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Constructing new APN functions through

relative trace functions

Lijing Zheng, Haibin Kan, Yanjun Li, Jie Peng, Deng Tang

Abstract: In 2020, Budaghyan, Helleseth and Kaleyski [IEEE TIT 66(11): 7081-7087, 2020] considered an
infinite family of quadrinomials over F». of the form x> + a(x2 ™Y + b3 + e 2" where n = 2m
with m odd. They proved that such kind of quadrinomials can provide new almost perfect nonlinear (APN)
functions when gcd(3,m) = 1, k = 0, and (s,a,b,¢) = (m—2, w, w?, 1) or (m-2)"" mod n, w,w?, 1) in which

w € F4\F,. By takinga=wa1ndb:c:a)2

, we observe that such kind of quadrinomials can be rewritten as
aTr (bx®) +a?Tr" (cx**1), where ¢ = 2 and Tr",(x) = x+x>" for n = 2m. Inspired by the quadrinomials and
our observation, in this paper we study a class of functions with the form f(x) = aTr),(F(x)) + a?Tr) (G(x))
and determine the APN-ness of this new kind of functions, where a € F,» such that a + a? # 0, and both
F and G are quadratic functions over Fp:. We first obtain a characterization of the conditions for f(x) such
that f(x) is an APN function. With the help of this characterization, we obtain an infinite family of APN
functions for n = 2m with m being an odd positive integer: f(x) = aTr’,(bx?) + a?Tr’(b*x”), where a € Fy
such that @ + a? # 0 and b is a non-cube in F,.. We verify that the aforementioned APN quadrinomials are
CCZ-inequivalent to any other known APN functions over F,i0. We also obtain two infinite families of APN
functions: aTlJ,’n(bx3) + aqTr’fn(gx5 + ex**1) where b, g, e satisfy: i) b not a cube, g =1, e = bzq%z; orii) b
not a cube, and g = e = b. We can also find (at least) two new sporadic instances of APN functions over
F>i0 up to CCZ-equivalence.

Keywords: APN functions; relative trace functions; quadratic functions; CCZ-equivalence

1. INTRODUCTION

Throughout this paper, we often identify the finite field F»» with F; which is the n-dimensional vector

space over F,. Any function F : Fyn — Fou is called an (n, m)-function or vectorial Boolean functions if the
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values n and m are omitted. Vectorial Boolean functions are of critical importance in the field of symmetric
cryptography, and the security of encryption algorithms heavily depends on the cryptographic properties of
the vectorial Boolean functions. Researchers have proposed various properties to measure the resistance of a
vectorial Boolean function to different kinds of cryptanalysis, including differential uniformity, nonlinearity,
boomerang uniformity, algebraic degree, and so on. The lower the differential uniformity of a vectorial
Boolean function, the better its security against differential cryptanalysis. In this paper, we mainly focus
on the (n,n)-functions. The differential uniformity of any such functions is at least 2, and the functions
achieving this bound are called almost perfect nonlinear (APN).

It is difficult to find new infinite families of APN functions up to CCZ-equivalence. Up to now, only 6
infinite families of APN monomials and 14 infinite families of APN polynomials are known, since the early
90’s. On the other hand, in contrast to these facts, there are a lot of APN functions even over “small” field:
for example, thousands of CCZ-inequivalent APN functions have been found over Fs [25]. Constructing
new instances of infinite families is an area of deep heading research. We present Tables I and II including
all currently known infinite families of APN functions. To Table II, we add the new function found with
Theorem [3.3] in Section 3 below. We refer the readers to a recent nice work of Budaghyan et al. for more

details on the classification of the known families of APN functions [7].

TABLE 1
KNOWN INFINITE FAMILIES OF APN POWER FUNCTIONS OVER [Fon

Family Exponent Conditions Algebraic degree | Source
Gold 20+ 1 ged(i,n) =1 2 (L8]
Kasami | 2% -2/ + 1 ged(i,n) = 1 i+1 [19]
Welch 2'+3 n=2+1 3 [14]]
Niho 2t+2[/2—1, 1 even n=2t+1 t/2+1 [15]
20 +26HD/2 _ 1, ¢ odd r+1
Inverse | 2% -1 n=2t+1 n—1 (1} 22]
Dobbertin| 2% + 2% +2% + 27— 1 | n=5i i+3 [16]

Throughout this paper, let w € F4\{0, 1}. Very recently, Budaghyan, Helleseth, and Kaleyski introduced

an infinite family of quadrinomials over Fp. of the following form:

2541 )21( 3.Qm Qs+m L ym )2A

gs(x) = x4 a(x +bx™ + c(x

’

where n = 2m. They showed that this family can provide new infinite families of APN functions [12].
More precisely, they showed that g,(x) is a new APN function if k = 0, (s,a,b,c) = (m — 2, w,w?, 1), or
((m -2)"! mod n,w,w? 1), if m is odd with gcd(3,m) = 1. They also pointed out that when £ > 1, gy(x)
can also be APN, however, CCZ-equivalent to some known ones.

Let n = 2m and g = 2". In this paper, our motivation is to find new infinite families of APN functions
over Fy.. We revisit the above-mentioned two infinite families of APN quadrionomials obtained in [12].

25

Observing that for any odd positive integer s, w> = w?, the APN functions for s = m—2, or (m—2)"'mod n

2



can be rewritten as g (x) = aTr’(bx®) + a/Tr’ (cx**"), a = w, b = ¢ = w?. Here Tr(x) := x + x> for
n = 2m. Inspired by the quadrinomials and our observation, let a € Fy:, we study a class of functions with
the following form:

f(x) = dTr, (F(x)) + a?Tr), (G(x)), a+a? 0, €))

where F and G are quadratic functions with F(0) = G(0) = 0.
Based on the framework (), we carefully choose quadratic functions F and G for finding APN functions.
We mainly consider two kinds of functions in (I)) by setting F and G as follows.
i) F(x) = bx®, G(x) = ex**1;
i) F(x) = bx® ' + cx®™1, G(x) = gx2*' + ex?™"*!, where b, c, g, e € Fo, and i, s are positive integers.
Let n = 2m with m odd. Let a € F,., and

fi(x) = aTr (bx®) + a?Tr" (cx* ™), a+a? # 0.

