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STABILITY FOR SOME INVERSE PROBLEMS FOR TRANSPORT
EQUATIONS

FIKRET GOLGELEYENT AND MASAHIRO YAMAMOTO?

Abstract. In this article, we consider inverse problems of determining a source term and a
coefficient of a first-order partial differential equation and prove conditional stability estimates with
minimum boundary observation data and relaxed condition on the principal part.
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1. Introduction and main results. Let Q2 C R” be a bounded domain with
smooth boundary 9 and let v(z) be the unit outward normal vector to 9. Let us
consider

owy(z,t) + H(zx) - Vy(z,t) + V(x)y(z,t) = f(x)R(z,t), € 0<t<T (1.1)
and
y(x,0) =0, x € Q. (1.2)

We assume that H := (hy,...,h,) € {CH(Q)}" and V € L>(Q).

Throughout this paper, we set z = (z1,...,2,) € R", 0; = a%j for j =1,2,...,n
and 9y = &,V = (01,...,0,), A = > 05—, 0%, and H - J denotes the scalar product of
H,J e R"

The main problems in this paper are
Inverse source problem

Let H,V, R, T C 99, T > 0 be given suitably. Determine f(z), z € Q from y|ry (o, 1)

Moreover we consider
Oru(z,t) + H(z) - Vu(z,t) + V(z)u(z,t) =0, 2€Q,0<t<T (1.3)
and
u(z,0) = a(zx), x € . (1.4)

Inverse coefficient problem

Let a and H be suitably given. Determine V' (x) and/or H(x) by data u|py (o,7)-
Equations (1.1) and (1.3) are transport equations and are models in physical

phenomena such as Liouville equation and the mass conservation law. Moreover the

transport equation is related to the integral geometry (e.g., Amirov [1]). As for other
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physical backgrounds such as neutron transport and medical tomography, see e.g.,
Case and Zweifel [8], Ren, Bal and Hielscher [18].

Our inverse problem is formulated with a single measurement, and Gaitan and
Ouzzane [9], Klibanov and Pamyatnykh [15], Machida and Yamamoto [17] discuss the
uniqueness and the stability for inverse problems for initial/boundary value problems
for transport equations by Carleman estimates. The papers [15] and [17] discuss
transport equations with integral terms where solutions y and w depend also on the
velocity as well as the location x and the time t.

The main methodology in [9], [15], [17] is based on Bukhgeim and Klibanov
[7]. After that, there have been many works. Limited to hyperbolic and parabolic
equations, we can refer for example to Baudouin, de Buhan and Ervedoza [3], Beilina
and Klibanov [4], Bellassoued and Yamamoto [6], Imanuvilov and Yamamoto [11],
[12], Klibanov [14], Yamamoto [21] and the references therein. Here we do not intend
to give any complete lists of the references. In [9] and [15], the key Carleman estimate
is the same as the Carleman estimate for a second-order hyperbolic equation and in
order to apply the Carleman estimate one has to extend the solutions y and u to (1.1)
and (1.3) to the time interval (—T,0). Such an extension argument makes the proofs
longer, and requires an extra condition to unknown coefficients and initial value as in
[15]. In Sections 2 and 4, we prove Carleman estimates (Lemmata 1 and 3), which can
directly estimate initial values. Thanks to our Carleman estimates, we can simplify
the proofs of the stability and relax the constraints of the principal coefficients H's.

As for inverse problems for transport equations with many measurements, see
surveys Bal [2], Stefanov [20] and the references therein. Klibanov and Yamamoto
[16] established the exact controllability for the transport equations by a Carleman
estimate.

Unlike [2] and [20], we discuss the inverse problems for a single initial/boundary
value problem where we need not change initial values or boundary values. More
precisely, in the formulation for the inverse problems in [2] and [20], we have to change
boundary inputs on some subboundary and repeat measurements of the corresponding
boundary outputs on other subboundary. One can apply the method of characteristics
to the same kind of inverse problem for the first-order equation and see Belinskij [5],
Chapter 5 of Romanov [19] for example.

We set,
Q=90x(0,T)

and

{ 00Ny = {x € 90Q; (v(x) - H(x)) >0},
0N_ ={x € 9Q; (v(z) - H(z)) <0}.

Throughout this paper, we assume that 1 € C%(Q) and H = (h,....,h,) €
{CH(Q)}" satisfy
w = min(H (z) - Vip(x)) > 0. (1.5)
€N
We here note by (1.5) that |H(z)| # 0 for = € Q.

We give four cases where (1.5) holds.
Case 1. We assume

|Vd| >0 on Q, H(z) = Vd(z), x e
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with some d € C?(Q2). Then (1.5) holds if we choose ¢ (z) = d(x), = € Q.

Case 2. Let us assume that {(hi(z),...,hn(2)); * € Q} C R" is separated from

(0,...,0) by a hyperplane ajxy + - - + apz, = 0 with some ay,...,a,, € R and |a1| +
<+ |an| # 0. Then (x) = ayx1 + - + apxy or Y(x) = —a121 — - - - — ap 2y, satisfies
(1.5). In particular, (1.5) holds if H(z) is a constant vector because {H(x); Q} is

composed of one point. In fact, the separation condition means that |(H (z)-Vi(x))| =
larhi(x) + -+ anhy(x )|>Oforallx€Qor<Of0rallx€Q

Case 3. Let 0 € 2. We assume that there exists a constant dg > 0 such that

|H(z)| > 6o, z€Q

Then (x) = 327, x;h;(x) satisfies (1.5) if max, g |2/ is sufficiently small.
Proof. By the Cauchy-Schwarz inequality, we have

(H(x) - Vi(x)) = Z 24 Z he(x Z xj0¢h ()
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Therefore (1.5) holds true if

min, o |H (z)]?

0 < max |z| < .
2€Q I H | Lo @)y I VH [ {Loo () 3mxn

Case 4. We assume that there exists 99 € {1,2,...,n} such that h;, () > 0 for all z €
2. Then we choose sufficienly small b € R such that Q C {(x1,z2,...,2); ©;, > b}.
Setting ¥(x) = (z;, — b)?, we verify that (1.5) holds. In fact,

(H(z) - Vip(x)) = 2hiy(2)(2iy — b) >0 for z € Q.

