (41) 27 (N, ('5?))) and G, =
(E)JZGRP_Z (4} 2127 (M5, (57)), N, (01) 2 (Fepp_, (5?))> ,i = 1,2,,..., 7, based on a universal set © = {01,93, ..., 03}, then the CSM

CSMCQ (GCQ—I’ Gco_z) is demonstrated bY

~

qgc
Q T

< M, (5) Mg, (67) + M2, (57) M
+NE () NES(5) + N

\/WZGRP—I

cQ

29,
X\/ mGRP—Z

S (1)

(%) N,y (1)

(

9cQ
Crpo1
() + M) (5) + Ny

(51) + M () + Noe®

|

)+ NG© (&)

(3) + 96, (&)

CSMCQ (GCQ—I 5 (sCQ_z) = (6)

29cq

~

i

Theorem 1. For any two CQROFNs Gqq_; = (EIRQRP_I (07) el (Meyp, () Ne,p_, (1) 27 (Rspy (2’7))) and Cco, =
(mGRP-z ) o127 (Mep_, (5?)), N, (©7) ¢i27(Nsp_, (57))> ;i = 1,2,,....,7i, based on a universal set © = {01,03, ..., 05}, then the CSM
CSMcq (Gco_l, @CQ_Z) holds the following conditions:

1. 0 S CSMCQ (GCQ—I’ GCQ—Z) S 1;
2. CSMCQ (GCQ—I’ GCQ—Z) = CSMCQ (GCQ—Z’ QCQ—I);
3. CSMCQ (GCQ—l’ GCQ—Z) =1if GCQ—l = cgcQ—2 that is §IRQRP—l = Eln@RP—z’ m@n’—1 = §J‘R@nv—zm@m’—l = 2n@RP—z’ 2)2(5119—1 = m@m—z'

Proof: Based on Definition 4, conditions (1) and (2) are straightforward. Moreover, if we choose the €co_1 = C¢q_,, that is, M
M, s M, = M, Neyo, = Ny Ny, = Ny, then

29cq

2 o 2 ~
VI (G) + MG (57) + N' <,

X/ G (57) + M (57) + Ml

RP-1

RP-2’ IP-1 IP-2 RP-1 RP-2° IP-1 1P-2°

~

C 9gc
Q Q &

mZRP—I (6:1) mGRP—Z ( ) + I
NG, () Ng,,., (G) + N

4cQ
Crp1
9cQ
Crp

GcQ (=

(&) M2, (&) )
(6) N2 (57)
(&) + N’ (&)

(&) + N’ (&)

M=

CSMcq (@CQ—I! GCQ—Z)

=

Crp_2
( M (5) ME () +ME2, (57) ME2, (57) )
_op| e @)mer B)+ne, G)RE (3)
VR M (3) + M (5) + N (B) + N (5)
X/ ML (&) + M (5) + Nl (57) + N (57)
Mer® (37) + M ()

|

NG (5) + N

2q9cq
Crp_1

(

~

i

|

)

==

&

Hence, we obtain CSM¢q (Cco_1,Ccg_,) = 1.

29cq

~

(

1

i

)+ MG (3) + Ny (57) + N6 (7))

(S

+l
2)

By using the weight vector Q= {Quy_1, Qwy_s, ..., Quy_z} with Zﬁ ) Quyv_i = 1,Qpy_; € [0,1], then the WCSM is given by
i=

Definition 5. For any two CQROFNs Cco; = (W@RP_I (o) eiZT[(Em(SIP—l(E))’mGRP_l (@) e””(%,l,_l('@?))) and G, =

(E)JZGRP_Z (4} 2i27(Mep_, (57)), Ne,p, (o) ¢i27(Nepp_,y (5?))> ,i=1,2,,..,7, based on a universal set © = {01,93, ..., 03}, then the WCSM
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WCSMCQ (GCQ—I’ GCQ—Z) is deﬁned by

Crp1

( M, (71) My, (1) + Mg, (53) Mg, (5 )
NG (7)) Ng,, (6) + R, () R, (6

. )

WCSMcq (Cco1,€co-2) = Z:;l Quyi r— = Cr— r— )
\/mcRP—l (Oi) + mGIP—l (Oi) + mGRP—l (Oi) + m(g]P—l (Oi)
X\ MG () + M (5) + M, () + Nl (3)

RP-2 P—2 Crp—

For any two CQROFNs € = (Emgml (o3) 27 (M, (z:")), Nepp, (43) 2 (N, (2‘7))> and Cco_» =
(2),‘)2(5”7z (2?1) eiz’f(mﬁzpfz(?i)), Neer (5’1) eiZ”(mﬁlP—z(;;"))) ,i = 1,2,,...,7, based on a universal set 6, if we choose the weight vector
QWV = {QWV—17 QWV—Z’ ey QWV—}"I} = (%, %, ey %), then the WCSMCQ (GCQ—I’ GCQ—Z) is reduced to CSMCQ ((SCQ—I’ GCQ—Z)’

Theorem 2. For any two CQROFNs Gro, = (?JJZ@RP_I (43) el (Meyp, (30)) Ne,,, (61) 27 (Rsppy (5?))) and Cco, =

(EUZGRP_Z (41) eiz”(fmcm—z(a)), Ne,p, (47) eizﬂ(m@w—z(a))) i =1,2,,...,7, based on a universal set O = {61,03, ..., 0}, then the WCSM

WCSMcq (Cco-1, Cco-y) holds the following conditions:

1. 0 S WCSMCQ (GCQ—I’ @CQ—Z) S 1;
2. WCSMCQ (GCQ—I’ GCQ—Z) = WCSMCQ (GCQ—Z’ GCQ—I);
3. WCSMCQ (GCQ—l’ GCQ—Z) =1if GCQ—l = GCQ—2 that is §Dz@m’—l = 2Uz@RP—z’ Wz@lpq = m@m—zm@m—l = En@RP—z’ mGIP—l = m@m—z'

Proof: All are omitted.

