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Interference Channels with Rate-Limited Feedback

Alireza Vahid, Changho Suh, and A. Salman Avestimehr

Abstract—We consider the two-user interference channel with
rate-limited feedback. Related prior works focus on the case
where feedback links have infinite capacity, while no research
has been done for the rate-limited feedback problem. Several new
challenges arise due to the capacity limitations of the feedback
links, both in deriving inner-bounds and outer-bounds. We study
this problem under three different interference models: the El
Gamal-Costa deterministic model, the linear deterministic model,
and the Gaussian model. For the first two models, we develop
an achievable scheme that employs three techniques: Han-
Kobayashi message splitting, quantize-and-binning, and decode-
and-forward. We also derive new outer-bounds for all three
models and we show the optimality of our scheme under the
linear deterministic model. In the Gaussian case, we propose
a transmission strategy that incorporates lattice codes, inspired
by the ideas developed in the first two models. For symmetric
channel gains, we prove that the gap between the achievable
sum-rate of the proposed scheme and our new outer-bounds is
bounded by a constant number of bits, independent of the channel
gains.

Index Terms—El Gamal-Costa deterministic model, Gaussian
interference channel, linear deterministic model, rate-limited
feedback, multi-user information theory.

I. INTRODUCTION

The history of feedback in communication systems traces
back to Shannon. It is well-known that feedback does not
increase the capacity of discrete memoryless point-to-point
channels [1]. However, feedback can enlarge the capacity
region of multi-user networks, even in the most basic case
of the two-user memoryless multiple-access channel [2f], [3].
Hence, there has been a growing interest in developing feed-
back strategies and understanding the fundamental limits of
communication over multi-user networks with feedback, in
particular the two-user interference channel (IC). See [4], [,
[6ll, [71, (8], (9], [10] for example.

Especially in [9], the infinite-rate feedback capacity of the
two-user Gaussian IC has been characterized to within a 2-bit
gap. One consequence of this result is that interestingly feed-
back can provide an unbounded capacity increase. This is in
contrast to point-to-point and multiple-access channels where
feedback provides no gain and bounded gain respectively.

While the feedback links are assumed to have infinite
capacity in [9], a more realistic feedback model is one where
feedback links are rate-limited. In this paper, we study the

A. Vahid and A. S. Avestimehr are with the School of Electri-
cal and Computer Engineering, Cornell University, Ithaca, USA. Email:
av292@cornell.edu and avestimehr@ece.cornell.edu.

C. Suh is with the Research Laboratory of Electronics at Massachusetts
Institute of Technology, Cambridge, USA. Email: chsuh@mit.edu.

The research of A. S. Avestimehr and A. Vahid was supported in part by
the NSF CAREER award 0953117 and U.S. Air Force Young Investigator
Program award FA9550-11-1-0064.

Copyright (c) 2011 IEEE.

impact of the rate-limited feedback in the context of the two-
user IC. We focus on two fundamental questions: (1) what is
the maximum capacity gain that can be obtained with access
to feedback links at a specific rate of Cgg? (2) what are
the transmission strategies that exploit the available feedback
links efficiently? Specifically, we address these questions un-
der three channel models: the El Gamal-Costa deterministic
model [11], the linear deterministic model of [[12], and the
Gaussian model.

Under the El Gamal-Costa deterministic model, we derive
inner-bounds and outer-bounds on the capacity region. As
a result, we show that the capacity region can be enlarged
using feedback by at most the amount of available feedback,
i.e., “one bit of feedback is at most worth one bit of capac-
ity”. Our achievable scheme employs three techniques: (1)
Han-Kobayashi message splitting; (2) quantize-and-binning;
and (3) decode-and-forward. Unlike the infinite-rate feedback
case [9]], in the rate-limited feedback case, a receiver cannot
provide its exact received signal to its corresponding trans-
mitter; therefore, the main challenge is how to smartly decide
what to send back through the available rate-limited feedback
links. We overcome this challenge as follows. We first split
each transmitter’s message into three parts: the cooperative
common, the non-cooperative common, and the private mes-
sage. Next, each receiver quantizes its received signal and then
generates a binning index so as to capture part of the other
user’s common message (that we call the cooperative common
message) which causes interference to its own message. The
receiver will then send back this binning index to its intended
transmitter through the rate-limited feedback links. With this
feedback, each transmitter decodes the other user’s cooperative
common message by exploiting its own message as side
information. This way transmitters will be able to cooperate by
means of the feedback links, thereby enhancing the achievable
rates. This result will be described in Section

We then study the problem under the linear deterministic
model [12] which captures the key properties of the wire-
less channel, and thus provides insights that can lead to an
approximate capacity of Gaussian networks [12], [9], [L3],
[14], [15]. We show that our inner-bounds and outer-bounds
match under this linear deterministic model, thus establishing
the capacity region. While this model is a special case of
the El Gamal-Costa model, it has a significant role to play
in motivating a generic achievable scheme for the El Gamal-
Costa model. Moreover, the explicit achievable scheme in this
model provides a concrete guideline to the Gaussian case. We
will explain this result in Section

Inspired by the results in the deterministic models, we
develop an achievable scheme and also derive new outer-
bounds for the Gaussian channel. In order to translate the
main ideas in our achievability strategy for the deterministic



models into the Gaussian case, we employ lattice coding
which enables receivers to decode superposition of codewords.
Specifically at each transmitter, we employ lattice codes for
cooperative messages. By appropriate power assignment of the
codewords, we make the desired lattice codes arrive at the
same power level, hence, receivers being able to decode the
superposition of codewords. Each receiver will then decode the
index of the lattice code corresponding to the superposition
and sends it back to its corresponding transmitter where
the cooperative common message of the other user will be
decoded. For symmetric channel gains, we show that the gap
between the achievable sum-rate and the outer-bounds can be
bounded by a constant, independent of the channel gains. This
will be explained in Section

Related Work: Interference channels with infinite-rate
feedback have received previous attention [4]], [5], [6], [7], [,
[9], [1Q]. Kramer [4], [5] developed a feedback strategy in the
Gaussian IC; In [6], Gastpar and Kramer established an outer-
bound on the usefulness of noisy feedback for the two-user
IC. Tandon and Ulukus in [7]] derived an outer bound using
the dependence balance bound technique [16]]. However, the
gap between the inner-bounds and the outer-bounds becomes
arbitrarily large with the increase of signal to noise ratio (SNR)
and interference to noise ratio (INR). Jiang-Xin-Garg [S8]]
derived an achievable region in the discrete memoryless IC
with feedback, based on block Markov encoding [17] and
binning. However, no outer-bounds are provided. Suh and
Tse in [9] developed new inner bounds and outer bounds to
characterize the feedback capacity of the Gaussian IC to within
2 bits. Sahai et al. in [[10], have shown that in order to achieve
the infinite-rate feedback capacity, it is sufficient to have only
one feedback link of infinite rate from one receiver to either
of the two transmitters.

While no research has been done for the rate-limited feed-
back problem, some works have been done for the different yet
related problem - the conferencing encoder problem [[18]], [[19],
[201], [211], [22]], [23]. Tuninetti in [18] has proposed a coding
strategy for the two-user IC that results in higher achievable
rates by expoliting overheard information by the transmitters;
backward decoding is incorporated at the receivers which
we also employ in our achievability scheme. This result
was improved in [19] by incorporating Gelfand-Pinsker cod-
ing [24], [25] to send cooperatively the private messages.
Prabhakaran and Viswanath [21] have made a connection
between the feedback problem and the conferencing encoder
problem However, the connection is loose especially when the
feedback link is rate-limited, although it can be strong for the
infinite-rate feedback case. It turns out this distinction between
the two problems leads to developing a new lattice-code-based
achievable scheme in our problem.

The rest of the paper is organized as follows. In Section
we formulate our problem and give a brief overview of
the channel models. In Section we provide a motivating
example which forms inspiration of our achievable scheme.
In Section we will provide our main results under the
El Gamal-Costa deterministic model. We will then present
the capacity theorem for the linear deterministic model in
Section [V} Next, in Section we describe our main results

for the Gaussian channel. Section concludes the paper.

II. PROBLEM FORMULATION AND NETWORK MODEL

We consider a two-user interference channel (IC) where
a noiseless rate-limited feedback link is available from each
receiver to its corresponding transmitter. See Figure |1} The
feedback link from receiver k to transmitter k is assumed to
have a capacity of Crgk, K = 1,2. on.
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Fig. 1. Two-user interference channel with rate-limited feedback.
Transmitters 1 and 2 wish to reliably communicate

independent and uniformly distributed messages Wi €
{1,2,...,2N ) and Wy € {1,2,...,2N%82) (o receivers
1 and 2 respectively, during N uses of the channel. The
transmitted signal of transmitter k, £k = 1,2, at time ¢,
1 <4 < N, and the received signal of receiver k, k = 1,2, at
time ¢, 1 <4 < N, are respectively denoted by X}, ; and Yy, ;.
There are two feedback encoders at the receivers that create
the feedback signals from the received signals:

Vii =i (YVets o Yiio1) = e (VOY), k=1,2. (1)

where we use shorthand notation to indicate the sequence up
to s — 1.

Due to the presence of feedback, the encoded signal X} ;
of user k at time ¢ is a function of both its own message and
previous outputs of the corresponding feedback encoder:

Xpi = e (Wi, V), k=1,2. )

Each receiver k, k = 1,2, uses a decoding function dj n
to get the estimate Wk, from the channel outputs {Y}; : i =
1,...,N}. An error occurs whenever Wi # Wy,. The average
probability of error is given by

Aoy = E[P(Wy, #Wy)], k=1,2, (3)

where the expectation is taken with respect to the random
choice of the transmitted messages W7 and Ws.

We say that a rate pair (R, Rs) is achievable, if there exists
a block encoder at each transmitter, a block encoder at each
receiver that creates the feedback signals, and a block decoder
at each receiver as described above, such that the average error
probability of decoding the desired message at each receiver
goes to zero as the block length NV goes to infinity. The
capacity region C is the closure of the set of the achievable
rate pairs.



Fig. 2. The El Gamal-Costa deterministic IC with rate-limited feedback.

We will consider the following three channel models to
investigate this problem.
1- El Gamal-Costa Deterministic Interference Channel:
Figure@] illustrates the El Gamal-Costa deterministic IC [[11]]
with rate-limited feedback. In this model the outputs Y7 and Y5
and the interferences V; and V5 are (deterministic) functions
of inputs X; and X, [11]:

Yii= fi(X1,:, Vo),
Yo = fo(Xo,:, Vi),
(

7 4)
Vii = g1(X14),
Vai = g2(X2,4),
where fi(.,.) and f5(.,.) are such that
H(V: iY,’L'vX , :07
(Va,il Y16, X1,) 5)

H(V1|Ya,,X2,) =0.

Here V}, is a part of X, (k = 1, 2), visible to the unintended
receiver. This implies that in any system where each decoder
can decode its message with arbitrary small error probability,
Vi and V; are completely determined at receivers 2 and 1,
respectively, i.e., these are common signals.

2- Linear Deterministic Interference Channel:

This model, which was introduced in [12]], captures the
effect of broadcast and superposition in wireless networks. We
study this model to bridge from general deterministic networks
into Gaussian networks. In this model, there is a non-negative
integer my; representing channel gain from transmitter £k to
receiver j, k = 1,2, and j = 1, 2. In the linear deterministic
IC, we can write the channel input to the transmitter k at time
ias Xp = [Xg,; Xp, . XL)" € F§, k = 1,2, such that
X ; and X} ; represent the most and the least significant bits
of the transmitted signal respectively. Also, ¢ is the maximum
of the channel gains in the network, i.e., ¢ = maxy ; (ng;).
At each time i, the received signals are given by

Y1, =81 X,; ® ST Xy,

6
Yo, =897"2 X ; @812 Xy, ©

where S is the ¢ x ¢ shift matrix and operations are performed
in Fy (i.e., modulo two). See Figure [3| for an example.

It is easy to see that this model also satisfies the conditions
of (E[) hence it is a special class of the El Gamal-Costa
deterministic IC.
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Fig. 3.  An example of a linear deterministic IC with rate-limited feedback,
where n11 = no2 =3, n12 =2, n2; =1, and ¢ = 3.

3- Gaussian Interference Channel:

In this model, there is a complex number hy; representing
the channel from transmitter & to receiver j, £k = 1,2, and
7 = 1,2. The received signals are

Yii=huXi+haXoi+ 21,

7
Yo = h12X1,; + hooXo + Za, .

where {Z;;}, is the additive white complex Gaussian noise
process with zero mean and unit variance at receiver j, j =
1, 2. Without loss of generality, we assume a power constraint
of 1 at all nodes, i.e.,

N
1
—E Xil?) <1 =1,2
N (Zz:;‘ kﬂ' )— k ) < (8)

where N is the block length. We will use the following
notations:

SNR; = |h11 %,
INRyo = |hia|?,

SNRy = |hgol?,

)
INRy; = |hot |2

III. MOTIVATING EXAMPLE

We start by analyzing a motivating example. Consider the
linear deterministic IC with rate-limited feedback as depicted
in Figure dfa). As we will see in Section [V] the capacity region
of this network is given by the region shown in Figure {[b).
Our goal in this section is to demonstrate how feedback
can help increase the capacity. In particular, we describe
the achievability strategy for one of the corner points, i.e.,
(R1, R2) = (4,1). From this example, we will make important
observations that will later provide insights into the achievable
scheme.

The achievability strategy works as follows. In the first time
slot, transmitter 1 sends four bits a4, ..., a4 and transmitter 2
sends only one bit by at the third level, see Figure [d(a). This
way receiver 1 can decode its intended four bits interference
free, while receiver 2 has access to only a; @ b; and as. In
the second time slot, through the feedback link, receiver 2
feeds a; ® by back to transmitter 2 who can remove b; from it
to decode a;. Also during the second time slot, transmitter 1
sends four fresh bits as, ..., ag, whereas transmitter 2 sends
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Fig. 4. (a) A two-user linear deterministic IC with channel gains n11 =
no2 = 4, nia = na21 = 2 and feedback rates Crgy = Crga = 1, and (b)
its capacity region.

one new bit by. In the third time slot, through the feedback
link, receiver 2 feeds by & as back to transmitter 2 who can
remove be from it to decode as. Moreover, during the third
time slot, transmitter 1 sends four new bits ag, ..., a1, while
transmitter 2 sends one new bit b3 and at the level shown in
Figure a), sends the other user’s information bit a; decoded
in the second time slot with the help of feedback. With this
strategy receiver 2 has now access to a; and can use it to
decode b;. Note that receiver 1 already knows a; and hence
can decode a15. This procedure will be repeated over the next
time slots. During the last two time slots, only transmitter
2 sends the other user’s information decoded before, while
transmitter 1 sends nothing. Therefore, after B time slots, we
achieve a rate of (Ry, Ry) = £52(4,1), which converges to
(4,1) as B goes to infinity.