We can find two more exponents s = 3, or m + 2, and the corresponding conditions on the coefficients such
that fi(x) is an APN function over F,.. Code isomorphism tests (see Sec. 2 below) indicate that for the
exponent s = 3, the APN function found with Theorem [3.3

fa(x) = aTr" (bx®) + aTr" (B> x7),

where b is a non-cube, is new up to CCZ-equivalence over Fy0. We can also discover more coefficients for
these two exponents s = m —2, and (m — 2)"'mod n discovered by Budaghyan et al. such that f;(x) is APN
without the assumption that gcd(3,m) = 1. In this way, some new instances of APN functions over F,i0 and
F,4 of the form f;(x) can also be found.

Let n =2m, g =2", a € Fy, and
i i+m s s+m
hispcge(X) = aTe (bx* ™'+ ex? " + afTr? (g ™ + ex? 1), a+a # 0.

We can find two infinite families of APN functions as follows, by letting i =1, s =2, ¢ = 0.

,,,,,

where a € Fy: such that a+a? # 0, m is odd, and b, g, e satisfy: i) b not cube, g =1, e = #; or ii) b not
cube in F,,

functions are CCZ-inequivalent to each other, however, CCZ-equivalent to some functions in family F12 of

and g = e = b. By means of the code isomorphism test, we find that these two classes of APN

Taniguchi over Fyi0. The critical technique needed in the proof is to forge links between the cube-ness of

some certain elements and the number of solutions to the equation of the following form:
AX® + Bx* + Bix + A7 = 0.

The rest of the paper is organized as follows. Some basic definitions are given in Section 2. We characterize
the condition for f(x) with the form (I)) such that f(x) is an APN function over Fy:, n = 2m. In Section 3,
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we investigate the APN property of the functions with the form by letting F, G are both Gold functions
or both quadratic binomials. We can find a new infinite family of APN quadrinomials, and generalize the
two infinite families of APN functions found by Budaghyan et al. in [12]. We can find two infinite families
of APN hexanomials, which computationally proved that they belong to family F12 over F,i0. We can also

find (at least) two new APN instances over Fyo. A few concluding remarks are given in Section 4.

2. PRELIMINARIES

Let F,: be the finite field consisting of 2" elements, then the group of units of Fy:, denoted by F;,, is a
cyclic group of order 2" — 1. Let @ € Fy. It is called a cube in Fy, if @ = 8° for some S8 € F,:; otherwise,
it is called a non-cube. Let m and n be two positive integers satisfying m | n, we use Tr),(-) to denote the
trace function form Fy. to Fon, ie., Tr) (x) = x + K2 P 2,

Let f(x) be a function over Fy.. Then it can be uniquely represented as f(x) = leza Va;x'. This is the
univariate representation of f. Let 0 < i < 2" — 1. The binary weight of i is wy(i) = Z’;;é is, where
i= ’;;(]) i;2°, iy € {0, 1}. The algebraic degree of f, denoted by deg(f), is the largest binary weight of an
exponent i with a; # 0 in the univariate representation of f. Functions of algebraic degree one, and two are
called affine, quadratic, respectively.

Given an (n,n)-function F, we denote by Ag(a,b) the number of solutions to the equation D,F(x) = b,
where D, F(x) = F(x)+ F(x+a) is the derivative of F in direction a € Fy.. F is called differentially 6-uniform
if the largest value of Ar(a, b) equals to J, for every nonzero a and every b. If F is differentially 2-uniform,
we say that F is almost perfect nonlinear (APN).

Two (n,m)-functions F and G are called extended affine equivalent (EA-equivalent) if there exist some
affine permutation L; over F,» and some affine permutation L, over Fy», and some affine function A such
that F = L, oG oL +A. They are called Carlet-Charpin-Zinoviev equivalent (CCZ-equivalent) if there exists
some affine automorphism L = (L1, L) of Fy XFpm, where L) : For X Fom — Fpn and Ly : Fon XFym — Fom are
affine functions, such that y = G(x) if and only if Ly(x,y) = FoL;(x,y). It is well known that EA-equivalence
is a special kind of CCZ-equivalence, and that CCZ-equivalence preserves the differential uniformity [[13]].
Proving CCZ-inequivalence of functions can be very difficult in general, and this is resolved through code
isomorphism. Let @ be the primitive element in F,.. Then two (n, n)-functions functions F' and G are CCZ-
equivalent if and only if Cr, Cs are isomorphic [3], where Cr is the linear code corresponding to F with

the generating matrix as follows.

1 1 .- 1
Cr= 0 a - a?!
F(0) F(a) --- F(*™

Let f be a quadratic function over F,. with f(0) = 0. Denote

Ay p(x) := f(dx) + f(dx + d) + f(d).



Then it is well known that f is APN if and only if for every d # 0, Ay r(x) = 0 only has trivial solutions in
x, i.e., only x € F, can be a solution to Ay s(x) = 0.
In the following, we determine the APN-ness of the functions with the form (I).

Lemma 2.1. Let n = 2m, and q = 2™. Let F, G be quadratic functions over Fy satisfying that F(0) = 0,
and G(0) = 0. Let f(x) = aTr,(F(x)) + a?Tr, (G(x)), where a € Fy such that a + a? # 0. Then f(x) is APN
over By, if and only if the following system

{ Agr(x) € Fon o

Ad’G(X) (S Fzm
only has x = 0,1 as its solutions for any d # 0 € Fpn.

Proof. Since f(x) is quadratic with f(0) = 0, it is equivalent to showing that the following equation only

has x = 0,1 as its solutions for any d # 0

Agr(x) = f(dx) + f(dx+d) + f(d) = 0. (3)

We have
Ag,r(x) = aTr, (A p(x)) + a’Tr, (AyG(x)) = 0. 4

In the following, we shall show that () holds if and only if
Tr,, (A, r(x) = Try,, (A (X)) = 0.

The sufficiency is clear. Let us show the necessity.

