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Abstract

R-implications are studied on L,(U) con-
sidering the conditions under which main
properties are preserved, and their repre-
sentability from U to L, (U) is also presented.
Some results in the class of n-dimensional
R-implications obtained from t-representable
norms on L, (U) are discussed.
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1 Introduction

In [27], the notion of an n-dimensional fuzzy set (n-DS)
on L,-fuzzy set theory was introduced by Shang et. al.
as a special class of L-fuzzy set theory, generalizing the
theories underlying many other multivalued fuzzy log-
ics: the interval-valued fuzzy set theory (IVFS) [26],
the Atanassov’s intuitionistic fuzzy set [2] (A-IFS) and
its interval-valued approach [3]. In L,-fuzzy set the-
ory, the n-dimensional fuzzy sets membership values
are n-tuples of real numbers in U = [0, 1], ordered in
increasing order, called n-dimensional intervals. In ad-
dition, even when the repetition of elements of n-tuples
on the membership degrees is not considered, they can
be defined as a (Typical) Hesitant Fuzzy Sets (HFS)
[10,28]. A historical and hierarchical analysis of this
approach and other important extensions of the fuzzy
set (FS) theory can be found in [12].

As the main idea, an n-DS considers several un-
certainty levels in its membership functions, adding
degrees of freedom making it possible to directly
model uncertainties in computational systems based
on FS [8]. Such uncertainties are frequently associ-
ated to many causes see, e.g. n-ary operators mod-
elling imprecise parameters in time-varying systems
or n distinct expert knowledge possibly obtained from
questionnaires including uncertain words from natural
language.

This work focuses on mathematical description of re-
lated R-implications in the logical approach of n-
DS mainly related to fuzzy implications. According
o [11], the class of R-implications plays an important
role in FL. In a broad sense, it is frequently applied
to fuzzy control, analysis of vagueness in natural lan-
guage and techniques of soft-computing as well as in
the narrow sense, contributing to a branch of many
valued logic enabling the investigation of deep logical
questions [1].

1.1 Main Contribution

As the main contribution, this paper introduces the
definition of n-dimensional fuzzy R-implications (R-
n-DI) in order to show that the main properties of
R-implications on U can be preserved on L, (U). By
considering projection functions and degenerate ele-
ments, the conjugation in the class of R-implications
is presented. The ordering and neutrality properties
are extended from U to L, (U). Our results use con-
cepts and intrinsic properties as the identity and ex-
change principles from R-implications on U to R-n-DI
on L,(U).

Aggregating functions, in particular t-norms along
with fuzzy negations, are related to notions for n-
dimensional intervals. Theoretical results from R-
implications to their n-dimensional fuzzy approach are
obtained. Focusing on the R-implication class, rep-
resentable n-dimensional t-norms in conjunction with
representable n-dimensional fuzzy negations and their
interrelationship with the n-DSs are studied.

By using admissible order on L, (U) obtained by
aggregation-sequences, Lukasiewicz R-n-DI and the
minimum operator on L, (U), we are able to compare
multiple alternatives, contributing to a decision mak-
ing problem based on multiple attributes related to a
selection of the best CIM software systems based on
three decision maker evaluations.
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1.2 Related Papers

Stretching the seminal studies of n-DS [27], main re-
lated papers exploring logical properties of correspond-
ing fuzzy connectives in theoretical research (TR) ar-
eas providing support to applications in decision mak-
ing problems (DMP) are summarized in Table 1.

Following the reported research, this paper studies
the possibility of dealing with main properties n-
dimensional R-implications on L, (U), exploring their
application to solve DMP.

1.3 Outline of the Paper

This paper is organized as follows. In Preliminaries,
we report the main characteristics of n-dimensional in-
tervals and n-dimensional fuzzy negations are briefly
discussed based on [8]. In Section 3, n-dimensional t-
norms are studied including main properties, dual and
conjugate constructions. In Section 4, the concepts
and reasonable properties of n-dimensional fuzzy im-
plications on L, (U) are also studied, as well as evi-
dence on properties assuring their representability ex-
pressions. In Section 5, properties of R-implications
are extended to n-dimensional fuzzy approach, main
characteristics, duality and action of n-dimensional
automorphisms. The conclusion section highlights
main results and briefly comments on further work.