Based on this simple capacity-achieving strategy, we can
now make several observations:

e The messages coming from transmitter 1 can be split into
three parts: (1) “cooperative common™: this message is visible
to both receivers, while interfering with the other user’s signals
(e.g., aq at transmitter 1 in the first time slot). This should
be fed back to the transmitter so that it can be used later in
refining the desired signals corrupted by the interfering signal;
(2) “non-cooperative common”: this message is visible to both

receivers, however it does not cause any interference (e.g.,
ay at transmitter 1 in the first time slot); (3) “private”: this
message is visible only to the intended receiver (e.g., az and
a4 at transmitter 1 in the first time sot). Denote these messages
by Wkee, Wine, and wy,,, respectively, where k = 1,2 is the
transmitter index.

e To refine the desired signal corrupted by the cooperative
common signal of transmitter 1 (i.e., a;), receiver 2 utilizes the
feedback link to send the interfered signal (i.e., a; ¢ b;) back
to transmitter 2. Transmitter 2 then employs a partial decode-
and-forward to help receiver 1 decode its messages, i.e., the
cooperative message of transmitter 1 is decoded at transmitter
2 and it will be forwarded to receiver 2 during another time
slot.

e As we can see in this example, encoding operations
at each time slot depend on previous operations, thereby
motivating us to employ block Markov encoding. As for the
decoding, we implement backward decoding at receivers. Each
receiver waits until the last time B and we use the last received
signal to decode the message received at time B — 2. We then
decode the message received at time B — 3 and all the way
down to the message received at time 1.

These observations will form the basis for our achievable
schemes in the following sections.

IV. DETERMINISTIC INTERFERENCE CHANNEL

In this section, we consider the El Gamal-Costa determinis-
tic IC with rate-limited feedback, described in Section [lIL The
motivating example in the previous section leads us to develop
a generic achievable scheme based on three ideas: (1) Han-
Kobayashi message splitting [26]]; (2) quantize-and-binning;
and (3) decode-and-forward [17]. As mentioned earlier, we
split the message into three parts: the cooperative common
message; non-cooperative common message; and private mes-
sage. We employ quantize-and-binning to feed back part of the
interfered signals through the rate-limited feedback link. With
feedback, each transmitter decodes part of the other user’s
common information (cooperative common) that interfered
with its desired signals. We accomplish this by using the
partial decode-and-forward scheme. We also derive a new
outer bound based on the genie-aided argument [11] and the
dependence-balance-bound technique [27], [28], [7].

A. Achievable Rate Region

Theorem 1: The capacity region of the El Gamal-Costa
deterministic IC with rate-limited feedback includes the set
R of (R1, Ry) satisfying inequalities (10a)—(10m).

Proof: We first provide an outline of our achievable
scheme. We employ block Markov encoding with a total
size B of blocks. In block 1, transmitter 1 splits its own
message into cooperative common, non-cooperative common
and private parts and then sends a codeword superimposing
all of these messages. The cooperative common message is

. N,(1) .
sent via the codeword u; »*"’. The non-cooperative common
message is added to this, being sent via v{v"(l). The private
message is then superimposed on top of the previous messages,
being sent via :riv’(l). Similarly, transmitter 2 sends :Jcév’(l). In



Ry < I(U, Ve, X1: Y1) (10a)
Ry < I(X;1n|U, Uy, V) +min(I(Uy; Y2|U, X3), Cega — 62) (10b)
Ry < I(U,Vi,X5;Y5) (10¢)
Ry < I(X2;Y2|U,Us, Vi) + min(I(Ug; Y1|U, X1), Ceg1 — 61) (10d)
Ri+Ry < I(X;Yi|UVi,Va)+1(U, Vi, X2 Ys) (10e)
Ri+ Ry < I(Xo;Ya|UVi, Vo) + I(U, Vo, X15 Y1) (10f)
Ri+ Ry < min({(Uy;Y1|U, X1), Ceg1 — 01) + min(I (Uy; Y2|U, X3), Cega — 02) + I(X1, Va; Y1|U, Uy, Us)
+I(Xo; Y2 |U, V1, Va) (10g)
Ri+ Ry < min(I(Us; Y1|U, X1),Crg1 — 1) + min(I(Uy; Y2|U, X2), Cega — 02) + I(Xa, Vi; Y2|U, Uy, Us)
+1(X1;Y1|U, V1, Va) (10h)
Ri+ Ry < min({(Uy;Y1|U, X1), Crg1 — 61) + min(I(Uy; Y2|U, X3), Crp — d2) + I(X1, Vo; Y1|U, V1, Us)
+I(X2, V1; Y2|U, Vo, Uy) (101)
2R1+ Ry < I(U Vo, X; 1)+ I(X1; 1| U VL, Vo) + I(Xa, Vi; Yo |U, Uy, Va) 109)
+ min(I(Uy;Ys|U, X3), Ceg2 — d2)
2R1 + Ry < 2min(I(Uy;Y2|U, X2), Crga — d2) + min(I(Us; Y1|U, X1), Cre1 — 01) + (X1, Va; Y1|U, Uy, Us)
+(X1;: Y1|U, Vi, Va) + I(X2, V15 Ya|U, Ur, Va) (10k)
Ry +2Ry < I(U, Vi, Xo;Ya) + I(Xo; Y2 |U, Vo, Vi) + (X1, Va; Y1|U, U, V1) (101
+ min(I(Us; Y1|U, X1), Ceg1 — 61)
Ri+2Ry < 2min(I(Us; Y1|U, X1), Cre1 — 1) + min(I(Uy; Ya|U, X2), Crra — d2) + (X2, V1; Y2 |U, Uy, Us)
+1(X2; Y2 |U, V1, Vo) + I(X1, Va; Y1|U, Ua, V1) (10m)
over all joint distributions
p(w)p(urw)p(uz|u)p(vr |u, ur)p(va|u, ug)p(y u, ur, v1)p(2a|u, us, v2)p(G1|y1)p(G2]y2),
where
01 =1V Yi|U, U, X3),
by = I(Yo; Yo|U, Uy, Xs).
block 2, receiver 1 quantizes its received signal y{v’(l) into and then performs backward decoding.
y“{v’(l) with the rate of R;. Next it generates a bin index Codebook  Generation: Fix a joint distribution

by considering the capacity of its feedback link and then
feeds the bin index back to its corresponding transmitter.
Similarly, receiver 2 feeds back the corresponding bin index.
In block 3, with feedback, each transmitter decodes the other
user’s cooperative common message (sent in block 1) that
interfered with its desired signals. The following messages
are then available at the transmitter: (1) its own message; and
(2) the other user’s cooperative common message decoded
with the help of feedback. Using its own cooperative com-
mon message as well as the other user’s counterpart, each
transmitter generates the codeword uV>(3). This captures the
correlation between the two transmitters that might induce the
cooperative gain. Conditioned on these previous cooperative
common messages, each transmitter generates new cooperative
common, non-cooperative common, and private messages. It
then sends the corresponding codeword. This procedure is
repeated until block B — 2. In the last two blocks B — 1 and
B, to facilitate backward decoding, each transmitter sends the
predetermined common messages and a new private message.
Each receiver waits until total B blocks have been received

p(u)p(ur |u)p(uz|u)p(z1|ur, w)p(z2|uz, u)p(91|y1)p(Ja|y2)-
We will first show that p(z1|u, w1, v1) and p(xs|u, us, ve) are
functions of the above distributions. To see this, let us write
a joint distribution p(u, u1, ug, v1,va, T1,22) in two different
ways:

p(u, uy, ug, v1,v2, 1, T2)
ZP( )p(u [w)p(uz|u)p(z:|u, ur)p(za|u, uz)d(vy
x 0(v2 — ga(w2))
= p(u)p(u |u)p(uz|uw)p(v1|u, w1 )p(valu, ug)p(e1 |u, u1, vy)
(

X p(xa|u, ug, va),

—g1(z1))

(1)

where 0(-) indicates the Kronecker delta function. No-
tice that by the El Gamal-Costa model assumption (4,
p(v1|u, ur,x1) = 0(v1 —g1 (1)) and p(va|u, ug, x2) = §(ve —
g2(z2)). From this, we can easily see that

p(x1|u, ur)d(v1 — gi(z1))

T1|u,u,v1) =
p( 1| o 1) p(U1|U7U1)

)



p(@2|u, u2)d(v2 — ga(21))
p(vz2]u; uz) '

We now generate codewords as follows. Transmitter 1
generates 2N (Ficetface) independent codewords u™ (i, )
according to [ 1p(uz)ﬂ where i € {1,... 2NFey
and j € {1,- For each codeword

N(i,5), it generates independent codewords
ulN((i,4),k) according to Hf\il p(u1ilu;) where k €
{1,-.. 2N} Subsequently, for each pair of codewords
(u™ (i, §),ul¥ ((i,§),k)), generate 2NFine  independent
codewords v{¥((i,7),k,l) according to Hivzlp(vmui,uu)
where | € {1,---,2Nfinc} Lastly, for each triple of
codewords (u (i, ), ud ((i,7), k), v ((4,5),k, 1)), generate
2NF1» independent codewords a2V ((, j)Jf:,l,m) according
to valp(:cmuz,uh,vh) where m € {1, 2NR1P} On
the other hand, receiver 1 generates 2V R sequences ¥/ N(q)
according to [, p(§1;) where ¢ € {1,---,2NF1} In
the feedback strategy (to be described shortly), we will see
how this codebook generation leads to the joint distribution
p(91]y1). Similarly, receiver 2 generates 72 .

As it will be clarified later, for a given block b, indices ¢ and
j in uV (4, j) correspond to the cooperative common message
of transmitter 1 and transmitter 2 sent during block (b — 2)
respectively. Then [/, p(u;|u;) is used to create 2N Fiee
independent codewords corresponding to the cooperative com-
mon message of transmitter 1 in {1,---,2Nficc}  Simi-
larly, 2V Rine independent codewords are created according
to Hf\il p(v1|ug, ui;), corresponding to the non-cooperative
common message of transmitter 1in {1,--- ,2V%inc} Finally,
Hi]ilp(xli|ui,u1i,vli) is used to create 2VF1» independent
codewords corresponding to the private message of transmitter
Lin {1,---,2Nfw},

Notation: Notations are independently used only for this
section. The index k indicates the cooperative common mes-
sage of user 1 instead of user index. The index i is used for
both purposes: (1) indicating the previous cooperative common
message of user 1; (2) indicating time index. It could be easily
differentiated from contexts.

Feedback Strategy (Quantize-and-Binning): Focus on the
b-th transmlssmn block. First receiver 1 quantizes its received

signal y; N-®) into QN O+ \ith the rate of R. Next it finds

an index ¢ such that (gjiv’(bﬂ)(q),yiv’(b)) e T where
ge[l:2N Rl} and 7Y indicates a jointly typical set. The
quantization rate R; is chosen so as to ensure the existence of

such an index with probability 1. The covering lemma in [29]
guides us to choose R; such that

Ry > I(Yy; Y1),

p(xalu, ug, v2) = (12)

(13)

since under the above constraint, the probability that there
is no such an index becomes arbitrarily small as N goes
to infinity. Notice that with this choice of ]:21, the codebook
9 (q) according to Hfil p(%1:;) would match the codeword
according to Hﬁilp(gju\yu). )

We then partition the set of indices ¢ € [1 : 2V/1] into the
number 2VCF81 of equal-size subsets (that we call bins):

'With a slight abuse of notation, we use the same index 7 to represent time.

B(r) = |(r
rell: 2NCF‘31].

Now the idea is to feed back the bin index r such
that ¢ € B(r). This helps transmitter 1 to decode the
quantized signal Q{V (®), Specifically, using the bin index r,

transmitter 1 finds a unique index ¢ € B(r) such that

(ﬂ{v’(bﬂ)(q),miv’(b),uM(b) e T, Notice that by the
packing lemma in [29]], the decoding error probability goes

to zero if

_ 1)2N(R1_CFBI) +1: T2N(R1_CFBI):| ,

— Crp1 < I(Y1; X1, U). (14)

Using and (T4), transmitter 1 can now decode the quan-
tized signal as long as

I(Y1;Y1]X1,U) < Cren, (15)
Similarly, transmitter 2 can decode 92" (bH)(q) if
I(YQ;Y2|X2,U) <CFB2- (16)

Encoding: Given yl (decoded with the help of feed-
back), transmitter 1 finds a unique index wgif = k (sent

from transmitter 2 in the (b — 2)-th block) such that

<U’N () 7u{\/' () ’ U{V()?lev()vuév(a ];)7?){\[’(1771)) € 7;(N)7

where indicates the known messages
(w gif) Aéiz4)7 5?;2),10%_2)). Notice that due to the

feedback delay, the fed back signal contains information of
the (b — 2)-th block. We assume that wg’;;” is correctly
decoded from the previous block. By the packing lemma [29],
the decoding error probability becomes arbitrarily small (as
N goes to infinity) if

Roee < I(Us; V1| X1, U)
= I(Yi; Y |U, X)) — I(Yi; Ya|U, Uy, X))

< min(Crp1 — 01, 1(Uz; Y1| X1, U)), )

where the last inequality follows from (I3), 1 :=
I(Y;;n|U, U2,X1) and I(U27Y1|X17 U) < I(Uz; Y1|X1,U).
Based on (wlcC 2wl *)), transmitter 1 generates a
(b)

new cooperatlve common message wy.., a non—cooperative—

common message w%rl)c and a private message wg;). It then

sends x1'. Similarly transmitter 2 decodes 12)?2;2), generates

(W) wd) wg?) and then sends x5’

Decoding: Each receiver waits until total B blocks have been
received and then does backward decoding. Notice that a block
index b starts from the last B and ends to 1. For block b,
receiver 1 finds the unique indices (E, 7 12:, [ ) such that for some

m € [1: 2N Rane]
(s u (G ), 620, oY (G ), i ),

e D), (7). 08, o (3, 5), e, m) yp

2cc

2on ~(b
2N (3, 5), o),
") e T,

where we assumed that a pair of messages (b7, %))
was successively decoded from the future blocks. Similarly

receiver 2 decodes (wﬁC 2) ”5222), Ag;l)c,u?g;)).