Raising to its g-th power, we have
a’Tr,, (Aq (%)) + aTry, (Ag6(x) = 0. &)

Adding @) and (3),
(a + a”)Tr, (Agr(x) + (a + a?)Tr, (Ayc(x)) = 0,

which infers, since a + a? # 0, that
Tr, (Agr(x)) = Try, (AgG(x)). (6)
Substituting (6)) into (), we can obtain
T, (Agr(x)) = Tr, (Ayg(x) = 0,

which is exactly the system (2)). Therefore, f(x) is APN, if and only if the system only has trivial
solutions x = 0, 1, for any d # 0. O



TABLE I

KNOWN INFINITE FAMILIES OF QUADRATIC APN POLYNOMIALS OVER [F)n

1D Functions Conditions Source
Fl1- s k ik 4 Amkcts "= pk’ ng(k, P) N ng(S, pk) - 1.’
m X2 2 2 p € {3,4}, l'Z.Sk mod p, m = p—1i, | [9]
n > 12, u primitive in F,
1 2] it Yige n=2m,q=2", gcd(i,m)=1,d € Fa,
F3 Zﬂfqzij W O A B, X2 +dX? +d7X + 1 has | [ 8]
. no solution x s.t. x¢*1 =1
F4 | X +a 'Tr (@ x°) a+0 [10]
F5 X+ a‘lTrg’(a3x9 +alx'®) 3|ln,a#0 [
F6 | x° +a 'Tri(ax™® + a'?x%) 3|n,a#0 (1]
Fro | a2+l 4 22 o2t 4 | S 3k, ged(k,3) = ged(s, 3k) = '1,. v,
F9 w122 w € Foe, vw # 1, 3 | (k+5), u primitive | [3] 4]
in F,
F10 cex?tl 4 dle“ + dix1?+D 4\ n = 2m, g = 2", ged(i,m) = 1, i, m 0
sy odd, y, € F,, ¢ ¢ F,, d not a cube
(x+x‘1)2k+1 +u’(ux+u‘1x‘1)(2k+l)2i+ n = 2m, m 2 2 even, ng(k.’ ”7). - 1
F11 g 4 g =2",and i > 2 even, u primitive in | [26]
(e + x0)(ux + ulx) IF5,, u’ € Fon not a cube
u(wix + ux(x + x4 + Wix + | n = 2m, q = 2", ged(i,m) = 1,
F12 | ux®)™ " + a@ix + ux®)*'(x + | u primitive in F}, @, f € Fa, and | [23]
x0)? + B(x + x9)> ! X2+ 4 aX + S has no solution in Fon
n=km, m>2, gcd(n,i) = 1, L(x) =
F13 | L(x)*x + L(x)x* Z’;;(l) a;x*" satisfies the conditions in | [6]
Theorem 6.3 of [6]
Fl4 | 23+ wx® ! + @0x® + @+ n =2m, g =2" modd, 3 {m, wprm- |
itive in F},, s = m—2, (m—2)"' mod n
F15 | aTr (bx?) + a?Tr" (b3x°) n=2m, modd, g =27 a ¢ Fy, b not new
" m a cube

We want to find new APN functions of the form (]I]) In the following two subsections, the functions F
and G were chosen very carefully to satisfy the conditions characterized in Lemma This will yield a

new infinite family of APN quadrinomails, two infinite families of APN hexanomials, and (at least) two

3. THREE INFINITE FAMILIES OF APN FUNCTIONS

sporadic APN functions CCZ-inequivalent to any other known APN functions over Fu.

A. E G are both of Gold type

We need the following two lemmas, which will be used in the proof of Theorem




Lemma 3.1. Let n = 2m for m odd, q = 2". Suppose that for some c € Fy we have
e+ +chH e Fon.
Then c is a cube in Fon.

Proof. Since gcd(3,2™ — 1) = 1, any element of Fo» is a cube. In the following, we assume that ¢ ¢ Fom.
Noting that c3(c+c?+c*)? = D242+ D411 3@+ we have ¢! (c+c9)?+c2 @D (c+c?)+c34 D (c+c) = 0
by the assumption that ¢*(c + c? + ¢*)? € Fyn. Since ¢ + ¢? # 0, we have c¢?*'(c + ¢?) + 2D 4 3@+ = (,
and hence ¢ + ¢? = ¢?*! + ¢*@*D_ Note that any nonzero element ¢ of F: has a unique polar decomposition
of the form ¢ = vk, where k"' = 1, and v7~! = 1. Substituting ¢ = vk into ¢ + c? = c?*! + >+, we have
k+k ! =v+0. By assumption that ¢ ¢ F», we have k # 1. Then according to [21, Theorem 7], we have
that k is a cube in U := {x € Fy» | x7*! = 1}. Therefore, ¢ = vk is a cube in Fyn. O

Let s be a positive integer with ged(s,n) = 1. Let x € Fy. It is clear that x + x> # 0, if and only if

x # 0, 1. We have the following lemma.

Lemma 3.2. Let n = 2m for m odd with gcd(3,m) = 1. Let s be a positive integer such that 3s = 1 mod n.
Suppose that for some x € Fn\{0, 1}, we have

X+ x2

- N — € Fzm,
(x + XZA)ZZA—23+1

Then x + x%° is a cube.

Proof. Letd = x+x%. Then d # 0, since x # 0, 1, and ged(s,n) = 1. We can express x+x2 = d +d* +d*".

Then ; ”
X+ x2 _d+d¥ +d?

(x + x2) -2+ T 2

A VI e D i R e )

where A = d*~!. Then the condition of this lemma is equivalent to that A= + A=>*! + A + 1 € F,., which

is exaclty A D
+

A%
If A=1,ie.,d”'=1,thend =1, and hence x + x> =1 is a cube. In fact, since ged(2* = 1,2" - 1) = 1,

g(x) = x* 7! is a permutation of F,.. Then by g(d) = g(1) = 1, we have d = 1. If A # 1, then there exists

S Fzm .

some a € F;, such that A* = (A + 1)>*!a. Since s is odd, 3 | 2° + 1, we have A% "'« is a cube, and hence
A% is a cube, that is, A is a cube. However, note that gcd(3,2° — 1) = 1, we have that d is a cube, when
A=d*"is. O

In the following theorem, we investigate the APN property of the functions with the form (I)) by letting
F(x) = bx*, and G(x) = cx**!. This allows us to find a new infinite family of APN quadrinomials f(x) =
aTr’ (bx*) + a?Tr" (b3x°), where b is a non-cube in Fy.



Theorem 3.3. Let n = 2m with m > 1 odd, and g = 2". Let a € Fy, and fi(x) = aTr (bx3) + aiTr, (cx2 +1)
with a ¢ By, bc # 0, s odd. Then f(x) is APN over Fo, if s,b,c satisfy the following

i) s=m—2, b not a cube, % € Fon; or

ii) s=(m—-2)"" mod n, b not a cube, ‘;2—2_1 € Fon; or

iii) s = 3, b not a cube, ﬁ € Fon; or

iv) gcd(3,m) =1, 3s =1 mod n, b not a cube, € Fon; or

_c
2252541
v) s =m, b not a cube, ¢ & Fyn; or

vi) s =m+2, b not a cube, bc € Fon; or

vii) s =n—1, il ¢ Fon.
Proof. Let F(x) = bx’, G(x) = cx**'. Then
Agr(x) = CZBZ?()C2 + x), and Ayg(x) = d25+lc(x28 + x).