Example 1.

Based on the universal set ) = {01,05,03,04, 03}, two CQROFNs are

. B (0"‘"‘1’ (O.zei2ﬂ(0.21)’ O'SeiZH(O‘Sl))) , (0’”"‘2’ (0.461'271(0.41)’ 0.2€i2n(0'21))) , (5’3" (0.5€i2ﬂ(0‘51), O.4ei2”(°'41))) , ndG _
cQ-1 = (T3, (0.3¢2703D) 0 302703D)) (73, (0.7¢2707D), 0,1i27(01D)) Q-2 =

(7, (0.2672702D) 0,7¢27OTY) (53 (0.6¢12706), 0,3¢12703D)) (53, (0.4€12704D 0 3¢127(03D))
i (73, (0427041 0, 4¢2704DY)) (T3 (0.6¢12706), (,1¢27(01D)))
QWV = {QWV—I’ Qwv_z, Qwv_3, Qwv_4, QWV—S} = (0.35, 0.2, 01, 0.15, 0.2), then we can get WCSMCQ (@CQ—I’ GCQ—Z) = 0.99938. If
we ignore the imaginary parts in all the above information, then we get WCSM¢q (€co_1, €cg_s) = 0.999438, which is discussed in Ref.
[38]. When an SM holds the conditions of SMs, then it is called the original SM.

}, further, suppose gco = 3, and

Lemma 1. For any two FSs €¢o_; and €¢g_,, if an SM SM (GCQ—D GCQ_Z) holds the following axioms:

1. 0<SMco(Cco1,€cpz) <15

2. SMcq (Cco-1>Ceq-2) = SMeq (Cco-2: Cco-1)s

3. SMcg(Ceoo1,Ccoz) =1ifCroy = Crgoa-

Then, we say that the SM¢q (€cg_1,Cco-y) is called the original SM. Where the DM is given by DMco (Cco_1,C€co) = 1 —
SMcq (€cg-1, Cco-2) based on SM. Moreover, we develop the EDM EDM ¢ (€ cg_1, €cq_,), which is demonstrated below.

Definition 6. For any two CQROFNs Cco_; = (WGRP—l (a)ei“(fm@w—l (5;)), Ne,o, (o) el (Rsppy (;}7))) and Cpo_, =

(WGRP—Z (41) ei2n(m¢“,_2(?£-))’ Ne,p, (o) eizn(m‘sw—z(;}?)» i =1,2,,..,7, based on a universal set © = {61,905, ..., 05}, then the EDM

EDMCQ ((SCQ—ly (SCQ—Z) is defined by

1
~ ~y ]2 ~ ~ |2 2
(ifmé’,‘if_l (81) = Mg, (@) + Mg, (81) - Mgy,?, (50)] ))2

~ ~ |2 ~ ~\ |2
R, (6 =N, (@) + g2, (80) - Ng?, (80)

1
EDMcq (Ccgo1,Ccq2) = (E Z (8)

€0 Crpa
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A
By using the weight vector Quy = {Quy_1, Qwy_s, ..., Quy_;} meeting Zi_l Quwy_i = L,Qupy_; € [0,1], then the WEDM
WEDMCQ (GCQ—l’ (ch_z) is defined belOW.

1
chQ ( ) m@CQ (5-\) 2 + m@CQ ( ) m@CQ (a«) 2 2
WEDMCQ (GCQ—I’@:CQ—2) = ( Z — ( ' @R;C; @2};;2 ’L' , ' (;Ile jé}(;—z '_,_‘l |2 (9)
= +Rg, (01) = Nepr, (G| + [N, (6) = N, (61)]
Theorem 3. For any two CQROFNs Gqo., = (?RGRH (a)en”(zmcw—l (a)),%@RH (Ei)eiz”(%m—l (E))) and Ceq, =
(EIRGRH (a)eiz”(m@w—z(a)),WGRH (a)en”(%w—z(a))),i = 1,2,,..,A, based on a universal set O = {01,03, ..., 05} then the

WEDMc¢q (Gcg_l, CS'CQ_Z) holds the following conditions:

1. 0 S WEDMCQ (GCQ—I’ @CQ—Z) S ].;
2. WEDMCQ (GCQ—D Gco_z) = WEDMCQ (GCQ—27 GCQ—I);

3. WEDMCQ ((gCQ—lv GCQ—Z) =0 if(SCQ—l = GCQ—Z that is &RGR}LI = EUZ(;; m(g = 9)2@ 92@ = 92@ 926“34 = 92@”,72.

RP-2’ IP—1 IP-2 RP-1 RP-2’

Proof:

1. Based on Definition 6, we know that 0 < Mg, ., Me,, .- Me,,_ > Me,,_, Nepp_,» Nogp_rs Nepp_y»
~— ~ (2 ~ 2 ~
Geg > 0, then 0 < |ME (5) = ML (3)[ < 1,0 < [ME () - M ()] < 1,0 <[NE (&) - & (&)

Crp-1

(4 D> QWV_i) =1.