Analysis of Probability of Error: By symmetry, we con-
sider the probability of error only for block b and for
a pair of transmitter 1 and receiver 1. We assume that
(wglg?),wggz),wgl;)c,wﬁ?) = (1,1,1,1) was sent through
the blocks; and there was no backward decoding error from

the future blocks, i.e., (wgl;)c, wég)c) are successfully decoded.

Define an event:

o (3, 5), D, k)

o (i, 5), 5o, m)

,yN(b)) €7ZN)}~

Eishim = {(u% 9)u (6.), 400,

e (1, 5), 0k, 1)y ud (G 5), 00,

Let Ef,1,, be the complement of the set Fq111,,. Then, by
AEP, Pr(Ef;41,,) — 0 as N goes to infinity. Hence, we focus
only on the following error event.

Pr U

(4,5,k,1)#(1,1,1

< Z Pr

(4,5)#(1,1)

Eijkim

1),m

U Eijkim

k,l,m

£pr(E,)

+) Pr (U Euku> +

k#1 l

(18)
Z Pr <U Ellklm)

k#1,m#1 l

LPr(Es) LPr(E3)

+ZP1‘(E111[1)+ Z Pr(Ellllm)-

1#1 1#1,m#1

LPr(Ey) £Pr(E5)

Here we have:

PI'(El) < 24
2N(Rlcc+R2(;C+R17LC+R2‘HC+R1})7I(U7X17V2;Y1)+5€)

Pr(E,) < 2 x 2N (FinetRip—I(XaiV1|U, U1, V2)+2¢)

Pr(E3) < 2 x 2N (Binet Ranet-Rip—1(X3, V2 Y1 |U, U1, Us) +3¢)
Pr(E,) < 2N (R~ I(XaMi|U Vi, Va)+e)

Pr(E;) < 2V (BanetRip—1(X1, V21 |U V2, U2)+2€)

Notice in Pr(E;) that as long as (7, j) # (1, 1), all of the cases
(decided depending on whether or not k # 1, [ # 1 and m #
1) are dominated by the worst case bound that occurs when
k#1,1%#1and m # 1. Since (4,5) # (1,1) covers three
different cases and we have eight different cases depending on
the values of (k, [, m), we have 24 cases in total. This number
reflects the constant 24 in the above first inequality. Similarly,
we get the other four inequalities as above.

Hence, the probability of error can be made arbitrarily small

if

Ryce < min(I(Uz; Y1|U, X1), Crg1 — 61)

Rlp < I(X17Y1|Ua Vla‘/Q)

Rip + Rope < I(X1, Vo3 Y1|U, V1, Us)

Rip + Rine < I(X1;Y1|U, Uy, Vo)

Rip + Rine + Rone < I(X1, Va; Y1|U, Uy, Us)

Rlp + Rice + Race + Ripe + Rope < I(U7 Va, X1; Yl)a
(19)

Rice <min(I(Uy;Ys|U, X3), Crg2 — 62)

R2p < I(X27Y2|Uv V15V2)

Rop + Ripe < I(X2, V11 Yo|U, Vo, Uy)

Rop + Rone < 1(X2;Y2|U,Us, Vi)

Rop + Rope + Rine < I(X2, V1; Y2|U, Uy, Us)

R2p + RQcc + Rlcc + Rlnc + Ran < I(U, ‘/la X2; YQ)
(20)

Employing Fourier-Motzkin-Elimination, we finally get the
bounds of (T0a)—(T0m). [
Remark 1 (Connection to Related Work [18)], [21)]): The
three-fold message splitting in our achievable scheme is a
special case of the more-than-three-fold message splitting
introduced in [18], [21]. Also our scheme has similarity
to the schemes in [18], [21] in a sense that the three
techniques (message-splitting, block Markov encoding and
backward decoding) are jointly employed. However, due to
a fundamental difference between our rate-limited feedback
problem and the conferencing encoder problem in [18]], [21],
a new scheme is required for feedback strategy and this
is reflected as the quantize-and-binning scheme in the El
Gamal-Costa deterministic model. It turns out this distinction
leads to a new lattice-code-based scheme in the Gaussian

case, as will be explained in Section VI.

B. Outer-bound

Theorem 2: The capacity region of the two-user El Gamal-
Costa deterministic IC with rate limitefi feedback (as described
in Section [lI) is included by the set C of (Ry, R2) such that

Ry, < min{H(Y\),HY1|V1,V5,U1) (2la)
+ H(Y2|X2,U1)}
R, < HMY1|X2,Up)+ Cra2 (21b)
Ry < min{H(Y2),H(Y2|V1,V5,Us) (21c)
+ HMW|X1,02)}
Ry < H(Y3|X1,Us)+ Cre: (21d)
Ri+ Ry < HW1[V1,Va,U1) + H(Ya) (21e)
Ri+ Ry < H(Y2|[V1,Va,Us) + H(Y1) (211)
Ri+ Ry < HW[V1)+ H(Y2|V2) (21g)
+  Cre1 + Crp2
2R+ Ry < H(Y1)+ H(Y1|V1, Ve, Un) (21h)
+ H(Y3|V2) + Crp2
Ry +2R, < H(Ya)+ H(Y2|V1,V2,U2) (219)
+ H(Y1[V1) + Crsi,



for joint distributions p(uy,ue)p(z1|u1, us)p(xalui, ug). As
depicted in Figure [2, Crg; and Cpp; indicate the capacity of
each feedback link.

Remark 2: In the non-feedback case, i.e., Crg1 = Crgo =
0, by setting U; = Uy = (), we recover the outer-bounds
of Theorem 1 in [I1]. Note that in this case, H(Y1|X2) =
H(Y1|V2) and H(Y3|X1) = H(Y2|V7). In fact, our achievable
region of Theorem |l| matches the outer-bound under this
model, thereby achieving the non-feedback capacity region.

Remark 3 (Feedback gain under symmetric feedback cost):
Notice from [2Tg) that the sum-rate capacity can be at most
increased by the rate of available feedback, i.e., one bit of
feedback provides a capacity increase of at most one bit.
Therefore, if the cost of using the feedback link is the same
as that of using the forward link, there is no feedback gain
under the feedback cost. However, it turns out that there is
indeed feedback gain when the costs are asymmetric. This
will be discussed in more details in Remark [3] of Section [V

Proof: By symmetry, it suffices to prove the bounds
of (214), (21b), 2TIe), (2Ig), and 2Th). The bounds of
and are nothing but the cutset bounds (see Appendix [A]
for details). Also (2T€) is the bound when the feedback link
has infinite capacity [9]]. Hence, proving the bounds of (2Tg)
and (ZTh) is the main focus of the proof. We will present the
proof of ([ZIg) here and for completeness, the proof for all
other bounds is provided in Appendix

Proof of (21g):
N(Ry + Ry —en) < I(Wy; YN) + I(Wo; YY)

= HYY) = HYN W) + HYY) - HYN W)
W HYY) = HVNWo) + HYSY) — H(VY W)
— HYN) - [HVY) - (VY Wo)] + HYY)

— [HEVY) - 1V 7))

(b)

< IV W) + IV s wh) + H(YY, VYY) —
+H Y, V) = H(VyY)

= I(V{Ns Wa) + I(V5Y s Wh) + HYN V) + H(YS [VyY)

c

H(V)

—~
N

VI, W, VN Wa) + TV, Wi, Y3V )
MV + H(YY |VRY)

W, YV Wa) + T(Wa, Y5 Wh) + H(YN V)
+ H(Y, [V5Y)

= TV} Wa | Wh) + I(Y3Ys Wi [Wa) + H(Y N VY +

H(Y¥V5Y)

—

< I
+H(
1

= HYN W) + HY,Y W) + HYNVY) + H(Y;Y V)

(e)
< N(Cre1+ Cre2) + Y H(Y1i[Vis) + > H(Yai| Vas),

where (a) follows from H(YN|Wy) = H(VJ|W;) and
H(YN|Wo) = H(VN|W2) (see Claim [1] below); (b) follows
from providing V¥ and V3V to receiver 1 and 2, respectively;
(c) follows from the fact that adding information increases
mutual information; (d) follows from the fact that VkN

a function of (Wk,YN Y); (e) follows from the fact that
H (YkN |[W}) < NCpggk and conditioning reduces entropy.

Claim 1: HYN|Wy) = H(VN
H(VY |[Wa).
Proof: By symmetry, it suffices to prove the first one.

=Y H(Yy[Y{ ™ W)
WS HValYi W)

[W1) and H(Y|Ws) =
H(YN W)

b i— i i
(:)ZH(V?Z‘Yl 13W1’X17V2 1)

DN HWaul, VY

where (a) follows from the fact that Y7; is a function of
(X314, Va;) and X3, is a function of (Wl,Yf_l); (b) follows
from the fact that X7 is a function of (Wy,Y; ') and V;*
is a function of (Y;~*, X{™1); (c) follows from the fact that
Y{~" is a function of (X{~* VJ/™') and X} is a function of
(W, V;*l) (see Claim [2| below). [ |

Claim 2: For i > 1, X} is a function of (Wy,Vy1).
Similarly, X} is a function of (Wa, Vi™1).

Proof: By symmetry, it is enough to prove the first
one. Since the channel is deterministic, X} is a function of
(Wy,Ws). In Figure we see that information of W5 to
the first link pair must pass through V5;. Also note that X,
depends on the past output sequences until ¢ — 1. Therefore,
X? is a function of (W7, V5™ h). ]

|

= H (V3" |Wh),

V. LINEAR DETERMINISTIC INTERFERENCE CHANNEL

In this section, we consider the linear deterministic IC with
rate-limited feedback described in Section[[Il Since this model
is a special case of the El Gamal-Costa model, our inner
and outer bounds derived in the previous section also apply
to this model. We show that the inner-bound and the outer
bound derived in Theorem I]and 2] respectively, coincide under
this linear deterministic model, thus establishing the capacity
region.

Theorem 3: The capacity region of the linear determinis-
tic IC with rate-limited feedback is the set of non-negative
(R1, Ry) satisfying

R; < min{max(ni1,ne1), max(nii,ni2)} (22a)

Ry < ni+ Cre2 (22b)

Ry < min{max(naz, n12), max(naa, na1)} (22c)

Ry < nao+ Crpi (22d)

Ri+ Ry < (ni1 —ni2)" + max(ngg, ni2) (22¢)

Ri+ Ry < (no2 —no1)™ +max(ni, not) (221)

Ri+ Ry < max{no, (n11 —ni2)"} (22g)

+ max {ny2, (n22 — n21)" } + Cre1 + Cre2

2R1 + Ry < (ni1 —ni2)t 4 max(niy, nar) (22h)
+  max {niz, (n22 —n21)" } + Cre2

Ry +2Ry < (nag —na1)t + max(nag, nis) (221)
+ max {no1, (n11 — n12) "} + Crau.

Remark 4: In the non-feedback case, i.e., Crg1 = Crg2 =

0, this theorem recovers the result of [[11], [13]]. In the infinite
feedback case, i.e., Ckg1 = Cgg> = 00, this recovers the



result of [30], [9]. Considering the sum-rate capacity under
symmetric setting, i.e., 11 = Moy = N, N1z = N9 = M,
Crg1 = Ckgy, this recovers the result of [31].

Proof: The converse proof is trivial due to Theorem [2]
For achievability, we will use the result in Theorem [I] By
choosing the following input distribution, we will show the
tightness of the outer bound. V& € {1,2} and j # k, we
choose

U=g,
Up = U ® Xgee,
Vie = Up @ Xgne, (23)
X = Vi @ Xip,

Vi = LS Bunin(ni .Cre) (Ve)»

where for any column vector A, LSB,,(A) takes the bottom
n (n < |A|) entries of A while returning zeros for the
remaining part; and Xjc., Xgne, and Xj, are independent
random vectors of size max{ng, ny;}, such that

o The random vector Xy, consists of (ng; — ng;)* iid.
Ber (%) random variables at the bottom, denoted by * in
(24), corresponding to the number of private signal levels
of transmitter k.

o The random vector Xj.. consists of (ngr — nkj)+ i.i1.d.
Ber (%) random variables in the middle (above the private
signal levels), denoted by * in (24), corresponding to
the number of common signal levels that will be re-sent
cooperatively through the other commuication link with
the help of feedback.

o The random vector Xy, consists of (ng; — Crg;) " i.i.d.
Ber (%) random variables at the top, denoted by * in ,
corresponding to the number of non-cooperative common
signal levels.

As we show in Appendix with this choice of random
variables, the achievable region of Theorem |l| matches the
outer-bounds in Theorem 2

0 0 *
AU I TV R
0 * 0
X, = S>) S¥) , k=1, 24)
o || |o (
* 0 0
N L 0 | L 0 ]
—— >~ =
Xk'p Xkcc anc
| |

It is worth utilizing Theorem |3 to illustrate the impact of
feedback on the sum-rate capacity of the linear deterministic
IC. Consider a symmetric case where ni; = ney = n, ni2 =
ng1 = an, and Crg; = Cpg2 = fBn. Using Theorem [3] we
can derive the sum-rate capacity of this network (normalized

v Normalized Sum-Rate
Capacity

o
i
MC:Y

2 225 Normalized Interference a

Fig. 5. Normalized sum-rate capacity for 5 =0, 8 = 0.125 and 8 = co.

by 1)
min(2 — 2a 4+ 28,2 —a) for a € [0,0.5]
c min(2a + 28,2 — «) for a € [0.5, 2]
T ={ 2—-a for o € [2,1]
" o for o € [1,2 + 25]
2428 for a € [2+ 25, 00)

Figure [3] illustrates the (normalized) sum-rate capacity as a
function of «, for different values of 8 = 0 (i.e., no feedback),
B = oo (i.e., infinite feedback), and 8 = 0.125. We note the
following cases:

o Case 1 (a € [0, 3]): In this regime the sum-rate capacity
is increased by the total amount of feedback rates and
saturates at 2 — o once the rate of each feedback link is
larger than <.

e Case 2 (a € [%, %} ): In this regime the sum-rate capacity
is increased by the total amount of feedback rates and
saturates at 2a once the rate of each feedback link is
larger than M

o Case 3 (a € [2,2]): In this regime feedback does not
increase the capacity.

e Case 4 (0 € [2 + 28,00)): In this regime the sum-
rate capacity is increased by at most the total amount
of feedback rates.