2 Preliminaries

In this section, we will briefly review some basic con-
cepts of FL, concerned with the study of n-dimensional
intervals, which can be found in [7,9].

2.1 n-Dimensional Fuzzy Sets

Let X # 0, U =[0,1] and n € Nt = N—{0}. By [27],
an n-dimensional fuzzy set A over X is given as

A= {14, (%), .

when, for ¢ = 1,...,n, the i-th membership degree
of A denoted as pa, : X — U verifies the condition

pa, (%) << pa,, ().

In [7], the n-dimensional upper simplex, is given as

aMAn(X)) ‘X e X}7

L,(U)={x=(z1,...,2p) €eU" 121 < ... <z,}, (1)
and its elements are called n-dimensional intervals.
For i = 1,...,n, the i-th projection of L, (U) is the
function 7; : L,(U) — U given by m;(x1,...,%n)=x;.

! n-dimensional Fuzzy Preference Relations
2Multi Expert Decision Making
3Multiple Attribute Group Decision Making Problem

A degenerate element x € L, (U) verifies the condition

mi(x) = m;(x), foreach i, =1,...,n, (2)
and will be denoted by /z/, for x € U.

Remark 1. By extending the <-order on U to higher
dimensions, for x,y € L, (U), it holds that:

x <y iff m(x) < mi(y) foreachi=1,...,n.

3)

Thus (Ln,(U),<) is a lattice. Additionally, for all
X,y € L,(U) the following relation is also considered

(4)

Xy&x=y,
this is the same as saying that m,(x) < w1 (y).

Moreover, it is related to partial orders on L, (U), one
can easily observe that = is more restrictive than <,
meaning that x <y = x<y.

By [17], L,(U) = (Ln(U),V, A, /0/,/1/) is a distribu-
tive complete lattice, which is continuous, with /0/
and /1/ being their bottom and top element, respec-
tively. By [7], for all x,y € L,,(U), the supremum and
infimum on £,,(U) is given as:

x Vy=(max(mi(x),71(y)), . .- 7max(7rn(x),7rn (Y))) (5)
x Ay=min(m (x),m1(y)), .. ., min(m, (x), 7, (¥)). (6)

Observe that Li(U) = U and L2(U) reduces to the
usual lattice of all the closed subintervals on U.

2.2 Fuzzy Negations on L, (U)

As conceived in [8], the notion of fuzzy negation was
extended to L, (U) and main concepts reported below.

Definition 1. A function N : L, (U) — L,(U) is an
n-dimensional fuzzy negation (n-DN) if it satisfies:

N1: N(/0/)=/1/ and N (/1)) = /0O/;

N2: If x <y then N(x) > N(y).

In addition, if N is an involutive function,

N&: NN (x)) =x;

then N is a strong n-DN.

According to [8, Prop. 3.1], if Ny,..., N, are fuzzy

—_~—

negations such that Ny < ... < N, then N;... N, :
L,(U) — L,(U) is a n-DN given by

Ny .1 s N (m(x)). - (7)

Nyp(x) = (N1 (mn (%)), - - -
...=N,, Ni...N, is denoted

And, when N = N; =
as N.

Example 1. Consider Npi,Npo : U — U as fuzzy
negations respectively given as follows:

ND2($):{

1, ifx =0,
0, otherwise;

0, ifx =1,
1, otherwise;

NDl(m):{
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Technique \ Contribution \ Class‘
n-Dimensional Intervals and Fuzzy S- | Study main properties characterizing the class of S- | TR
implications [31] implications on L, (U)
Towards the study of main properties of | n-dimensional QL-implicators are studied considering du- | TR
n-Dimensional QL-implicators [32] ality and conjugation operators.
Equilibrium Point of Representable | Studies some conditions that guarantee the existence of equi- | TR
Moore Continuous n-Dimensional Inter- | librium point in classes of representable (Moore continuous)
val Fuzzy Negations [18] n-dimensional interval fuzzy negations.
Moore Continuous n-Dimensional Inter- | Characterizing the notion of (continuous) n-dimensional inter- | TR
val Fuzzy Negations [21] val Moore metric using the definitions of (continuous) Moore