;€0

N, < 1and the parameter

I/\

NI
NI=

1and0<|m(51 ( ) WZCQ

1P-2

(5“1.)|2 < 1. Therefore, 0 < WEDMcq (€ g1, Cco->) < (%)

2. BY using Definition 6, we easily Obtain the WEDMCQ (GCQ—D GCQ—Z) = WEDMCQ (Gco_z, GCQ—I)'

- ~\ 2
3. WEDMcq(€co1:6co2) = 0 &  [Mg, () zmgkp L@ = 0 M (B)-mE, &) =
0, 'mg}f}?l FH) mg}f}?z( )' =0, |mZICle ’«l mgﬁfz(a)' = 0 that is m’chP—l = mGRpfz’m(grpfl = m(gnvfzm(glepfl =
WGRP—Z’ mGIP—l m@w 2 & c’CQ 1= CQ 2¢
Definition 7. For any two CQROFNs Cco; = (W@RP_I (Ei)e””(”"@w-l(a)),m%_l (o) eizn(m‘gu’—l(a))) and Cep, =

(E)JZGRFZ (4} 2i27(Mep_, (57)), Ne,p, (o) 27N,y (57))> ,i=1,2,,...7, based on a universal set O = {01,03, ..., 03}, then the new SM
NSMcq (€Ccg-1,€cq-,) is demonstrated by

CSMCQ (G"CQ—I’ GCQ—Z) +1- EDMCQ (GCQ—I’ GCQ—Z)

NSMCQ (@CQ—I’ GCQ—Z) = )

(10)

where

}

(fmé’ﬁf (@) My, (5) + M (6) M, (57) )
N, (0) NGy, (01) + N, (5) Ny, (57)

Crr—2

Crr-1 Crpa

1J

CSMeo (Coo-1,Crp_n) = =
CQ( ce-1»=ce 2) n; m 2gcq -~ ?.m 9cQ mlch N 2gcqQ (=
Srpr (01) + M, (67) + N (03) + N, < (1)

\/m(;isQZ l + 9:)’z(/IPCQ ( ) + WGRP 2 ( ) + m@[pCQ (0 )

Crp—2

'2))2
~\ 2 -~ ~ (2
R, (6) = N, (B + N6 (6) - NGy, (83)]

9 - Y ~\ 2 9 - 2 -
EDMc¢q (Ccg-1,Cco-2) = <4n Z ( |2m(5§§ ,(81) = Mg, (@) + |m610£1 (01) = Mg, (63)

By using the weight vector Qyy = {Quyv_1, Qwy_s, .., Quy_z} meeting Z?_l Quwv_i = 1,Qpy_; € [0,1], then the weighted new SM
WNSMcq (Cco-1, Cco-z) is defined as follows.
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Definition 8. For any two CQROFNs Cro; = (932@”_1 (Ei)en”(m@u»-l (5?)), N, (61) 27 (N, (5?))) and Coo, =
(m(igp , (})e i27(Me,,_, (37)) N, (a)en”(m@u’—z(a)»,i = 1,2,,..,7, based on a universal set O = {01,03, ..., 03}, then the
WNSMCQ (GCQ—l’ Gco_z) is demonstrated by

WCSMco (Ccg-1,C€cg2) + 1 — WEDMcq (Cco-1,Ccg_z)
2

NSMCQ (GCQ—I’ GCQ—Z) = (11)

where

Crp-1 Crp—2 Crpa

N, (0) Ny, (01) + N, (5) N, (57)

Crp—2

(932%0 (30) Mg, (61) + Mg?, (57) Mg, (f’%))

Crpo1 Crp—s

WCSM Ceo-1,Cco0_5) = Quv_;
co (Cco-1,Ccq-2) IZ; wv—i . Sr——
2UzGRP1(0)_'_932(5”’1(0)_'-2,2(513131( i)+m(51P1(0)

X/ ML () + M (57) + Ml (57) + N’ (57)

1
- ,-'- 2 - ~— 2 2
MG (67) =M (G)] + (M2, (57) - M2 (37)) + ))2

1
WEDMcq (G co-1,Ccqs) = (— > QWV—i(
4 M oy 7y
(WZEPQA ( l) mGRP 2 (0 )) ( ZIC:: ( l) mGIP 2 (0 ))

5€0

If we choose the vector Quy = {Quv_1, Quy_ss -, Quy_it = (% %, %) then the WNSMcq (Cco_1,Ccg-y) is reduced to
NSMc¢q (€Cco-1,Cco_s)-

Theorem 4. For any two CQROFNs Cco_; = (EDZGRP_I (47) 2 (Merpy (5?))’ N, (%) 2 (ypy (E))) and Ceq, =
(EIRGRP , (4 )ezm(sm(g”, , (@) N, (47) eizn(m‘?n’—z(a)» i =1,2,,..,7, based on a universal set @ = {01,%3, .., Oa}, then the WNSM
WNSMcq (Cco-1, Cco-z) holds the following conditions:

1. 0 S WNSMCQ (GCQ—I’ @CQ—Z) S 1;
2. WNSMCQ (GCQ—l’ GCQ—Z) = WNSMCQ (GCQ—Z’ GCQ—I);
3. WNSMCQ (GCQ—l’ GCQ—Z) = 1iff GCQ—l = GCQ—Z that is m@RP—l = mGRP—Z’ m@mq = §J‘n@nv—z m@RP—l = ERGRP—Z’ EnGIP—l = m@m—z'

Proof:

1. Based on Definition 8 and Theorem 2, we know that 0 < WCSMc¢q (Cco_1,Cco_,) < 1 for the parameter gco > 0, then 0 <
WEDMcq (€cg-1,€co-2) < 1, then by using Lemma 1, we obtain 0 < WCSMCQ(GCQ"’GCQ’Z)HZ_WEDMCQ(GCQ’]‘GCQ’Z) < 1 which
implies that 0 S WNSMCQ (GCQ—l’ (sco_z) S 1.

