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Abstract

Erdés asked the following question: given n points in the plane in almost general position (no
4 collinear), how large a set can we guarantee to find that is in general position (no 3 collinear)?
Fiiredi constructed a set of n points in almost general position with no more than o(n) points in
general position. Cardinal, Téth and Wood extended this result to R3, finding sets of n points
with no 5 on a plane whose subsets with no 4 points on a plane have size o(n), and asked the
question for higher dimensions: for given n, is it still true that the largest subset in general
position we can guarantee to find has size o(n)? We answer their question for all d and derive
improved bounds for certain dimensions.

1 Introduction

A set of points in the plane is said to be in general position if it has no 3 collinear points, and
in almost general position if there are no 4 collinear points. Let a(n) be the maximum k such
that any set of n points in the plane in almost general position has k points in general position.
In [2], Erdés asked for an improvement of the (easy) bounds v/2n — 1 < a(n) < n (see equation
(13) in the paper). This was done by Fiiredi [3], who proved Q(y/nlogn) < a(n) < o(n).

In [I] Cardinal, Téth and Wood considered the problem in R3. Firstly, let us generalize the
notion of general position. A set of points in R is said to be in general position if there are no
d+1 points on the same hyperplane, and in almost general position if there are no d+ 2 points on
the same hyperplane. Let «(n,d) stand for the maximum integer k£ such that all sets of n points
in R? in almost general position contain subset of k points in general position. Cardinal, Téth
and Wood proved that a(n,3) = o(n) holds. They noted that for fixed d > 4, only a(n,d) < Cn
is known, for a constant C, and they asked whether a(n,d) = o(n). The goal of this paper is to
answer their question in all dimensions. In particular we prove the following.

Theorem 1.1. For a fized integer d > 2, we have a(n,d) = o(n).

In fact, we are able to get better bounds for certain dimensions. This is the content on the
next theorem.
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Theorem 1.2. Suppose that d,m € N satisfy 2"+ —1<d <3.2™ —3. Let N > 1. Then

o5\ 1/2" "
a2V, d) < <W5> 2N,

It is worth noting the lower bound a(n,d) = Qq((nlogn)'/4) due to Cardinal, Téth and
Wood [1], but we do not try to improve their bound in this paper.

In [3] Fiiredi used the density Hales-Jewett theorem ([4], [5]) to establish a(n) = a(n,2) =

o(n). Here we reproduce his argument. By the density Hales-Jewett theorem, for a given € > 0,
there is a positive integer Nsuch that all subsets of [3]"V of density e contain a combinatorial
line. Map the [3]"V to R? using a generic linear map f to obtain a set X = f([3]"V) € R2. By the
choice of f, collinear points in X correspond to collinear points in [3]"V, and f restricted to [3]V
is injective. Therefore, X has no 4 points on a line, and so is in almost general position, but if
S C X has size at least ¢|X|, the set f~1(S) C [3]" has density at least ¢ in [3]". Therefore,
f7X(S) has a line, hence S = f(f~1)(S) has 3 collinear points. Since € > 0 was arbitrary, this
proves that a(n,2) = o(n).
If one tries to generalize this argument to higher dimensions, by mapping [m]" to R? then
there will be m?~! cohyperplanar points, and we must have m?~! = d + 1 to get almost general
position. But the only positive integers that have this property are (m,d) € {(3,2),(2,3)}.
Taking m = 2,d = 3 gives a(n,3) = o(n), as observed by Cardinal, Téth and Wood [I] and
otherwise we have too many cohyperplanar points as m%~' > d+ 1. Overcoming this obstacle is
the main goal of the paper.