metric and n-dimensional interval fuzzy negations.
n-Dimensional Fuzzy Negations [9] Presenting n-representable fuzzy negations on L, (U), an- | DMP

alyzing main classes such as continuous and monotone by part.
Natural mn-dimensional fuzzy nega- | Studying n-dimensional fuzzy negations, applying these | TR
tions for n-dimensional t-norms and | studies mainly on natural n-dimensional fuzzy negations for n-
t-conorms [19] dimensional triangular norms and triangular conorms.
An algorithm for MCDM using n- | Introduces the concept of admissible order for n-DS pre- | DMP
DFS, admissible orders and OWA oper- | senting a construction method for those orders and studying
ators [15] OWA operators for aggregating tuples.
On n-dimensional strict fuzzy nega- | Investigate the class of representable n-dimensional strict | TR
tions [20] fuzzy negations.
A class of fuzzy multisets with a fixed | Define a generalization of Atanassov’s operators for n- | DMP
number of memberships [8] dimensional fuzzy values (called n-dimensional intervals).
Characterization =~ Theorem  for t- | Generalization of the notion of t-representability for n- | TR
Representable n-Dimensional Triangular | dimensional t-norms and provide a characterization theo-
Norms [7] rem for that class of n-dimensional t-norms.
The n-dimensional fuzzy sets and Zadeh | Definition of cut set on n-dimensional fuzzy sets studying | TR
fuzzy sets based on the finite valued | the decomposition and representation theorems of n-DS.
fuzzy sets [27]

Table 1: Distribution of papers based on n-dimensional fuzzy sets

and, Ng, Nig,Nr : U — U given as Ng(x) = 1 — «x,
Ng(x) =1—+/x and Nr(z) = 1 —22. It follows from
Eq.(7) that:

(i) Np1,Ngr,Ns, Nk, Npa : L,(U) = L,(U) is a rep-
resentable n-DN;

(i) Np1,Ns, Nk, Nr,Np2 : L,(U) = L,(U) are the
n-dimensional interval extensions of the above fuzzy
negations.

Proposition 1. [9] Let N be an n-DN. Then, a func-
tion N; : U = U 1is a fuzzy negation defined by

Ni(z) =m(N(x)),Yi=1,...,n,x € U. (8)

According to [9, Definition 29] and [23], an n-
dimensional automorphism on L(U) is reported below:
Definition 2. A function ¢ : L,(U) — L,(U) is an
n-dimensional automorphism if ¢ is bijective and the
following condition is satisfied

x<y e ex) <ey), vy e Ly(U). (9
3 Triangular Norms on L, (U)

By [9], a function A : L,(U)*¥ — L,(U) is an n-
dimensional aggregation (n-DA) if the following con-

ditions are verified:

AL A(/0/,..., /0)= 0] and A(/1/,...,/1))= /1
A2. (Xi Syl)ie{lk} :>A(X17. . .7Xk,) < A(yl,. . -ka),
V(le e 1Xk)7 (y17 cee 7Yk) S Ln(U)k

Example 2. By Eq.(6), the minimum aggregation op-
erator Fa : L,(U)k—L,(U) is given as:
fA(Xl, N ,Xk): (/\(Xila N ’Xik))ié{l,...,n} (10)
when X, = m;(Xg).
According to [15], a linear order C on L, (U) is called

admissible if for all x,y € L, (U) it satisfies: x <y =
x C y, meaning that C refines <.

By [15, Definition 5], let A = (Ay,...,Ax) be a se-
quence of n aggregation functions A4; : U™ — U. For
x,y € L,(U), the following holds:

1. x C y iff there exists k € {1,...,n} such that
A5(x) = Aj(y), Vj € {1,....k—1} and Ay(x) < Ay(y);
2.xCyiffeCyorz=y.

In addition, let A= (A4;,...,A4,) be an aggregation-
sequence of functions A; : U™ — U. Based on [15,
Propositon 1], the order relation C on L,(U) is ad-
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missible iff for each x,y € L, (U), the following holds:
Ai(x)=Ai(y),Vie{l,..n}ex=y.