Remark 5 (Feedback gain under asymmetric feedback cost):
As it can be seen in the sum-rate capacity is increased by
at most the total amount of feedback rates. Let the cost be the
amount of resources (e.g., time, frequency) paid for sending
one bit. With this cost in mind, let us consider the effective
gain of using feedback which counts the cost. Notice that by
Case 1,2, and 4, there are many channel parameter scenarios
where one bit of feedback can provide a capacity increase of
exactly one bit. This implies that the effective feedback gain
depends on the cost difference between feedback and forward
links. So if the feedback cost is cheaper than that of using
forward link, then there is indeed feedback gain. The cellular
network may be this case. Suppose that downlink is used for
feedback purpose, while uplink is used as a forward link.
Then, this is the scenario where the feedback cost is cheaper
than the cost of using the forward link, as downlink power
is typically larger than uplink power, thus inducing cheaper
feedback cost.



R, < log(1+SNR1+INR21+2p\/SNR1«INR21) (26a)
NR
R, < 10g<1 S)”\”; )+log(1+(1—p2)|NR12) (26b)
Ry < log(1+ SNR1)+OF32 (26¢)
Ry, < log<1+SNR2+INR12+2p\/SNR2 INR12) (26d)
NR
Ry < log(1+ ")SNR; +1log (14 (1 — p*)INR2;) (26¢)
p%)INRy;
Ry < log(l SNR2)+CF31 (26f)
— p?)SNR (1— p?)SNR
< 2 (1-p%) 1 ) 2
Ri+ Ry < log(l—l—(l p)INR21+1—|—(1—p2)INR12 +log|1+(1 p)INR12+1+(1—p2)INR21
+ Crg1 + CFr2 (26g)
Ri+Ry, < 1og<1 (1= p")SNR, )+log<1+SNR +INRy2 + 2p+/SNR; - INR ) (26h)
1 2 >~ 1+( )lNR12 2 12 2 12
(1 —p*)SNR> .
< .
Ri+Ry < log<1+1+(1_p2)|NR21 +log(1+SNR1+INR21+2p\/SNR1 INR21) (26i)
(1—p*)SNRy .
< .
2R, + Ry < log<1+SNR1+INR21+2p\/SNR1 INR21)+log <1+1+(1—p2)|NR12 26j)
1—p2)SNR2
—Hog( + ( p)INR12+1+(1—p2)INR21 + Cre1 + CFg2 (26k)
(1 — p?)SNRs
9R; < log (14 SNRy -+ INRys + 2p1/SNR; - INR log (1 261
Ri1+2Ry < 0g( + SNRy + 12 + 2pv/SNR, 12)+0g(+1+( 7)INRoy (261)
17p2)SNR1
log [ 1+ (1—p?)INR ( 2
+ 0g< + (1 =p7) 21+1—|—(1—p2)|NR12 + Cre1 + Cre2 (26m)

VI. GAUSSIAN INTERFERENCE CHANNEL

In this section, we consider the Gaussian IC with rate-
limited feedback, described in Section We first derive
an outer-bound on the capacity region of this network. We
then develop an achievability strategy based on the techniques
discussed in the previous sections and then show that for
symmetric channel gains it achieves a sum-rate within a
constant gap to the optimality.

A. Outer-bound

Theorem 4: The capacity region of the Gaussian IC with
rate-limited feedback is included in the closure of the set C of
(R1, Ry) satisfying inequalities (26a)—(26I) over 0 < p < 1.

Proof: By symmetry, it suffices to prove the bounds
of (26a), (26b), (26c), (26g), 6h) and (26j). The bounds
of (264), and are nothing but cutset bounds. The
bound of corresponds to the case of infinite feedback rate
and was derived in [9]. Hence, proving the bounds of (26g)
and (26]) is the main focus of this proof. We will present the
proof of (26g) here, and defer the proof for remaining bounds
to Appendix

Proof of (26g): The proof idea mostly follows the determin-
istic case proof of The only difference in the Gaussian
case is that we define a noisy version of 12 X?" corresponding
to V¥ in the deterministic case: SY¥ := hppX{ + Z.
Similarly we define S := h21 X3 + Z{ to mimic V5. With

this, we can now get:
(a)
N(Ri+Ry—en) < IT(Wi; YY) + 1 (Wo; YY)
() + 0 (V) — b (SY W) — b (55 Wh)
= T(SY2) +1(SY5W3) = h (SV YY) — b (83 3Y)
+h (YVISY) + R (Y5Y]S5)

T

© T+I(Sl Yy ,Wl,Wg) +I(S2 Y3 ,Wz,Wl)

—h (S{V|Y1N, Wi, f/fV) —h (S§V|Y2N, WQ,f@N)

Dy (Y/IN;WQ|W1) +1 (S{V;W2|W1,}71N)

+1 (f’QN;WﬂWg) 1 (SéV;W1|W27}72N>

—h (Z{V\S{V,WQ,?QN) —h (z§|s§,W1,Y1N)

D (2)) = h(25) +1 (VY W)
ps

+I<372N;W1|W2) +I(Zév;sév|wlv?1]v>

+1 (Z{V; S{V|W2,}72N> —h (Z{V|W1, Wz,f@N)
1 (2) = (23 W, W, V) o+ (25)

Do g (}71N;W2\W1) y (}72N;W1|W2)



+I(Z§V;S§V|W1,?1N) +I(Z{V;S{V\W2,}72N)

" (ZfV;YzN|W1,W2) 41 (ng;qu\Wl,%)
=T+ 1 (VW 25\ + 1 (V35,2 ()
I (ZéV;S§V|W1,}71N) ) (Z{V;S{V\WQ,YQN)

=T 4] (?1N;W2|W1,Z§V) +1 (?QN;W1|W2,Z{V)
+ 1 (VY8520 W) + 1 (VY85 28 (W)
Do (?1N;W2|W1,Z§) +1 (?QN;Wliwz,zfv)
+I(Z§V;Y1N,W2,}72N,ZfV|W1)
+I(va;}72N,W1,f/1N,Z§V|W2)

Wy (?1N;W2|W1,Z§V) +1 (?QN;W1|W272{V)
I (YQN;Zle,WQ,Z{V) 41 (f’lN;Z{V|WhW2,Z§V)
+I()71N;Z§V|W1,W2,Z{V,)72N)
+I(i72N;Z{V|W1,W2,Z;V,i71N)
@T’H(ﬁN;WQ\WhZ;V) +I<}72N;W1|W27Z{V)
), (YQN;Zle,WQ,Z{V) +1 (YlN;Z{WWhWQ,Z;V)
=h(Y{VISY) = h(277) + h (YS¥1957) = h (23
+I(Y S Wo, Z1 Wi, Z3' ) +I(17'2N;W1,Z§V|W2,Z{V)

N
Z (Y15]S1:) — h (Z1)] + Z (Y2i]S2:) — h (Z2;)]
=1

+H (YN|W1, 7 ) +H (Y2N|W2,Z1 )
N

< Z [ (}/iz|Slz le + Z Yr21iS2z —h (Z2z)]
1;1 ) N )

>0 H (VulXa) + 30 H (Vail Xa), @7)
=1 =1

where (a) follows from Fano’s inequality; (b) follows from
the fact that h(YN|Wy) = h(SY|Wy) and h(YSV|W2) =
h(SN|W3) (see Claim [3[ below); (c) follows from the non-
negativity of mutual information and the fact that conditioning
reduces entropy; (d) follows from the fact that X} is a
function of (Wk,Y *1), and the fact that W; and W,y
are independent; (e) follows from the fact that X}V is a
function of (W, f’kN _1); (f) follows from the fact that Z ziv is
independent of W7 and Ws; (g) holds since S,JCV is a function
of (W, ;Y71 ZN ,); () holds since Wy, Wa, Z{, and ZJ¥
are mutually independent; () holds since

I <Y1N’ ZéV|W1, W27 Z{V7Y/QN>

N
= 51 (Vs 2 W W 2 )
i=1

I
WE

1 (Y/li; ZéV|W1a W27 Z{vv};'QNa?Vli_laXéVin:)
1

.
Il

I
WE

I (Yflii Zév|Wla W27 Z{V>Y/2N7 }71i_17XéV,Xi7 Yll)
1

.
I

I
M=

1 (Y/lu ZéV|W1a W27 Z{V7?2Naﬁi?XéVin>Yli>

i=1
=0. (28)
Claim 3: h(SN|Wa) = h(Y} [Wa).
Proof:
WYY [Wa) =D h(Yail Yy~ W)

DS h(Sulvi W)
(2 Z h(Sli|}/2i_l? W27 X57 Si_l)
S h(SuWa, S = h(SY W),

where (a) follows from the fact that Y5; is a function of
(X2;,51;) and Xo; is a function of (Wg,YQi_l); (b) follows
from the fact that X3 is a function of (Wy,Y; ') and Si™*
is a function of (Y;_l, X;‘l); (c) follows from Claim E| (see
below). |

Claim 4: For all i > 1, X} is a function of (W7, Si~!) and
X’ is a function of (W, Si1).

Proof: By symmetry, it is enough to prove only one.
Notice that X3 is a function of (Ws,Yy ') and Yy ™! is
a function of (X3 ', S;"). Hence, X§ is a function of
(Wa, X;fl, Si=1). Tterating the same argument, we conclude
that X} is a function of (W, Xo1, Si_l). Since X5; depends
only on Wy, we complete the proof. [ ]

From the above, we get

Ry + Ry < h(Y1|S1) — h(Z1) + h(Y2]S2) —
+ Crg1 + Cra2.

h(Zs) 29)

where we have used the fact that H (Yki\X;ﬂ-) < Crgk and

conditioning reduces entropy.
Finally note that for p = E[X; X3], we haveﬂ

)|NR21 + (1 —f )SNRl ) .

h(Y1|Sl) S log 2me (1 + ( m
(30)

Using (30), we get the desired upper bound in (26g). [ |
If we consider the symmetric channel gains, i.e.,
|h11| = [haz| = |hal,

(31)
|h12| = [ha1| = |he],

and
SNR; = SNRy; = SNR = |hd|2,

32
INRy2 = INRg; = INR = | |2, (32)

we get the following outer-bound result.

2p captures the power gain that can be achieved by making the transmit
signals correlated.



Corollary 1: The sum-rate capacity of the symmetric Gaus-
sian IC with rate-limited feedback is included by the set Csym
of R; + Ry satisfying

Ri+ Ry < 2log (1 + SNR) + Crg1 + Ckro (33a)

SNR
< -

+ kg(1+SNR+JNR+2VSNRJNR)
SNR
1+ INR

Proof: The proof is straight forward and is a direct

consequence of the bounds in (26c), (261), (26g), and (26h).
For instance, (33a) is derived by combining and (261)
for p = 0. Note that p = 0 maximizes (26c]) and (26f). ]

(33b)

Ri+ Ry < 2log <1+|NR+ (33¢)

+ Cr1 + Crgo.

B. Acievability Strategy

We first provide a brief outline of the achievability. Our
achievable scheme is based on block Markov encoding with
backward decoding where the scheme is implemented over B
blocks. In each block (with the exception of the last two), new
messages are transmitted. At the end of a block, each receiver
creates a feedback signal and sends it back to its corresponding
transmitter. This will provide each transmitter with part of
the other user’s information that caused interference. Each
transmitter encodes this interfering message and transmit it
to its receiver during a different block. Through this part of
the transmitted signal, receivers will be able to complete the
decoding of the previously received messages. During the last
two blocks, no new messages will be transmitted and each
transmitter provides its receiver with the interfering message
coming from the other transmitter. Later, we let B go to
infinity to get our desired result.

As we have seen in Section each receiver may need to
decode the superposition of the two codewords (corresponding
to the other user’s cooperative common message and part of
its own private message). In order to accomplish this in the
Gaussian case, we employ lattice codes.

1) Lattice Coding Preliminaries: We briefly go over some
preliminaries on lattice coding and summerize the results that
will be used later. A lattice is a discrete additive subgroup
of R™. The fundamental volume V;(A) of a lattice A is the
reciprocal of the number of lattice points per unit volume.

Given integer p, denote the set of integers modulo p by
Zyp. Let Z"" — Zy, : v — v be the componentwise modulo p
operation over integer vectors. Also, let C' be a linear (n, k)
code over Z,. The lattice Ac defined as

Ac={veZ":veC}, (34)

is generated with respect to the linear code C' (see [32] for
details). In [32], it has been shown that there exists good lattice
codes for point-to-point communication channels, i.e., codes
that achieve a rate close to the capacity of the channel with
arbitrary small decoding error probability. We summarize the
result here.

Consider a point-to-point communication scenario over an
additive noise channel

Y =X+2, (35)

where X is the transmitted signal with power constraint P, Y
is the received signal and Z is the additive noise process with
zero mean and variance 2.

A set B of linear codes over Z,, is called balanced if every
nonzero element of Z; is contained in the same number of
codes in B. Define Lz as

EBZ{A(,'ZCGB}.

Lemma 1 ([32]): Consider a point-to-point additive noise
channel described in (33). Let B be a balanced set of linear
(n,k) codes over Z,. Averaged over all lattices from the
set Lp defined in (36), each scaled by v > 0 and with a
fundamental volume V, we have that for any 6 > 0, the
average probability of decoding error is bounded by

(36)

n% log (271’60’2)
V 3
for sufficiently large p and small v such that y"p" % = V.

See [32] for the proof. The next lemma describes the
existence of a good lattice code for a point-to-point AWGN
channel.