According to Lemma proving fi(x) is an APN function over Fy: is equivalent to showing that the
system: Ay p(x) € Fon, and Ay (x) € Fon can only has trivial solutions x = 0, 1 for any d # 0. Assume, to the
contrary, that fi(x) is not an APN function, when s, b, ¢ satisfy the conditions of one item in this theorem.

Then the following system

db(x* + x) = a,

. . (7N
d>*le(x* +x) = 8.

has a non-trivial solution x ¢ F, for some d # 0, where @, B € Fy» with a # 0.

Since m is odd, gcd(3,2" — 1) = 1, we have that a = e for some e € F%,. Dividing both sides of the
first equation in by e, we obtain that (d/e)’bh(x* + x) = 1. Dividing both sides of the second equation
in (7) by ¢ *!, we have (d/e)**'c(x* + x) = Be~@®*D_ Since s is odd, we have 3 | 2° + 1, and > *! € Fyn.

Therefore, the system has a non-trivial solution x ¢ {0, 1} if and only if the system

&Pb(x*+x) =1,

o ®)
d**le(x® +x) =p.

has a solution for some d € 5, and B € Fon.
i) s=m—2, b is a non-cube in F». and "’ eF.
Raising the second equation in (8) to its fourth power, we have d?"*c*(x?+x*) = *. From the first equation,

3 _ g+1 ¢t xl+x*
we have d = I : = Substituting this relation into the previous equation, we have d7"" ¢ >5=- € Fon. Since
d?*! € F;,, and & € F;, by assumption, we have 2 £ ¢ Fyu. By [12, Lemma 1], we have x + 12 is a cube

in Fy:, and hence b is a cube by &*b(x* +x) =1, a contradlctlon to the assumption that b is a non-cube.
i) s = (m—2)"" mod n, b is a non-cube in F, and = S
It can be seen from the proof of Theorem 2 in [[12]] that the critical conditions ensuring the APN-ness of

eF

n- We invite the readers to check it, and we

this fs(x) are exactly that b is a non-cube in Fy: and Cbzb



omit the arguments here.
iii) s = 3, b is a non-cube in F,» and b% eF;,.
It can be seen that in this case becomes
&Pb(x* +x) =1,
dc(x® +x)=p.

Substituting d° = m into the second equation of the above system, we have

¢ x+x8
b (x+x?)3

:ﬁ’

x+a8

which infers that 55 € Fan, since ;5 € F, by assumption. It implies that (x+x%)3(x+x%)? € Fy.. Denoting

e = x+ x2, we have x + 1% = e + €% + ¢*, and hence ¢’(e + €* + ¢*)? € Fon. Now, according to Lemma
e = x+ x? is a cube. Then b is a cube by d*b(x + x*) = 1, which contradicts to the assumption that b is a

non-cube.
2252541

iv) gcd(3,m) =1, 3s = 1 mod n, b is a non-cube in Fy and < 5— € F..

Since ged(2* — 1,2" — 1) = 28%4m _ 1 = 1, we have that x + x> # 0, when x # 0, 1. Then (8) becomes

¥ b(x+ %) =1,

d*le(x +x*) = B,

where 8 € Fon with 8 # 0, since x + x*> # 0. By the second equation, we have d>*! = c(xf - Substituting

this relation into the first equation, noting that 2 + 1 = (2° + 1)(2%° — 2% + 1), we have

b X+ x° F
* E 7
P2 (x4 x2 )22 2
. . . b s .
which infers, since oo € I, by assumption, that

2

X+ x

25\225_Ds4 ] € F;”" (9)
(x+ x%") +
2228+

Now, by the assumption that b is a non-cube in F,.» and € F},., we have that c is a non-cube. On the

b
other hand, by @) and Lemma we have that x + x> is a cube, which infers that ¢ is a cube from the
second equation d* *'c(x + x*') = 8 of the above system, a contradiction.

v) s =m, b is a non-cube in Fy., and ¢ ¢ Fon.

It can be seen that (§) becomes

Pb(x+x*) =1,

¥ e(x+x¥") =B,

where B € Fyn. Since ¢ ¢ Fon, and d*'*! € F;,, x+ x* € Fpn for any d # 0, x € Fau, by the second equation,



we have 8 must equal to zero, which infers that x € Fo». Then by the fact that any element of F» is a cube,
we have d®(x + x?) is a cube in F%,, which implies that b is a cube in F},, a contradiction to the assumption
that b is a non-cube.

vi) s =m+ 2, b is a non-cube in F». and bc € F,. It can be seen @ becomes

&Pb(x+xH) =1,
d¥a D3 e(x + x¥) = B,

1

where 8 € Fon with 8 # 0 since x + x* # 0 when x # 0, 1. Since d°b(x + x*) = 1, we have d° = et

Substituting this relation into the second equation, we have
d* Vpe(x + x*)(x + xM) = B.

Then by the assumption that bc € F;,, we have (x + x2)(x + x*) € Fon. According to [12, Lemma 1], we
have x+ x? # 0 is a cube, which infers that b is a cube by @>b(x+ x?) = 1, a contradiction to the assumption
that b is a non-cube.

vii) s=n—1, S ¢ Fon.

Since ged(2® -1,2" -1) = 2gedsm) _ 1 = [, we have that x + x* # 0, if x # 0, 1. It can be seen that @i

becomes
BPo(x+x>) =1,

d*He(x+x%) =,

where 8 € F,» with 8 # 0. Squaring the second equation, we have d°c*(x + x*) = 2. Comparing with the
first equation, we have % = f3* € Fyn, which contradicts with the assumption that % ¢ Fon. O
Remark 3.4. Code isomorphism tests described in Section 2 suggest that all the polynomials from the same
item of Theorem are all CCZ-equivalent; the APN function x> + wx>*' + w?>x3? + x*V9 discovered in
[12)] is CCZ-equivalent to all the functions in i), ii), respectively, for s = m—2, and s = (m —2)~! mod n,
if gcd(3,m) = 1; the polynomials fy(x) for s = m + 2 in vi) are equivalent to the ones for s = m —2 in i);
the polynomials f(x) for s = m in v) are equivalent to some functions in family FI10 from Table [l} see also
the arguments in Remark below; the polynomial f,(x) for s =n—1 in vii) is CCZ-equivalent to x°.
The remaining value of s = 3 in iii) yields APN quadrinomials f3(x), which are CCZ-inequivalent to
any currently known APN function over Fyo. By the arguments above that all the polynomials in the same
item are all CCZ-equivalent, we only take a representative of iii). We let f3(x) = wTr" (bx?) + w*Tr". (b*x°),
where b is a non-cube, w € Fp\F,. We use this fi(x) to compare against representatives from all the
known infinite families including fy(x), s = m =2, (m —2)~! mod n in i), ii) which are essentially due to
Budaghyan, Helleseth, and Kaleyski ([12]). Note that, Budaghyan et al. had presented a table listing all the
representatives, except family F12, of all the known CCZ-inequivalent APN functions over Fyu, see Table 111