Proposition 2. [15, Prop.2] Let A= (Ay,...,Ay)
be an aggregation-sequence such that A; : U™ — U is
given by: Ai(x) = (ai(m1(x)), ..., in(my(x))), when-
ever ai+. .. 4o, =1 and0 < oy < 1, for1<4,5<n.
The Cpaj-order on L, (U) is admissible iff the corre-
sponding matriz [A] = (o), ., is reqular.
Example 3. Consider the
Ay, Ay, As U3 — U where
Al(X) = 01:171 + 05172 + 041‘3,
AQ(X) = 0.3z1 + 0.4z5 + 0.3x3;
As(x) = 0.221 4+ 0.4z + 0.4x3.

aggregation-sequence

Under the conditions of Proposition 2, [A] = (j)5, 4
is a regular matriz. Therefore, A;(x) = A;(y),Vi €
{1,2,3} & x =y means that x Cp4) y.

In [19], the notion of t-norms on U was extended to
L, (U), and their main properties are reported below.
Definition 3. [8, Def.5.4] A function T : L,(U)? —
L, (U) is an n-dimensional t-norm (n-DT) if it is com-
mutative, associative, monotonic w.r.t. the product or-
der and has /1/ as its neutral element.

Let 7 be n-DT. The natural n-DN 7T is the function
N7 :L,(U)? = L,(U) given as

N7(x) =sup{z € Ln(U): T(x,2) = /0/}  (11)
According to [8], the conditions under which an n-DT

on L, can be obtained from a finite subset of t-norm
on U are reported as follows.

Theorem 1. [19, Theorem 8.3] If there exist t-norms
Ti,..., Ty such that Ty < ... < T, then T : L,(U)? —
L,(U) is a t-representable n-DT defined by

Ty Th(x,y)=(Th(m (%), m1(y)), - - - Tn(mn (%), 70 (3)))-
By Theorem 1, a t-representable n-DT is expressed as

T (l‘ln,.'l,‘gn)). (12)
In addition, if Ty = ... =T, = T, T1 .T,, in Eq.

(12) is denoted by T'. See additional studies in [19].
Example 4. Considering the t-norms on U given as:

o (o)~
Trk(z,y) = max(z +y — 1,0);
1. By Eq. (11) the natural n-DN and its n-DT are
given as (TD NDQ) (Tp7N5) (TLK7NS) (TM,NS)

2. By Eq.(12), TM,Tp7TLK,TWB : L,(U)? — L,(U)
is an example of t-representable n-DT.

Proposition 3. [8, Theorem 3.6] Let T be a n-DT
and ¢ be a n-DA. Then T% : L,(U)? — L,(U) is an
n-DT given as

T¢(X7 y) =

T ... Tn(Xl,Xz):(Tl (1'117 .1721) s

07 ifw7y€ U:

min(z, y), otherwise; Tp(x, y)=wy;

Tn (z,y)=min(z, y).

e (T(p(x), 0(y)).  (13)

4 Fuzzy Implications on L,(U)

Studies on n-dimensional fuzzy implications on lat-
tice (L, (U), <) were carried out, extending the pre-
liminary studies on representability of fuzzy implica-
tions [14,16] preserving their main properties. And, if
n = 2, n-dimensional fuzzy implications can be seen as
extensions of interval-valued fuzzy implications. Thus,
their properties on U can also be investigated in an n-
dimensional sense in L, (U).

Definition 4. [31, Def.7] A function T : L,(U)?—
L, (U) is a n-dimensional fuzzy implicator (n-DI) if T
meets the boundary conditions:

Z0(a): Z(/1/,/1/)=1(/0/,/1/)=Z(/0/,/0/) =
Z0(b): (/1/./0/)=/0).

Other properties of an implicator Z are as follows:

1/

Il:x <z = I(x,y) > I(2,y);
12:y <z = I(x,y) <ZI(x,2);
I3:1(/1/),y) =y

T4: I(/x/, [x)) = [1/;

,/0/) = N(x);

76: Z(x,Z(y,z)) = Z(y,Z(x,2));

=/1/ex<y.