Lemma 2 ([32]]): Consider a point-to-point additive noise
channel described in (35) such that the transmitter satisfies
a power constraint of P. Then, we can choose a lattice A
generated using construction A, a shift SEI and a shaping region
SE] such that the codebook (A + s) NS achieves a rate R with
arbitrarily small probability of error if

1 P

In other words, Lemma [2] describes the existence of a lattice
code with sufficient codewords. See [32]] for the proof. For a
more comprehensive review of lattice codes see [32], [33],
[34].

Remark 6: In this paper, we consider complex AWGN
channels. Similar to Lemma 2] one can show that using lattice
codes, a rate of log (U—PQ) is achievable in the complex channel
setting.

2) Acievability Strategy for Cpg1 = Crg and Crga = 0: We
describe our strategy for the extreme case where Crg; = Crp
and Cggy = 0 (interchanging user IDs, one can get similar
results for Crga = Cgg and Cgg; = 0). Our strategy for any
other feedback configuration will be based on a combination
of the strategies for these extreme cases.

Codebook Generation and Encoding: The communica-
tion strategy consists of B blocks, each of length N chan-
nel uses. In block b, b = 1,2,...,B — 2, transmitter 1
has four messages VVl(1 k) Wl(2 ), Wl(3 ) and Wl( ") where
wi e {1,2,.
Wl(l b)’ W1(2 )

P, < (1+56) 37)

(38)

,2VE”} Out of these four messages,
and W1(4 ®) are new messages and in particular

3Shift s is a vector in R™ and it is required in order to prove of existence
of good lattice codes, see [32] for more details.

4We need to consider the intersection of a lattice with some shaping region
S C R™ to satisfy the power constraint.



Wl(l’b) and W form the private message of transmitter
1 while W1(4’b is the non-cooperative message (as it will
be clarified shortly for the feedback strategy, the reason for
splitting the private message of transmitter 1 into two parts is
that in order to be able to use lattice codes, we would like the
codeword corresponding to the cooperative common message
of transmitter 2 to be received at the same power level as
part of the codeword corresponding to the parivate message
of transmitter 1). We will describe Wl(s’b) when we explain
the feedback strategy. On the other hand, transmitter 2 has
three new independent messages Wél’b),WQ(Q’b) and W2(3’b),
the private, the cooperative common, and the non-cooperative
common message of transmitter 2 respectively.

At transmitter k, message Wéi’b) is mapped to a Gaussian
()
QNRk

codeword X ,Ei’b) picked from a codebook of size and
any element of this codebook is drawn i.i.d. from CA/(0, P,Si)),
(k,1) € {(1,1),(1,3),(1,4),(2,1),(2,3)}. For notational
simplicity, we have removed the superscript V.

Message W( ) s mapped to X, (20) encoded by lattice
A(2 ®) with shift 52 ) and spherical shaping region S ) This
gives a codebook of size 2V B with power constraint of P,g ),
k = 1,2. Denote this codebook by (A,(f’b) + s,(f’b)) N S,(f’b).

Transmitter k£ will superimpose all of its transmitted signals
to create X" ), its transmitted signal during block b, i.e.,
X0 = x4+ x4 x4 X and X3V
X0, x G0 |

The power assignments should be such that they are non-
negative and satisfy the power constraint at each transmitter:

P =PY 4+ p® L p® 4 p® <

(39)
P=P" + PP+ PP <1

Feedback Strategy: Our feedback strategy is inspired by
the motivating example in Section Remember that in this
example, receiver 2 had to feed back the superposition of the
two codewords (corresponding to transmitter 1’s cooperative
common message and part of its private message). To realize
this in the Gaussian case, we incorporate lattice coding with
appropriate power assignment as part of our strategy.

We set SNRP® = INRPY?, so that X(*” and Xx{*"
arrive at the same power level at receiver 1 and therefore
haX; 20 4 p, X2(2’b) is a lattice point. We refer to this lattice

index as I, (b) . Receiver 1 then feeds (IX?Q mod 2V CFB)

back to transmitter 1.
Given I/(\b) mod 2V CFB) , transmitter 1 removes hgX §2’b)

and decodes the message index of W(2 ®) This can be done as
long as the total number of lattice points for either of the two
aligned messages is less than 2VCF8j e, R?’b), ng < Crg
Since the feedback transmission itself lasts a block, we set
W(3 b+2) W(2
Decoding: For notational simplicity, we ignore the block
index and from our description it is clear whether the two
signals belong to the same block or different ones. We also
use the following shorthand notation:
pM) = pM 4 p® 4+ PY

k=1,2. (40)

Our achievable scheme employs different decoding orders
depending on the channel gains. In other words, based on the
channel gains the number of required messages to achieve
the desired sum-rate might vary. In fact based on the channel
gains, it might be sufficient to consider fewer messages than
suggested above. In such cases, we assume the unnecessary
messages to be deterministic (i.e., the corresponding rate to
be zero). In particular, we have three different cases.

Case (a) log (INR) < 1 log (SNR):

In this case, we set RYL) e R(3) 0. In other words, Wl(

and Wg(g) are deterministic messages. We then get

4)

Vi = ha (X7 + X7+ X)) + b (X0 4 XP) + 21,
(41)

At the end of each block, receiver 1 first decodes X f?’) by
treating all other codewords as noise. Xl(g) can be decoded

with small error probability if

(42)

SNRP®)
RgB) < log <1 + !

1+ INRP, + SNRP*?)

It then removes hgX 1(3) from the received signal and
decodes X fl) by treating other codewords as noise. Xl(l) is
decodable at receiver 1 with arbitrary small error probability
if

SNRPM
@ |- (43)
1+ INRP; 4+ SNRP;

R <log <1 +

After removing hqX f receiver 1 has access to 7z X\”
heX$? 4+ hox$Y + 7. Since we have set SNRPl(])

INRP(Q) th(2) + he X( ) is a lattice point with some index
I/(\> Receiver 1 decodes 1, (b ) , by treating other codewords as

noise, and sends back (I (b) mod 2V CFB) to transmitter 1.
From Lemmal[2] decoding W1th arbitrary small error probability

is feasible if

i

NRP?
R§2)§ log 571(1)
1 + INRP)

INRPS?)
R§2)§ log 72(1)
1 + INRP

Here [-|T = max{-,0}.

The decoding at receiver 2 proceeds as follows. At the end
of each block, receiver 2 removes th1(3) from its received
signal. Note that X{g) is in fact a function of W(2 =) and
thus it is known to receiver 2 (assuming successful decodmg
in the previous blocks). Therefore, after removing h.X 1(3), we
get

. (44)

)

Ys = ha (XQ(” + X§2)) + he (X{” + X{”) 2y (45)

Receiver 2 now decodes XéQ) and X2(1) by treating other
codewords as noise. This can be done with arbitrary small



error probability if

(2) +
RéQ) = [IOg ( SI\(IF)P2 (1:2))1 ’
1+ SNRP" + INRP! “6)
SNRPSY
1+ INRPf“’)) '

The decoding strategy presented above describes a set of
constraints on the rates, which is summarized as follows:

R <log (1 +

(1) SNRP{Y
Ry <log <1 + 1+INRP;+SNRP{?
(2) . snrp® \ T
Ry < min{log (H”\,RPZ@> ,Crg
(3) SNRP®)
Ry <log {1+ 1+INRP,4+SNRP{ 2 @7
(1) SNRPSY
RQ S log 1 + 1+|NRP1(1:2)
(2) INRPS? *
] 2
R, < min {log (1+INRP2(1> >} ,CrB

Therefore, we can achieve a sum-rate Ré%)M = Rgl) JngQ) +
Rél) + R, arbitrary close t

. SNRPY
RéU)M =log |1+ ! ©)
1+ INRP, + SNRP
NRP?
+ min log 571(1) 7C’FB
1+ INRP}
SNRPV
+log | 14+ ———2
1+ INRP"
INRP?
4+ min < |log 72(1) ,CrB (48)
1+ INRP}

Case (b) 3log(SNR) < log(INR) < Zlog(SNR): In this
case, we have

Y1 = hg (Xl(l) +x® 4 x84 X{4))

+he (X + x84 X() + 21, (49)

At the end of each block, receiver 1 first decodes X1(4) by
treating all other codewords as noise, and removes hgX {4)
from the received signal. This can be decoded with small error
probability if
SNRP™
) 60
1+ INRP; + SNRP; ™

RYL) <log <1 +

Next, it decodes X 53) by treating other codewords as noise
and removes thf?’) from the received signal. This can be

SNote that X is,b) is a function of the cooperative common message of

. . 2,b—2 . . . .
transmitter 2, i.e., W2< ), hence, it does not contain any new information
and it is not considered in the sum-rate.

decoded with arbitrary small error probability if

SNRP®)
|- 6D
1+ INRP;, + SNRP"

R <log <1 +

We proceed by decoding the non-cooperative common mes-
sage of transmitter 2, i.e., X2(3) by treating other codewords
as noise. This can be decoded with arbitrary small error
probability if

INRPL
o a |- 62
1+ INRP{™ + SNRP

R;S) <log (1 +

It then removes th2(3) from the received signal, having
now access to th£2) + hCXQ(Q) + th£1) + hCXQ(U + 7.
We decode the lattice index of thEQ) + th2(2), ie., 11(\[)1)2’
by treating other codewords as noise. It then sends back
(]/(\bl)’z mod 2V CFB) to transmitter 1. From Lemma , decod-
ing with arbitrary small error probability is feasible 1

2 SNRP?
Ry < |log 0 snRpD
1+ INRP{Y + SNRP,

) INRP?
Ry < |log 0, snRpD
1+ INRP{Y + SNRP!

+

NG

After decoding and removing th£2) + hCX2(2), receiver
1 decodes Xfl). This can be done with arbitrary small error
probability if

SNRPV
R <log 1+ — L. (54)
1+ INRP,
Similar to the previous case, receiver 2 removes X 1(3) from

its received signal. The decoding at receiver 2 proceeds as
follows. Receiver 2 decodes X2(3) by treating other codewords
as noise and removes thz(g) from the received signal. Next,
Xz(g), the non-cooperative common message of transmitter
1, will be decoded while treating other codewords as noise.
Receiver 2 removes hg X 2(2) from the received signal and then,
decodes X{4) by treating other codewords as noise. After
removing thf4), we now decode the private message of
transmitter 2, i.e., Xz(l). This can be done with arbitrary small
error probability if

SNRPS?)
14 SNRP{"? + INR(P, — P®)) )’

2) SNRP(Q) "
B < |log D @ )|
1+ SNRPSY + INR(Py — P) 55

Rég) < log (1 +

(@)
R(4) S IOg 1 INlRQ)Pl ) ,
1+ INRP*® + SNRP}
(1)
RrRW <log|1 SNLM .
1+ INRP



The decoding strategy presented above describes a set of
constraints on the rates, which is summarized as follows:

(1) SNRP(V
< 1
Ry < log <1 + 1+INRPSY
(2) SNRP? *
< mi =
Ri” < minq tlog 1+INRPSY 4SNRPY Crs
3 - SNRP®
By <log {1+ 1+INRP;+SNRP{!2)
@ INRP(®
Ry <log {1+ 1+INRP{ ") +SNRPY
n SNRP{Y
Ry? <log {1+ 1+INRP(1 2)
+
RY? <min{ |lo INRP;? C
2 = &\ TrnRPD 1snRPD FB
B < INRPS®)
Ry” <log {1+ 1+INRP{T ) 4 SNRPT) )

(56)
Therefore, we can achieve a sum-rate RélgM = Rgl) +R§2) +
RYL) + Rél) + RgQ) + Ré?’), arbitrary close t

sNRP™M
RY),, =log (1 + L
-+ min {

— (57
1+ INRP{V
+ log (1 +

+
,CrB

log

SNRP®
1+ INRPY + SNRPY

INRP(®
1+ INRP*® 4 SNRP} 1>>
SNRPM
1+INRP(12)>
INRP(Q)
1+ INRP{" + SNRP )>

+ log (1 +

+mm{

0 INRP,®
og
1+|NRP”>+SNRP”>

Case (c¢) 2log (SNR) < log (INR):

In this case, there is no need to decode the superposition of
the two messages. So set Rgl), R§2) and Rél) equal to zero.
We then get

+
log

,CrB

lehd( x® 4 x )+h( (2)+X2(3)>+Zl, (58)

Vo = ha (X8 + X) + he (X + X(V) + 25, (59)

As for the feedback strategy, receiver 1 decodes X§2) by
treating other codewords as noise, and sends the lattice index
of WQ(Q) back to transmitter 1 during the following block.
Transmitter 1 later encodes this message as X 1(3) and transmits
it. It is worth mentioning that in this case, it is in fact receiver
2 who wants to exploit the feedback link of user 1 to get
part of its message. In other words, we have two paths for

SNote that X§3’b)
transmitter 2, i.e., W2<2’b72>, hence it is not considered in the sum-rate.

is a function of the cooperative common message of

information flow from transmitter 2 to receiver 2; one through
the direct link between them and the other one through receiver
1, feedback link and transmitter 1. The decoding works very
similar to what we described above and we get the following
set of constraints to guarantee small error probability at the
decoders.

R <log(1+ %

R§4) <log(1+ Li’:llzgﬁ()”)

352) < min { {log <1T§£)ézl>] + 7CFB} (60)
RS” < log (1 + M)

As before X f”b) is a function of W2(2’b72). Therefore, we
can achieve a sum-rate RéCJM = R§4) + Rf) +RY, arbitrary
close to

SNRP™Y
RécU)M =log |1+ —~-1—= ®)
1+ SNRP|
+
INRPL?)
in{ |log [ ——2 C
min g jlog (1 +SNRP1> P8
NRP®)
+log |1+ 572(2) . ©61)
1 + SNRP}

Case (d) 2 log (SNR) < log (INR) < 2log (SNR):

As we will show in Appendix D] in this regime feedback can
at most increase the sum-rate capacity by 4 bits/sec/Hz. Hence,
we ignore the feedback and use the non-feedback transmission
strategy in [35] (i.e., having only one private and one common
message at each transmitter and jointly decoding at receivers).