2. By using Definition 6, Theorem 2, and Theorem 3, we easily obtain the WNSM (GCQ_I, GCQ—Z) = WNSMc¢q (ch—zs (SCQ_l).

3. When Cpoy = C€ggp we know that WCSMc (GCQ_I,Q'CQ_Z) = 1 and WEDM, (GCQ_I,Q'CQ_Z) = 0, then
WNSMcq (GCQ—l’GCQ—Z) = 1. In contrast, we have WCSMcq (GCQ—I’G’CQ—Z) = 1, then WCSM¢, ((SCQ_I,(SCQ_Z) +1-
WEDMcq (€cg-1,Cco-2) = 14+1—0 = 2, such that CSM¢q (€cg_1,€cg-z) =1 —WEDMcq (€cg-1, Cco-2)- For all CQROFNs
0 <WCSMco (Ceg-1,Ccg) < 1and 0 < WEDMcq (€cg_1,Cco-2) < 1 exists continuously, then WCSMcq (GCQ—p GCQ—Z) =
1and WEDM¢q (Cco_1,Ccg_,) = 0, by using Theorem 3, if WEDM¢q (€co_1, Cco_z) = 0, then it is obviously €1 = Cro_a.
9Htence WNSMcq (€co-1,Ccg-z) = 1iff Cco_y = Cpgy thatis Mg, =M Me,, , = Ms,, N, = R, Reyp, =

G

Crp-2?

P-2"

Definition 9. For any two CQROFNs Gco, = (9)2%1371 (43) 27 (Me;p_y (7)) Ne,,, (47) 27N pp_, (E))) and G, =
(?JZGRP 2 ( ) i27(Me,_, (7)) N (5’1) eizn(mﬁn’—z(?")» ,i=1,2,,..., A, based on a universal set o= {5—{,52, ,5;}, then the weighted
DM WDM¢q (€cg-1,Ccq-,) is expressed by:

1 —WCSMcq (€cg-1,Cco-2) + WEDMcq (€Cco_1,Cco-a)

WDMCQ (GCQ—l’ Gco_z) =1- WNSMCQ (GCQ—I’ Gco_z) - P)

(12)
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where
(zmg;g (@) Mg (5) + Ml (3) M, (57)
N 4co mq/cQ - + m‘?/CQ ~ m@CQ
WCSMcq (Ccg-1,Cco-2) = z Quy_ 5o R (00 R, (5) e () Y ;;( )
= Ci
VIR (8) + M (87) + N (57) + Mg’ (57)
D (3) + M (3) + N’ (3) + M (57)

1
~ ~ |2 2
(i &, (@) =M (B + M, (5) -y, ()] ))2

WEDMCQ (GCQ—I’ GCQ—Z) = ( Z wv-i
|m(SRP 1 (0 ) mgmﬂ 2 (0 )l |m(5n’ 1 (0 ) mgfp 2 (0 )|

o,e(?

If we choose the weight vector Quy = {Quv_1, Qwy_s, ..., Qwy_s} = (l, l,...,%), then the WDM¢ (GCQ—17(5CQ—2) is reduced to
DMCQ (GCQ—I’ GCQ—Z)'

Definition 10. For any two CQROFNs Cro; = (WZ@RP_l (o) ei27(Mep_, (57')), Ne,,, (61) 27Ny, (57))) and Co, =
(S)JZGRP_Z () e"Z”(WZGw-z(E’)), Ne,p, (o7) eiz’f(%w—z(a)m ,i=1,2,,..,7,based on a universal set © = {61,%3, ..., G5}, then the weighted

DM WDMc¢q (€cg-1, Cco-,) is defined by

1- CSMCQ ((SCQ—I’ @CQ—Z) + EDMCQ (GCQ—I’ GCQ—Z)

WDMcq (Ccg-1,C€co-2) =1 = NSMcq (Ccg-1,€cq2) = P (13)
where
( g,ff (@ )fmgﬁf ,(G) + Mg (5) g,cfz (@i ))
ﬁ M Ee N (T7) + Ne<° N (o
CSMcq (GCQ—LGCQ—Z) = %Z GRP 1 ( ) GRP = ( ) L ( ) GIP = ( )
. - 2 -
= \/9)2(;1:01 + m@iwc_ol ( ) + mGRP 1 ( ) + mGIPCQ (Oi)
ﬁ 2 -
XL, (3) + M (52) + Mes”, (7) + Mg (57)
- - 2
EDMcq (Sco1,6co0) = [ = 3 M, (3) - ML, (@B + M2, (@) -mE, @)\
CRAPCQ-1>=CQ-2/ = | 4y g o (o m@ca R (7 nice (g 2
+HRNgpr | (61) = Ney, (61 ' + N, (61) = N, , (61)]
Theorem 5. For any two CQROFNs Gqo_, = (%@Rp_l (%) el (Meyp, () N, (01) 27 (Rspy (2’7))) and Ceq, =
(gmGRP_Z ({;l.)e””(”@zp_z(ﬁ)),ERGRP_Z (a)eiz”(%w—z(a))),i = 1,2,,..,7, based on a universal set O = {01,%3, ..., 0z} then the
WDM¢q ((SCQ_I, G’CQ—Z) holds the following conditions:
1. 0<WDMcq (Cog1,€co2) < 1
2. WDMCQ (GCQ—I’ GCQ—Z) = WDMCQ (GCQ—Z’ GCQ—I);
3. WDMCQ (G:CQ—l’ (S:CQ—Z) = 1iff (gCQ—l = csCQ—2 that is mGRP—] = m@RP—z’ EUz@n’—l = m(g”,_zm(gRP_l = m@RP—z’ m@m—l = 2n(sn’—z'

Proof: Based on Theorem 4, we obtain WDM¢q (€cqg_1,Cco-2) = 1 = WNSMcq (Cco_1, €co-2), by Theorem 4, we easily obtain the
proof of Theorem 5.

