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Using Fixed Point Theoremsto Model the Binding
In Protein—Proteirinteractions

Jinyan Li andHaiquan Li

Abstract— The binding in protein—protein interactions exhibits
a kind of biochemical stability in cells. The mathematical notion
of fixed points also describesstability. A point is a fixed point if
it keepsunchanged after a transformation by a function. Many
points may not be a fixed point, but they may approach to
a stable status after multiple steps of transformation. In this
paper, we define a point as a protein motif pair consistingof two
traditional protein motifs. We proposea function and proposea
method to discover stablemotif pairs of this function from alarge
protein interaction sequencedataset. There are many interesting
propertiesfor this function (for examplethe corvergence). Some
of them are useful for gaining much efficiencyin the discovery of
those stable motif pairs; someare useful for explaining reasons
why our proposedfixed point theoremsare a good way to model
the binding of proteininteractions. Our resultsare alsocompared
to biological resultsto elaborate the effectivenessof our method.

Index Terms— Bioinformatics (genome or protein) database,
mining methods and algorithms, generating functions, stability
and instability,, biology and genetics.

|. INTRODUCTION

ET f be a function and z be a point in its domain, if
(z) = z, thenz is calleda fixedpointfor f. A famais
fixed point theoremin modern mathenatics, proposedby L.
Brouwerin 1911, saysthatary continwusfunction f : B —
B, where B is a closedball in R™, hasat least one fixed
point[1]. An easyexampe of fixedpointsis z = 1 for f(z) =
2z — 1. Hence,the idea of fixed pointsis to find conditins
unde which a function possessea point thatmapsinto itself.
An interestinginstantiationof this mathenatical notion is in
life scienceThe DNA of acell canbesplitinto two parts,then
they grow, in two separateells, to becomethe sameDNA as
the original oneafter self-repicating. In this exampe, the z is
the DNA, andthe f(z) is the laws of physics and chemistry
appliedto the DNA.

Recently we madean importart discovery for fixed points
at protein type level [2]. The studyis on genamic sequenes
of a genefamily. This family of genesis called C2H2 Zinc-
Finger geres, consistingof 226 membes. A chaacteristicof
this genefamily is the frequent presenceof tandemrepeats.
An interestingprodem abaut thesegeness whetter they can
be translatednto the sametype of proteinbefae and aftera
frameshift We found 12 of themthat can be eachtranslated
into the sametype of protein after frameslifts. Again, this
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is a fixed poirt pheromena. The z is the proteintype, the
function f(z) is the frameshit.

In this paper, we apply fixed point theorens to mockl the
bindng in protein-praein interactims, where we define a
point as a pratein motif pair [22], [23] consisting of two
traditioral proteinmotifs. To transfam startingmotif pairsto
becone stablemotif pairs,we proposea function fp whereD
is aproteininteraction sequene datasetNext, we explainwhy
we choe a motif pair insteadof a traditionalsingle motif as
a point, andwhy this in-silico studyis importan.

A protein is a comgex, high molecdar weight organic
compundthatconsistf linearaminoacidsjoinedby pegide
bords. Proteinsare essentialto the structuresand fundions
of all living cells andviruses.Many prateins are enzymesor
sulunits of enzyme. Otherprateinsplay structuralor mechan
ical roles. Sincea proteinis a chainof aminoacids,it canbe
mathenatically representedy a string of the ablreviations! of
the 20 standarcaminoacids,allowing repetitians. Life of cells
depes on the interactiors of proteins[3]. The interadions
arethrough the so-calledbinding motifs[4], eacha region on
a pratein, to connet pairsof proteirs.

In the biology field, it is a challerging prodem to identify
bindng motifs. A commaly-usedway is to examinethe 3-D
structue of the so-calledproteincomplex data[5] generatd by
X-ray crystallogaphy|[6], [7] or by multidimersionalnudear
magretic resonane (NMR) [8], [9]. But, thesemethals are
time-cansumingand expensive. However, it is relatively easy
andeconanical to gettheaminoacid sequene data(stringsof
aminoacid letters)for a pair of interactingproteirs, andthese
interaction sequencealatahave beenshavn to be useful for
discovering singlebinding motifs. (SeeBrazmaet al. [4], [10]
for a good sunwey aboutthe algoiithms to discover binding
motifs.)

In this paper we are more interestedin bindng motif
pairs consistingof two traditioral protein motifs, and try to
discover them using fixed point theorens from large amount
of proteininteraction sequene data.A recentstudy repoted
that protein interactionscould be deternined by correlded
mutationsduring evolution [11]. For exanple, the co-evolution
of interactirg pratein pairs has long beenobsered in such
well-known interacting protein pairs as dockerins and co-
hesins[12], as well asinsulin andits recepors [13]. These
mutations are thoudht to be interactvely happaing between
the binding sitesof a pair of interading protens: if aresidue?
chang incurred in oneprotan disrugs its interactia with its

1Theseabbeviations area, c, d, e, f, g, h,i, k, I, m,n, p, g, r, s, t, v, w,
andy.
2An equivalert nameto an amino acid.



partne, somecompesatoryresiduechangs mustalso occur
in its interacting partrer in order to sustainthe interaction
otherwise,they will be selectedagairst and be eliminated
Therebre, a more proper way to studythe binding of protein
interactiors is to focus on bindng motif pairsinsteadof only
thoseindividual binding motifs.