1.1 Organization of the paper

Section 2 is devoted to motivating the arguments of this paper and to explaining the approach
in the proofs of the main results. In the section 3, we introduce the key notion of this paper,
F—incident sets, where F is an arbitrary family of maps from RY to R?. Roughly, these are the
sets that stay cohyperplanar under all maps in F. The basic properties of F—incident sets are
studied and we prove the Proposition B.I], which gives the incidence removal function, a single
function which makes all sets non-cohyperplanar, except F—incident sets. In the next section,
we specialize to the study of Fy 4,,—incident sets, where Fy 4, is a family of maps from RN
to R? similar to polynomials of m—th degree. In particular, in the Lemma Bl we show that
combinatorial subspaces and lines in particular give raise to spanFny qm-incident sets. The rest
of the section is devoted to deriving a characterization of Fy 4 ,-incident sets in terms of vectors
given by products of coordinates. The proof of a(n,d) = o4(n) is the result of work in section
5, which also contains the main tool in the analysis of Fy g ,,—incident sets, the Lemma [G.11
Finally, in the section 6, we improve the bounds for certain dimensions, using the Lemma [6.3] in
the analysis of Fy g, —incident sets.

2 Motivation and the outline of the proof

Recall that the main obstacle to generalizing Fiiredi’s argument to higher dimensions is that
d-cube have too many cohyperplanar points. A possible way to get around this issue is to mod-
ify the initial set [m]" to a subset X, which does not have too many incidences, and yet the
Hales-Jewett theorem still holds in some form. The desired set would once again be the im-
age of X under a generic linear map from RY — R?. It is tempting to try to remove certain
points from each (d — 1)-cube, so that precisely d 4+ 1 out of original m? remain. However,



this is impossible for sufficiently large N, as the set X C [m]Y gives a 2-colouring of [m]V
(a point is blue if it is in X, red otherwise), and thus there is a monochromatic (d + 1)-cube.
Therefore, such an approach at least needs further modifications, if it can be made to work at all.

Having abandoned the first idea, it is natural try to map [d 4+ 1] under a map f which is
more general than linear maps. Previously we used a generic linear map, in other words, this is a
map which destroys all the cohyperplanarities, except those that are obvious, i.e. cohyperplanar
sets in [d 4+ 1]V. Our key notion in this paper is F-incident set. Let F be a family of functions
from RY to R? that we are using instead of linear maps only. We say that a set S C RV is
F-incident if the multiset f(S) is affinely dependent for all f € F. Crucially, we have a similar
situation with more general maps as that in the case of linear maps, namely we can a find a
‘generic’ map f € spanF, such that if f(S) is affinely dependent then S is F—incident. This is
the content of Proposition B.I] we refer to such a map as the ‘incidence removal function’.

After we have constructed the incidence removal function, the next aim is to study F-incident
sets for suitable F. Our goal now is essentially the following: we want that dense subsets of [m]"
contain a F-incident set of size d + 1 (which gives d + 1 cohyperplanar sets), but that the image
of [m]" under an incidence removal function does not contain d + 2 cohyperplanar points. An
easy way to fulfill the second requirement is to require that F-incident sets of size d 4+ 1 cannot
have interesection of size d. On the other hand, as in the case of linear maps, we use the den-
sity Hales-Jewett theorem for the first part, thus we want that the combinatorial subspaces are
spanF —incident (not only F-incident, as the incidence removal function belongs to spanF).

To give an idea how we choose the family of functions F making the combinatorial lines
spanF —incident, observe the following identities that hold for arbitrary a, b:

11+ (=3).1+ 3.1+ (~1).1=0
l.a+ (—3).(a+b)+3.(a+2b) + (—1).(a +3b) =0
1.a® + (=3).(a +b)%? + 3.(a + 2b) + (—1).(a + 3b)? = 0.

What is crucial here is that we have the same coefficients appearing in the three linear combi-
nations above. Hence, if look at f : RY — R3 of the form

((z,v1) + ¢1)?
f(@) = [ ((z,02) + c2)? (1)
((z,v3) + ¢3)?

for some vy, v2,v3 € RY and reals ¢y, co, c3, then f(2), f(x+y), f(x+2y), f(x+3y) are necessarily
cohyperplanar, as

1L.f(x)+ (=3).f(zx+vy)+3.f(x+2y) + (=1).f(x +3y) =0

and the sum of coefficients is zero. Even further, if g is any linear combination of functions of
the form described above, then g(z), g(x + y), g(z + 2y), g(x + 3y) are cohyperplanar, owing to
the same coefficients in the above identities.