Now we state the first main result concerning the stability for the inverse source
problem.
Theorem 1
Let y € HY(Q) satisfy (1.1) and (1.2), and let (1.5) be satisfied with some constant
© > 0. We assume that

R(z,0)#0, 2€Q (1.6)

and

oy, R € H'(Q), R <€ L*(0,T;L>(Q)).
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Let

max, g ¥ (z) — min_ g (v) .
u

T >

(1.7)

(i) We assume
10yl z2q) < M

with fixed constant M > 0. Then there exist constants 6 € (0,1) and C' > 0, which
are dependent on Q, T, H, [| V|| o (), ¥, M, ||0¢R|| L2(0,1; L (02)), such that

6 1
T 2 T 2
[fllz2) < C (/ / (H - V)|aty|2dszdt> + </ / (H - V)If?ty|2dedt>
o Joa, o Joa,

for all f € L*(Q).
(ii) Without the assumption in (i) concerning ||0:yl|z2(), there exists a constant
C > 0, which is dependent on Q, T, H, || V|| Lo (), ¥, |0: R|| 20,1315 (2))» Such that

T
I fllz2) <C </ / |(H - u)||8ty|2d51dt>
o Jon
for all f € L2(Q).

(iii) In addition to (1.1) and (1.2), we assume

2

y=20 on 00— x (0, 7). (1.8)

Then there exists a constant C' > 0, which is dependent on Q,T, H, ||V||L°<>(Q), ¥,
HatRHL?(O,T;Loo(Q)), such that

T
o (/ / (H-u)|6ty|2d5‘wdt>
o Joa,

for all f € L*(Q).

1 1
2 2

T
<N fllpe) <C </ / (H - V)laty|2d51dt>
o Joa,
(1.9)

The conclusion of (i) is a stability estimate of Holder type and holds under a
priori boundedness ||0;y|z2(q) < M, which is called conditional stability. On the
other hand, the conclusions of (ii) and (iii) are Lipschitz stability and in particular,
with (1.8) we can have both-sided estimate (1.9) for our inverse problem.

We apply Theorem 1 to the inverse coefficient problem of determining V' (x).

Theorem 2

For j = 1,2, let uj, du; € H(Q) and let

Owu; + H(z) - Vu; + Vi(z)uj(z,t) =0 in Q, (1.10)

uj(z,0) = a(x), x € (1.11)
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and
uj = h(x,t) on 00_ x (0,T) (1.12)

with suitably given a and h. We assume that there exists ¢ € C2?(Q) satisfying (1.5)
for H, (1.7) holds and

u;, Oy € HY(Q)NL2(0,T; L>=(Q)), j=1,2.
Moreover we assume
Vil Lo ()5 100w || 20,7300 (@) < M, §=1,2 (1.13)
and
la| >0 on €, (1.14)

where M > 0 is arbitrarily fixed constant.
Then there exists a constant C' > 0 depending on Q, T, H, 1, a, M such that

C™ M0 (ur — u2)ll 2002, x (0,1)) < Vi = Vallp2) < CllOk(ur — u2)ll 200, x (0,1))-
(1.

15)

Similarly to Theorem 2, we can discuss the determination of H, but we have to
determine n functions as the components of H, and so repeats of measurements of
boundary data after changing initial values suitably are necessary but arguments can
be repeated similarly to the proof of Theorem 2. Here we omit detailed discussions
for the determination of all the components of H, but we consider the determination
of the potential in the case of potential flows. That is, we consider

dp(z,t) +div (pVd(z)) =0 in Q,
{ p(z,0) = a(z), z€Q. (1.16)

The first-order partial differential equation in (1.16) describes the mass conservation
under stationary potential flow Vd(z). Then we discuss the inverse problem of deter-
mining the stationary potential d.

For the statement of the main result, we define an admissible set of unknown
potentials d’s. Let constants M > 0, 6y > 0 and functions g; € C?(99Q), g2 € C1(99Q)
be arbitrarily chosen. We define the admissible set of d’s by

D= D(607M791792) = {d € 02(5)7 |Vd| > 60 > 0on ﬁu

Hd”CQ(ﬁ) < Mu d|OQ = 01, aud|69 = 92}' (117)
For the function gs given in (1.17), we set

Ty = {x € 0Q; go(x) > 0},
{ I {2 e 00 gu(s) < 0} (1.18)

We state our final main result.
Theorem 3
FOI'j = 1725 let p;,atp; S Hl(Q) and let

Opj(x,t) +div(p;Vd;(z)) =0 in Q (1.19)
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and

pi=h onl_ x(0,T), pi(x,0) =a(z), xze€Q (1.20)
with suitable a and h. We assume (1.14),

supdep(maxxeﬁ d(z) — min, d(x))

r> 52 (1.21)
0
and
loillz0, )y < M, j=1,2.

Then there exists a constant C' > 0 depending on 2,7, a, dg, M, g1, g2 such that

CH0(p1 — p2)lL2r, x 0,7y < lldi — dallm2() < ClO(p1 — p2)llr2(r., x(0,7)) (1.23)

for all dy,dy € D.

The proofs of Theorems 1-3 are based on an argument by the Carleman estimates,
which was originated by Bukhgeim and Klibanov [7]. Here we used a modified ar-
gument by Imanuvilov and Yamamoto [11], [12] which discussed for inverse problems
for second-order hyperbolic equations.

The paper is composed of four sections and an appendix. In Section 2, we prove
a relevant Carleman estimate for the proofs of Theorems 1 and 2, and an energy
estimate, and in Section 3, the proofs of Theorems 1 and 2 are completed. In Section
4, we prove another Carleman estimate for the proof of Theorem 3 whose weight
function gives a Carleman estimate also for the Laplacian and complete the proof of
Theorem 3. In Appendix, we prove the Carleman estimate for the Laplacian.