I5I(x

I7:Z(x,y)

Proposition 4. Let ¢ : L,(U) — L, (U) be an n-DA
and I : L, (U)? = L,(U) be an n-DI. Properties from
To to Iy are invariant under the conjugate-operator
% : L,(U)? = L,(U) given by

= ¢~ (Z(o(x), 6(¥)) -

7%(x,y) (14)

Proof. Let Z be an n-DI verifying properties from Z
to Zr. For x,x1,X2,y € L, (U) the following holds:
70 : For z € L, (U), we have the boundary conditions:

Z9(/0/,/0/)=¢~ (Z(6(/0/,6(/0/)))=¢ " (/1))=/1/;
Z2(/0/,/1))=¢ " (Z(6(/0/,6(/1)))=¢ " (/1))=/1/;
I2(/1/,/1))=¢ " (Z(6(/1/6(/1)))=6""(/1))=/1/;
Z9(/1/,/0/)=¢" (Z(6(/1/.6(/0/))=¢"(/0/)=/0/.

71 : Consider x; < xXa. By the monotonic-
ity of bijection ¢, we obtain the following ex-
pression:  I%(x1,y) = ¢ (Z(6(x1),0(y)) <
¢~ (Z(p(x2),0(¥))) = Z%(x1,y)

72 : Analogous to Il

I3:1°(/1/,y)=¢"" (Z(/1/,9(y))=0""(/1/)=/1/.
T4 - T0(x,x)=¢ " (Z(¢(x), (x)))=¢ " (/1/)=/1/.
I5: I%(x, /0/)=¢~" (Z(¢(x), /0/))=¢""(/1/)=/1/.
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76 : Since 7 satisfies exchange principle, we have that

I%(x, 2%y, 2)) = I%(x, 6" (Z(6(y), #(2))))
“HZ(6(x), Z((y), ¢(2))))

THZ((y), Z((x), ¢(2))))
=TIy, ¢~ (Z(6(x), $(2)))) =

Z7 : Since T verifies Z7, we obtain the next result:

I%(y, 1% (x, 2)).

(x,y) = /1) & ¢~ (Z(6(x), ¢(y))) = /1/
& (Z(o(x),0(y)) = /1) & ¢(x) < d(y) & x <.
Concluding, Proposition 4 holds. O

An n-DI Z which also satisfies Z1 and Z2 is called an
n-dimensional fuzzy implication or fuzzy implication
on L,(U).

Proposition 5. /31, Pmp 5] Let Iy,....1,: U*=U
be functions such that 11 . < I,. Then, for x,y €
L,(U), a function 11 Ay L, (U)2 =L, (U) given by

—

Ii... [n(X7 y):(Il(ﬂ'n(x)ﬂTl (y))7 o

is an n-DIiff I, ...,

oIn (ﬂ-l (X) yTn (y)))7 (15)

I, are also fuzzy implicators.

By Proposition 5, 7 is called a representable n-DI if
there exist fuzzy implications I1 < ... < I, such that

IT=1...1,. When I} = ... =1, = I, expression
I,...I, in (15) is denoted by I.
Remark 2. Let Z(L,(U)) be the family of all n-DIs.

Forx,yeL,(U), I...I,€Z(L,(U)) andi=1
the following holds:

.In(X,y)):Ii(ﬂ—nJrlfi(X)?Wi(y));
L(/x/, [y/)) = Li(z,y);
3. m(f(/xﬂ/y/)) =I(z,y).

) "7”7

1. 7ri([1 ..

2. 7Tz(Il

Let N be a strong fuzzy negatlon According to [31,
Proposition 7] the N-dual of 11 A, € Z(L,(U)) is

the function 11 Ay Ln(U)? — Ly (U) given as

—~ —~—

N Lg(xy) =TI Ly(xy).  (16)

Proposition 6. [31, Prop 8/ An n-DI L., €
Z(L,(U)) is a n-dimensional fuzzy implication iff
I ... I, are also fuzzy implications on U.

Other main properties of fuzzy implications on U are
preserved by the representable n-DI on L, (U).