of [U2|]. To complete the work of code isomorphism test, we have to find all the representatives of FI12 over
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Fy0. Thanks to the nice work [20], we can obtain these representatives. In fact, let y be a primitive element
in F;,
from FI2: i=1, take a =1, B =1, y7, y”; i=2 take a =1, =1, y3, y's. The notations i, «, B used

according to [20, Theorem 4.5], there are exactly 6 of CCZ-inequivalent Taniguchi APN functions

here are the same as the ones used in family F12 of Table [I]]

Remark 3.5. Let n = 2m with m odd, and gcd(m,3) = 1. Let g = 2™. Let 7 be a primitive element
in F,,
gs(x) = X+ wx

2 . o . _
and w = 775 . Then w is a primitive element in Fy. Let s = m —2 or (m —2)™! mod n. Then

2+ 4 w3 + ¥ PV s an APN function ([12]). It can be seen that gy(x) can be covered

by our theorem. In fact, noting that w* = w? for any odd s, gy(x) = WTr(W*x®) + W T (W*X* 1) =
aTr,"n(bx3) +aqTrz(cx2X+1), where a = w,b = ¢ = w*. It is clear that a+a? =1 # 0, and b = w is a non-cube
since gcd(m,3) = 1, and % =1= Cbzz—;,l, where t = (m —2)~" mod n. Then by i), ii) of the above theorem, we

have that gy(x) is APN over Fa, for s = m—2, and (m —2)~" mod n, respectively.

Remark 3.6. Let n = 2m with m odd. Let us investigate the APN property of fu—2(x) further. A pair (b, c)
is said to satisfy property Py, if b is a cube in F,, and c € F,, such that the following assertion holds:

Cxlaxt

. . . ot
For any x € Fon with x #0,1, x + X2 is a non-cube in Fon, if %

Then f,,_2(x) is APN over By for these b, c. In fact, this assertion can be seen from the proof of i) in
the above theorem. With the help of computer, we find that when m = 5, 7, there exist a lot of pairs
(b, c) satisfying Py_p. More precisely, let m = 5 or 1, z be a primitive element in F,,, j = (2m3+1), and
U={(z)]ged(3,i)=1, 1 <i<2"—1}. Then any pair (b,c) with b # 0 a cube, and % € U satisfies P,,_,.

However, when m =9, 11, there does not exist such (b,c). We therefore propose the following:

Open Problem 1. Does there exist infinite odd integer m > 1 such that P,,_, holds?

Remark 3.7. Let n = 2m with m odd, and q = 2™. Let us revisit the function f,,(x) = aTrfn(bx3)+aqTrj’n(cx2m+1)
investigated in v). Replacing bx> by bx2*! we let f(x) = aTrZ(bxzi”) + aTr’ (cx*"*Y), where i is an odd
positive integer with gcd(i,m) = 1. With similar arguments, by 3 | 2 + 1 and ged(i,m) = 1, we can obtain
that f(x) is APN, if b is a non-cube in Fy, and ¢ ¢ Fon. Note that é f(x) = dx*"*! + Tr:;(bxzi“), where
d = a?'(c + ¢9) can be chosen as any element in Fy\Fom, since a, c ¢ F,, we have that f(x) in fact are
exactly the functions in family F10 up to EA-equivalence. This observation suggests that it is worthy to
finding APN functions with the following form:

fis(x) = aTrf,Z(bxzi”) + aqTrﬁl(cxzx”), where a € Fyn such that a +a? # 0, n = 2m is a positive integer. (10)

Remark 3.8. It is noted that there does not exist elements satisfying the conditions in iv). However, we
decide to preserve this item, because we feel that the technique used in the proof may provide some insights

for the constructions of APN functions.
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B. FE G are both quadratic binomials

Let us consider more general case. Let n = 2m with m a positive integer. Let
Risbege®) = aTrh (b + e ") + afTel (g ! + ex® ™, (11)

where a € Fy» such that a+a? #0, b,c,g,e € Fan.

In this subsection, we want to find APN functions of the form (TI). We remark first that the APN
polynomials considered in family F3 can be covered by 5 cg.(x). In fact, let i =m, b ¢ Fon, c =0, g = 1,
then becomes a?~!(b + b9) x4t + x> 4 xF+D4 4 oxZ'a*! 4 09524 which are exactly the functions in
F3, since a?~!(b + b7) can be choosen as any elements in Fp.\Fyn.

We can find two infinite families of APN functions with the above form (1), and computationally prove
that they are CCZ-inequivalent to any APN power functions over Fy0, and we can find a new sporadic

instance of APN functions over Fsuo.

Theorem 3.9. [24|] Let n = 2m, and a € F,,. Let t| be one solution in Fy of Ptat+1=0 (if Tr’ll(alz) =0).
Let f(x) = X+ x+a, then
o f has no zeros in Fy if and only ifTr’l’(aiz) =0, and t, is not a cube in Fpn.

o f has three zeros in Fy if and only if Trﬁ’(a%) =0, and t| is a cube in Fyn.

We need the following theorem, which will be used for generating APN functions (see Corollary [I)). Let
n = 2m with m being an odd positive integer, and g = 2". Let x € Fy» with x # 0, 1. Then fix the following

notations for this given element x.
ro=x b= x4+ a9 o= x4+ 4%
D := A(Aq+1 + Bq“); H = AZ(A‘IB3 + ABY + BZ+2q)’
where A, B are some elements determined by x. By a routine work, we have that
h+h =c+cl.

The following result can not only give rise to APN functions of the form but can also yield Budaghyan-
Carlet APN hexanomials (family F3), and hence it has its own importance and we state it as a theorem.

The proof can be seen in the appendix.