2. Key Carleman estimate and energy estimate. We recall that
Q=0x(0,T)
and we set

Pu=0u+ H(z) - Vu+V(z)u, Pou=0u+ H(z) - Vu, (x,t)€Q,

Mo = B|div H|| poe () [|div (H (H - V)| L (@)
and
o, t) = —pt+ (), (v,t)eq (2.1)
with ¢ € C%(Q) and 3 > 0, and
B(z) = 0o+ (H Vo) = —B+ (H(x) - V¥), =z €. (2.2)

First we prove
Lemma 1
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(i) We have
s/ B(x)|u(z, 0) > @0 dy + 52/ B?(2)|u(x, t)[*e**? dxdt

Q Q

§2/ |Pu|2e2s‘/’dxdt + (SMO + 2||V||%m(gl))/ |u(;p, t)|2@2s<ﬂdxdt
Q Q

T

+S/ B(z)(v - H)|u|?e**?dS,dt

0 o0

for all s > 0 and u € H'(Q) satisfying u(-,T) = 0 in Q.
(ii) We assume (1.5) and

0<B<p:= gle%l(H(I) -Vip(x)). (2.3)

Then

20, _ B)2
s/ |u(x,0)|2e25‘p(m’o)dx+wfﬁ)/ |u(z, t)[>e?*? dadt
Q Q

T
< 2/ | Pu|?e**¢dxdt + s/ / B(H -v)|ul?e**?dS,dt (2.4)
Q 0 JoQy
for all s > s and u € H*(Q) satisfying u(-,T) = 0 in Q, where

B {4Mo \/énvnmm}
Sp = max ( .

p—05)2  p—=p

Inequality (2.4) is an estimate of Carleman’s type, which holds uniformly for suffi-
ciently large s > 0. We emphasize that Carleman estimate (2.4) can estimate also the
initial value u(z, 0), and the weight function is linear in ¢. In [17] such a linear weight
function is used for proving a stability estimate for an inverse problem for a transport
equation. For the transport equation, the works [9] and [15] used the same weight
function as the second-order hyperbolic equation, that is, ¢(x,t) = MA@ =B Our
choice (2.1) of the weight function enables us not to need to take any extensions of u
to (0, —T) in discussing the inverse problem. In [15], the extension argument requires
an extra assumption on the initial value and unknown coefficients in addition to (1.14).

Proof of Lemma 1 (i).
First we assume that V = 0. We set w(z,t) = e**@Yy(x,t) and (Lw)(z,t) =
e*?(@8) Py(e=*?w). Then

Lw = {0yw + (H(z) - Vw)} — sB(z)w.
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Hence by u(-,T) = 0, we have
/ | Pyu|?e?*¢ dadt = / | Lw|?*dadt
Q Q

—/ |0yw + (H - Vw)|*dadt —i—/ |s B|*w?dxdt — 25/ Bw (0w + (H - Vw))dxdt
Q Q Q

2—25/ B(0yw + H - Vw)wdzdt —|—s2/ B*w?dxdt
Q Q
:—s/(Bat(wQ)+BH-V(w2))dxdt+32/ B*w?dxdt
Q Q
T
=s / (0yB + (div BH))w?dxdt — s / B(v - H)w?dS,dt
Q 0 o0

+s2/ B2w2dardt—|—s/B(:z:)|w(3:,0)|2dx
Q Q

T
Z—Mos/ wdzdt — s/ / B(v - H)w2dedt
Q 0o Joa
+s2/ B*w?dxdt + s/ B(z)|w(x,0)|*dx.
Q Q
Substituting w = e*?u, we have

s/B(a:)|u(a:,0)|2625“"(x’0)da:+52/ B?(z)|ul|*e**?dxdt
Q Q

T
g/ |P0u|2e25“’dxdt—|—Mos/ |u|2e25“’dxdt—|—s/ / B(z)|(H - v)||u|*e**¥dS,dt.
Q Q 0o Jog

(2.5)
Next let V € L>°(Q), # 0. Then

|Poul? = |Pou + Vu — Vaul? < 2|Pou + Vul? + 2|Vu|?
<2|Pul? + 2| V|[7 0 (g lul*.

Therefore (2.5) completes the proof of Lemma 1 (i).

Proof of Lemma 1 (ii).

By (2.2) and (2.3), we have B(z) > p— 8 > 0 on Q. Therefore we absorb the second
term on the right-hand side of the conclusion of Lemma 1 into the left-hand side.
More precisely, we have

52/ B?(z)|u|?e**¥dadt > (u—ﬂ)252/ |u|?e**% ddt,
Q Q
and so we easily see that if s > sp, then

(1 — B)%s* — Mys — 2||V||2L<>°(Q)
Sm=BPs, <(ﬂ S MOS) * <M52 - 2||V“2L°°(Q)>

4 4
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Thus, by noting
T T
/ B(z)(H - v)|u|?dS,dt < / / B(z)(H - v)|u|*dS,dt,
0o Jon 0 Jooy

the proof of the part (ii) is completed.

Next we show the classical energy estimate.
Lemma 2.
Let [|V|pee(o) < M and [[H|[{c1(q)» < M with arbitrarily fixed constant M > 0.
Let w € H'(Q) satisfy

{ Ow+ H(z) - Vw+Vw=F(z,t) inQ, (2.6)

w(z,0) = a(x), x € Q.

Then there exists a constant C' > 0, depending on 2,7, M, such that

T
/ |w(a:,t)|2d:17+/ / (H - v)|w|*dS,dt
Q o Joo,

T
<C <|a|%2(9> +IFNZ2g) +/O /aQ |(H V)IIUJIQdedt> , 0<t<T. (27)

Proof.
Multiplying dyw + H - Vw + Vw = F by 2w and integrating over 2, we have

(’%/ |w(x,t)|2d:v+2/ hg@g(|w|2)dac+2/ V|w|2dx:2/ Fwdzx.
Q /0 Q Q

Setting E(t) = [, |w(z,t)|?dz and integrating by parts, we obtain
E'(t) = —/ (H - v)|w|*dS, + / (div H)|w|?dx
o9 Q

—2/ Vw2dx+2/ Fwdzx.
Q Q

Therefore, noting that 2 [, |Fw|dz < [, |F|*dz+ [, |w|*d2 and integrating over (0,1),
we have

E(t) — E(0) _—/Ot (/BQ++/OQ> (H-u)|w|2dedt+/Ot/Q(divH)|w|2dxdt
—2/Ot/§2Vw2dxdt+/ot/Q|F|2da:dt+/OtE(§)d§.

t
E(t) + / /6 () ulPdSde < ol + 1P
+

Therefore
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t
// (H -v)|w|*dS,dt
0 Joa_

for 0 <t < T. Since fot fam (H - v)|w|?dS,dt > 0, 0 <t < T, omitting the second
term on the left-hand side of (2.8), we apply the Gronwall inequality, and we obtain

t
@IV ey + lldiv H ey + 1) / E(€)de + (2.8)
0

E() < CeCT(mz(m +1FIB )

T
+/ / |(H - u)||w|2dSzdt>, 0<t<T. (2.9)
0 o0 _

Substituting (2.9) into the third term on the right-hand side of (2.8), we complete the
proof of the lemma.