The corrdated mutatios in the evolution imply a chain
of bindng motif pairs. We can assumethat the recenly
survived binding motif pairs should occur more frequently
than those ancientbinding motif pairs, and should be more
frequent thanthosenonbindng motif pairs. Also, the recent
survived binding motif pairsshouldbe morestablethanothers.
Otherwise,they would be mutatedfurther. Basedon these
ideasandassumptios, we emulatethe transfomationin fixed
pointtheoemsto modelthe evolution of binding sites,anduse
fixed points to model the sunived bindng sites. As will be
seenin SectionVIl, such discovered stable motif pairs are
biologcally interesting

The remaining of the paperis organized as follows: In
Sectionll, we definebasicnotatiors. In Sectionlll, we give a
formal descriptionof the problem. In SectionlV, we introduce
a function fp thatis closely relatedto a sequene datasetD
of proteininteractios. The functionwill be usedto transform
protein motif pairs such that they can becone stable ones.
In SectionV, we prove anddiscussthe propeties of fp(X),
including the corvergenceproperty andthe forest-like decom-
position of its domain In SectionVI and SectionVIl, we
introducea methodto selectgod startingpoint X, andapply
our ideasto a massve real-life pratein interaction sequene
datato find meanimgful fixed points. We also give full details
of somefixed pointsandexplain their biological mearings to
shav the significanceof our mockl. We concluae this paper
in SectionVIII.

Il. BAsSIC NOTATIONS

We use X to dende the alphabetset of the 20 standard
amino acids. All the amino acids are dended by lower-case
letters; but proteirs and amino acid patterrs are dended by
capitalletters.A protein P is definedasa sequene (a string)
of amino acids. For exanple, P canbe aias---a,, where
a; € ¥ fori = 1,---,v. This P is also called a v-length
protein A segmentof a protein P is a substringof P where
aminoacidsare conrectedcontinwously.

An aminoacid pattern or calleda proteinmotif, is defined
as a sequencda string) of subsetsof X. Hence,a motif M
can be written in the form A, A; --- A, where A; C X for
i=1,---,k.

The following is an exanple of pratein motifs that was
found to be biologcally impottantin signaltransdution [14],
[15]. This proteinmotif is {p}X{l}{p}>X{kr} thatbindsto the
SH3 domain of the protein CrkA. The length of this motif is
6; the secondpositionof this motif is the whde alphalet set,
meanimy “don’'t carewhatis matched. It canalsobe written
as {p} = {{}{p} = {kr} in atraditiond way by replacing®
with the sign “*”.

Definition 1: Letamotif M beA; A, - - - A;, whereatleast
oneA is not(). M is definal to be contairedin a praein P =

aias - --a, if thereexists a k-lengh segmen of P, dended
Gi+10Qit2 - - - Gk fOr somei, suchthata;;; € A; for all A;,
1 < j <k, thatarenot . If a motif is a sequene of only
empty sets,we definethat thereis no proteincontairing such
a motif.

A motif M containedn apraein P is denotechy M C P,
andthe segmen a; 1042 - - a;y 1S Saidto matd the motif
M.

Next, we give definitiors relatedto interactios. A pair of
interacting proteirs P; and P, is called a protein pair PPr.
This pair is denotedby the set of the two proteirs, that is,
PPr = {P;, P,}. A motif pair, dended MPr, is a setof two
motifs. Oneof themostimportan definitionsusedin this pager
is abou the inclusionrelatiorship betweena motif pair anda
pratein pair.

Definition 2: Let MPr = {My, M>} be a motif pair and
PPr = {P,, P,} be aproteinpair. MPr is containe in PPr,
dended MPr C PPr, if (1) M; C P, and My C P, or (2)
My ng andM2 gPl

Let two proteirs: P, = eanftw, P, = wefc, and three
motifs: My = {ard}{nc}, My = {e}{f}, and M3 =
{ard}®{nc}. Thenthe pratein P; containsthe motif My, i.e.
M, C F,. This is becausdhereexists a 2-lergth sggmert an
in P; suchthata € {ard} andn € {nc}. Similarly, M, C P,.
Hence,the motif pair {M;, M>} is containedin the pratein
pair {P;, P,}.

However, the motif M3 = {ard}@{nc} is not cortainedin
ary of the two proteinsbecase there does not exist ary 3-
length segmen in P, or P, that can match M3. Therebre,
motif pairs { M1, M3} or {M,, M3} cannotbe containel in
the protein pair {P;, P,}. But, if M3 is changd to M3 =
{erd}@{nc}, thenboth P, and P, contain /3. Note thatthe
emptyset in Ms or M} hasthe samesemanticmeanimy as
thatof X in this case(SeeDefinition 1).

We dende a sequene datasetD of n pratein pairs by
{PPrt = {P},P{},i = 1,...,n}, where P{ and P} have
interactions.

Definition 3: The suppaet of a motif pair MPr =
{M;, M>} in a protein sequencelatasetD is definedasthe
nurber of pratein pairsin D that contain MPr, dended by
|[{PPri| PPri € D ,MPr C PPri}|.

I1l. PROBLEM STATEMENT

Let D bea sequene datasebf interactingproteinpairs,the
problem studiedin this paperis to designa function fp that
is closelyrelatedto D, andthento discover stablemotif pairs
that are fixed points with regad to fp.