Theorem 3.10. Let n = 2m with m being an odd positive integer. Let x be any given element in Fy\{0, 1}.

Use the notations given as above. Let
fy) = Ay’ + By* + Bly + A1 = 0. (12)

Then equation (I2)) has no solutions in F, if A, B, ¢ satisfy
HA=c"%h+c+c*), B=c+c?% and ¢ = x + x* is a non-cube in Fy; or

Vi . .
2)A= h*z% B=1+c, and ¢ = x + x> is a non-cube in Fon.
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Remark 3.11. Let n = 2m, and q = 2". Recall first that the condition needed in family F3 is that
P vdy? +diy+1=0 (13)

has no solutions in U = {x € Fy | x2*! = 1}. Here i is a positive integer with ged(i,m) = 1. When i = 1, this
condition is exactly that y* + dy* + d?y + 1 = 0 has no solutions in U.

With the same notations as in Theorem Let A be the elements given in 1) or 2). Let I’ = {A €
FS, | x € For\Fon, ¢ = x+ x* not cube). Numerical experiments suggest that T is always nonempty for any
odd m. This can yield Budaghyan-Carlet APN functions in family F3. In fact, let A €T, then becomes

B
Y +dy* +diy+1=0, d:Z.

According to Theorem the above equation has no solutions in Fy.. Therefore, this theorem can be used
to yield APN functions in family F3. It is noted that the existence of the coefficients d such that the equation
(73) has no solutions in U (or F) for a given positive integer i had also been studied in [2} 5]].We expect
that T does indeed empty for any odd positive integer m, and hence propose the following:

Open problem 2. Let n = 2m with m odd. Show that U is always nonempty.
It is also interesting and important to consider the following question.

Open problem 3. Let n = 2m with m a positive integer, g = 2™. Let i be a positive with gcd(m,i) = 1.

Find more exponents i, and elements A, B such that the following equation has no solutions in Fon.
AP + By + Biy + A1 = 0.

In the following, we investigate the APN property of the functions with the form (T]) by letting i = 1, ¢ = 0.
We does indeed find two infinite families of APN functions. But, astonishingly enough, the function obtained
happened to be CCZ-equivalent to some functions in family F12 with a completely different from that of

Taniguchi.

Corollary 1. Let n = 2m be a positive integer with m odd, and q = 2™. Let hy(x) = aTrl,(bx’)+adTr!,(gx* ' +
ex®" Y with a ¢ Fy, bge # 0. Then hy(x) is APN over Fa, if s,b,g,e satisfy
1
1 s:2,bisnotacube,g=1,€=mé or
2) s=2, bisnotacube, g=e=bh.

Proof. 1) s =2, bisnotacube, g=1, €= .

Let F(x) = bx3, G(x) = x**! + ex?™"*!. Then we have

Ds+m

Agr = db(x + x5, A =d* M x+x2) +d* " He(x + x

).
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According to Lemma we have that h;(x) is APN if the following system

Ds+m

A (x+ 27+ d¥ " e(x + x

) =B

only has x = 0,1 as its solutions for any d # 0, where a, 8 € Fo». Assume, to the contrary, that there exists

{d3b(x +)=a

some d # 0, x # 0,1 such that the above system holds. Now let s = 2, b is a non-cube, e = bz%. Then

a#0,b=gom, e= bh=2472 = g%8(x + x?)2472 (note that o>~ = 1). Substituting it into the second

equation of the above system, we have
Fx+xH+d(x+ XD (x+ xM) =,
which is equivalent to
Ex+ 1M +d"%(x + ) (x + xM) + (ds(x + 1) +d (e + ) (x + x4q))q =0. (14)
Let u = d°. Then the above equation becomes
u(x + 3 + 1?7 (x + 2% (x + xM) + (u(x + 1M + P (e + D2 (x + x4q))q =0. (15)

Note that any nonzero element u of F». has a unique polar decomposition of the form u = vk, where v9*! = 1,
and k%! = 1. Substituting u = vk into (15), then (15 can be reduced as

_ _ _ _ q
v(x + ) + P (x + X222 (x + xM) + (v(x + 1Y+ 0% (o + D2 (x + x4")) =0.

1

Multiplying both sides by v* of the above equation, by the fact that v? = v™!, we have

Ay’ + By* + Bly + A7 = 0,

where y = v*> € Fy., and A, B are given in 1) of Theorem Now, according to 1) of Theorem we
obtian that the element x + x? is a cube, and hence b is a cube from the first equation d*b(x + x*) = a of
the system, since a € F;,, is a cube. This derives a contradiction to the assumption that b is a non-cube.
2) s =2, bis not a cube, g =¢ = b.
Let F(x) = bx* and G(x) = bx® + bx**!. We have

Agr(x) = d@b(x + x*) and Agg(x) = db(x + x*) + d* b(x + x™).
By Lemma 2.1, hy(x) is APN if and only if the following system

&Pb(x+x) =«
Ab(x + xM) + d* T b(x + x*) =
only has trivial solutions x € F for any d € F;, and a, € Fon. Assume now that there exist some d € F;,,

a € Fom, B € Fom such that the system has non-trivial solutions x € F,.\F,. Then a # 0. By the first equation,
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we have b = Substituting this relation into the second equation, we have

@
B(x+x2)"

d’(x + x*) N d*72(x + x*) B

’

X+ x2 X+ x2 a

which implies that

2 4 4g-2 4q 2 4 4g-2 4q\\q
d(x+x)+d (x+x )+(d (x+x)+d (x+x )) _o,

X+ x2 X + x2 X+ x2 X+ x2

since @, 8 € Fon. Let u = d*>. We have

p(x + x*) . 2 (x + x*) (ﬂ(x +x*) . (e + x4q))" _

=0. 16
X+ x2 X+ x2 X+ x2 X+ x2 (16)

To complete the proof, it suffices to show that x + x> is a cube of Fy., which will derive that b is a cube

from the first equation of the above system and this will yield a contradiction to the assumption that b is a
non-cube. Let u = vk, where vi*! = 1 and k € F%,, and substitute u = vk into , we have

v(x + x%) N V241 (x 4+ x*) (V(x—i- x*) N V241 (x 4+ x*) )" B
X+ x2 X+ x? X+ x2 X+ x2

Multiplying both sides of the above equation by v?, we have

Ay’ + By’ + Bly + A9 = 0,

where y =12, A = (M)q and B = =5 = 1 + x+ x%. According to 2) of Theorem [3.10, x + x2 is a cube in

x+x2 X+x

F,., otherwise, the above equation has no solutions in Fy.. O

Example 1. Besides the two infinite classes of APN functions presented in Corollary |1} we can also find
a new instance of APN functions over Fyi0 CCZ-inequivalent to any other known APN functions. Let z be
a primitive element in F},,. Then

hy(x) = aTr® (bx’) + a?Tr" (gx° + ex™*1)
is an APN function over Fyo, where b=1,g =12z, e = 7299,

4. CONCLUSIONS

Let n = 2m, and g = 2™. We studied a class of quadratic functions with the form f(x) = aTr, (F(x)) +
a?Tr), (G(x)), where F, G are quadratic functions. We found a new infinite family of APN quadrinomials

over Fy, a € For, n = 2m with m odd as follows.
filkx) = aTr"m(bx3) + aqTr;'1(b3x9), b not a cube, a ¢ F,.