3. Proofs of Theorems 1 and 2.
Proof of Theorem 1.
Henceforth C' > 0 denotes generic constants which are independent of s > 0. We
note that Py = 0;y + H - Vy + Vy and p = min, 5(H(z) - Vi)(x)) > 0, and we set
R =max, 5¢(z) and r = min, 5 (z). By (1.7), we can choose > 0 such that

T>%, 0<f<p (3.1)

In fact, it suffices to choose 8 > 0 such that 5 € (0, u) is sufficiently close to p.
With this 5 > 0, we set

p(z,t) ==pt+¢(x),  (2,t) €Q. (3.2)
Then (3.1) implies
oz, T)<R—BT <r <o, 0), =2 c.

Therefore by ¢ € C1(Q), there exist §; > 0 and 79,71 such that R— 38T < rg <11 <,

Q0<t<
{ olz,t) >r, x2€Q,0<t<4, (3.3)

o(z,t) <ry, z€Q,T—-25 <t<T.

For applying Lemma 1, we need a cut-off function x € C§°(R) such that 0 < y <1
and

(1, 0<t<T-—26,
x(t) = { 0, T—6 <t<T. (34)
We set
z = (Owy)x.

Then z(x,T) =0, x € Q and

Pz = xf(0:R) + (0:x)0ry, (,t) €Q
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and
2(x,0) = f(x)R(z,0), x €L
Applying Lemma 1 (ii) to z, we obtain

s/ |2(z,0)|%e25°(@0) dg < C/ |Xf(8tR)|26255"d:Cdt+C/ |(0:x) Oy |2e**? dadt+CeC* D?
Q Q Q

(3.5)
for all large s > 0. Here

T
_ / (H - v)|0yy|?dS,dt.
PN

Since Oy =0 for 0 <t <T —25, or T — 3§ <t <T, by (3.3) and the a priori bound
10yl L2(qy < M, we have

T—0, T—01
/ |(8yx)0y|*e** P dxdt = / | e X )0y |*e* P dadt < C’ezs”’/ |0yy|? ddt
251 T-25, JQ
(3.6)
and
/ |(0ex)Osy|2e**Pdxdt < Ce*smo M> (3.7)
Q

for all large s > 0. Moreover R(x,0) # 0 for x € Q and z(z,0) = f(z)R(z,0), z € Q,

we have
/ |z(z,0)|?e25° @0 dg > C/ |f ()22 @0) gy
Q Q
Therefore (3.5) yields
s [ |f(z))Pe2#@0dy < C / |f(2) 22 ¢ @D dadt + CM3e*70 4 CeC* D,
Q Q
Since ¢(z,t) < ¢(x,0) for (z,t) € Q, we have
T
S/ |f(x)|262s<p(w,0)dx < C/ / |f($)|2e2sga(m,0)d$dt + CM2e25m0 1 CeCs5 D2
Q 0o Ja
<CT / |f (2)|2e>*#@ 0 de + CM?e*™ + Ce“* D?,
Q
that is,
(s —CT) | |f(z)2e®*@0de < CM?e?™0 + Ce* D?
Q
for all large s > 0. Using ¢(x,0) > r1 by (3.3) and choosing s > 0 large, we obtain

86257‘1/ |f($)|2d.’l,'§CM2€2STO+CGCSD2,
Q
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that is,
I£11220) < CM?e™2" 4+ Ce©* D? (3.8)

for all large s > s., where s, > 0 is a sufficiently large constant. Here we set
re ;=11 — 19 > 0. We separately consider the two cases: D > M and D < M.

Case 1 D > M:

Estimate (3.8) implies

Hf”%?(sz) < (Ce™" 4 Ce”) D2, (3.9)

Case 2 D < M:
Replacing C by Ce®*-, we see that (3.8) holds for all s > 0. We make the right-hand
side of (3.8) small in s. We choose M2e~25" = ¢“*D?, that is,

2 M

log —.

T Cxo D

Therefore (3.8) is reduced to

£l 22 < 20M*9DF,

where 6 = Ci’;‘” € (0,1). Thus the proof of Theorem 1 (i) is completed.

Next we prove Theorem 1 (ii). We have

{ 8t(8ty) + H((E) : V@ty + V@ty = f(:v)(?tR, ((E, t) S Q,
(DY) (x,0) = f(z)R(x,0), z €.

Applying Lemma 2 to d,y, we obtain

T
/|aty<x,t>|2da:+ / / (H - )| Ory[2dS, dt
Q 0 Joa,

T
< Clf2aey +C / /a RECROICHRERT (3.10)
0 _

for 0 <t < T. Therefore, omitting the second term on the left-hand side of (3.10)
and applying it to (3.6), we obtain

T
/ |(0sx)Opy|***Pdadt < CezST°||f||%z(Q) + 0625T0/ |(H - v)||0wy|*dS,dt
Q 0 Joq
and similarly to (3.8), from (3.5) we can obtain

T
11y < Ce | flagqy + CeC / [ vlowas.a

Choosing s > 0 large, we can absorb the first term on the right-hand side into the
left-hand side, and complete the proof of (ii).
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Finally we prove (iii). By (1.8), the conclusion of (ii) immediately yields the
second inequality in (1.9). Next, by (1.8) and (3.10), we have

T
/ / ((H - 0)]|0uyPdS,dt < CI|f 220,
0o Joa,

which proves the first inequality in (1.9). Thus the proof of Theorem 1 (iii) is com-
pleted.

Proof of Theorem 2.
Theorem 2 can be derived directly by Theorem 1. In fact, setting y = w1 — uag,
f=Vi—=Vaand R = —ug, by (1.10) - (1.14) we have

Oy + H(x) - Vy+Viy = f(x)R(x,t), (x,t) €Q,
y(2,0)=0, e,
yloa_x,1) =0,

and dyy € H'(Q), ||0:Rl 20,1502y < M, R(z,0) = —a(x) # 0 for z € Q. Thus
Theorem 1 (iii) yields the conclusion of Theorem 2, and the proof of Theorem 2 is
completed.