Thedomainof thefundion fp is thesetof all possiblemotif
pairs. Let us first discussthe possibilities of single motifs.
Recall that a motif is a sequene of subsetsof ¥, dended
by A1 A5 --- A, where4; C X for i = 1,---, k. Hence,if
k = 1, thenthe set of all possiblemotifs is the power set
of 3, denotedP(X). Then possibilitiesof k-lengh motifs
A1 As - - - A canberepreseted by the following setunion:

U{Al"'AklAz’EP(E) fori=1,---,k}



Sincemotif pairsare pairsof motifs, the setof all possible
motif pairshasa much larger size thanthe domainof single
motifs. We use M to dende all possibilitiesof motif pairs.

Therebre, in a formal way, the prodem can be described
asfollows. Let D be a sequene datasebf protein pairs, our
objective is to designa fundion

fo: M= M,
andto find thosestablemotif pairs X suchthat
fp(X)=X
by usingan efficient algaithm.

IV. OUR PROPOSED FUNCTION fp

As discussedthe function fp is to transfam a motif pair
MPr throughaninteraction sequencéatase®, andto make it
becone a different motif pair MPr' at mostcasesldeally, for
ary motif pair X, the following motif pairs, f(X), f(f(X)),

-+, f(--- f(X)), shouldcorverge to a stablemotif pair. We
will show our proposed fp satisfiesthesecorditions.

Given a motif pair MPr = {M;, M,}, our proposed fp
involves three stepsto transfam AMPr. In the first step, it
discovers a subsetof D suchthat for every protein pair PPr
in this subset,PPr contairs the given motif pair MPr. We
dende this subsetby

@)

In thesecondstep, fo movesto extracta segmentpair from
every proten pairin sMP. LetY = {P, P} € s¥, then
MPr C Y. Therefore,there must exist: (1) a sggmert in P,
thatmatchs M; andasegmern in P, thatmatchesMs, or (2)
a segmer in P, that matche M; and a segmen in P, that
matchesMs. If the both casesare true, we chocse either of
them.In ary casewe dende the segmentthat matches\/; by
segment;, andthe segmert that matche M, by segments.
Obsene that M; andsegment; have the samelength andso
for My and segments. Supp®e thereare v pratein pairsin
sMPr thenwe cangetwu number of segment; andu nunber
of segments,. Let the lengthof segment,; bew. Then the u
segment; canbe representedas the following matrix [a ;]

sy = {PPr | PPr € D, MPr C PPr}.

a11 a2 A1y
a1 Qa2 2w
Ayl Ay2 Ayw

This matrix is denotedby aln 1. It is calledthe alignmert
of M; with regad to s2 in the bioinformaticsliterature

Similarly, we can represeh those u segment, as another

matrix, deroted by aln =,

In the third step,our fp movesto find a consesuspattern
from the matrix aln}* and a consesus pattern from the
matrix aln2. In the matrix aln, for every colum j,
dended by [a;;],4 = 1,---,u, we choe thosea;;, whose
popuation in this colum is largerthana threshold to form a
setdenotedby A;. If noneof theseq;; satisfiesthe condtion,
we setthis positionas ). Thenthe sequene A1 A5 --- A, a

motif, is calledthe consenssipatternof M. This consensus

patternis denotedby M. Similarly, we canfind the consensus
patternMj for M,. Then {M/, M}} is a transfamed motif
pair for MPr = {My, M5} by fp. Theefore, we can write
f’D({MbMQ}) = {MIIJMZI}

The threshdd for the aminoacids’ popuation in a colurm
is importantfor the consesuspatterndiscovely. In this paper
we use 20%, a percatagevalue, asthe threshold That is, if
the occurencerate of an aminoacid at a columnis lessthan
20%,thenwe dropit, notallowing it to getinto the consensus
pattern Absolue suppat nunmbers are also possiblefor the
threshdd, but we explain later why percentge threshdds are
betterthan absoluteones.

The discussiomabore assumeshat s 4 is non-enpty. To
let fp be well-defined we definethe following extremecase
for fp: Given a motif pair X = {M;, M>}, if s = 0, we
definefp(X) ={0---0,0---0}, wherethe nurrber of empty
setsin thefirst sequeneis the lengthof A, andthe numter
of emptysetsin the secondsequeneis thelengthof M 5. Note
thatif a motif pair X = {0---0,0---0}, then fp(X) = X.
Sucha motif pair is a trivial fixed point for fp.

Next, we usean exanple to shav how fp proceeds.Let a
motif pair X be {M;, Mz}, where My = {a}{g}{g}H{g}{iy}
and M> = {fv}{g}{ek}{ae}{ens}{il}{a}. Let D be a
sequene datasetof interacting protein pairs. Suppse s3
contairs the following 7 protein pairs

{qqqagmiyy, eeifgkasiass}
{aafgkasiayy, sssagaoyqy
{yyaggiqqg,  vafgkasiakk}
{kksagggyssa,  ggqvgeaeiaii}
{vvaggdyy, itivgeaeiasss}
{qqqvgeaeiakk, yyyagydigqq}
{agqagmyaqq,  qqqvgeenlayy}.