We generalized the two infinite families of APN functions obtained in [[12] to a broader condition on m,

that is, the assumption that gcd(3,m) = 1 needed in [12] can be removed, up to CCZ-equivalence. We also
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TABLE III
ALL KNowN CCZ-INEQUIVALENT APN FUNCTIONS OVER Fi0, g = 25

Function Conditions Family
X2+l i=13 Gold
x7 - Kasami
x*% - Dobbertin
X0+ x4+ @P1x19? « primitive in F;, F3
3+ x? + o 1xP8 @ primitive in F F3
3+ T (x%) — F4
4@ T (@ x0) « primitive in F}, F4
u(uix + ux?)(x + x7)+ u primitive in F;O,
2i 3i . ., .
(uix + ux?)> 2"+ z primitive in F,, F12
2i i .
auix + ux?)? (x + x9)% + i=lLa=18=177"
ﬂ(X'qu)zq—l i=2’ @ = Lﬂ: 19Z3’Z15
sporadic,
B(x) = X3 + 31 x%° — p
see [[17]
X+ wx? w3 4 4@+ s = 3,7, w primitive in F;,| F14
aTr (ax®) + a4 Tr (@ x7) @ primitive in F,, F15
aTr (x*) + a9Tr" (o' x%) a primitive in F, sporadic, see
Remark
aTr () + a9Tr (ax® + ¥ x**1)| o primitive in F sporadic, see
Example 1

found two infinite families of APN functions over F,.. for odd m, which turned out to be in family F12,

that is, the the Taniguchi APN functions when m = 5, as follows.

1
Hx) = aTrf‘n(bx3) + cz‘f’Tlr,’7’1()c5 + WX4(I+1)’ b not a cube, a € Fon\Fon,

and
f3(x) = aTr”m(bx3) + aﬂTr”m(bx5 + bx**1) b not a cube, a € Fon\Fon.

Code isomorphism tests showed that f, and f; are CCZ-inequivalent to each other over F,in. We found two
new instances of APN functions over F,i0. We also proposed three open problems, and we cordially invite

the readers to attack these open problems.
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5. APPENDIX

A. Proof of 1) in Theorem (3.10)

Proof. It can be checked that A%*! + B7*! = (x + x9)°> = A’ in this case. In the following, we assume that ¢

is a non-cube in Fy.. Note that A # 0. In fact, if A = 0, then & + ¢ + ¢* = x* + x¢ = 0, which implies that

x € Fon N Fyu2 =y, since m is odd, and ged(n,m — 2) = 1, a contradiction to the assumption that x # 0, 1.

Lety:=y+ g. Then equation becomes

s ABI+ B> A4 pitl
+ +

yE Y YE =0.

Yy

Let y = Ez, where E satisfies that E? = %;Bz. Note that E # 0. In fact, this would imply that AB? = B2,
and hence AYB = B*, A4*'1Bi*l = B24*D_ However, by the fact that B # 0 (if B = 0, then ¢ = 0,1,
a contradiction to the assumption that ¢ is a non-cube), we have A%"! + B%*! = 0, which implies that
(x+x9° =0,ie, x€ F,, and then ¢ = x + x% € Fon is a cube in Fan, since every element in Fp» is a cube
by the fact that gcd(3,2™ — 1) = 1 (since m is odd), a contradiction.

Then the above equation becomes

Z+z+a=0, (17)
where a # 0 satisfies that
Aq+1 + Bq+1
=T
It can be checked that
1 (AB? + B%)?

2 = A2(AT+ + Ba+y2 (18)
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It is clear that equation has no solutions in F,. if and only if has no solutions. To complete the
proof, according to Theorem , we have to show that Tr’f(a%) = 0, and t; is a non-cube in Fy., where t;
is one solution in For of 2 +ar+1=0.

Claim 1. Tr}(%) = 0.

In fact, we have

I (AB1+B) B+ M B+M Y ”
a_2 - A2(A9+! 4+ Ba+1)2 - A(A+! 4+ Ba+l) + A(A+! + Ba+1) > (19)

where M is one solution of the following equation
M?+ DM + H = 0. (20)

Recall the notations that D = A(A7*' + B7*!), H = A2(AYB® + AB* + B**%1), A = > (h+c+c?), B=c+c?,
¢ = x+ x*>. We need only to show that the above equation in M has solutions in Fy, i.e., Tr’l‘([%) = 0. This
can be seen from the following fact.

H AB’+ AB% + B>

D2 (Ad+1 + Bir1)2

is an element in Fyn, since AYB> + AB3 = Tt (AB%), A?*!, BI*! € F,u.
Next, we need to find one solution #; in Fy: of /2 + at + 1 = 0, and show that #; is a non-cube. It is clear

1

that #; can be represented as av, where v = since — = v+ v? according to |i Note that t; = av

B*+M
A(Aq+l+Bq+l)a
satisfies that

s 0, (B4 M)
nh=av = 23
(AB4 + B?)
Therefore, to show f; is a non-cube in F,., we have to show that B> + M is a non-cube.

Claim 2. B> + M is a non-cube in Fy.