With linear maps and d = 2, we had that the image of [3]N to plane under a generic linear
map is the desired set, as the combinatorial lines gave colinear sets of points. Now moving to
functions that come from polynomials of degree 2, the image of [4]Y under a ‘generic degree 2
function’ to R? has cohyperplanar sets of 4 points that are also images of combinatorial lines.
After some analysis of F-incident sets for F given by equation ([I), we are able to show that these



have interesection of size at most 1, if the size of sets is at most 4. The motivation for this step
comes from the fact that we expect that our non-trivial F-incident sets are precisely the relevant
combinatorial subspaces (in this case the lines) and as such, they cannot have large intersection
(in case of lines, they cannot share more than one point). This was the second requeirement
that we had, sketching the proof that «(n,3) = o(n). This naturally extends to larger values of d.

Using different identities, we are able to get better bounds on «(n,d). For example, from the
fact that 22+ (z+a+b)2+(r+a+c)?+(z+b+c)? = (z+a)? +(x+b)2+(v+c)*+(z+a+b+c)?, we
are able to use 3-dimensional combinatorial subspaces of {0,1}" as the sources of cohyperplanar
sets. Generalizing this identity to higher degrees, we can use the higher-dimensional combinato-
rial subspaces as well. The better bounds in this case come from the better bounds for density
Hales-Jewett theorem [5] in the case of {0,1}", the generalized Sperner’s theorem.

When it comes to analysis of F-incident sets, let us first define precisely the families of
functions that we shall consider in this paper. For given N,d,m € N we define the family
FN.am of functions f : RN — R? of the form fi(z) = ((z,u;) + ¢;)! for i = 1,2,...,d, for any
U, U, .. g € RN e, ,cq €Rand 1 <1< m.

First important claim regarding the Fy g4 ,,-incident sets is the characterization given by the
Proposition [£3] To simplify the notation, we introduce the notion (< m)—function to S as any
function f : A — S, where A has size at most m. Given a vector € RY and a (< m)—function
f to [N], we define f(r) = [[,ca %) The Proposition tells us that {xg,z1,...,2,} for
r < d is Fn,am-incident if and only if the vectors

fi(zo) fi(z1) fi(zr)
fa(z0) fa(z1) fa(ar)
fr(xO) fr(xl) fr(xr)
are affinely dependent for all (< m)—functions f1, fo,..., fr. Then, in order to prove that our

FN.d.m—incident sets cannot have large intersections, we use a LemmalG.Iland LemmalG.3l These
combinatorial lemmas construct (< m)—functions which contradict the Proposition [4.3]

3 Definition and basic properties of F-incidences

Throughout this section, F will stand for a family of maps from RY to R%. Given such a family

of functions F, our goal is to understand the non-trivial affinely dependant sets of points in the
images of f € F.

We say that points si,s0,...,s; € R? (not necessarily distinct) are affinely dependant if there
are Ai,...,A\r € R not all zero such that Zle A; = 0 and Zle Ais; = 0. A k-tuple S =
(51,82, ..,sk) of points in RY is said to be F—incident if for all f € F we have f(s1), f(s2), ..., f(sz)
affinely dependant. A set S = {sy,s2,...,5;} of points in RY is F—incident if a corresponding
k-tuple (si,s2,...,sk) is. Further, S is minimal F-incident if it is F-incident and no proper
subset of S is F—incident.

Proposition 3.1. (Incidence removal function.)Let X C RN be finite and let F be a family of
functions from RN to RY. Then there is f € spanF with the property that

if {s1,82,...,8k} is not F-incident, then f(s1), f(s2),..., f(sk) are affinely independent. ()



Furthermore, if F separates the points of X (i.e. for distinct x,y € X there is f € F such that
f(x) # f(y)), then there is f € spanF which is injective on X, with the property (1).