3) General Feedback Assignment: We now describe our
achievable scheme for general feedback capacity assignment
based on a combination of the achievability schemes for the
extreme cases. Let Cpg; = ACkp and Cggp = (1—\)CEg, such
that 0 < A < 1. We call the achievable sum-rate of the extreme
case Crg; = Cpp and Cggy = 0 by Rscjﬁfo, and similarly,
we refer to the achievable sum-rate of the other extreme case
by RSG5, We split any block b, b = 1,2,...,B — 2, of

Feedback Transmission
for the previous block

> >
AN AN
Block b N Block b+1 N

Fig. 6. Achievability strategy for Crg; = ACpg and Crgy = (1 — A\)CEg.
length N into two sub-blocks: b; of length AN and by of
length (1 — A\)N. See Figure [6] for a depiction. During block
b1, we implement the transmission strategy of the extreme case
Crg1 = Crp and Cggp = 0, with a block length of AN; and
during block by, the achievability scheme of the extreme case
Crg1 = 0 and Cggp = Ckg, with a block length of (1 — A) N.



At the end of each sub-block, receivers decode the messages
as described before and create the feedback messages. During
block b + 1 the feedback messages of sub-blocks b; and bo
will be sent back to corresponding transmitters, as shown in
Figure [6] Note that we use Crgi during the entire length of
block b + 1, hence the effective feedback rate of user 1 (total
feedback use divided by number of transmission time slots),
would be

N
Cety = )\C;,Bl = = Crs.

Hence, we can implement the achievability strategy corre-
sponding to the extreme case Crg; = Cgg and Cggr = 0.
Similar argument is valid for the other extreme case. With
this achievability scheme, as N goes to infinity, we achieve a
sum-rate of ARSI + (1 — \) R5%=".

4) Power Splitting: We have yet to specify the values of the
powers associated with the codewords at the transmitters (i.e.,
P,El): ke {1,2},1 € {1,2,3,4}). In general, one can solve
an optimization problem to find the optimal choice of power
level assignments that maximizes the achievable sum-rate.
We have performed numerical analysis for this optimization
problem. Figure shows the gap between our proposed
achievable scheme and the outer-bounds in Corollary (1| at (a)
SNR = 20dB, (b) SNR = 40dB, and (¢) SNR = 60dB, for
Crpp = 10 bits. In fact through our numerical analysis, we
can see that the gap is at most 4, 5, and 5.5 bits/sec/Hz for
the given values of SNR, respectively. Note that sharp points
in Figure [/| are due to the change of achievability scheme for
different values of INR as described before.

In Appendix [D] we present an explicit choice of power as-
signments such that the gap between the achievability scheme
and the outer-bounds does not scale with SNR. As a result,
we get the following Theorem.

Theorem 5: The sum-rate capacity of the Gaussian IC with
rate-limited feedback is within at most 14.8 bits/sec/Hz of the
maximum R; + R satisfying

(62)

0<Ri+Ry < 2log(1+SNR)+ Ceg1+ Crg2  (632)
SNR
< < 1
0<Ri+Ry < 0g< +1+|NR> (63b)
+ log(1+SNR+INR+2\/SNR-INR)
SNR
< < -
0<Ri+Ry < 210g(1+INR+1+|NR) (63¢)

+  Ckp1 + CkB2.

Remark 7: Note that the given choice of power assignment
in Appendix [D] is not necessarily optimal, and our analysis
is pessimistic in the sense that we consider the worst case
scenario, and we calculate the gap for the worst case.

As a corollary, we characterize the symmetric capacity
of the two-user Gaussian IC with rate-limited feedback, as
defined below, to within a constant number of bits.

Definition 1: The symmetric capacity is defined by
Com = sup{R : (R, R) € C}, (64)

where C is the capacity region.
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Fig. 7. Numerical analysis: gap between achievable scheme and the outer-
bounds in Corollary [I| at (a) SNR = 20dB, (b) SNR = 40dB, and (c)
SNR = 60dB for Cgp = 10 bits.

Corollary 2: For the symmetric Gaussian IC with equal
feedback link capacities, ie., Cpggr = Cgp2, the pre-
sented achievability strategy achieves to within at most 7.4
bits/sec/Hz/user to the symmetric capacity Csym defined in
(64), for all channel gains.

Proof: Theorem [5 says that we can achieve to within at
most 14.8 bits/sec/Hz of the outerbounds in Corollary [I] for
any feedback assignment. Therefore, in symmetric IC with
equal feedback link capacities Crg; = Crgy = %C’Fgl, the
gap between the achievability and the symmetric capacity is
at most 7.4 bits/sec/Hz/user. [ ]

VII. CONCLUDING REMARKS

We have addressed the two-user interference channel with
rate-limited feedback under three different models: the El
Gamal-Costa deterministic model [[L1]], the linear deterministic
model [12], and the Gaussian model. We developed new



achievable schemes and new outer-bounds for all of the three
models. We showed the optimality of our scheme under the
linear deterministic model. Under the Gaussian model, we
established new outer-bounds on the capacity region with rate-
limited feedback, and we proposed a transmission strategy
employing lattice codes and the ideas developed in the first
two models. Furthermore, we proved that the gap between the
achievable sum-rate of the proposed scheme and the outer-
bound is bounded by a constant number of bits, independent
of the channel gains.

One of the future directions would be to extend this result
to the capacity region of the asymmetric two-user Gaussian
interference channel with rate-limited feedback. The same
achievability scheme can be applied there, however, the gap
analysis will be cumbersome. Therefore, one interesting direc-
tion is to find out new techniques to bound the gap between the
achievable region and the outer-bounds on the capacity region
of the asymmetric two-user Gaussian interference channel with
rate-limited feedback.

APPENDIX A
PROOF OF THEOREM 2]

Proof of (21a) (cutset bound): Starting with Fano’s in-
equality, we get

N(Rl —6N) < ] Wl,Yl

< H(Yu),

where the second inequality follows from the fact that con-

ditioning reduces entropy. If (R;,R2) is achievable, then

ey — 0 as N — oo. Thus we obtain the left term of the

bound. Notice that this is a cutset bound, as the bound is

obtained assuming that the two transmitters fully collaborate.
To obtain the right term, we consider

N(Ry —en) < I(Wi; YV, Y5 Wa)
WS H(Yii, Yail Wa, Vi Y5 X5)
= H(Yyu|[Wa, Y7 ', Y5, X})
Y H (Yo W, YT Y X)
© ZH(Y1i|W2,Y1i_1,Y2i,X2i, U1i)
+ Y H (Yo W, Y™ Xoi, Uyy)

©
< Z H(Y1i| X2i, Yoi, Uni) + Z H(Y2;| X2, U1i)
(d)
<> HYl Vi, Vai, Uni) + > H(Yas| Xoi, Usy),

where (a) follows from the fact that W3 is independent from
W, and X3 is a function of (WQ,Yl 1) (b) follows from
the fact that Uy; := (X5 ', ¥;~') and Y;~' is a function
of Y;fl; (c) follows from the fact that conditioning reduces
entropy; (d) follows from the fact that (V7; is a function of
(Xa;,Ya;), Yo, is a function of (Xo;, Vy;) and Vo, is a function
of Xo;. Thus we get the right term of the bound. Notice that
this is a cutset bound, as the bound is obtained assuming that
the two receivers fully collaborate.

Proof of (2Ib) (cutset bound): Starting with Fano’s in-
equality, we get:

N(Ry —en) < I(Wi; Y1, Y5, Wa)
@ - L it
= ZH(Y1i7Y2i|W2,Y1 Lyih X8
= > H(YulWe, Vi Y5, X5)
+ D H (Y Wo, Vi, V51 XY

(b) -
< ZH(YM\X% Un) + ZH(Y2i|Y1i7X2i)

(o)
< Z H (Y1 X2;, Ur;) + NCrg2,

where (a) follows from the fact that W3 is independent from
Wy, and X} is a function of (Wg,f’;_l); (b) follows from
the fact that conditioning reduces entropy; (d) follows from
H (ffgi|Yh~, Xsi) < Crga. Therefore, we get the desired bound.
Proof of (21e): Starting with Fano’s inequality, we get

N(Ry 4 Ry — en) < I(W1; YN |[Wa) + T(Wa; YY)
= H(YN[Wa) + I(Wa; Y5Y)
= H(Y{N W) + H(Y5)
—{HXY", Y [W2) = HY Y, Wo) }
= HYN Y, Wo) = HYSY VY, Wa) + H(Y,Y)
WS H(Y W, Y YaY X5, Vi) + H(YSY)

O]

<)
where (a) follows from the fact that X1 is a function of
(WQ,Y2“1) and Vy; is a function of (Xg;, Y2;); (b) follows
from the fact that Uy; is a function of (X ' Y;~') and
conditioning reduces entropy.

Proof of (21h):
N(2R1 + Ry — €N)
< T(W5 YY) 4+ T(Wys YV W) + T(Wa; YY)
(a)

(Y14|Vai, Vi, Ury) + H(Y2,)]

< [H(YN) — HY,N|[Wh)]
+ I(Wy; YV, VN W) + [H (YY) — H(YsY [Wa)]
®)
DHYY) = HVN W) + H(VN W)

+ HYN|Wo, VIN) + [H(YsY) — H(V,N|W3)]
=H(Y) + HYN W2, V1Y)
H(Y3") = [H(V5Y) = I(W1; V5Y)]
< I(Wi Va¥) + HYY) + H(Y N |[Wa, V)
+HYS V') = H(VyY)
Wl;‘/QN;WQ,?QN) + H(Y{Y)
YV [Wo, ViV) + H (Y5 |V5Y)
W1§}72N|W2) +H(YN)
YN W, VIV, XY YY) + HYSY V)
< NCrg2 + ZH(YM) + ZH(Y21|V21)
+ ) H(Y1il Vi, Vai, Ua),



where (a) follows from the fact that adding information
increases mutual information; (b) follows from Claim |I|; (c)
follows from providing V3" to receiver 2; (d) follows from
the fact that adding information increases mutual information;
follows from the fact that V;" is a function of (W, ;Y 1);
(e) follows from the fact that X&' is a function of (Wa, VN 1)
(by Claim [2) and ¥3" is a function of (X2, V;N); (f) follows
from the fact that Uy; := (X&', Y1), Uy := (X171 YY),
H(Y;N|W3) < NCgg, and conditioning reduces entropy.

To complete the proof, we will show that given U; :=
(U1i,Usz;), X1; and Xo; are conditionally independent. Re-
member that our input distribution is of the form of
p(ur, uz)p(zr |ur, uz)p(22|ur, us).

Claim 5: Given Uz = (U1i7 Ugl) =
(X3 L vt XL yith), Xy, and Xo; are conditionally
independent.

Proof: The proof is based on the dependence-balance-
bound technique [27], [28]. For completeness we describe
details. We first show that I(Wy; W5|U;) = 0, implying that
W1 and W5 are independent given U;. We will then show that
X1; and Xo; are conditionally independent given Uj.

Consider

0 < I(Wy; Wa|Us;) @ I(Wy; Wa|Us) — T(Wq; W)

® —H(W1) — HWs) — H(U;) + H(Wy, W2)

+ H(W1,U;) + H(Wa, Us) — H(Wy, Wa, U;)
G H(U) + HUIWL) + H(U| W)
i—1
d i— i—
= [—H(leszﬂXf LX)

K2

—
=

<.
Il
—_

+H (X1, Xo| Wy, X771 X371
+H (X1, Xoj|Wa, X771, X371
) 1—1 ) )
= {—H(leszj\XfflaXifl)
1

+H (X |Wa, X7, X371 + H (X0 Wa, X1, X3)|

—

<.
Il

i—

Ju

= [—H(X1j|Xf_17X§_l) + H (X1 |Wa, X7, X3)
Jj=1

)

— H (X)) X7, X371 + H(Xo, W7, vaXé’l)] <0

)

where (a) follows from I(Wy3;Wsy) = 0; (b) follows
from the chain rule; (c¢) follows from the chain rule and
H(U;|W1, Wy) = 0; (d) follows from the fact that (Y1, Ya;) is
a function of (f(lj, ng); (e) follows from the fact that Xy; is
a function of (W, X7 ™', XJ7); (f) follows from the fact that
conditioning reduces entropy. Therefore, I(W7;W>|U;) = 0,
which shows the independence of W7 and W given U;.
Notice that X; is a function of (Wk,Xf_l,Xg_l).
Hence, it easily follows that [I(Xy;;X0;|U;) =
I(Xli;X2i|Xf71,X§71) = 0. This proves the independence
of X;; and Xy; given U,. [ |

APPENDIX B
ACHIEVABILITY PROOF OF THEOREM 3]

With the choice of distribution given in (23, we have

6, = I(Y1;Y1|U, Uz, X1) =0 (65a)
by = I(Ya; Ya|U, Uy, Xo) = 0, (65b)
I(U, V3, X1; Y1) = max(ni1, ney), (65¢)
I(U, V1, X5;Ys) = max(naa, ni2), (65d)
I(X1;1|U, Vi, Va) = (n11 — na2)t, (65¢)
I(X2; Ya|U, Vi, V) = (na2 — nar)t, (651)
I(U2; Y1|U, X1) = min(na1, Cep1), (652)
I(Ur; Y2|U, X2) = min(nqo, Crg2), (65h)
I(X1;Y1|U, Uy, Va) = (n11 — ni2) ™
+min {ni1, (n12 — Cre2)" }, (651)
I(X2;Y2|U, Uz, V1) = (noz — na1) ™
+ min {TLQQ, (no1 — CF81)+} , (65j))
(X1, Vo; Y1|U, V1, Uz) = (65k)
(no1 — Cre1)™ + [(nn —ni2) — n21]+

+min {(n11 — n12)", min(ns1, Cre1) } ,
I(X2,V1;Y2|U, V2, Uy ) = (651)
(n12 — Cre2) ™ + [(n22 —na1)™ — 7112]4r

+min {(ng2 — n21)™, min(ni2, Crg2) } ,
I(X1,Vo; Y1|U, Uy, Us) = (65m)
(n11 —n12)" + min {n11, (n12 — Cre2)*}

+ [ng1 — max {nq1, min(nsay, C’FBl)}]+

+ [min {n217 [n11 — (na2 — CFB2)+]+}

— max {min(ngl, Ceg1), (n11 — n12)+}]+ ,
(X2, V1; Y2 U, Uy, Us) = (65n)