Our strategy is to find the explicit expression of M, and then show that B> + M is a non-cube. To this
end, we have to revisit equation ll and explore more information on the element % (@it is in Fon). Very
fortunately, we find that Tr'{’(%) = 0. In fact, recall the notations that & = x+x%, and r = x4*!, we find (with

computer assistance) that (a surprise)

H
o=k, @1

where

B Ra+r) +r+r*+ h?
u= i .
Then M can be chosen as Du (this is because it suffices to find one solution of M? + DM + H = 0). We find
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that
hz(r + rz) +r+rt+hr?
hS
Eh+c+ AR+ +r+r* +hr?)
c2 '

M=Du=AA""" +B"™Yu = S 2h+c+ DR -

Then, recall the notation that B = ¢ + ¢2, we can obtain the expression of B3 + M as follows.
h(C2q+4 +_Cq+5 +_Cq+4) +_62q+4 +_Cq+5
cxa
Cz(h(czq+4 + oIS 4 o1ty 4 et cq+5)

c2+2q

B+ M=

(22)

The above expression can be deduced from
h+h =c+c?, ¢ =r+r +hr
Note that i, ¢**2 € F%, is a cube, it suffices to show that
hcz(h(C2q+4 4+ 5 4 Cq+4) + 24 Cq+5)
is a non-cube. By the fact that & + h? = ¢ + ¢4, we have
hcz(h(c2q+4 + 09 4 oYy 4 a4 cq+5) = (e + ¢h)? + h2).

Since ¢?*!', ¢ + ¢?, h € %, are all cubes in F,:, we have that the above element is a non-cube, when c is

o

non-cube. o

B. Proof of 2) in Theorem (3.10
Proof. The proof is similar to that of 1) in Theorem Recall the following notations: r = x?*!';h =

g2 . .
x+x15c=x+x%A = th;%;B = 1 + ¢, from which we can obtain that 4 + h* = ¢ + ¢? and A9*! + BI*! =

5 s . .
te)’” _ I Note that A + 0, otherwise, we have x + x* = 0 that means that x € F» N Fay = >, since

(x+x2)‘1*1 ca+l

ged(m + 2,n) = 1. Then setting y := y + £, this can transform (T2) into

AB?+ B> A%l 4 patl
¥+ Y A = 0. (23)
Observe that B # 0 (otherwise ¢ = 1 is a cube) and AB?+ B> # 0, otherwise, we have A?*! + B?*! = 0, that is,

h = 0, which implies that ¢ € F, contracting to the assumption that c is a non-cube, since gcd(3,2" - 1) = 1

for any odd m. Thus we can transform the equation (23)) into

PHz+a=0 (24)
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by setting y = Ez, where a, E € F;, such that

o ABY+ B? nd & AX(ATH! 4 patly?
= a =
A2 (AB7 + B2)

We need now to prove that equation (24) has no solutions in Fy.. According to Theorem we have to
show that Tr’f(a%) = 0 and the solutions in F,. of equation > +at + 1 =0 are not cubes of F.

Firstly, we prove that Tr’f(aiz) = 0. Note that aiz can be written as

1 B+M B +M ’s
2 AQ@eT 1 B (A(Aq+l + Bq+1)) ’ 25)

where M is a solution of
M? +DM + H =0, (26)

where D = A(AY"! + B*) and H = A’(AB*? + AYB> + B*9*D). Then we transform the problem into showing

that equation (26)) has solutions in Fy., which is equivalent to Tr'{(%) = 0. Indeed, it can be seen that

H ABY+A‘B3 + B¢+ Tr!(AB7) + B*4*D
ﬁ = (Aq+1 + Bq+1)2 = (Aq+l + Bq+l)2 ’

which is clearly in F,. Thus, Tr’f(%) =0.
Then, we show that the solutions of 2 + at + 1 = 0 are not cubes in F,.. Assume that #; is a solution of

> +at+1=0. Then by (23)), it can be represented by #; = av, where v = ﬁ, and thus

s 2. (B+M)
h=av = 23"
(AB? + B?)
Therefore, to show ¢#; is not a cube, it suffices to show (B> + M)? and thus B*> + M is not a cube of Fy.. In
the following, we show this fact by giving the explicit expression of M by revisiting (26)) again.
By the above discussion, we have obtained that % € F,. We further want to show that Tr’f(%) = 0, which
is equivalent to showing

H
TF = HE 27)

for some y € Fyu. Recall that A = ¢+ B =1 + ¢ and A% + B! = L. we have

cq ca+l?

(h+c?+ B3 N (h+c+ c?)B
c cl
_clh+ T+ DB + c(h + ¢ + )B4
- Cq+1
_h(ch3 +cB3) + c1B3(c + c*) + ¢cB¥(c + ¢?)
- cd+l :

A‘B’ + ABY =
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While

(B + cB*) =h(c?(1 + ¢ + 2 + ) + (1 + ¢ + 1 + )

=h(c + ¢ + e+ ) + T (c + ¢)?)

and
B3+ ) + cBY(c + ) =1+ c + A + )+ 2D + (A1 + ¢ + A + ) + PN
=C2q + c3q + C2q+1 + C3q+1 + C2q+2 + C3q+2 + 62q+3 + C3q+3+
(C2q + C3q + CZq+l + C3q+l + ch+2 + C3q+2 + CZq+3 + C3q+3)q
=(c+ )+ + 3+ e+ ) + (e + )
We have

c+cl = x+x7+ (x+x0)%, I = x4 20D gy (x4 x),
from which we can obtain that

h(cIB? + cB*) =(x + x> + (x + x9)* + x7 (x + x9)% + xT (x + 20 + 27 (x + x7)°

+ x4+ xD0 + X2 D(x 4 x9)? + xCHD(x + x9)3
and

B3+ P + cBY(c + ) =(x + x9)* + (x + x9)° + (x + x9)° + (x + xD° + x* (x + x9)?
+ x4 x93 4+ X o+ )+ X (x4 1)

+ 2D (x + x0)? + 2D (x + x0)h,
Thus we have

Y AIB + ABY) =(x + x9)° + (x + x)% + xT (x + xD)* + x9* (x + x9)°

+ 20D (x4 XD + 2D (x + x9)]
and

ADAIBY + ABY) =xT (x + x9)° + x4 (x + x0)7 + X200 (x + x0)* 4 X2 @D (x 4 x9)]

+ M) (x4 x4 KD (x4 x9),
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We further have
2a+D) g2a+) _ CZ(q+l)(1 " C)Z(q+2)
—2a+D) +C2(q+1)(c+cq)2 + cMarD

=D @D (4 )0 4 M (x4 x0)? 4 3D,
Recall that & = x + x4, r = x9*!. Thus, we have
ATVAIB + ABY + B*TD)y =’ + 1l + 1 + PRt + 2R+ PR+ A+t e+,

and
H r r r o2 A AP 8

+E+W:ﬂ+/j2

D2 R T T T T e

4 2 2\7,2
where y = w The rest of this proof is similar to that of Theorem , SO we omit it here.
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