The proof of the proposition is based on simple linear algebra and some easy facts regarding
the vanishing of polynomials. It can be skipped at the first reading, the reader should only be
aware of the existence of the incidence removal function and its properties.

Proof. Throughout this proof, for a function f and set S = {s1,s9,..., %}, we regard f(S5) as
a multiset of elements f(s1),..., f(sg). So, if we say that f(S) is affinely dependent, we mean
f(s1), f(s2),..., f(sk) are affinely dependent.

Firstly, we prove the first part of the proposition. The last part will follow from a simple argu-
ment later. Let 17,75, ...,T,, be the list of all subsets of X which are not F-incident. Thus, for
each ¢ we have a function f; € F such that f;(7;) is affinely independent. We shall inductively
construct functions F; € spanF such that all of F;(Th), F;(T5), ..., F;(T;) are affinely indepen-
dent. Start by taking F} = f; for the case i = 1.

Suppose that we have ¢ > 1 such that F;(T1), F;(T%), ..., F;(T;) are affinely independent. Assume
that i < m, otherwise we are done. Also, if F;(T;+1) is already affinely independent, simply take
F;11 = F;. Hence, w.l.o.g. F;(T;1+1) is affinely dependent. We shall construct Fj;; as a linear
combination F; + Afjy1, where A > 0 is sufficiently small so that it does not introduce new
dependencies.

Let uy, us, . .., ur € RY. Let FN) = F;4+ \f;.1 and suppose that F(©) (uq), FO) (uz),. .. ,FO) (ug)
are affinely independent. Then F(© (uy) — FO) (uy),. .., FO (uy) — FO (u;) are linearly indepen-
dent.

Lemma 3.2. Suppose that vi,...,v € R? are linearly independent. Then, we can find I C [d]
of size | such that vy, ...,v; are still linearly independent when restricted in coordinates in I.

Proof. Look at the d x | matrix A = (vivy...v;). Since vy, vs,...,v; are linearly independent,
the column rank of A is [. But the column rank is the same as the row rank, so we can find [
linearly independent rows r1,...,7r;. Take I = {rq,...,r;} and let A’ be the matrix A restricted
to rows in I. Then, the row rank of A’ is [, so its column rank is [, as desired. O

By Lemma[32we can find a set of coordinates I of size k—1 such that F(O) (uy)—F©O) (uy),. .., FO) (u;)—
FO)(uy) are linearly independent after restriction. Restrict our attention to these coordinates.
Then we can define p(\) = det(FM (ug) — FM(uy), ..., FM (u,) — FWM (uy)), which is a poly-
nomial in . Since p(0) # 0, by continuity we have 6 > 0 such that if |A\|< ¢ then p(\) # 0.
Therefore, FM (u1), M (ug), ..., FM (uy,) are affinely independent if |\|< 4.

We can apply this argument to all T3, ..., T;, to get 6 > 0 such that if |A\|< ¢ then (F;+ A fi+1)(T})
is affinely independent for all j =1,... 1.

Now suppose that the choice F; + Af;+1 does not work for us as F;i;. Then, we must have
(F; + A fix1)(Ti11) is affinely dependent for all [A|< §. Thus if A > 6=t then (AF; + fir1)(Ti1)
is affinely dependent. Now, apply the Lemma to fir1(Tiy1) to get a set of coordinates of
size r — 1, on which this set is still affinely independent, and use a similar polynomial as before,
this time q()\) = det(()\FZ + fi+1)(t2 — tl) ... (/\Fz + fi_|_1)(t¢ — tl)), where T;11 = {tl, to,. .. ,tT}.
Then ¢(0) # 0, but ¢(\) = 0 if A > §~! which is a contradiction, and thus the first part of the
proposition is proved.