Proposition 7. Leti € N, andk =3,...,7. Ann-DI

—_~—

I .1, : Lo(U)? — Lp(U) wrt. an-DN Ny...N,
verifies the property Tk iff each FI I; : U?> — U w.r.t.
to Np_iy1, for i = 1...n, verifies the corresponding
property Ik.

Proof. (=) Firstly, let I, ..., I, € Z(L1(U)) fuzzy im-
plications satisfying properties from Z3 to Z7. For
I...I, € I(L,(U)) given by Eq.(15) and x,y €
L, (U ) the following holds:
73: Il (/1/ y) (Il(lvyl)a“-aln(layn))

= (y1,-.- ,yn) =1y (by Eq.(15) and 13)

74 . Il I,(/z/,/z]) = (Ii(x,x),...,In(z,x))
= (1,... 1) = /1/ (by Eq.(15) and 14)

T5:0,...1 I,(x,/0/) = (I1(xy,0),..., L,(x1,0)
(Nl(xn) ...,Nn(xl)) = N(x) (by Eq.(15) and I5)

76 I ... I,(x, I, ... I, (y, ))

=5L...0,(x(I1(Yn, 21), - - -, In(y1, 2n)) (by Eq.(15))
= (Li@n, [iyn, 1)), - In (xlv n (Y1, 22)) (by Eq.(15))
= (Li(yn, L (2n; 21)), - I (ylv n (21, 2))) (by 15)
Lo Loy (@ 21)s o a1, 20) (by Eao(15)
=0... L(y, I ... I,(x, )) (byEq(15))

I7: 1. L(xy) = /1

& (L (2, 91), - In(w1, 9)) = /1/ (by Eq.(15))
= Il(xnvyl) = 17' . '7In(z1ayn) =1 (by 17)
<. <z, << Sy & x <y (&)

Let Il, ooy In € Z(L, (U)) given by Eq.(15) and verify

propertles Ik, for kK = 3,...,7. Based on projections
m;, for each i = 1,...,n, the following holds:

13: By 73, I .. In(/l/ /y/)=/y/ implies I;(1,y)=

I4: By Z4, I .. In(/x/ Jx/)=/1/ i~mplies Ii(z,2)=1.

I5: By 75, if I1 I,(/z/,/0/)=N(/z/) then it im-

plies Ii(x,O):N(xl\_/

16: By 76, L...I.(/x/, L L/l [#)) =
(/y/,h (/x/z/)) Then, it holds that

I(w 1y, ))—I(yJ( z))-

I7: By 77, L. Lu(/x/, Jy/) = /1) = 2/ < Jy/.
Then, the followmg is verified: I;(z,y)=1 =z <.
O

5 R-Implications on £, (U)

The definition and the main properties of R-
implications extended from U to L, (U) are discussed
below.

Definition 5. A function Ir : L,(U)?> — L,(U)
is called an n-dimensional R-implication (R-n-DI) if
there exists n-DT T : L,(U)? — L,(U) for x,y,z €
L, (U), such that

Ir(x,y) =sup{z € L,(U): T(x,z) <y} (17)

The next proposition extends results from [5, Theorem
5.5].

Proposition 8. If T is ann-DT then Iy € Z(L,(U)).
Moreover, it verifies Z0, Z1,72,73 and Z4. In addi-
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tion, it also verifies I, meaning that its natural nega-
tion Nz coincides with the N given in Eq.(11).

Proof. Let T be an n-DT and Z7 be a function defined
by Eq.(17). Let x,y,z € L,(U).
70: The boundary conditions hold:

Zr(/1/, /1 ))=sup{z € Ln(U): T(/1/,2)=2 < /1/}=/1/;
Z7r(/0/, /1))=sup{z € Ln(U): T(/0/,2)=2 < /1/}=/1/;
Z7(/0/, /0))=sup{z € Ln(U): T(/0/,2)=2 < /0/}=/1/;
Ir(/1/, /0))=sup{z € L.(U): T(/1/,2) =2 < /0/}=/0/.