4. EXTENDED TOPSIS METHOD WITH CQROFSs

TOPSIS method is a useful tool for MADM problems, and many researches on extended TOPSIS for the different FSs are done, for example,
Chen et al. [39] proposed an extended TOPSIS method for PHFLTS; Chen et al. [40] proposed a proportional interval type-2 hesitant fuzzy
TOPSIS approach based on Hamacher aggregation operators and andness optimization models. Now there are no extensions of TOPSIS for
CQROFSs, so it is necessary to develop TOPSIS method for CQROFSs.
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In this part, we develop the extended TOPSIS method for CQROEFSs. Suppose the family of alternativesis € ;; = {€ 4,_1, € 415, ..., €1}
which is evaluated by the decision-maker concerning the attributes Ba; = {Bar—1, Par—2 - » Bar—s} by using CQROFNs. Ccq_;; =

i2r(Mes,,_. .
(EIRGRP_Ue (e ”)’m@

i2n(Ne, o )\ . . . . . 9cQ 9cQ
i€ (Resp ij )) is an evaluation value of alternative € 4;_; for attribute 3 4,_; meeting 0 < WQGRP_U +2’ZGRP_U <1

and 0 < EUZZ;‘LJ. + NG <1, Gco 2 1 with Quy = {Qpv_1, Qwy_s, ..., Qyy_z}. Then the complex g-rung orthopair fuzzy decision

Crp_ij
matrix (CQROFDM) Qpy = (€ 4yj) = (W?GRP_ijeizn(MGIP-U ), W@Rp_ijem(%”-ff )) is expressed as follows:
XA

mxA

Ca-ii Camiz Cumn - Cyan
(gAl—Zl (gAl—ZZ (gAl—ZS .. @Al—zn—

Oom = | Cprzr Cazn Cumzs - Casg

Camm Cammz Carmmz - Caimmn

Based on the investigated CSMs, the steps of the developed decision-making procedure are as follows:

Step 1: The CQROFDM Qpy = (€ yyj) = <2m(¥1ep4 j€i2n<m6”’*i1), mGRP,,-jeiZH (mcn’—ij)) is normalized. If all criteria are benefits,

mXA g
m

Xn
then we cannot do anything, but, if one criterion is cost type, then we convert the cost criteria into benefits, by
~ 7 i27(9M ) 27 (N .,
Carij = (szRP—ije ( i >’ mGRP_ije ( clP—u)
(Em(:m,_,-,elzn( (Su»ﬂ/), mGRP_Uezzn( quu/)) for benefit types (14)

(mcmiijeu”(m@”’*if), mgﬁiueim(m%’*ﬁ)) for cost types

Step 2: the positive ideal solution (PIS) €}, = {G}_,, G} _,, ..., €} _;} and negative ideal solution (NIS) €3, = {€%,_1, €y, -, €1z}
are obtained by score values, which are shown as

@ZZ_J = max {@CQ (@Al—lj) N ©CQ (®A1—2j) g oo vy @CQ (@Al—n’u)} ,j = 1, 2, ey n (15)

(g;\l—j = min {@CQ (G’:Al—lj) N @CQ (G’:Al—Zj) 9 eee oy @CQ ((EAI—le)} ,j = 1, 2, ceey ﬁ (16)

Step 3: the closeness indexes ¥¢;_; and W,;_;, can be calculated by

_ WDMcq (Cco-i, €41)
WDMcq (Ccq—i» €4;) + WDMcq (Cco-ir €4))

lPCI—i si = 1,2,...,]’)71 (17)

v - WNSMcq (Ccois €1) ;
T WNsMeg (Geois €5y) + WNSMco (Gcoir €3))

=1,2,..,m (18)

Step 3: rank all alternatives by the closeness indexes W¢;_;and Wr;_;.

Because the DM between the alternative G 4;_; and PIS €%, is smaller and the CM between the alternative € 4;_; and PIS G, is bigger, the
alternative G ,;_; is better. So we can rank the W¢;_; from smallest to biggest, or rank the W;_; from biggest to smallest, and we can get the
ranking orders of all alternatives from the best to worst.

Example 2.

To show the application of the investigated method, we choose the real MADM example from Ref. [38]. To increase monthly income, an
enterprise wants to invest money in the market. For this, we choose four potential companies denoted by {€co_1, €co_2, €co_3, €4} as
alternatives, which are evaluated by the family of attributes shown as follows:

B 4;—1: Risk analysis.

B 4—»: Growth analysis.
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Table 1 Orignal decision matrix by complex q-rung orthopair fuzzy numbers.
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Alternatives\Attributes PBar—1 Bar— Bar—s Bai—a
O.7ei27r(0A6) O.91€i2”(0‘81) 0.92@1.27[(0‘82) 0.93€i2”(0'83)
GCQ—I . . . .
0.96127{(0‘8) 0.7161271(0‘61) 0.72612”(0'62) 0.73612”(0'63)
O.Sei27r(0‘7), 0.8661.2”(0‘9), 0.87ei27[(091), 0.88€i2”(0'92),
GCQ—2 . . . .
0.85812ﬂ(0.89) 0'81e12ﬂ(0471) 0.82612”(0'72) 0.83612”(0'73)
O.6ei27r(09) 0.71ei27r(0A81) 0.7261'271(082) 0.7361'27'[(0,83)
GCQ—3 . . . .
0.76127{(0‘8) 0.6161271(0‘91) 0.62612”(0'92) 0.63e127r(093)
0.81¢i27(061) 0.86¢i27(0.71) 0.87¢i27(0.72) 0.88¢127(0.73)
GCQ—‘I . . . "
O.SSeIZH(OJ) 0.826127{(0‘62) 0.83612”(0'63) 0.846’12”(0‘64)
Table 2 Normalized decision matrix.
Alternatives\Attributes PBar1 Bz Bz PBars

Ceo-1

Ceo-2

Ceo-3

Cro-a

O_geiZH(O.S)
0.7ei271(0A6)

|

0_85ei27((0.89)

0.8€i2ﬂ(0‘7)

|

0.7¢i27(0.8)
0.6i27(0:9)

|

0.856i2n(0'7),

O.81€i2ﬂ(0‘61)

|

0.91€i2”(0'81)

0.7121'271(0‘61)
0.86ei2”(0'9),

( 0.81ei27‘[(0A71)

0.7161'27!(0.81)

0.61¢127(0:91)
0.86ei2”(0'71)

0.82¢i27(0.62)

~— ~— - S~——— ~__—

0_92ei271(0.82)

0.7261'27'[(&62)
0_87ei27r(0.91)

)
[
(o)

0_72ei27r(0.82)

0.62ei27[(092)
0_87ei27z(0.72)

0.83¢127(0.63)

0.93ei27'r(0.83)

0.73ei271(0A63)
0.886127((092)

( 0.83¢127(0.73) )
( 0.73ei27t(0.83)’ )

0.63¢127(0.93)
0.886127((073)

0.84¢i27(0.64)

B 4—3: Social Impact.