Thenaln1—the segmerts from the 7 pratein pairsthatmatch
M,—is the following matrix:

S o9 Q0 |~
S SIS I
C oo n|w
S NS RCREESIES
Q@ s s s o

The consesuspatternM; for this matrix is

{a}{gHaHaHiv}-

Obsere that M is equalto M;. This is becausehat at the
fifth columnof this matrix, bothi andy occurmorethan20%.
Hence,they arekeptin the consensupattern

Similarly, alnM2—the segments that match M,—is the



following matrix:

SIS IS IR e e
d O O 0 F I FW
O e @ 8 & & 8|k

D B O ®» » »|t
— . S S S S SO
e 8 & 8 & & 8|

v n

The consensugpattern; for this matrix is

{foH{gH{ke}Ha}{se}{i}{a}.

Notethat M is notequalto M. Also obsere thatthe amino
acidse,n,l at columms 4, 5, and6 (in bold font) respectiely
aredropped. Therebre, they do not appeaiin the fourth, fifth,
andsixth setof Mj,.

Since fp({M1, M>}) = {M1, M3}, X = {M, M>} is not
a fixed poirt of fp.

This exampge has illustrated that fp usesthree steps—
discovery of a subsetof D, extradion of segmentsfrom this
subset,and discovery of consensugatterns—totransfom a
given motif pair.

oo @ el

V. PROPERTIES OF fp

This sectionpresentssomeimportant propertiesof fp. At
first part, we prove the corvergence property of fp for ary
startingmotif pair, andalsodiscussthe forest structue of the
doman of fp. At the secondpart, we discusssomespecific
propertiesof fp whenthe consesuspatternthreshdd is setas
percemagevaluesor setasabsolutenumkbers.At thethird part,
we explain why usingpercemagethreshold is a betterchoice
than using absolutenunbersfor our fixed point theoremsto
modé the binding in pratein—potein interadions.

A. Corvergerce properties

Proposition1: Givenamotif pairY andasequencelataset
D of interacting protein pairs,let X = fp(Y) and X' =
fo(X), thens),f' C s¥.

Proof: If sX' =0, of course,s%' C s¥. Next we prove
this proposition for s,’,fl # (. DenoteX = {My, My}, My =
AlAz "'.Av, M2 = 6182 "'Bw; X' = {MII,MQI}, M! =
Al AL --- AL, My = BB --- Bl,. BecauseX is a motif pair
resultingfrom Y after a transfamationby fp, then A} # 0
andalso A, C A; for thosei satisfying.A; # 0. Similarly,
B! # () andalsoB; C B; for thosei satisfyingB; # (0. Thatis,
if A; # 0 (respectiely B; # 0), Al (respectiy B}) would
never becomean empty set under the percemage threshdds
such as 20% usedin this paper (Note that this is not true
when X is anarbitray motif pair. Thatis why we needto set
X=fplY)forary Y

Let PPr € sX', we prove PPr ¢ D — s%. AssumePPr €
D — sX, then PPr 2 X. Therefae, for ary two segments
from PPr, they cannd matchM; and M, at the sametime.
Therebre, they canrot furthemorematch M and M} at the
sametime. This is becase A, C A, for those: satisfying
A; # 0, and B} C B; for thosei satisfyingB; # (. Hereis a

contrdiction. Thusour assumptionthat PPr € D — 535, must
be false. Therebre, we canconcluc that PPr € s35. [
This propositionis usefu for efficiently computing s%’ . By
definition s’,f' is a subsetof D in which every protein pair
contairs the motif pair X'. Therefae, a naive way to compute
s),f' is to checkwhetherevery pratein pairin D containsX’.
Having the proposition, this naive methodbecome unreces-
sary becase the checkwithin s is sufficient. Since s is
muchsmallerthanD, we cangain muchefficiencgy.
Theoem1: Let D be a sequencedatasetof interactirg
pratein pairs. Then for ary starting motif pair X, fp(X)
convergesto a fixed point X p. Thatis, thereexists aninteger
to(>1) suchthatng)(X) = Xp,andfp(Xr) = Xr, where

fg)(X) repesentsfp(X), fg)(X) representsfp(fp (X)),
andfg+1)(X) representgfp(fg) (X)).
Proof: DenoteX©® = X, X = fi)(x), ..., X® =
(t) (X)
D ' iy (t+1) ®
By Propaition 1, we know that s C s35 " for ary
t>1. Sinces’,f(l) is alimited set,theremustexistat¢ > 1 such

) (@+1)

that sX" = sX"7". Therefae, the consenssi patternfrom
x @) . x (t+1)

sx is equalto the consesuspatternfrom sX" " . Because

theconsensupatternfrom s%m is repesentechs X *+1) | and
the consensugpatternfrom s%“” is representedas X (t+2),
we have X+ = X(+2) Thatis, fp(Xr) = Xr, where
Xp = X#1  asdesired. [ ]

Fromthis theorem we canundestand:(1) thatary starting
motif pair will corverge to a fixed point (likely an empty
pattern and(2) thatdifferentstartingmotif pairsmaycorverge
to the samefixed point. Therfore, the domain of fp can
be partitional into non-overlaping clusterswith eachcluster
correspondig to one fixed point. More specifically each
clusteris atree,asprovedby thefollowing proposition.Which
treesare interestingand biologically meanimgful? In the next
section,we provide a heuristics.

Proposition2: Thedomain (searchspace)f fp is aforest,
with eachroat nodeasa fixed poirt (a stablemotif pair).