(n22 — n21)™ + min {na, (n21 — Cre1) "}
+ [n12 — max {ng2, min(nia, Crga) } ™
+ [min {n127 [n22 — (n21 — CFBI)+]+}
— max {min(n12, Crg2), (n22 — n21) ™ }| "

Using this computation, one can show that the inequalities of
(T0g) and are implied by (T0B), (T0d), and (T01);
the inequality (TOK) is implied by (I0b), (I0d) and (I0j); and
the inequality is implied by (TOB), (T0d) and (TOI). We

omit the tedious calculation. With further computation, we get:

Ry < max(ni1,ner) (66a)
Ry < (ni1—ni2)" +min{ny1, (n12 — Cre2) ™}
+ min(ni2, Cre2) (66b)
Ry < max(nag,ni2) (66¢)
Ry < (no2 —n21)™ + min {na, (na1 — Cre1) ™}
+ min(na1, Ceg1) (66d)
Ri+ Ry < (n11—ni2)" + max(naz, ni2) (66¢)
Ri+ Ry < (naa—n21)" + max(nig,na) (661)



Ri+ Ry < max{(ni1 —ni2)",na} (662)

+ max {(ns2 —na1)",n12}
4+ min {(n11 — n12)*, no1, Cre1 }
+  min {(n22 — n21)*, n12, Craz}

2R; + Ry < (n11—ni2)" + max(nii,na1) (66h)
+ max {(ns2 — na1)",n12}
4+ min {(ng2 — no1)", n12, Cre2 }

Ri+2R; < (noz —no1)" + max(ngz, niz)  (66i)
+ max{(nll —n12)+,n21}
+ min {(n11 — n12)", n21, Cre1 } -

We will show that the inequalities developed above are
equivalent to the capacity region in Theorem 3] Note that (66b)
can be written as

R1<{

This shows that this inequality is implied by (22a) and (22b).
Similarly, (66d) is implied by and (22d). Next consider

e if Crgy < min{(n11 —n12)", nar},
Crg2 < min {(na2 — n21)*,n12}:

n11 + Cre2 < nio;
otherwise.

n11 + Crgo,
max(nn, n12)7

Ry + Ry < max {(n11 — n12) ¥, not } (67)
+ max { (n22 — n21) ", n12} + Cre1 + Crez,

e if Crg1 > min{(n11 — n12)*,no1},
Crga > min {(nag — n21) ¥, nia}:

R1 + Ry < max(ni1,n12) + max(nai, noz), (68)

o if Crp1 < min{(nu - n12)+7n21}’
Crgz > min {(nag — n21) ¥, nia}:

Ri 4 Ry < max {(n11 — n12) T, na1 } + Crer + 112 (69)
+ (n22 —na1) ™,

e and finally, if Cggy > min {(n11 — n12)*, 121},
Crg2 < min {(n22 — n21)*, 12}

Ry + Ry < max {(ng2 —n21)",ni2} + Crea + 121 (70)
+ (n11 —n12) ™.

Note that the first case is implied by (22g); and the second

case is implied by (22a) and (22c). Also notice that the third

case is implied by and (221); and the last case is implied

by (22a) and (22h). Lastly, we consider (66h):

(n11 —n12)™ + max(ni1, no1)
+ max {(n22 — n21)*, n12} + Creo,
if Crgp < min {(noa — n21) ™, n12};
max(nll, 77,12) + max(nn, 77,21)
+(ng2 —no1) ™,
if Crgo > min{(ngg — n21)+,n12}.

2R+ Ry <

Note that the first case is implied by (22h); and the second
case is implied by (22a) and (22). Similarly, it can be shown
that is implied by (22i), and (22€). Therefore, the

inequalities of (66a)-(661) are equivalent to those of (22a)-
(22i), thus proving the achievablity of Theorem [3]

APPENDIX C
PROOF OF THEOREM [4]

Proof of (26a) and (26b): Starting with Fano’s inequality,
we get

N(Ry —en) < I(Wy; YY)
< > [hY1a) = A(Yi W1, Vi X))
= (Y1) = h(Z1,)),
where the second inequality follows from the fact that condi-
tioning reduces entropy and X; is a function of (W7, Yf‘l);
and the third equality follows from the memoryless property
of the channel. If (R;, Ry) is achievable, then ey — 0 as

N — oo. Assume that X; and X, have covariance p, i.e.,
p =E[X;X]. We can then obtain (26a)).

To obtain (26b), consider
N(Ry —en) < I(Wy; YV, YV [Wh)
=D h(Yis, Yai Wo, Vi1 Y57 — h(VY, Y5V (W, W)
@ Z h(Yii, Yai Wo, Y71, Y3, Xop)
= > [h(Z1i) + h(Z2s)]
S Wil W, Vi1 Y Xay)
+ ) R0 Wa, Yy, Xai, Sui) = Y [1(Z1) + h(Za:))]

<3 (vl X) — B(Z0)
+ Z [h(Y1i| X2, S1i) — h(Z14)],

where (a) follows from the fact that X3 is a function of
(W2, Y5 ™1) and A(YY, Y5 (W1, Wa) = S[A(Z1) + h(Za:)]
(see Claim |§| below); (b) follows from the fact that S% :=
h12 X% + Z3 is a function of (Y3, X3); (c) follows from the
fact that conditioning reduces entropy. Hence, we get

Ry < h(Ys|X2) — h(Z3) + h(Y1|X2,S1) — h(Z1)

(a)
< log (14 (1 —[p*)INR:2)

(1 — |p|?)SNR, )
+1 1+ ,
°g< 1+ (1 — pP)INRys

where (a) follows from the fact that

h(Y3| X2) < log2me (1 +(1-— |p|2)INR12) ,
2
(1 — [p[*)SNRy ) )
1+ (1= [p[*)INRy;

(71)

h(YllXQ,Sl) S 10g27re <1 +

The inequality of is obtained as follows. Given (Xz, S;),
the variance of Y is upper-bounded by

—1 *
Var [Y1] X3, S1] < Ky, — Ky, (x2,50) K (x, 61/ E¥ (x50



where
Ky, = E[[V1]?]
=1+ SNR1 + |NR21 + ph;lhgl + P*h11h§1,
Ky, (xa,8) = EMN[X3, 7]

= [phi1 + ha1, hishi1 + p*ha1hls],

X2 XS
K(X27Sl) =K |:|: |Sl|21

X35,
B 1 p*h
| phiz 1+INRyp |°
(73)

By further calculation, we can get (72).

Claim 6: h(leN,YVQlel,WQ) = h(YlN,S{V|W1,W2) =
2. [1(Z1i) + h(Zai)).

Proof:

RV, Y Wi, Wa) = h(Yas, Yai Wi, Wa, Y71, V31

(é) Z h(}/lza Y'2i|W1; WQ, Y1i717 Y2i717 Xlia X2i)
(:b) Zh(ZlinZi|W1a WZ,Yf;l»YzFlemXQi)
© Z [h(Z1i) + h(Z2)],

where (a) follows from the fact that X;; is a function of
(W1, Y{™1) and Xy; is a function of (Wa, Yy~ 1); (b) follows
from the fact that Yli = hllei + h21X2i + Zli and Sh‘ =
h12X1; + Zs;; (c) follows from the memoryless property of
the channel and the independence assumption of Z;; and
Zy;. Similarly, one can show that h(Y{V,SN|Wy, Wy) =
Z[h(le) + h/(ZQ»L)] |
Proof of (26c): Starting with Fano’s inequality, we get
N(Ry —en) < I(W; Y{V, V3N [Wy)

= Zh(Ylia%i‘WQﬂyli_l7}}2i_l) - h(ileai/QN|W17W2)
(a) - ) -

< Zh(Y1i7Y2i|W2,5/1%175/2%17)(22‘) - Zh(zu‘)
ZZH(%HWme_l,Y;_l,XQi)

+ ) AV Wa, YT Y, Xoi) = Y h(Zu)
(b)

< NCrea + Y _[h(Y1i X2:) — h(Z1:)),
where (a) follows from the fact that h(YN, YN |Wy, W) >
> h(Zy;) (see Claim [7] I below) and X5; is a function of

(Wg,YZ 1) (c) follows from the fact that H(Ygl) < Crpa
and conditioning reduces entropy. So we get

Ry < h(Y1|X2) — h(Z1) + Cra2
<log (14 (1 —[p[*)SNRy) + Crgo.

Claim 7: h(Y{N, YN |[Wi, Wa) > S h(Z1).
Proof:

WYY, YN Wi, Wa) = H(YN Wy, Wa)
+h(Y1N|W1,W2aY/2N)

(a) ) .
> Z h(Y1i| W1, Wo, Y1 Y7 X1y, Xo)

20

= Z h(Zy| W, Wa, Y1 Y571 X, Xoi)
b
< > h(Zu),

where (a) follows from the fact that entropy is nonnegative
and X1, is a function of (W7, Yf_l) and X»; is a function of
(Wa, 1?;_1); (b) follows from the memoryless property of the
channel. [ ]

Proof of (26h):

(R1 + Ry — EN) < I(WUYlN) + I(W25Y2N)
a)

< T(Wy YN, SN Wa) + T(Wa; YY)

2 (Y, SN W) — b, SN Wy, Wa) + I(Wa; Y5Y)

EN IV ARCAITA > W Z) +h(Zzz‘)] +I(Wy;Y5Y)
D hyNSN Wa) = 3" h(Zu) + h(YD) = 3 h(Ze:)

© h(y1 SN, Wa, XY = S h(Z0) + h(YY) = h(Za)

h(Y1|S14, X2i) — h(Z1;) + h(Ya:) — h(Z2;)],

where (a) follows from the fact that adding information
increases mutual information (providing a genie); (b) follows
from the independence of W; and Ws; (¢) follows from
WYY, SN|Wi, W) = S [M(Z1;) + h(Zs;)] (see Claim [6);
(d) follows from h(S{|Ws) = h(Y5V|W2) (see Claim [3); (e)
follows from the fact that X' is a function of (W, S™ 1)
(see Claim @); (f) follows from the fact that conditioning
reduces entropy. Hence, we get

Ri+ Ry < h(Y1|Sl, X2) — h(Zl) + h(}/Q) — h(ZQ)
Note that
h(Ys) < log 2me (1 + SNRy + INRy2 + 2|p|v/SNR - INR12) .
(74)

From and (74), we get the desired upper bound.

Proof of (26j):

N(2R; + Ry — en) < I(W1; YY)
+ I(Wi; YN [Wa) + T(Wa; Y3Y)
2 ) -

+ [h(Y5Y) — h(Y5Y W)
D (YY) — hEN W]+ R, S W)
= M Z1i) + h(Z2i)] + [W(YY) = h(YyY [Wa)]

D (YY) = h(SY W] + h(YN) + h(YY W, SY)

- Z (Z1i) + h(Z2:)]

= h(YN) =D [h(Z1i) + h(Z2i)] + (Y [Wa, STY)

+ I(W1; S3) — h(SY) + h(Y5Y)

RY N W]+ T(Wr YN, SY (W)

—



= h(Y{) = Y [M(Z1s) + h(Zai)] + h(Y{Y [Wa, STY)
+I(Wh;957) + (S35 Y5Y) + h(Y5"[55)
—1(S3;Y5Y) — h(S3' YY)

(d)
< W) = h(Z0) = M(Z3') + RV [Wa, ST) + h(Y5"]S3)

h( |Y2 ,Wa, Y, )

—h (Z{V‘Sl 7W2)}/2
=T = W(ZY) +1 (VWi W ) + h(Z))
—_————

T/
—h (Z{V\Wl, W27)~/2N> + I(Z{V?S{WW%Y?N)
O 11 (2NN W, T + 1 (VW 28
=T +1(Z); S, Y [Wy) + 1 (gN;WHWQ’Z{V)

? T'+I(}72N;W1\W2,Z{V)

+ 1(ZY; Y3 WAL YN, 20 (W)

Wy <}72N;W1|W2,Z1N)

+ 1(ZY YN W, Wa, Z3))

Y hN) — h(Z)) + (Y |SY) — h(ZY)
+h(Y Wy, SV, X37) — h(Z))
+I<}72N;W1|W2,Z{V>

+ IV 20 (W, W, Z5Y)

2 NCrg1 + NCkga + Z[h(Yu‘) -
+ ) [h(Y1i|Shi, Xai) — h(Z1;)]

+ ) [h(YailS2i) — h(Za:)],

where (a) follows from the non-negativity of mutual infor-
mation; (b) follows from h(YN, SN |Wy, W) = S [h(Z1;) +

h(Z2;)] (by Claim [6); (c) follows from Claim [3} (d) follows
from the non-negativity of mutual information and the fact that
conditioning reduces entropy; (e) is true since Z,iv , W1, and
W, are mutually independent; (f) follows from the fact that
SN is a function of (Wl,f/l , ZN); (g) can be obtained by
taking similar steps as in (28); (h) follows from Claim [} (i)
follows from the fact that H (YN ) < NCfgy and conditioning
reduces entropy.

Also note that

h(Z1;)]

(75)

(1 — |pI*)SNRy )
. (76
+ (1= [p[*)INRy2 (7o)

Therefore, we get the desired bound.

h(Y1|X2,Sl) S 10g27‘[’€ <1 + 1
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APPENDIX D
GAP ANALYSIS OF THEOREM[3]

We show that our proposed achievability strategy in Sec-
tion results in a sum-rate to within at most 14.8
bits/sec/Hz of the outerbounds in Corollary [I] It is sufficient
to prove this for the extreme case of feedback capacity
assignment, i.e., where Crg; = Cgg and Cgg; = 0 (or
symmetrically Cgg; = 0 and Cggy = Cgg). The reason is
as follows. Consider our achievability strategy for the general
feedback strategy described previously, and let Crg; = ACEp
and Crga = (1 — A\)Cgg, such that 0 < A < 1. Under these
assumptions, for any value of ), the outerbounds on sum-
rate in (33a),(33b), and would be the same, call the
minimum of them C*. Assuming that we can achieve to within
14.8 bits/sec/Hz of this outer-bound in the extreme cases, then,
with the described achievability scheme for general feedback
assignment, we can achieve

Rsum = ARG + (1 — X) R~
> A (C* —14.8) + (1) (C* — 14.8) =

77
(C* —14.8).