4. Proof of Theorem 3.
We set,

Pju = Oyu + Vd - Vu + ulAd.

For the proof, we further need a Carleman estimate for A with the same weight
function for P;. Unfortunately the weight function defined by (2.1) does not work
as weight for a Carleman estimate for A. Thus we have to introduce a second large
parameter in the weight function. That is, as the weight function, we set

wd(x,t) = e Bttd(@) (z,t) € Q, (4.1)

where A > 0 is chosen later. The weight function in the form (4.1) has been known as
more flexible weight function producing a Carleman estimate (e.g., Hormander [10],
Isakov [13]).

In the existing works on inverse problems by Carleman estimates, given weight
functions have been used, and to the best knowledge of the authors, Theorem 3 is
the first case where a Carleman estimate with unknown coefficient as the weight, is
seriously involved. The use of such a Carleman estimate is necessary in order that the
admissible set D of unknown coefficients d’s is generously formulated such as (1.17).
Otherwise the admissible set of unknown coefficients should be more restrictive. For
example, for inverse problems of determining principal parts for second-order hyper-
bolic equations, there are no works by Carleman estimate with weight function given
by unknown coefficient, so that choices of admissible sets of unknown coefficients of
the principal parts are very limited (e.g., Bellassoued and Yamamoto [6], Section 6
of Chapter 5). For it, we need a Carleman estimate where all the constants can be
taken uniformly for arbitrary d € D.

We first show a Carleman estimate for Py with weight (4.1), which should hold
uniformly for all d € D. We fix 8,7 > 0 such that

sup gep(max, g d(r) — min, g d(z))

0<p<éoi, T> 5 ,

(4.2)
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where the constant dy characterizes D (see (1.17)). Henceforth we set

Ja(z,t) == 0ppq + (Vd - Vipg) = Apa(—f + |Vd[?).

Lemma 3
For each A > 0 there exists a constant sg > 0, which is dependent on A, dy, M, such
that we can choose a constant C' > 0 satisfying

/sAsod(w,O)Iu(:c,O)I?e%“’d(””’O)d:v+/ SN2 Q2 |u(z, )25 Pd dadt
Q Q

T
<C / | Pyu|? e dxdt + / / 5J4(0,d)|u|*e**¥4dS, dt (4.3)
Q 0 JoQ

for all s > sp, all d € D and all u € H(Q) satisfying u(z,T) =0, z € Q.

Here we note that the choices of C' and s¢ in (4.3) are uniformly for d € D.
Proof.
The proof is similar to Lemma 1 by noting the independency of the constant of d € D.
Let d € D be chosen arbitrarily. First we consider the case of Pyu = dyu + Vd - Vu.
We set w = e*?du, and

Lw = e*?4Py(e*%tw) = dw + Vd - Vw — sJg(z, t)w.

We note 8 Ja(x,t) = =A?Boa(—f + |Vd|?), dJa(x,t) = Npa(Ord)(—F + |Vd[*) +
Apa(0x|Vd[?) and

Ja(x,t) > Xpa(6 — B),  (w,t) €Q,deD (4.4)
by (1.17). Then

/ | Pyu|?e®5? dadt :/ | Lw|?dxdt

Q Q

:/ |(Opw + Vd - Vw) — sJgw|?dxdt
Q

:/ |8tw+Vd-Vw|2dxdt+52/ J§|w|2dxdt—2s/(de)(atw+Vd-Vw)da:dt
Q Q Q

252/ Jd2|w|2dxdt—s/ Jd(2w(8tw))d:vdt—s/ JaVd - 2wVw)dzdt
Q Q Q

=1+ Ir+ Is.

Henceforth C' > 0 denotes generic constants which are independent of d € D and
s > 0, but dependent on &g, M, \. Next integration by parts yields

I = —s/ Ja0(|w|?)dzdt = —s/[Jd|w|2]0Td:1:+s/(8tJd)|w|2dxdt
Q Q Q
23/ )\god(x,o)(_ﬁ—l—|Vd|2)|w(:c,0)|2d:v—0/ s\2pg|w|?dzdt
Q Q

>s(65 — B) /Q s pq(x,0)|w(z,0)|*dx — C/Q sA\2pq|w|*dxdt



STABILITY FOR SOME INVERSE PROBLEMS FOR TRANSPORT EQUATIONS

and
Iy =—s5 | Y (JaOkd)Oy(|w|?)dadt
Q k=1
T n n
= — S/ / ZJd(akd)l/k|w|2nggdt+ S/ Zak(Jdakd)|w|2d$dt
0 JoRg—y Q k=1
T
Z—/ / SJd(ayd)|w|2dSmdt—C/ s\ pg|w|*dzdt.
o Joa Q
Hence

/s)\god(x,O)|w(x,O)|2d:C+/ $2\2p2 | w|dxdt
Q Q

T
gc/ |Lw|2dxdt+0/ s/\2gad|w|2d3:dt+/ / 5J4(0,d)|w|*dS,dt.
Q Q 0 o0

We choose
S > 2CG>\(BT+M).

Then, since pq(z,t) > e MT=AM for (,t) € Q and d € D, if s > s¢, then

$2N2p2 — Cs\2pg = s2\2 3 <1 — i)
S¥d

Z §S2A2(p§.

MBT+M)
et (1 2T 5
50

Therefore (4.5) yields

1
/Qs)\god(x,0)|w(:v,0)|2dx+5‘/Qs2)\2cp§|w|2d:vdt

T
gc/ |Lw|2d:z:dt+/ / sJa(0,d)|w|?dS,dt
Q o Joa

15

(4.5)

(4.6)

for all s > so. Henceforth sg > 0 denotes generic constants which are dependent on

A, 00, M. Since w = ue®?4, we rewrite (4.6) in view of u, so that

/s)\<pd(x,0)|u(:1:,0)|2e25“"d(””’0)d3:+/ 2 A2 2 |u|? e P ddt
Q Q

T
gc/ |Pdu|2625“"dd:vdt+/ / 5J4(0,d)|u|?e**??dS, dt
Q 0 Joq

for all s > s9. Here we note that C > 0 and sy > 0 may vary line by line, but

dependent only on A, §g, M. Next

|0yu + Vd - Vu + (Ad)u|? < 2|0+ Vd - Vul* + 2|(Ad)ul?
<2|0u + Vd - Vu|? + 2M?|u?
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in @ for each d € D. Similarly to the proof of Lemma 1 (i), we can finish the proof of
(4.3).