Proof: We denotea motif pair X as a node If an

edgeis setfrom all possibleX to fp(X), the searchspace
can be viewed as a graph Since fp(X) is an unique motif
pair, the out-degree of each node should be no more than
one. Meanwhile, it is impossibleto have a circle in the
gragh. Assume Xo, X7 ... Xy, Xo is a circle. Accordirg to
Propaition 1, s5° D sp'... D sp' D sp°. Thensp® =
spl... = spt = sp°. Therdore, Xg = X; = ... = X,.
Hence, X, is a fixed point. Thusit is impossibleto have an
out edgeto X;. Also, by Theaem 1, ary motif pair canlead
to a fixed point, with the out degree as zero, which is the
correspondig roat of thattree. [ ]

B. Specift properties
Recallthatthe definitionof fp involves a stepfor consensus

pattern discovery. To find consenss patterrs, we need a
threshdd to filter out those minor amino acids from the
alignments.As mentiored, we have two optionsto selectthe
threshdd: one is to use percentage valuesas the threshdd,;
the otheris to use absolutenumbes. We denotethe former
appoachas f(% p), andthe latter as f. p).



Thefollowing propositionshaws thatthe stability of a fixed
point of f py canbe transferredto its sub-mdifs. Here, a
motif M’ is a sub-maif of motif M if M’ is a sggmentof
M.

Proposition3: Let a motif pair X = {M;, M} be a
fixed point of f. py, thenary of its sub-notif pairs X’ =
{Mj, M} is afixed point of f(,p) aswell, where M] is a
sub-madaif of My, and M} is a sub-notif of Ma.

Proof: BecauseX' is a sub-maif pairof X, for VPPr €
s%, we have PPr € sX, ie. s5 C sX. Since X is a
fixed poirt of f. py, Vai;; € A; either from M; or from
M, its popuation in sz mustbe above the threshdd. Since
ary occurenceof a;; in s% is also an occurenceof a;; in
s%', the occurenceof Va;; in X' is alsoabove the threshold
Therebre, X' is alsoa fixed poirt of f(, p). [ ]

Propaition 3 saysthat the fixed poirts of f(, p) satisfies
the famaus Apriori-propety [16] known in datamining field.
Thatis, if a sub-maif pair of a motif pair is not a fixed poirt,
the motif pair is impossibleto be a fixed point. Therebre, the
mining of fixed points of f(, ) shouldbe similar to those
algorithms for mining frequent itemsets.

Note that Propaition 3 doesnot hold if we replacef . p)
with f(% p)-

Proposition4: Let X and Y be two equallength stable
motif pairs of f, p), where X = {Mxi,Mx2}, ¥ =
{MYl,MYQ}, |MX1| = |My1| and |MX2| = |MY2|. Then
the union motif pair X + Y = {Mx1 + My1, Mx2 + My2}
is alsoa fixed point of f, py. Theunionoperdion '+’ of two
motifs is definedasfollows: suppse M = A; A, - - - A, and
M' = AlA,--- A, thenM + M' = Al AY ... A}, where
Al = A, UAL1<i<Ek.

Proof: Obsere that VPPr € s, then PPr € sp " .
Hence,we hae sX C s> Y. Similarly, we can get s}, C
sp Y. SinceX andY arefixed pointsof f(, p), for Va;; €
A; eitherfrom M x, or from M x5, its suppat in s% is abore
the threshdd. Sinceary occurenceof a;; in s is alsoan
occurenceof a;; in s37Y, the occurenceof Ya;; in X +Y
is alsoabove the suppat threshdd. Therefae, X + Y is also
a fixed point. [ ]

Note that this proposition may not hold if replacirg f ., )
with f(% p). Thisis becausehe occurenceof the union motif
pairs not only covers the occurencesof the two original
fixed poirts, but also covers some occurencesfrom new
combnations. Therdore, it is difficult to determire whether
the occurencerate is still above the percemage threshold
Anothe interestingthing is if X is not a fixed point, X +Y
is notimpassibleto be a fix point of f(, p).

Proposition5: Let f% p) bethe fp under the perentage
threshdd in the consesuspatterndiscovely. Let a motif pair
X = {My, M}, whereM; = A1 Az--- Ay, A C %, for
i=1,---,0; My = B1By---By, B; CXE,forj=1,---,w.
If all A; andB; aresingletonsets,ands¥ # 0, thenX is a
fixed point of f(% p).

Proof: Denote 4; = {a;} for ¢ = 1,---,v, and
B; = {b;} for j = 1,---,w. Supposesy cortainsm protein
pairs PPri, i = 1,---,m. Thenthe segmen from the protein
pair PPrt for every i that matchesM; mustbe ajas - - - ay;
Similarly, the segmentfrom the protein pair PPr? for every

¢ that matchesM, must be by b - - - b,,. Therefore, the two
alignments aln* and aln’2 are the following two special
matrixes:

ai; a9 Qy
ay az Ay
L ay ag ay i
and ~ -
by bs by
bl b2 bw
b b bu |
Then the consenss pattern for aln?1 and aln2 are

{a1}{az2} ---{ay} and {b1}{b2}--- {by} respectiely, under
percemage threshdd, asthe occurrace rateis 100% in this
case.Hence,we canseethat X is a fixed poirt of f(y p). ®

C. Thefunction f( p) betterthan f, p)

In this subsectionwe give a comparison betweenf % p)
and f p), and explain the reasongfor that f ¢ p) is better
than f, py to mocel the bindng in protein-protein interac-
tions.