B 4;—4: Environment Impact.

where P 4,_; is cost type, and the others are benefit types. To solve this example, suppose the weight vector of the attributes is
(0.4,0.3,0.2,0.1)", then the CQROFDM is expressed shown in Table 1.

The steps of the extended TOPSIS method are shown as follows:

Step 1: The CQROFDM Qpy = (G ), ; = (mcm_uem(m“”*”),%RP_,.je"z”(%H))

(only convert the attribute B 4,_1).

4x4

is normalized which is shown in Table 2.

Step 2: The PIS €}, = {€},_,, G}, _,,...,C},_;} and NIS €, = {€;,_;, €} _,, ..., €},_,;} are obtained as follows:

(g?;l—j = {

Cuj = {

(0.9ei271'(0.8)’ 0.7ei27[(0.6)) , (0.856i27[(0.89), 0.8@i2ﬂ(0'7)) ,
(0.73ei27r(0.83)’ 0.639127[(0'93)) , (0.856127[(0'7), 0.813i2ﬂ(0'61))

(0.93ei2ﬂ(0.83)’ 0.73ei2ﬂ(0.63)) , (0.889127[(0'92), 0.8361'271'(0.73)) ,
(O.7ei2ﬂ(0'8), 0.6ei2ﬂ(0'9)) , (0.886i27{(0'73), 0.84ei2”(0'64)) §

|

Step 3: WDMCQ ((Sco_i,(gxl), WNSMCQ (Gco_i,(gzl) and WDMCQ ((gCO_i,(g:”), WNSMCQ (GcQ_i,(g;”) are calculated shown as

(gcqo =6).

WDM¢q (€cq_1,C%) = 0.5871 WDMcq (€1, €4) = 0.5871

WDMcq (€cg_s, €F;) = 0.5835WDMcq (€Ccg_s, €4;) = 0.5867

WDMcq (€cg_3, €%) = 0.649 WDMq (Cro_3, G;) = 0.6326



P. Liu et al. / International Journal of Computational Intelligence Systems 14(1) 1653-1671 1663

1

Figure1 Geometrical expressions of the Example 2.

WDMcq (Ccg_s, ;) = 0.6037 WDMc( (Ccg_s, ;) = 0.5963

and

WNSMcq (Cco-1,€}) = 04129 WNSMcq (Cg_y, ;) = 0.4129

WNsMcq (Ccg_s, €F) = 04165 WNSMcq (€cq-z, €;) = 0.4133

WDMcq (€Ccg_s, €f) = 0.351 WNSMcq (Cco-3, €;) = 0.3674

WNSMCQ (@CQ—47 (gjil) = 0.3963 WNSMCQ ((SCQ—47 (g;”) = 0.4037

Then the closeness indexes W¢;_; and W¢;_; are gotten as follows:

W, = 0.5,We_, = 0.4986, W5 = 0.5064, ¥;_, = 0.5031

Yy CI—1=0.5¥ ¢, =0.5019, ¥ 5 = 0.4886, ¥, , = 0.4954

The graphical shows the closeness indexes in Figure 1.
Step 3: The ranking results can be obtained as follows:

Because

Weros > Yers > Yoo > Yo

Wiera > Yoo >Wers > Yo,

So we can get the ranking orders of four alternatives shown as €c_, > Ccg_1 > €y > Cco_s.

From this ranking result, the TOPSIS based on WDM and WNSM obtained the same ranking result. In Example 2, the CQROFNs are used
to express the evaluation information. Moreover, we choose the complex Pythagorean fuzzy information (CPFIs) and complex intuitionistic
fuzzy information (CIFIs) to solve it by using the investigated measures. To discuss the above issues, we use the following examples.
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1

Figure2 Geometrical expressions of Example 3.

Example 3.

To show the application of the investigated procedure in the environment of the MADM technique, we choose the real MADM example
from Ref. [38]. Moreover, the needed information is discussed in Example 2. To resolve the above issue, we considered the weight vector for
the attributes is demonstrated by: (0.4,0.3,0.2, 0.1)", then the CPFIs are expressed shown in Table 3 (which are normalized). Based on the
proposed TOPSIS, the steps of the developed decision-making procedure are given as follows.

Then by the investigated measures, the closeness indexes W¢;_; and ¥,;_; are obtained as follows:

TCI—l = 05009, lpc[_z = 04995, lIICI_3 = 05052, IIJCI—4 = 0.5046

W, =0.4994, % ;_, = 0.5003, % ;_; = 0.4961, ¥, , = 0.4968

The calculated values are demonstrated in Figure 2. fig 2
Next, the ranking results can be obtained as follows:

Because

Wer 3> ¥er 4 >%er > %o

W > Yoo > Yers > Yers

So we can get the ranking orders of four alternatives shown as

Cro2>Crg1>Crps>Cros

There are the same ranking results by WDM and WNSM, and the best alternative is €q_,. In Example 3, we used the CPFIs to resolve this
problem by investigated measures. Moreover, we choose the complex intuitionistic fuzzy information (CIFIs) to resolve this problem.

Table 3 Normalized decision matrix with CPFIs.