Next we show a Carleman estimate for A with the weight function ¢4(z,0).
Lemma 4
There exists a constant Ag = A\g(do, M) > 0 such that for any A > Ao, there exists a
constant s1 = s1(\, dp, M) > 0 satisfying: we can choose C' > 0 such that

/ (sXpa(@,0)|[Vf(@)* + s*Mpa(w, 0)°| f () ]*)e**#4 0 da
Q
gc/ |Af[Pe? @0 dy

Q

for all s > sy, d € D, f € H3(Q).

Lemma 4 is a Carleman estimate for A and the Carleman estimate for A is well
known (e.g., Hormander [10], Isakov [13]). However we need the uniformity of the
constants sg, C' with respect to d € D in the Carleman estimate. Thus in Appendix
we give a direct proof by integration by parts, which differs from [10], [13].

Now we proceed to
Proof of Theorem 3.
First Step. We set

mo = sup(max d(z) — mind(z)).
deD z€9 €0

mo

By assumption (1.21): T' > %2 of the theorem, for arbitrary d € D, we can choose
0
£ > 0 and fix such that

0<B< a2 T>%. (4.7)

We choose \g > 0 given in Lemma 4 and fix. Next we set s, = max{sq (Ao, o0, M), s1(\o, 60, M)},
where s;(Ao, 00, M), j = 0,1 are proved to exist in Lemmata 3 and 4. Since 9,d = go

on 0N for any d € D, we note that the subboundaries I'y and I'_ defined by (1.18)
correspond to 024 and O€2_ respectively. Since Ao > 0 is fixed, henceforth by C
denoting generic constants which are independent of s > s, and d € D but dependent

on N, a, 8, mo, 2, T, noting (4.7) and (4.4), by Lemmata 3 and 4 we obtain

/Qs|y(x,0)|2625“’d(x’0)dx+/(252|y|2625“’dd:17dt

T
gc/ |de|2625“’dda:dt+C'ecs/ / ly[2dS,.dt (4.8)
Q 0o Jry
and

JGI9s2 4 PO < ¢ [ agpeetos (4.9)
Q Q
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for all s > s, d € D, y € HY(Q) satisfying y(-,T) =0 in Q and f € HZ(Q). Thus we
obtained two Carleman estimates which hold uniformly for arbitrary d € D.

Second Step. We set y = p1 — pa, f = dy — dz and R(x,t) = —pa(x,t) in Q. Then,
by (1.19) and (1.20), we obtain

Oy +Vdi - Vy+yAdi =Vf-VR+RAf inQ,
y(2,0)=0, w€Q,
y=0 onT'_ x (0,T).

We differentiate this partial differential equation with respect to y in ¢, noting that
Oy € HYQ), ;R € L*(0,T; W+>°(Q)) and R(x,0) = —a(x). Then we have

O (Ory) + Vdi - V(Ory) + (Ory)Ady

= Vf-VoR+ (0:R)Af inQ,
Oy(z,0) ==V f -Va—aAf, x€Q,
Oy =10 onT'_ x (0,T).

(4.10)

Applying Lemma 2 to (4.10) and estimating d;y, we readily verify the first inequality
in (1.23). Thus the rest part of this section is devoted to the proof of the second
inequality of (1.23).

Since y(-,T) = 0 does not hold, for applying (4.8), we need a cut-off function.
Noting

Pdy (,T, O) = eADdl(z) > €>\0 min, . di ()

and

stl ({,[,'7T) = e)\()(—,@T+d1(ac)) S e—)\()BTek() max, g dl(m)

for all z € Q. Henceforth we set
1
rg = 5/\06—/\06—%1\4([31 —my).

By (4.7) we have o > 0. We note that ro > 0 is independent of s > 0 and special
choices of di,dy € D, but dependent on dg, M, \g.
The mean value theorem implies

max Qq, (:Z?, T) — min Pd, (;1;, ()) — e—ko,@T-l-)\o max, g di(z) _ 6)\0 min g di(x)
z€Q zeQ
=e1 \o{(maxd;(z) — mind, (z)) — BT} < Xoe*! (mg — BT),
e reQ
where {; is a number between Ao min, g d;(z) and —A\ofT + Ao max, g di ().
Therefore, by d € D, we have et > efkoﬁTfkoM7 and

max g, (x, T)—min @4, (z,0) < —oes! (BT—myg) < —)\Oef)“’ﬁT*A“M(ﬂT—mo) = —27r.

reQ e
(4.11)
For any d; € D, we have

| max pg, (v, T)—max ¢q, (z,t)| = [ exp(Ao(—BT+max di (x)))—exp(Ao(—Ft+max d; (v))|
e €N e e

= | exp(Ao max d; (z))||e 20PT — e R0Bt| < oM\ 31T — . (4.12)
€N
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At the last inequality, by d; € D and the mean value theorem, we have

maxdy (z) < M
e
and

|67AoﬁT . eonﬁt| _ |ei£2(—)\0ﬁT+ )\Oﬁf” < )\05|T _ t|,
where & > 0 is some constant.

We fix a constant d; > 0 sufficienly small such that

2€>\0M)\0ﬁ61 <Tg.
Then, for T — 26, <t <T and any dy € D, by (4.11) and (4.12), we have

max ¢q, (x,t) — min g, (,0)
meﬁ x€EQ

=max @q, ((E, t) — Max Yq, ((E, T) + max Pdq (LL', T) - mlll Pd, (LL', 0)
zEQ e

€N e

<|max @q, (,t) — max g, (z,T)| — 2rg < XM N\B|t — T| — 21
z€eQ z€eQ

§26X0M)\0651 —2rg <19 —2r9g = —7p

Therefore

max @q, (v,t) < pio — 7o,

T-25 <t<T, (4.13)
€N
where we set f1p 1= Supgep mingeco erod(@)
Let x € C§°(R) satisfy 0 < x <1 and (3.4) with here chosen d;. We set
z = x0:y.