For the last part, if F separates the points of X, observe that there are no two-element sets
which are F-incident. Hence, f(x) and f(y) are affinely independent by the first part, so f is
injective, as desired. ]



4 Families of higher-degree maps and the resulting
incident sets

Throughout the rest of the paper we will focus on the family Fy 4., of functions f : RN — R? of
the form f;(x) = ((x,u;) +¢;)! for i = 1,2,...,d, for any u1,us,...,uqg € RY, c1,¢9,...,¢c4 €R
and 1 <[ <m.

We start by giving the examples of non-trivial spanFy, g mn-incident sets. The proofs are based
on algebraic identities, which were described in the introduction. For the case of lines, we use
the rank-nullity theorem to prove that there is an identity we are looking for, and in the case of
combinatorial subspaces, we prove the identity explicitly.

Lemma 4.1. (Ezxamples of non-trivial spanFy 4 m-incident sets.)
1. (Lines) For x,y € RN, the m+2—tuple (x+iy :i=0,1,...,m+1) is spanFn qm—incident.
2. (m + 1-dimensional combinatorial subspace) For xqg,1,...,2me1 € RY, the 2™ tuple

(w0 + > serwi : I C [m+ 1)) is spanFy,dm—incident.

Proof. Lines. We show that there are \g, ..., Ap41, not all zero, such that for all f € Fy 4., we
have szgl Aif(x +iy) =0 and szgl A; = 0. Then, the same linear combination shows that
f(x), flx+vy),..., f(x + (m+1)y) are affinely dependent for f € spanFn, g m.-

Thus, we want non-trivial \; adding up to zero, such that for all u € RV, c € R,l € [m] we

have
m+1

Z Xi (z + iy, u) +¢)' = 0.
i =0

This is equivalent to
m—+1

> Az +iyu)t =0
i =0

for all w € R and [ € [m]. Further, this is equivalent to

m+1

> o Ait=0
=0

forall [ =0,1,...,m. Hence, if Ay, ..., A\jp41 satisfy

m—+1
> nit=0
i =0
for all I = 0,1,...,m, we are done. But by rank-nullity theorem (‘more variables than equa-

tions’), we must have non-trivial solution to these equations, giving us the desired \;.

m + 1-dimensional subspaces. As in the case of lines, we show that there are A\, I C [m + 1],
not all zero, but adding up to zero, such that ZIC[m-ﬁ-l} Arf(zo+) e wi) =0, forall f € Fn g m,
which suffices to prove the claim in the full generality. In this case, we can actually set A\; =
(—1)HI,

It is enough to show that for any u € R, ¢ € R,l € [m] we have

> (=)Mo +> @i u) + o) = 0.

I C[m+1] iel

6



But writing ag = (zg,u) + ¢,a; = (x;,u) for i =1,...,m + 1, we see that it is sufficient to show

Sy <ao+Za,~>l:0

I C[m+1] icl
for all ap,ai,...,am+1 € R,1 € [m + 1]. This is the content of the next lemma.
Lemma 4.2. Let [,m € N,I <m and ag,ay,...,ams1 € R. Then
1
Z (=)l <a0 + Zai> =0.
I C[m+1] iel

Proof of Lemma[{.3 Note that

T

I Clm+1] iel k=0 €[m+1] iel

thus we only need to consider the case ag = 0.

Consider the expression l
> (= (Zaz)

I €[m+1] iel
as a polynomial of degree [ in aq, ..., an+1. The coefficient of acll1 ag2 .. ai;’fll is
l
—)
<d17d27"'7dm+1>s Z ( )
cIC[m+1]

where S is the set of indices ¢ such that d; > 0. Since |S|< m, the sum ZScIc[mH}(_l)m is
zero, which finishes the proof. U

Applying the Lemma completes the proof. O

Before coming to a key proposition which describes the Fy g, —incident sets, we introduce
a couple of pieces of notation. If f is a function from a set of size at most m to a set X, we say
that f is a (< m)-function to X. Given a (< m)-function f : A — [N] and = € RY we write
f(x) = Ilaca Tf(a)- Here we allow an ‘empty’ function, i.e. a function f from an empty set to
[N], defining f(z) = 1, for all z € RV,

Proposition 4.3. Let r,d,m, N € N, suppose r < d and let X = {xg,z1,...,2,} C RN. The
following are equivalent.