First, let us examire the mostlikely lengths of fixed points
derivedby f(% p) andf(, py. Accordirg to Propaition 3, for a
long stablemotif pair X' of f (. p), all sub-notif pairsof X are
alsofixed pointsof f(. p). In extreme casesthosemary 1-1
pairsarestablemotif pairs.In biology, they arecalledresidue-
resideinteraction pairs[17]. Thoughthey maybefundamental
commnentsof somebindng sites,they may have very high
falsepositive rate.Oneway to solve this prodemis to discover
only thosemaximalfixedpointsof f . py which aresimilar to
a well studieddatamining concep called maximal frequent
patterrs [18], [19]. Onthe otherhand bothvery shortandvery
long motif pairsareunlikely to befixedpointsof f (s p) dueto
the equalpossibility for shortmotif pairs andrare possibility
for long motif pairs.This property of f (4 p) is very consistent
with the obsenations in biology [20] that most binding sites
geneally include more than 10 but lessthan 20 residuesin
fact,thelengtts of our discoveredstablemotif pairsof f(y p)
matchvery well with thoseof real motif pairs.

Seconty, let usdiscussheunion(’+') opeationfor f(o )
and f( p). According to Propgition 4, the union of any two
equaltength fixed points of f(, p) is also a fixed point of
fx,p), but this flexibility doesnot hold for fixed points of
f%,p)- In the real biology circumstanes, this union property
doesnot usually hold for binding siteseither For exampe, a
study on active sites[21] shaws that only specially selected
amino acids (not arbitrarily united are possibleto compse
a binding site or an active site. The union property of fixed
poirts of f(, p) alsoleadsto anotler bad conseqence:the
motif pairs with large setin all positionsare more likely to
be fixed points. In the extreme case,the motif pairs which
containonly full alphabé setsin eachpositionaremostlikely
to be fixed points. It is obviously meaningessfrom biology
perspetive. However, f(y py doesnot prodice such fixed
poirts.



Hereby f% p) is better than f py for modelirg the
binding in protein-praein interactios, as it reflects more
properties of the real bindng sites. However, fy py has
the singletonprablem as discussedn Proposition 5. By this
proposition, every segmen pair from ary protein pair of D
is a fixed point of f(% p). Hence,it seemsthat there are
mary easyfixed poirts for f(y p). Therdore, we needother
statistical measuremen to remegd this, for exanple, using
the suppot level or P-scoreof thesefixed pointsin D, or
biologcal eviderce as discussedn our anotherpaper[22] to
filter out someeasyones. In the remainng of the paper ary
fp refersbackto f(« p).

VI. SELECTION OF STARTING POINTS FOR fp

Startingfrom ary motif pair, we have alreadyknown (by
Theoem 1) thatthis motif pairwill becane a fixed point after
a nunbert, timesof transfamationby fp. Sincethe domain
of thefunction fp is huge in this sectionwe discussa method
to selectgood candiditesfor startingmotif pairs, so that the
resultingfixed points can have goad biologcal significance.

As discussedin the introduction of this paper protein
interaction data are categotized into two types: pratein in-
teraction sequene data and protein comgex data. Existing
biotechologies can geneate high-throuchput proteininterac-
tion sequencalataefficiently. But, it is expensve and time-
consuning to generatepratein comgex data.However, only
proteinconplex datacontainsclear3-D structureinformation
for interactirg proteins. From a protein conplex, the exact
locatiors of binding sites of the interacting prateins can be
determired by calculatingthe distancesetweenamino acids
in a pair of proteirs in this comple.

Hereby in this paper, we use protein comple dataasour
platform becawse thesedata can provide important clues to
guide the selectionof meanindul starting motif pairs. We
first discover binding sites from this kind of biologicdly
reliabledata.Then,we genealize thesebinding sites,andthen
transfom thosegenealized patterrs by our fp to get stable
motif pairs.

In oneof our previousstudieg23], we proposeda methal to
discover bindng sitesfrom pratein compex data. Thesebind-
ing sitesare called maximéa conta¢ segmentpairs [23]. Two
segmerts from two proteirs area contect sggmentpair if every
residuein oneseggmentcanfind at leastone cortactresiduein
the oppositesegment,wherethe contactof two residus means
thatat leastoneof their atompairshasan Euclideandistance
lessthan a threshold A cortact sggmert pair is maximal if
no ary other contat sgmen pair in the sameprotein pair
contairs both sggmentsof this contactsegmert pair, captuing
contactsggment pairs as lengtly as possible.The maxinal
contactsegment pairsarethengenealizedinto startingmotif
pairs. The formd definitionsand explanationsaboutmaximal
contactsggmentpairsandthe searchalgotithms canbe found
in our previous work [23].

VIl. SOME REAL-LIFE EXAMPLES

In this section we reportsomefixedpointsof fp discorered
from areal-life sequenedatase® of interactirg proten pairs.

This sequene datasetis corstructedby von Mering [24].
It consistsof 7839 nonredwndant interactiors, containiry
almostall the latestinteractingprotein pairsin yeastgenane
produced by variows experimental and high-confidenn com-
putaticnal method. The lengths of theseproteinsare typi-
cally from hundedsto thouwsands.The datais also available
at our website (http://sdnt.i2r. a-star. edu. sg/

Bi ndi ngMot i f Pai r s).