71: Let x1,x2 € L, (U). Based on monotonicity of T,
when x; < xg, taking z € L, (U) such that T (x2,2z) <
y we should have that 7(x;,z) <y. Then, we obtain
the inclusion:

{ze L,(U):T(x1,2)<y}>{z € L,(U): T (x2,2) <y}.

Then, Tr(x1,y) = suplz € Lo(U): T(x1,2) < y}
and so, Zr(x1,y) > sup{z € L,(U): T(x2,z) < y}.
Therefore, Zr(x1,y) > Z7(X2,y).

72: Let yi,y2 € L,(U), are arbitrarily fixed and

y1 < y2. Analogous to Z1.

13: Ir(/1),y) =sup{z € L, (U): T(/1/,2)=2<y}=y.
T4: Tr(/z), [z )=sup{zel,(U):T(/z/z)</z/}=/1/.
Z5: I7(x,/0/) = sup{z € L,(U): T(x,2) < /0/} =

N7(x), by Eq.(11).
Concluding, Propoposition 8 is verified. O

The next proposition extends results from [4,

Prop.2.5.10].

Proposition 9. If Zr : L,(U)?> — L,(U) is an R-
n-DI generated from an n-DT T : L,(U)?* — L,(U)
then its ¢-conjugate I?i : Lo(U)? — L,(U) is also
an R-n-DI generated from a ¢-conjugate n-DT T? :
L,(U)? — L,(U), and the following is verified:

Iixy) = ZIre(xy), ¥xy € Ly(U). (18)
Proof. From Prop. 3, 7% : L,(U)? — L,(U) is an
n-DT implying that Ips : L, (U)? — L,(U) is an R-
n-DI. Based on the continuity of bijection ¢, the fol-

lowing holds:

I3 (x.y) = 6~ (Zr(8(x). ¢(¥))

= ¢~ (sup{z € L, (U): T(6(x),2) < 6(y)})

=sup{¢~!(z) € L, (U): ¢~ (T(6(x),2)) <y}

=sup{z € L,(U): 6~ (T(6(x), ¢(2))) <y}

= sup{z € L,(U): T?(x,2) < 6(y)} = Zre(x,y)
Therefore, Proposition 9 is verified. O

Corollary 1. Let ¢ : L,(U) — L,(U) be an n-DA
and Ir : L,(U)?> — L,(U) be an R-n-DI. Proper-
ties I3,Ts and I; are invariant under the conjugate-
operator I? : Ly(U)? = L, (U).

Proof. 1t follows from Propositions 4, 8 and 9. O

Example 5. Let Inx : U2 = U be the Lukasiewicz
fuzzy implication, Ink(z,y) = max(1,1 —x +vy). The
function Ty : L2(U) — L,(U) given as Irk(X,y) =
(A(/1/,/1/—x+Yy)) is an R-n-DI obtained by taking
T in Eq.(17) as Tri, see Example 4. In addition, we
have that I = I’L\;{

6 Application on DMP

This section extents the application described in [29,
Example 1] based on CIM (Computer-Integrated Man-
ufacturing) software plays, from HFS to n-DS.

The triangle product <1 : L,,(U)? — L, (U) is given as
4= Fpolg, taking Ir g : Ln(U)2 — L,(U) as the
Lukasiewicz R-n-DI in Example 5 and F, : L, (U)* —
L, (U) as the minimum operator given in Eq.(10).

Taking k,j € {1,...,n2} and i € {1,...,n1}, the ac-
tion of <-operator can be given by nixns-matrix whose
elements zj ; = <(xxi, X;;), are given as follows:

K

f fv 79 i) (= ) ’.f
zkyl—{( rolux (X, xi )(’*1'“4) (k,j:l...?)l (19)

(1.0, 1.0, 1.0), otherwise.

It enables us to compare multiple alternatives in or-
der to solve the following DMP. To help the user in
the selection of seven kinds of CIM software systems
filled in nowadays market, a data processing company
aims to clarify differences of such systems [13]. The
evaluations expressed by n-DS are shown in Table 2.

Let A ={A;,Ay,..., A7} (ny = 7) be the set of CIM
software alternatives and X be the set of 4 attributes
related to functionality (a), usability (as), portability
(a3) and maturity (aq) (n1 = 4).