0.86€i2”(0'71) 0.87ei27r(0.72) 0.88ei2”(0'73)

Alternatives\Attributes Bar_1 Bz Bz PBais
O_9ei27r(0.8) 0.91€i27[(0'81) 0.926i2”(0'82) 0.93ei2”(0'83)
Cco-1 _ , . ,
0.1612ﬂ(02) 0.11612”(0‘21) 0.1261271(022) 0-13e12ﬂ(023)
0.853127{(0‘89), O.86ei2”(°'9), 0_87ei27r(0.91)’ 0.883i2n(0'92),
Cco-2 _ , . ;
0.2@127{(0‘1) 0.21812”(0‘11) 0.2261271(012) 0.23@1271(0'13)
0.7€i2”(0'8) 0.71€i2”(0'81) 0_72ei27r(0.82) 0'73ei27r(0.83)
Cco-3 _ , . .
0.3e12ﬂ(0A3) 0_31e12ﬂ(0A31) 0.326121(032) 0.33@1271(0'33)

0'85ei27r(0.7) ,
Cco-a

0.2ei2ﬂ(0.3) 0_22ei2ﬂ(0.32) 0.23ei27t(0A33) 0-24ei2ﬂ(0.34)
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Figure 3  Graphical expressions of Example 4.

Example 4.

To show the application of the investigated procedure in the environment of the MADM technique, we choose the real MADM example
from Ref. [38]. Moreover, the needed information is discussed in Example 2. To resolve this problem, we considered the weight vector for
the attributes is (0.4,0.3,0.2, O.1)T, then the CIFIs are expressed shown in Table 4 (which are normalized). Based on the proposed TOPSIS,
the steps of the developed decision-making procedure are given as follows.

The calculated values are demonstrated in Figure 3.

Then by the investigated measures, the closeness indexes W¢;_; and ¥,;_; are obtained as follows.

qJCI—l = 0.5051, lPCI—Z = 0.4981, LPCI—?) = 0.4937, lPCI—4 = 0.4973

Yo, = 04996, %, , = 0.5002, % ¢;_s = 0.5007, % o;_, = 0.5003

Then the ranking results can be obtained as follows:

Because

Wer1 > Yoroa > Weros > Yeros

Wers > W > Yo > Yo

So we can get the ranking orders of four alternatives shown as

Cro-3> Cros > Croz > Croy

There are the same ranking results by WDM and WNSM, and the best alternative is €q_3. Therefore, the investigated measures based on
CQROFSs are extensively useful to process complex data.

Table 4 Normalized decision matrix with CIFIs.

Alternatives\Attributes Bar—1 B Bz PBar_s
0_7ei27r(0.6) 0.71ei27r(0.61) 0_72ei27z(0.62) 0.73ei27r(0.63)

Cco-1 _ , . ;
0.161271(02) 0.1131271(0‘21) 0.12@127[(0'22) 0.13e12ﬂ(023)

Ceo-2

0.52@127[(052) 0.53ei27t(0.53)
0.32ei27[(0.32) 0.33ei2ﬂ(0.33)

0.73ei27t(0.43)

0-31ei2ﬂ(0.31)

0.7127(04) 0.71¢27(041)

0'72ei27z(0.42)
Cco-a

0_6ei27r(0.8), 0.61€i2”(0'81),
0.2ei2ﬂ(0.1) 0.213i2ﬂ(0'11)

O.SeiZ”(O'S) 0.516127[(051)
Ceo-
ce-3 0.3ei2ﬂ(0.3)

~———— ~— T~ S~ —

0_62ei27z(0.82)’ 0_63ei27t(0.83)’
0.22ei27[(0.12) 0.23ei2ﬂ(0.13)

~——— c~— T~ —

0.2ei2”(0'3) O.22€i2ﬂ(0'32) 0.23ei27[(0.33) 0.2461'27!(0.34)
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Table 5 Comparative analysis of the proposed and existing distance measures.

Methods Score Values/Measures Values Ranking Values

Ye [41] Cannot resolve it Cannot resolve it

Mohd and Cannot resolve it Cannot resolve it

Abdullah [42]

Liu et al. [38] Cannot resolve it Cannot resolve it

Garg and Rani Cannot resolve it Cannot resolve it

(37]

Ullah et al. [27] Cannot resolve it Cannot resolve it

Proposed Yooy =0.5,%c_, = 0.4986, %3 = 0.5064, W;_, = 0.5031 Cco-2 > Ccgo1 > Crgy >
WDM Ceo-3

Figure4 Geometrical expressions of Table 5.

Table 6 Comparative analysis of the proposed and existing ideas for similarity measures.

Methods Score Values/Measures Values Ranking Values

Ye [41] Cannot resolve it Cannot resolve it

Mohd and . Cannot resolve it

Abdullah [42]

Liu et al. [38] Cannot resolve it Cannot resolve it

Garg and Rani Cannot resolve it Cannot resolve it

[37]

Ullah et al. [27] Cannot resolve it Cannot resolve it

PrOpOSed li},CI—l = 0.5, lij\,c[_z = 0.5019, lij\,c[_3 = 0.4886, lij\,c[_4 = 0.4954 GCQ—Z > GCQ—I > Gco_4 >
WNSM Ceos

5. COMPARATIVE ANALYSIS

To show the validity and capability of the presented approach, we can compare it with some existing methods discussed as follows: Ye [41]
developed CSMs based on IFSs, Mohd and Abdullah [42] explored CSMs for PES, Liu et al. [38] presented CSMs for QROFSs, Garg and
Rani [37] investigated the SMs for CIFSs, and Ullah et al. [27] explored DMs for CPFSs. By Example 2, the comparative analysis is shown
in Tables 5 and 6.

The calculated values in Tables 5 and 6 are demonstrated in Figures 4 and 5.
Figures 4 and 5 contain graphical expressions of six different types of measures, and each measure contains four alternatives.

Based on the information of Example 3, the comparative analysis of the presented method with some existing methods is discussed in Tables
7 and 8.