(i) X is Fn gm-incident.

(ii) Given any (< m)—functions f1, fa,..., fr to [N], the vectors

fi(xo) fi(1) fi(wy)
fa(20) fa(z1) fa(zr)

5 gee ey

fr(e))  \Jen) i)
are affinely dependent.



The proof of the proposition is a straightforward algebraic manipulation, mostly based on
the fact that if a polynomial over the reals vanishes everywhere, its coefficients are zero. The
reader may consider skipping the proof in the first reading.

Proof. Start from the definition, (i) is equivalent to the vectors

(<$0,u1>+61)l (($1,u1>+01)l (<$raul>+cl)l
((zo, ug) + c2)* ((z1,u2) + c2)! ((wr, uz) + c2)!
({0, uq) + ca)’ ((z1,ua) + ca)’ (2, ua) + cq)"
being affinely dependent for any choice of parameters ¢, ca, ..., cq € R, ug, ug, ..., uq € RY and

1 <1 < m. In particular, as r < d, this is further equivalent to vectors

(21, u1) + )" = (o, u1) + ¢1)'! ({2, u1) + ¢1)' = ((wo, ur) + 1)’ ((2r, 1) + 1)
({21, u2) + 2)' = ((z0, u2) + c2)'! ({2, ug) + c2)' — ((wo, ug) + c2)' (2, ug) + c2)!
(s ur) + )l = (@osur) + )] \((rsur) + ) — (@0, ur) + ) (@ryur) + cr)!

being linearly dependent for all choices of parameters. Hence, taking determinant, (i) is the
same as

det ((<3§2,’LL)> + Cj)l — ((:L'(),’Lbj> + Cj)l) =0

for any choice of uy,...,u,,c1,..., ¢, 1. Expanding, we obtain

0= sgn(m ][ (((xﬂ(i),ui> + ) — (o, us) + ci)l)

TESy i=1
r l I
k l—k l—k
=Y s [ (Z o (1) (e~ = fao.u ))
TESy =1 \k=0
T l T
k1 kK Ky l—k; I—k;
= Z Ak H <k7,> (Z sgn(m) H ((:Ew(i),ui) — (o, u;) ))
0<k1,ka,....kr<l i=1 €S, i=1
However, this holds for any choice of ¢y, co, ..., c. € R, so, when the expression above is viewed as
a polynomial in variables ¢y, cs, ..., ¢, we conclude that the coeflicients are zero. In other words,
(i) is equivalent to the following. For any 0 < ky, ko, ..., k. < m, and any uy,us,...,u, € RY

— ((wo, u1) + 1)
— ({0, u2) + ¢2)

— (w0, ur) + )



we have

0= sgn(n H ( (i), i) — ($07ui>ki)

TES, i=1
_ Z sgn H Zxﬂ(l UZ] ZZ’OJU” )
TES, =1
=> son(m) [T{ D (H Tr(i) £ () Wi f HxOf YUif () ))
€S, i=1 \ f:[ki]>[N] \J=1
r ki i k;
=> son(m) [T{ D (H uif(j)) (H T=irG) — 11 %f(j)) )
€S, i=1 \ f:lki]=[N] \J=1 j=1 j=1
r k;
S (HH% ) (z o] (H S ))
fr:[k1] =[N, frilkr] = [N] \i=1j=1 TES, i=1 \j=1

_ E:[Hm<nﬁm)<§pm I >—Mmﬂ

Ju[k1] =[N, fri[k TS, —

Now, look at the expression above as a polynomial in variables u;;. Observe that if f1, fa,..., fr, 91, 92,...,9r
are such that [[;_; fi(u;) = [[i—, gi(u;) as formal expressions, then we must have g sgn(m) [Ti—; (fi(zx@))—
fiwo)) = > res, s9n(m) [Ti—1 (9i(w ;) — gi(x0)) as well. This tells us that the coefficients of our

polynomial are positive integer multiples of 7 o sgn(m) [[;—;(fi(zr@)) — fi(zo)). Also, the
polynomial over R vanishes everywhere iff its coefficients are zero. Therefore, (i) holds iff for all