Selecting opinions of 3 decision makers (DM) to pro-
vide their evaluations with values between 0 and 1 for
all alternative A; w.r.t. each attribute are expressed as
3-dimensional intervals x;; and contained in the ma-
trix [D]7><4:(in)k:1...7,i:1...4- Applying Eq.(lg), the
resulting matrix L7x7=(2g; )k, j=1...7 is given in Table 3.

Consider 1°* and 2"¢ lines (alternatives Ay and As)

in Table 2. For a component zy; = F(y;)i=1..4, Yi =
ILK<X2i7 Xli) = (/\(1, 1_X2i+X1i))i:1...4a it hOldS that:
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y1=Irk (x21,%11) =11 ((0.85,0.85,0.9), (0.8,0.85,0.95))
(A(1,1-0.940.8), A(1,1—0.840.85), A(1,1—0.9540.95))
(0.9,1.0,1.0)

yo=Irk (X22,%12) = I x((0.6,0.7,0.8), (0.7,0.75,0.8))
(A(1,1-0.840.7), A(1,1—0.740.75), A(1, 1—0.6+0.8))
(0.9,1.0,1.0)

ys=Irk (x23,x13) =1 ((0.2,0.2,0.2), (0.65,0.65, 0.8)
(A(1,1—0.240.65), A(1,1—0.240.65), A(1,1— 0.24+0.8))
(1.0,1.0,1.0)

ya=Irk (x24,x14)=I1((0.15,0.15,0.15), (0.3,0.3,0.35))
(A(1,1=0.1540.3), A(1,1—0.1540.3), A(1,1—0.15+0.35))
(1.0,1.0,1.0).

So, the result component in Table 3ghown in bold row-
2;column-1)is a 3-dimensional interval zs; given as:

Z21 = <U(X2i,X1i) = -7'-/\01/;;( (X2i,xli)(i:1m4)
=(A(0.95,1.0,1.0,1.0), A(1.0,1.0,1.0,1.0), A(1.0,1.0,1.0,1.0))
=(0.90,1.0,1.0)

By observing, the value related to the ¢-th component
of z; € L3(U) results from action of <-operator over
data provided by evaluations from the i-th DM.

Moreover, considering the results from Proposition 2
and taking the aggregation-sequence given in Exam-
ple 3, we can compare the 3-dimensional intervals in
Table 3 using the admissible C(4j-order.

See the comparison results in the following, where
Ca)=C and Jj4=3 are used by reducing notation:

Z2173Z12
Z313Z,3
Z413Z14
Z513Z15
Zs13Z16
Z713Z17

Z12CZo1
Z3oCZo3
Z4oCZoy
Z520Z25
Zs2Z26
Z72CZo7

Z13CZ31
Z337Z32
Z437Z34
Z533Z3s5
Z33Z36
Z733Z37

Z14CZya
2242742
Z34CZy3
Z54CZys
ZsaCZyo
Z74Z47

Z15CZs51
Z25CZs2
Z35CZs53
Z45Z54
ZesCZse
Z753Z57

Z16CZe1
Z26CZe2
Z36C"Ze3
Z46Z64
Z563Z6s
Z76CZe7

Z17CZ71
Zo7Z72
Z37CZr73
Z47CZ74
Z57CZ7s
Ze73Z76

Since z;1 3 zy;, for ¢ € {1,...,7}, then A is the su-
perior CIM software alternative by comparing it with
other alternatives. The same analysis can be per-
formed to other alternatives.

7 Conclusion

This work discusses n-dimensional R-implications,
considering ¢-conjugation under R-implications from
U to L,(U). As main contribution, properties charac-
terizing the class of R-implications on L, (U) are stud-
ied. An illustration on solving a DMP applied to a
CIM software is discussed.

In sequence, this study considers the discussion of such
extension of fuzzy connectives on L, (U) related to
other special classes of fuzzy implications: Dishkant-

and Yager-implications [6,24,25,30] also considers the
(T,N)-implications [22]. Since inherent ordering re-
lated to n-dimensional intervals, further work consid-
ers admissible linear orders contributing with solutions
for DMP on multi-attributes and multi-specialists.
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