Our starting motif pairs are also discovered from a real-
life protein compex dataset.This protein comple dataset
is derived from PDB (htt p: / / www. r csb. or g/ pdb/). It
consistsof 1533 entries that have at least two chains, by
usingonline searchtoolsin PDB-REPRDB(ht t p: / / nbs.
cbrc.jp/ pdbreprdb-cgi//reprdb_query.pl). In
this complex datasetthe maximum pairwisesequencédentity
betweenary two compleesis 30% and eachcomgex hasa
structue of resoluion 2.0 or higher.

Fromthis protén compex data,we identified 1222 starting
motif pairs.After transfomationby fp, 913 of thembecane
fixed points that are not empty patterns.(That is, 309 of
the 1222 starting motif pairs becone the empty pattern:
{0---0,0---0}.) Most of the 913 stablemotif pairs have a
length between10 and 20. About 30% of thesestablemotif
pairshave a suppat of at least10 in D.

Tablel givesan exampe shaving the transfomation from
a starting motif pair to a fix point, where three rounds of
transfamationsby fp arerepated.

Next, we give full detailsfor one of the 913 stable motif
pairsto seehow it is discosered,whereits origin is, andwhat
its biological significanceis. This stablemotif pair is

{{gHlyHaHiyHiv}, {rHgHIHgHIHvHr H

dended by MPregzampie = {My, M2}, where
M, = {gHlyHdHiy}{iv} and M, =
{rHaHIHgHIHvHr {7}

Its origin is locatedat the so-calledpdblors pratein com-
plex [25]. Specifically the motif My = {g}{ly}{d}{iy}{iv}
is evolved from the sggmern gydyf at the chain B of the
pdblors comgex. Thesefive aminoacidsare indexed from
99 to 103 residuesn the chainB. SeeFigure 1. To combne
theseaminoacidsandtheir positionstogetter, this sggmentis
sometimeswritten as [¢99, y100,d101, y102, f103].

The motif My = {r}HgHI}H{gHIHv}{r}{f} is roaed
at the segment aglglfrl at the chain C of the pdblors
compex. Theseeight amino acids are indexed from 111 to
118residuesn thechainC. This sggmentis sometimesvritten
as[alll,g112,1113,9114,1115, f116,7117,1118] to comkine
the aminoacidsandtheir positiors togetter.

The semen pair, [¢999,y100,d101,y102, f103] and
[al11,¢112,1113, g114,1115, f116,7117,1118], is a maximal
conta¢ seggmen pair We use Figure 2, abstractedfrom
Figure 1, to demastrateit.

Using our methodprgposedin [23], this maximal segment
pair {gydy f, aglgl frl} is genealizedto thefollowing starting
motif pair X,

X = {gHlyHaH{ FiyH fiv, {r H{HgHIHgHIHoHdr H fi}}

for the function fp.



TABLE |
A STARTING MOTIF PAIR X = {{ek}{g}{I}{l}, {k}{ek}{ek}{g}{iv}} BECOMES A FIXED POINT OF fp AFTER THREE ROUNDS OF
TRANSFORMATION BY THIS FUNCTION.

convergerce motif pairs X |5 ]

startng | {ek {g} (I} {J . (K {e§ {eK = {a} {v} | 31

xW {ekk {gy {1} {1} . {k {ek} {ekd {a} {g} {iv} | 11

x®) {ekt {gt {1} {I} . {k {e} {kt {a {g} {vi| 10

Mypizea | {ekp {o} {1} {I} , {k} {e} {k} {a {g} {v}]| 10
Chain B

Chain C

Fig. 1. 3-D strudure of a binding site in the pdblors proten comple, a complex between the kvap potassimm channé voltage sensorandan fab in speces
mouseand E. Coli., whereChainB is in blue color, and Chain C is in greencolor.

g99

y1l00 d101 y102

f103

Chain B

ChainC

alll g112 1113

glid

115 fl116  r1l7 1118

Fig. 2. A maximal contact sgmentpair discoveredfrom the pdblors complex. A line between ChainB and Chain C represats that the two correspmding

amino acids are closein distarce.

After onestepof transfamationby fp, this startingmotif
pair X becones the fixed point MPrczqmpie, i.€. fp(X) =
MPrewample-

We also found that this stable motif pair MPrezompie iS
statisticallysignificantafterexamiring its suppot level against
randan motif pairs.Thesuppot of motif {g}{ly }{d}{iy}{iv}
is 15 in yeast protein set (na the protein interac-
tion sequence dataset D), and the supprt of motif
{rHaHIH{gHIH{v}{r}{f} is 2 with respectto the same
protein set. The suppat of MPreyampie aSa pairis 6 in the
protein interaction sequencedatasetD. Then, we generated
1000 randon motif pairs accordng to MPr.zqampre, Where
eachrandm motif pair is generatedby substitutingevery
residuein MPrqzqompre With arandm residue.Therebre, the
randan motif pairshave the samelengthas MPr ;4 mpie. The

distribution of the randanly generted residuesfollows the
samedistribution of all theresiduesn thewhde yeastgenone.
For these1000 randon motif pairs, the averaye suppat of
the randan motifs correspading to {g}{ly}{d}{iy}{iv} is
11.14, the suppot of every randon motif corresponihg to
{rHoHIH{gH{iH{vH{rH{ [} is 0. Consequetly, the suppot
for any of those 1000 motif pairsis also 0 in the pratein
interaction sequencelatasefD. Fromthesestatisticalnumters
of MPrezampie andits equallength1000randan motif pairs,
we canseethat MPr,,mpie hasoccurencemuchmorethan
its rancbm expedationin singlemotifs or in pairs.Therebre,
the stable motif pair MPrezqompie iS Not a rancm result
indeed