(< m)-functions fi, fa,..., fr to [IN], we have

0="Y" sgn(m) [[(fi(zrq) — fi(z0))

TESy i=1
= 0 )~ )

which says precisely that the vectors

fi(z1) = fi(zo) fi(z2) = fi(zo) fi(zr) = fi(zo)
fo(z1) — fa(zo) fa(z2) — fa(zo) fa(zr) = fa(z0)
Folen) = foeo)) \Sr(az) — i) fr(ar) — fileo)
are linearly dependent, which is equivalent to (ii), as desired. O

Proposition 4.4. Let r,d,m, N € N and suppose v < d. Suppose that {xg,v1,...,z.} C RV
is Fn.dm-incident. Then, given any affine map o : RN — RN and any (< m)—functions
f1, f2, .-, fr to [N], the vectors

fAila@)\ [ fi(alz) fi(alar)
fola(xo)) | | Fala(m)) faladz,))
frla(zo)))  \frlale) fil(aa)



are affinely dependent.
On the other hand, if {xqg,1,...,2,} C RV is not Fn.am-incident, then, given any affine iso-
morphism o : RN — RN we may find (< m)—functions fi, fo,..., fr to [N], so that the vectors

fila(zo))\ [ file(z)) CIC))
fale(zo)) | | falez1)) falalzr))

. b . 70 .

frlao)) \Ji(a(er)) fr(a(z,))

are affinely independent.

Proof. Given arbitrary affine map o : RN — RY, written in the form a = A + v for N x N
matrix A and a vector v € RY, vectors ui,us,...,u, € RN, constants c¢i,¢2,...,¢, € R and
1 <1 < m, we have

(@), ui) 4+ ¢) = ((Az + v, 1) + ¢)' = (&, ATu) + (v, w3) + ;).

But then, since xg,x1,...,2, is Fn qm—incident, it follows that so is a(zg), a(z1),...,a(z,).
Apply the the Proposition [L3]to a(zg), a(x1),. .., a(x,), from which the first claim in the propo-
sition follows.

For the second part, observe that if a(xg),a(z1),...,a(x,) is Fn am—incident, then by the

previous arguments, so is zg = o~ (a(zg)), a ! (a(x1)), ..., o (a(z,)). Therefore, axg), axy), ...

is not Fn qm—incident. The Proposition [4.3lapplies, and gives the desired (< m)—functions. [

5 Proof of a(n,d) = o4(n)

Lemma 5.1. Letm,r, N € N. Suppose that y1,ys, ...,y, € RN are vectors such that rank{yi,ya, ...

m — 1 > r. Suppose further that y1,vys, ...,y are distinct and have non-zero coordinates. Then
we may find (< m)—functions f1, fa,..., fr for which the vectors

fi(y1) f1(y2) f1(yr)

f2(y1) f2(y2) fa(yr)

fr(yl) fr(y2) fr(yr)

are linearly independent.

Proof. We prove the lemma by induction, first on m, then on r. The lemma holds for m = 1,
this just says that for r linearly independent vectors, we may pick r coordinates, so that after
restriction the vectors are still linearly independent — this is precisely the Lemma Suppose
now that the claim holds for some m — 1 > 1. For fixed m, we prove the lemma by induction on
r > 1. If r =1, then, take f : [1] — [N], given by f(1) = 1, so the vector (f(y1)) is non-zero.

Suppose that the claim holds for some r > 1, and that {y1,y2, ..., yr4+1} satisfy the conditions
of the lemma.