(lei27[(1), 0.0eizn'(0.0)) , (lei27z'(1), 0.0eizn'(0.0)) ,
(lei271'(l)’ 0.0ei27r(0.0)) , (leiZH'(l)’ 0.0eiZH(0.0))

The calculated values in Table 7 are demonstrated in Figure 6.

For the existing measures, we choose another set: € = , then

The calculated values in Table 8 are demonstrated in Figure 7.



P, Liu et al. / International Journal of Computational Intelligence Systems 14(1) 1653-1671

Figure 5 Geometrical expressions of Table 6.

Table 7 Comparative analysis of the proposed and existing distance measures.

Methods Score Values/Measures Values Ranking Values
Ye [41] Cannot resolve it Cannot resolve it
Mohd and Cannot resolve it Cannot resolve it

Abdullah [42]
Liu et al. [38]

Garg and Rani
(37]

Ullah et al. [27]

Proposed
WDM

Cannot resolve it

Cannot resolve it

W, =0.6171, ®py_, = 0.6003, P53 = 0.6278, Wey_y = 0.6189

lpCI—l = 0.5009, ‘PCI—Z = 0.4995, IPCI—3 = 0.5052, lIICI—4 = 0.5046

Cannot resolve it

Cannot resolve it

Ceg—2 > Ccp1 > Crgy >
Cro-3
Croz > Crp1 > Crgy >
Cros

Table 8 Comparative analysis of the proposed and existing ideas for similarity measures.

Figure 6  Graphical expressions of Table 7.

Methods Score Values/Measures Values Ranking Values

Ye [41] Cannot resolve it Cannot resolve it

Mohd and Cannot resolve it Cannot resolve it

Abdullah [42]

Liu et al. [38] Cannot resolve it Cannot resolve it

[Gar]g andRani  Cannot resolve it Cannot resolve it
37

Ullah et al. [27]

Proposed
WNSM

W =0.3829, 9., = 0.3997, %5 = 0.3722, W, = 0.3811

Uy =0.4994,F o, , = 0.5003,F oy 5 = 04961, F o;_, = 0.4968

Croz > Crgr > €y >
Q-3

Croa > Ceg1 > Crgs >

Cco-s
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Figure 7  Graphical expression of Table 8.

Table9 Comparative analysis of the proposed and existing distance measures.

Methods Score Values/Measures Values Ranking Values

Ye [41] Cannot resolve it Cannot resolve it

Mohd and Cannot resolve it Cannot resolve it

Abdullah [42]

Liu et al. [38] Cannot resolve it Cannot resolve it

Gargand Rani ~ W¢;_; = 0.5038, W, = 0.4978,¥(,_; = 0.3926, W(;_, = 0.4955 Ceos > Crgy > Cpy >

[37] Cro

Ullah et al. [27]  W¢_; = 0.5115,%¢;_, = 0.4991, W5 = 0.5043, ¥, = 0.5025 Crooz > Crpy > Gz >
cQ-1

Proposed W = 0.5051,We_, = 0.4981,Wp_; = 0.4937,%c,_, = 0.4973 Ceos > Ceos > Cegp >

WDM Ceoa

Table 10 Comparative analysis of the proposed and existing similarity measures.

Methods Score Values/Measures Values Ranking Values

Ye [41] Cannot resolve it Cannot resolve it

Mohd and Cannot resolve it Cannot resolve it

Abdullah [42]

Liu et al. [38] Cannot resolve it Cannot resolve it

Gargand Rani W, ; = 0.4985, W ,_, = 0.4991,¥(,_; = 0.4998, ¥,_, = 0.4993 Cco-3 > Ccg_y > Cpp >

[37] Ceo-1

Ullah et al. [27]  Wep_; = 04991, W, = 0.4997, W(; 5 = 0.5002, W, = 0.4999 Croos > Croy > Cppp >
Cco

Proposed W, =0.4996, % oy, = 0.5001, % = 0.5007, ¥r;_, = 0.5003 Ceos > Ceouy > Cegy >

WNSM Cco

Figures 6 and 7 contain graphical expressions of six different types of measures, and each measure contains four alternatives.

Based on the information of Example 4, the comparative analysis of the presented method with some existing methods is discussed in
Tables 9 and 10.

The ranking order produced by Ullah et al. [27] is different from the others.
The calculated values in Tables 9 and 10 are demonstrated in Figures 8 and 9.
Figures 8 and 9 contain graphical expressions of six different types of measures, and each measure contains four alternatives.

From the above discussions, we obtain that if we choose the CQRIFISs, then the existing measures based on CIFSs, CPFSs are their special
cases based on Tables 5-10. Therefore, the investigated measures based on CQROFSs are more general and useful to solve the MADM
problem with complex uncertain information.
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Figure 8 Geometrical expressions of Table 9.

Figure9 Geometrical expressions of Table 10.

6. CONCLUSION

As a modification of the QROFSs, CQROEFSs are an important and useful tool to describe the complex inaccurate information by complex-
valued truth grades with an additional term, named as phase term. CSMs and DMs are an important tool to verify the grades of similarity and
discrimination between the two sets. In this manuscript, we develop some CSMs and DMs for CQROFSs. Then based on CSMs and EDMs
of CQROFSs, we propose an extended TOPSIS method to solve the MADM problems. Finally, we provide some examples to demonstrate
the practicality and efficiency of the suggested procedure. The graphical representations of the developed measures are also utilized in this
manuscript.

The proposed work is more powerful than the existing ones such as IFSs, CIFSs, PFSs, CPFSs, and QROFSs. In the future, In the future, we
will also extend some ideas [39,40,43,44] for complex QROFSs, or for some consensus-based extensions, we will extend the proposed ideas
to complex spherical FSs [45] and complex T-spherical FS [46]. We will also develop some new MADM methods based on the proposed
CSMs and EDMs for CQROFSs.
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