We alsofound somebiological significanceof the motif pair
MPregqmpie- I biology, Pellicenaand Miller [26] studied



a pratein motif Mpyr = {y}{d}{y}{v} within the protein
pl3QCasof v-Src transfomed cells. This motif was biolog-
cally confirmedto bind to the Src homolayy 2 (SH2) domain
thatis a proteindomainwith about100 amino-aa residues
in mary intracelldar signal-traasducingproteirs [27]. We had
the following obsenations after comparing thesebiologcal
literatureresultswith our computationalresults:

o Mpy = {y}{d}{y}{v} is similar to the left motif
{9H{ly}{d}{iy}{iv} of our motif pair MPr.sampie-

o The sgmentlvrf in the SH2 domain partially matches
to our right motif {r}{g}{{}{g}{{}{v}{r}{f} of
MPrezampie- The preciselocation of the sgmentlovr f
is from positions118 to 121 at the SH2 domain of the
protan SH2A_HUM AN, and from positiors 139 to
142 at the SH2 donmin of the proteinSH2A M OUSE.
At the left side of the matchedsegmeris in the SH2
domain, thereis a sggmern ggcy from 114 to 117 in
SH2A_HUMAN. The residue g at position 114 of
this segmentis a structure interchaigeable reside of
r [28]; the residueg at position 115 exadly matches
with the secondresiduein our motif; at position 116
bothresiduec and! are hydrophobic residueghatimply
some structuresimilarity; at position 117, both residue
y and residue g are surface resides (chagedpolar
residues).Similarly, we find a segment gcy from 136
to 138in SH2A_MOQOUSE. Hereby the right motif of
MPrezampie hasfive positionswhich are exact matches
andtwo positionswhich are comtible with the biolog-
ical pratein sequenes (from a domain of 92 residues).

e« There are total 295 proteirs containig SH2
domains, where the segmen lvr occurs in 139
of them. (This can be seen from the prosite:
http://tw expasy.org/prosite/.) Moreover
the sggmentl/vr locatesnearthe most consered region
in the domain where the most consered region is just
betweeng—the secondresidueand r—the last second
residue.(Seehtt p: //tw. expasy. or g/ cgi - bi n/
al i gner ?psa=PS50001&col or =1&naxi nsert =
10&l i nel en=0). This implies that the motif pair we
discoveredis likely to be the mostcritical factorfor the
bindng betweenthe {y}{d}{y}{v} motif in p130Cas
and SH2 domain.

Finally in this section, we descrile two more exam-
ples to explain the biologcal significane of our dis-
covered fixed points. Vanconperndle [29] repoted a re-
sult that protan actobindh contairs an actin-bindng mo-
tif {v}{th}{v}{k}{k}{v}. From our discorered 913 stable
motif pairs, we obsered that there are three motif pairs
containng motifs that are similar to the actin-birding motif
{vH{th}{v}{k}{k}{v}. The left side and right side of the
threemotif pairsarelisted in the secondandthird colunm of
Table Il respectiely. A more interestingobsenation is that
the threeright-side motifs areall contairedin the sequene of
the pratein actin or its associategroteirs.

Kay et al [15] hada studyon the interactia of prolinerich
motifs in signalingprateinswith their cognatedomans. Four
binding motifs (called binding consensusequenesin [15])

arelistedin thefirst columnof Tablelll. Fromour discosered
bindng motif pairs,we obsered that thereare 4 motif pairs
containing amotif thatis similar to oneof the4 binding motifs.
The 4 motif pairs are listed in the secondand third columms
of Tablelll. Anotherobsenrationis thatour right-side motifs
are all containedin the proteirs in the last column of Table
[l which arereportedto bind to the correspondig consensus
sequenesin the first column[15]. (Note that similar results
have beenobtainal by usingemegencesignificancemeasue-
mentin our previous work [23].)

These obsenrations indicate that the stable motif pairs
discovered by our fixed-mint basedmetha would possess
strong biological meaniy. An important implication of this
is that our discorered binding motif pairs are likely to be
real biological binding sites. Thetefore, this comptational
methal would have a potentialguidarce role to play for the
identificatian of real biological bindng sites.

VIII. CONCLUSION

In this paper we have propsed a fixed point theoem
to modé the binding in pratein—prdein interactiors where
a point is definedas a protein motif pair consistingof two
traditioral protein motifs. The transfamation by a function
emulateghe evolution of binding sites,while the fixed points
of the function modds the binding sites. To discover stable
motif pairsfrom the sequene dataof interactingproteinpairs,
we proposeda mathenaticalfunction fp. The transfomation
of a motif pair by fp involves three steps:the discovery
of a subsetof D, the extraction of alignmerns from this
subsetandthe discovery of two consenssipatternsWe have
provedthat fp is a corvergert function for ary startingmotif
pairs. In this pape, we have also discussedthat f(y py is
betterthan f(. p) for modding the binding in proteir-praein
interactions, asit reflectsmore propertiesof the real binding
sites.We appliedour methal to a huge real-life datasetand
found mary biologcally interestingmotif pairs. As future
work, wewill collaboatewith biologiststo confirmourresults
using wet expeliments. Meanwthle, we are also working on
different functions fp to seewhethe it canbe optimized
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