We now prove our claim for the extreme cases. By sym-
metry, we only need to analyze the gap in one case, say
Crg1 = Crg and Crgo = 0. We assume that INR > 1, since
for the case when INR < 1, by ignoring the feedback and
treating interference as noise, we can achieve a sum-rate of

SNR
2log (14 —0R_
Og( +1+|NR>’

which is at most within 2.6 bits of outerbound (33b) in
Corollary [T}

(78)

SNR
log (14— +log (1 + SNR + INR + 2v/SNR - INR)
11 INR
SNR
—2log (1 + TFINR INR)
(INR<1)

< log (1 + SNR + INR + 2V/SNR - INR)

NR
— log (1 + 52)

(INR<1)
< log(2+3SNR) —

g (2T3SNRY
~ %11 SR
<log(3)+1<26.

log (1 +SNR) +1

(79)

We consider five different subcases.
Case (a) log (INR) < Llog (SNR):
For this case, we pick the following set of power levelsﬂ

1 +
Pl( ) — (ﬁ SNR min{2& INR — })

P = G min{20% INR — 1}

PH = ﬁ min{2C% INR — 1} (80)
(1) _

P2 - INR

P = Sl min{2% INR — 1}

7Remember that starting the beginning of Section|VI-B2| we have assumed
that INR > 1. Hence, we are not encountering division by zero in power
assignments of (80).



Note that the power levels are non-negative, and at trans-
mitter 1, we have

P =P +P? 4+ PP

_ (L _
~ \NR

+
mln{QCFB INR — })

SNR
1
SNRmm{2CFB |NR—1}—|—mmm{20FB INR — 1}
(@ 1 1 a
2 _—_ 2Cre INR — 1
INR ~ SR ind }
1 ; Crs ; Crs
+ SNlen{2 JINR—1} + INlen{2 ,INR—1}
1 1
= — + — min{2°% INR — 1
INR T iNR 2 ;
1 INR -1
< — < 1
— INR INR — 7 81)
where (a) follows from the fact that
INR — 1 (INR?<SNR)
2€F INR — 1} < —_
SR mind < TSR = INR
(82)
At transmitter 2,
P, =P" + P
_ 1 1 : Cr
= INR + 2|NRmm{2 ,INR —1}
1 INR -1
— <
~ INR INR — (83)

By plugging the given values of ower levels into our
(e , we get

achievable sum-rate RSU)M defined in
SNRPY
1+ INRP{" + SNRP

+
NRP® NRPY
521> + log <1 MR

RSUM = log (1 +

2

INRP> + SNRP{®
SNR
2INR

SNRP®\ "
Tl + log (1 +

+
INRP?
1+ INRP{M

|
( (1:2)
(2 + INRPS” + SNRP| )
<
<

@, [2+ INRP> + SNRPH? Lt SNRP®
2 <1+SNRP1(2)) 4

+
+ log <1 + SNR) + log 7INRP2(2)
2INR 1+ INRPSY

. SNR
= log (2 +INRPS? + SNRPI(LQ)) + log (1 + 2|NR>

in{2C INR— 11\ "
+log<mm{ 4’1 }> -3
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> log (2 +INRP? + SNRPf1:2)> +log (1 + m‘@

> log (2 +INRP{? + SNRPl(m)) +log (1 + SNR>

+ min{Cg,log (INR—1)*} — 6

INR

+ min{Ceg, log (1 + INR)} — log (3) — 6, (84)

where (a) follows from the assumption SNR > INR > 1, and
the last inequality holds since

log INR—1)* >1og(1+INR)—3 VINR>1. (85)

o If Crg < log(1+ INR): Considering the outerbound in
(339), in this case we can write

SNR
< T
R+ Ry < 2log <1+ INR + 1T |NR) + Crg

< 2log <1+|NR+ SNR> + Crg

INR
INR? + SNR
=21 1+ —
Og<+ INR ) Cre
(INR®<SNR) 2SNR
<
< 21o (1+ lNR)-l—CFB
SNR

< 2log <1+) + Crg + 2.

INR (86)

The gap between the achievable sum-rate of (84) and the
outerbound in (86)), is upper bounded by

SNR
INR) + Crg

—log (2+ INRP{” + SNRP{?)

SN
log< + |NR> —Ck

NR NR
§8+10g(3)+10g<1+?NR>1 <2+?NR)
< 8+log(3).

8 +1log (3) + 2log (1-1—

o If Crg > log (1 + INR): Considering the outerbound in
(33D), in this case we can write

SNR
<log (1
R+ Ry < og( + 1+INR)
+ log (1+SNR+INR+2\/SNR~INR)

<log (14 2NR
=108 INR

+log (1 + SNR + INR + 2v/SNR - INR) NG

The gap between the achievable sum-rate of (84) and the



outerbound in (87), is upper bounded by

SNR
6+log(3)+1og<1+lNR)
+log(1+SNR+INR+2\/SNR~INR)

SNR SNR
—log(l—i—lNR) lo (2+INR>
—log (1 + INR)

SNR
< — -
<6+ log(3) 10g(2+|NR>

NR + 2v/SNR - INR
+log<l+s T2vS )

INR
NR
<6+ log(3) —log (2+S>

INR
+lo 1+735NR
g INR

<6+ 2log(3).

Hence, we conclude that the gap between the inner-bound
and the outer-bound is at most 8 4 log (3) < 9.6 bits/sec/Hz.
Case (b) 5 Llog (SNR) < log (INR) < 2 log (SNR):

For thls case, we pick the following set of power levelsﬂ

Pl(l) = ﬁ SNR min{2°%e, ?I\I\IIII;: - 1})
2
Pl( ) — SNLR mln{ZCFB, ?l\l\lll% -1}
Pl(g) = ﬁ nln{QCFB, ?N'\'Ss -1}
+
P = (1-P) (88)
(1) _ 1
AL
P2 = 2|hR mll’l{2CFi, ?&IRRs - 1}
PP = (1- A{)

All the power levels are non-negative. Also, we have

P 4+ p® 4 p®

1 1 SNR? *
= [ —= — —— min{2°® ——1
(INR SNR M2 N }>
1 SNR?
2CFB
B TR ST
@ 1 1 SNR?

- : QCFB
INR ~ SNR 2T R

SNR?
INR?

1
— 1} + —— min{2",

INR -1}

_ 1}
SNR?
INR?

1 SNR?
2CFB

MR Gl T

1 1 SNR?

- e 2CFB
iNR T INR "2 R

SNR? (VSNR<INR) /SNR
< — < — <
< INRE < INR = 1, (89)

where (a) follows from the fact that

1
in{2¢rs -1
}+ INR ln{ I }

—1}

SNR? e ! 1
INR3 ~ VSNR ~— INR’

1
SNR

min{ 2678

§INR > 1.

Similarly, we can show that

23

. +
Since P1(4) = (1- Pl(l's)g , we conclude that P < 1.

> < 1.

By plugging the given values of power levels into our
achievable sum-rate RSEJ)M defined in , we have

1+ INRPY + SNRPI
A

1+ INRPSY
o 2INR + SNR + INR? — 2INR
o 2INR + SNR

+log (14 2NR
©8 2INR
<2INR 4+ SNR + INR? — 3/2INR>
+ log

2INR + SNR

SNRZ  \ "
in{Crg,log [ >~ —1) }—3
+ min{Crg og(INR3 ) }

2 + SNRP(?)
- Lo <+52

o (14 2NRY Lo INR”
o8 2INR %6\ 35NR

NRZ O\ 7
+ min{Cg, log (S — 1) -3

INR3
SNR INR?
>2log (1 4+ >— ) +2log [ ——
= °g< +2INR>+ Og(SSNR)

SNR?
Crg, 1 -1
+ min{Crg, log < N ) } -

1+ SNR
>210g< ;NR >+21 INR?) — 2log (35NR)

SNR? *
Ckg, -1
+ min{Crg, log ( N ) } -

= 2log (1 + SNR) — 2log (INR)
+ 4log (INR) — 21og (3SNR)

SNRZ  \ "
+ min{Cg, log | —= — 1 -3
min{Ceg Og<INR3 ) }

> 2log (1+ INR)
SNR?
INR?

+
+ min{Crg, log ( - 1) }—5—-2log(3). (91

We first simplify the outerbounds in (33b) and (@3d).
Considering the outerbound in (33¢), for this case we can write

SNR

< T

Ry + Ro _210g<1+|NR+ TXINR
SNR

< it

< 2log <1+|NR+ |NR> + Crg

)+CFB

(SNR<INR?)
< 2log (1 +INR+ INR) + Cep

= 210g (1 + 2|NR) + Ckg
< 2log (1 + INR) + Crg + 2, 92)



and for the outerbound in (33b), we have

SNR
1 +INR
+log (1 + SNR + INR + 2v/SNR - INR)

(INR<SNR)
< log (14 INR+SNR)

+log (1 4 4SNR)
(INR<SNR)

R1+R2<log<l+

—log (1 4+ INR)

< 2log(1+SNR)—log(1+INR)+3. (93)
We consider two possiblE scenarios based on Cgg,
(1) Crg < log (%7 ~1)
With this assumption, we have
R®), > 21og (14 INR) + Crg — 5 — 2log (3),  (94)
note that, in this case
SNR?  \ " SNR?
C lo —1) <log(l+—=
Fe < g(lNR3 ) = g( INR3)
(V/SNR<INR)
< log (14 INR), 95)
therefore, from we get
R; + Ry <2log (14 INR) + Cgg + 2. (96)

Hence, the gap between the achievable sum-rate of
and the outer-bound in is at most 7 + 2log (3) < 10.2
bits/sec/Hz.

(2) Crg > log
We have

(1)

o\ +
R®), > 21og (14 INR) + log <1+?'|\I\'FF;> —5—3log (3)
> 2log (14 INR) + 21log (SNR)
—3log (INR) — 5 — 3log (3) o7
> 2log (14 INR) + 21log (1 + SNR)
—3log (1 +INR) — 7 —log (3)

= 2log (1 +SNR) —log (1 + INR) — 7 — 3log (3) .

Hence, the gap between the achievable sum-rate of
and the outer-bound in (93)) is at most 10 4+ 3log (3) < 14.8
bits/sec/Hz. As a result, the gap between the inner-bound and
the minimum of the outer-bounds in (33b) and is at most
14.8 bits/sec/Hz.

Case (c) 2log (SNR) < log (INR):
e If SNR < 1, pick

1
PP = p® = R {27, INR},

and set all other power levels equal to zero. By plugging

the given values of power levels into our achievable sum-rate
RéfJ)M defined in , we get
mim{2CFB7 INR}
RSUM - 9

= min{CFg, log (INR)} —

> min{Crg,log (1 + INR)} — (98)
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Consider the outerbounds in (33a) and (33b), under the
assumptions of case (c¢) and SNR < 1, we have

R; + Ry < min{2log (1 4+ SNR) + Ckg,

log (14 —NR_
©8 1+INR
+1log (1 +SNR + INR + 2v/SNR - INR)}

< min{2log (2) + Crs,log (2) + log (2 + 3INR)}
< min{2 + Crg, 1 + log (3) + log (1 + INR)}

< min{Ckg, log (1 + INR)} + 2.6. (99)

Therefore, with the given choice of power levels the achiev-
able sum-rate of (98) is within 2.6 bits/sec/Hz of the minimum
of the outerbounds in (33a) and (33D).

e If SNR > 1, pick
Pick the following set of power levels:

PM =0

P =0

PO = SN min {20, MR,
rPW=1-p® (100)
prM 0

P2(2) = INR min{2°Fe, swrs?}

FY—1- A

It is straight forward to check that the power levels are
non-negative and they satisfy the power constraint at the
transmitters. By plugging the

iven values of power levels
into our achievable sum-rate RSCU)M defined in , we get
SNR(1 — =%
RéfJ)M = log <1 + 7( 5 NR)>
SNR(1 — s= min{2¢rs  JNR
+ log (1 + 7( 5 SNR)) + log <{ SNRQ}

2
NR

SlNR )}

> 2log (1 4+ SNR) 4+ min{Crg, log <
= min{21log (1 4+ SNR) + Ckg,

INR
21 14+ SNR I — —
og (1+ SNR) + 1o ( g1 ))
> min{2log (1 + SNR) + Cgg,log (1 + INR)} — 4. (101)

Consider the outerbounds in (33a) and (33b), under the
assumptions of case (c), we have

R; + Ry < min{2log (1 4+ SNR) + Ckg,

log (14 2K
°8 1+INR
+log (1 +SNR + INR + 2v/SNR - INR)}

< min{2log (1 + SNR) + Ckg,

log (2) + log (1 + 4INR)}

< min{2log (1 4+ SNR) + Crg,3 + log (1 + INR)}

< min{2log (1 + SNR) + Cg,log (1 +INR)} + 3. (102)
Therefore, with the given choice of power levels the achiev-

able sum-rate of (61 is within 7 bits/sec/Hz of the minimum
of the outerbounds in (33a) and (33D).



Case (d) 2 log (SNR) < log (INR) < log (SNR):

In this case feedback is not needed. The achievability
scheme of [35] for Gaussian IC without feedback, results in a
sum-rate to within 1 bit/sec/Hz of

SNR

1+INR>' (103)

log (1 + SNR) + log (1 +

For the outerbound in (33B), in this case we have

SNR
< JE—
Ry + Ry _10g(1+ 1+INR>
+ log (1 4+ SNR + INR 4 2v/SNR - |NR)

SNR
1+ INR
SNR
1+ INR

< log (1 + ) +log (1 4+ 4SNR)

<log(1+ >+10g(1—|—SNR)+2.

(104)

Therefore, the achievable sum-rate of [35] is within 3
bits/sec/Hz of the outerbound in (33b).
Case (e) log (SNR) < log (INR) < 2log (SNR):

In this case feedback is not needed. The achievability
scheme of [35] for Gaussian IC without feedback, results in a
sum-rate to within 1 bit/sec/Hz of

log (1 + SNR + INR). (105)
For the outerbound in (33B), in this case we have
SNR
< o
Bt R log(H 1+INR>

+log (1 + SNR + INR + 2v/SNR - INR)
(SNR<INR)

< log(2) +log(1+4INR)
<log (1+ INR) + 3. (106)

Therefore, the achievable sum-rate of [35] is within 4
bits/sec/Hz of the outerbound in (33B).
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