Then, by (4.10), we have
Py z=0z+Vdi - Vz+ zAd;
XVf VO R+ Xx(O:R)Af + (0:x)0y in Q, (4.14)
z(x,0) ==V f-Va—aAf, z(z,T)=0 ze€Q, ’
z=0

onT_ x (0,7).
Applying (4.8) to (4.14), we obtain

/ slaAf + V- Val?e?¢a (@0 dy
Q

SC/ |XVf-VatR—l—x(atR)Aﬂzezs“’dlda:dt—l—C/ |(0,x)0py|?e??4 dadt + CeC® D?
Q Q

for all s > s,. Here and henceforth we set

T
D2:/ / |0:(p1 — po)|2dS,dt.
0o Jry

(4.15)



STABILITY FOR SOME INVERSE PROBLEMS FOR TRANSPORT EQUATIONS 19

Apply Lemma 2 to (4.10), by (1.21) we have

/Q Oy (2, )P de < C(IVf-Va+aAfl|iz) +IIVF-V(OR) + (0 R)Af|72(g)) +CD?

< C(IAflIZ2) + IV 2@y + D), 0<t<T. (4.16)

Consequently, since 9yx # 0 only if T — 261 <t < T — 6; by (3.4), it follows from
(1.14) that (4.15) and (4.16) yield

/S|Af|2625</’d1(%0)d1;_0/5|Vf|2e25</’d1(%0)d$
Q Q

<C [ (AFP + |V fP)ew O d
Q

T—51
+C ( / 628%11 dxdt) (”Af”%z(g) + HVf||J2EL2(SZ)}n + D2) + OGCSD2
T—261 JQ

for all s > s,. For the first integral on the right-hand side, we used @4, (z,t) <
©d, (z,0) for (z,t) € Q, and so

/ XV - V(3:R) + x(8: R)A f|2e?*#a (@0 dudt

Q

SC/ (IVF? +|AfP)een @D dzdt < C / (IVf? + |Af[?)esen (=0 gy,
Q Q

Therefore we obtain

/ S|Af|2e2s“"d1 (.0) g

Q

<C [ |Af2e?9u @04y 4+ Cs [ |V f[2e?5%0 (@0 dy
Q Q

+C max e”*¥4 (z’t)(HAfHQLz(Q) + IV Flfrz@ym)

max
T—-261<t<T—61 2€Q
+Ce%*D?

for all s > s,. The first term on the right-hand side can be absorbed into the left-hand
side by choosing s > 0 large, and by (4.13) we have

/ S|Af|2e25“’dl(w’0)dx
Q

< Cs/ |V fPe?5¢4 @0 dg 4 Ce** Mo (|Af |72y + IV F I 2(0yn) + Ce“* D?
Q

(4.17)
for all s > s.,.

Since f =dy —ds € HZ(Q) by di,ds € D, we can apply (4.9) to obtain

/ (*[VI P+ s f2)een @0de < © / s|Af[Pe?ren @Oy,
Q Q
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Substituting this into the left-hand side of (4.17), we obtain
/ (SIAF2+ S|V + 5[ f2)e? 0 O
Q
<Cs [ [V 1 CH 00 (A oy + [V S [Fzgayy) + O D?
Q

for all s > s,, and absorbing the first term on the right-hand side into the left-hand
side again by choosing s > 0 large if necessary, we have

SeQS#O(HAf”%ﬂ(Q) + va”?:lﬂ(g)}n + HfH%Q(Q))
SS/Q(|Af|2 + |Vf|2 4 |f|2)€25‘pd1 (I’O)dx
SC@QS(HO*TO)(HAJCH%Q(Q) + va”%L?(Q)}n) + Ce%s D2

for all s > s.. Noting C™H||fl}2iq) < NIAfI72(q) + IVFfIfr2)yn + 1fl1720) <
C||f||§{2(m, we see that

£l 20y < 05_16_2”°Hf|\§p(9) + Ce%*D?

for all large s > s,. Since 1o > 0, for large s > 0, we can absorb the first term on the
right-hand side into the left -hand side, so that

||f||%12(9) S 2CBCSD2.
Thus the proof of Theorem 3 is completed.
Appendix. Proof of Lemma 4
In order to clarify the dependence in the Carleman estimate on dg and M, for arbitrary
d € D, we prove the lemma directly and the proof is similar for example to Section 3

in Yamamoto [21], where a Carleman estimate is proved for a parabolic equation.
By the usual density argument, it suffices to prove for f € C2(€). We set

Ya(x) = pa(x,0), g(x) = e P f(z), q=Af

and

Log(x) = eV A eV g (x)).
We have

Log = Ag — 25\paVd - Vg + s°A23|Vd|? g — sA\*4|Vd|?g — sMbg(Ad)g in Q. (1)

We set

Ay = —sNa|Vd[* — sM\a(Ad). (2)
We note that

|Ay(z,5,\)| < Cs\*thg  for z € Q and all large A > 0 and s > 0.
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Here and henceforth by C, C, etc., we denote generic constants which are independent
of s, \, 14 but dependent on M,y > 0, and these constants may change line by line.
Moreover we always assume that A > 1. Hence we use the following inequality:
AT <A 0<m<m.

In view of A, we have
Log = Ag — 25 \pgVd - Vg + s 22| Vd|*g + A1g = ge*¥?  in Q. (3)
Taking into consideration the orders of (s, A, 14), we split Log as follows:

Lig = Ag+ s?X%92|Vd|?g + Aig, 4)
Log = —2s\pgVd - Vg in Q.

Since ||qeswﬁ‘||L2 @ = L9+ ng||%2(m7 we obtain

2/(ng)(ng)d:17 < / q?e*Vady. (5)
Q Q
Now we estimate

[ @19)(Lag)is

Q

f—/ 25/\1/1d(Vd-Vg)Agd:1:—/ 25 X343 Vd|?(Vd - Vg)gdx
Q Q

3
/ 25 Mg A1(Vd - Vg)gde = Z (6)
Q =

By the integration by parts and g = d,g = 0 on 052, we have

n

Ji = / 25\ Y (3kd)(3j3k9)3j9d$+/ 25\ Z ((Oxd)¥a)(0;9)Orgdx
Q

J,k=1 7,k=1
:/ s\ Y (0xd)0k(10;9]%) dac—i—/ 25\ Z ((Ord)ba)(;9)Opgda
@ J,k=1 7,k=1
—/ sAZ@k((ﬁkd)wd)Wng:c—i-/ 25\ Z 9;((xd)pa)(9;9) O gdzr.
Q=1 Q2 jk=1

Since

9 ((Okd)a) = (050, d)pa + (Okd)0jba = N0;d)(Okd)a + (9;0kd)a,
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we have

Ji = —/ sAzdeVdIQIVglzdx_/ sA(Ad)ypa|Vg|*dx
Q Q

+ [ 25300 Y @) @D @59)0hgds + [ 25300 Y (@00d)(0,9)0nds
@ k=1 @ jik=1
:—/ s)\2¢d|Vd|2|Vg|2d:v—/ sA(Ad)Yq|Vg|2da
Q Q

2
n

dx—i—/ 25A\q Z (0;0,d)(0;9)Okgdx
Q k=1

Zﬁd i g

J.k=

+ / 25\21)g
Q

z—/ s/\21/)d|Vd|2|Vg|2d:1:—/ SAAd)e|Vg|2dz
Q Q

n

+ [ 26004 3 (0,00)0,0)0100

k=1

Therefore
5> - / N2 V2| Vglde — C / M| Vg|2dz. (7)
Q Q

Moreover we have

o=~ / SNV (0kd)O (|9 de
Q k=1

= / SN OV () g|*dr + / ST Ou(|Vd[*0rd)| g da
Q Q

k=1 k=1

- / 353XV g 2dz — C / SABy8|g da (8)
Q Q

and

n

Jy—— / sAbadr 3 (Okd)y (|9 de

k=1
/stak (1ha A1) (Okd)]g]| da:+/ std/xl d%d)|g|?dx
Q5 Q=1
>_C / 2742 gdz. )
Q

Therefore (6) - (9) yield
1
3 [ e [ (Lig)(Lag)is
Q Q

> - / sA2q|Vd|*|V g da + / 35 N3 Vd[* g da
Q Q
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—C/ s\iba|Vg|*dx — O/(53A3¢§ + 82 M2 g d. (10)
Q Q

For the proof of the lemma, we have to estimate sA214|Vg|? + s3A*3|g|2, but the
first and the second terms on the right-hand side have different signs. Thus we need

another estimate. That is, multiplying (3) with —s\%t4|Vd|?g and integrating over
), we obtain

4
S I = —/(Ag)s)\2z/1d|Vd|2gd:v+/ 252 \32|Vd|*(Vd - Vg)gdx
= Q Q

—/53/\4¢3|Vd|4|g|2d:c—/ sX*1pgA1|Vd|*|g*dz
Q Q

_ _/Qqeswdsv@bdwdﬁgdx. (11)
Hence, by integration by parts, we obtain
B [ 0V (aPde+ | (ViR - (Ta)ad.
Here we have
/Qs)\2V(|Vd|2¢d) (gVg)dr < C/QSA%dIgIIVgIdw
—C [ (Xualg) OIValde < § [ (AP + ¥ Vg
Consequently
h;AWWWWWWM—CAﬁmeM—CAVWWM~ (12)
Next

12:/52)\31/;§|Vd|2(Vd-V(|9|2))d117
Q

:—/QSQA3Zak(%)IVdI?(akd)lglzdx—/Q82A3¢3Zak((akd)Ile2)lgl2dx

k=1 k=1

> —C'/ (82402 4 s2A32)|g|Pda > —C/ 2 A2 g|*d. (13)
Q Q

By (2), we see

I > —c/ s2 A2 g)?de. (14)
Q

Since

1 1
5 [ laPevds s 5 [ @xtuvagPas,
Q Q

IN

‘/ qe* Vs 24| Vd|? gdx
Q
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it follows from (11) - (14) that
/s)\2z/1d|Vd|2|Vg|2d:E—/ s3A4¢3|Vd|4|g|2d:c—C/ s2A4¢§|g|2dx—c/ M| Vg da
Q Q Q Q
1 1
g—/ lg|?e**¥ads + —/ 2 A2 Vd|t g2 da.
2 Q 2 Q
Therefore

/3A2¢d|vcz|2|vg|2dx—/ s AW3|Vd[*g|*dx
Q Q

1
< 5/, lg|?e**¥adx + C’/Q s2At2 gl 2 dr + C’/Q N |Vg|?da. (15)

Thus we consider (10) + 2x (15):

/s)\2¢d|Vd|2|Vg|2d:c+/ sSANY3 IV d|* g|* da
Q Q

3
< 5/9|Q|2€28wddx+c/ﬂ(8)‘wd+)‘2)|V9|2d$+C/§2(83A3¢2+82)\4¢§)|g|2d:& (16)

Since [tg(z)| > e for all 2 € Q and d € D, we have

C —1 AM
OX2 = sA%1hg x id < sA%q Oes : (17)
Cshbg = sA%pd%, CsP N3 = sﬂ%ﬁ% (18)
and
—1 AM
Cstatg2 = iy VL o ayaya O (19)
S S

We choose sufficiently large Ao = Ao(do, M) > 0 such that < < 1 in (18). For any
given A > \g, we choose s1 = $1(\, dg, M) such that et < 1in (17) and (19). Then

S1

(S}

1
CAQv OSA?/}d < ZSAzq/}da
1
s\l Os*ANh < 20N

for all A > X\g and s > s1, and noting |Vd| > dp > 0 for all d € D, we can absorb the
second and the third terms on the right-hand side of (16) into the left-hand side to
obtain

1 1
—/ s)\21/1d|Vg|2dx+—/ S3A4w2|g|2d$§C/ |g|?e**¥adz. (20)
2 Jo 2 Jo Q

We re-write by means of f. Replacing g = e*¥¢ f, we have |g|? = |f|?€?*¥¢ and
VF[PeV = [Vg — sA(Vd)pae™ f|?
<2|Vg|* + 282 N2 |[VdPyg| f[Pe*V < 2|Vg[? 4+ Cs? NP3 f[Peve.

Substituting them into (20), we complete the proof of Lemma 4.
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