Case 1. Yr+1 ¢ span{y17y27' .- 7y7“}' Then r + 1 < rank{ylvy%' .- 7yr+1} +m -1 =
rank{yi,yo,...,y-} + m, hence rank{yi,y2,...,y,} + m —1 > r. By induction hypothesis,
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we have (< m)-functions f1, fo,..., fr such that

fi(y1) f1(y2) f1(yr)
f2(y1) f2(y2) fa(yr)
fr(yl) fr(y2) fr(yr)
are linearly independent. Hence, there are unique A, Ag,..., A\, € R such that fi(y,4+1) =

Z;Zl Ajfi(y;) holds for all 4 = 1,...,7. But, y,41 is not in the span of {yi,...,y,}, and so
Yr+1 # D5y Ajy;. Hence, we can pick f,11: [1] — [N] to be f(1) = ¢, where c is the coordinate
such that y,y1c # Y_5_; A\jyjc, finishing the proof in this case.

Case 2. yr+1 € spanf{yi,y2,...,yr}. Then r + 1 < rank{yi,yo,...,yr41} + m —1 =
rank{yi,y2,...,yr} + m—1, so

r < rank{yi,y2,...,yr} + m—2.

By induction hypothesis, we have (< m — 1)—functions fi,..., f, for which

Ji(y1) J1(y2) J1(yr)
Ja(y1) fa(y2) Ja(yr)
L) \fw) 208

are linearly independent. As before, there are unique Aj, Ag,..., A, € R such that f;(y,4+1) =
> i—1Ajfi(y;) holds for all i =1,... 7.

We try to take f,41 to be some f; with additional element in the domain, mapped to ¢ € [N].
If this works, we are done. Otherwise, for all i = 1,...,7 and ¢ € [N], we have f;(yr+1)Yrs1c =
z;zl A fi(y;)yje. Since the coordinates are non-zero, we get

s

Fiyr1) = > N/ yrire) fi(ys)-

i=1

But, by uniqueness of \;, we must have \;y;c/yr4+1c = Aj for all j,c. If some A\; # 0, then for
all ¢ we get yjc/yry1c = 1, i.e. yp41 = y; which is a contradiction, as our vectors are distinct.
Otherwise, all the A; = 0, so fi(yr+1) = 0, but coordinates of y, 1 are non-zero, resulting in
contradiction once again. ]

As a corollary of the algebraic lemma above, we have a result that is consistent with the
intuition described in the introduction: we expect lines in [m + 1]V to be the sources of non-
trivial Fn m+1,m—incident sets. In other words, a Fy m41,m—incident set is either larger than
m + 1, and thus its image must be affinely dependent (by looking at dimension of the target
space), or the set is on a line.

Corollary 5.2. Suppose that S C RY is Fx ymi1.m—incident. Then, |S|> m+2 and if |S|= m+2,
then S is a subset of a line.

Proof. If |S|> m + 3, we are done. Suppose now that |S|< m + 2. Let sg,81,...,8mt+1 be
the elements of S. We can find an affine isomorphism o : RY — RY such that a(sy) = 0,
and y; = a(s;), for i = 1,2,...,m + 1, are distinct and have non-zero coordinates. By the

11



Proposition [£4] (note that we may apply it because |S|—1 < m + 1, and m + 1 is the dimension
of the target space), the vectors

filyr) fi(y2) f1(Ym+1)
f2(y1) f2(y2) f2(Ym1)
fm+1(y1) fm+1(y2) Fm+1(Ym+1)
are linearly dependent, for any choice of (< m)—functions fi, fa,..., fmt1 to [N]. Thus, we

obtain a contradiction by the Lemma .1l unless
rank{yi,y2, ..., Ym+1} +m—1<m.

So rank{y1,y2, ..., Ym+1} < 1, and as y; # 0, there are scalars i, ..., \pu41 such that y; = \jyq
holds for all i = 1,...,m+ 1. But, since « is an affine isomorphism, the points sg = a~1(0), s; =
a Yy1),. ., 8me1 = @ (Y1) are on a line, as desired. O

Theorem 5.3. For d,n € N, d > 2, we have a(n,d) = og(n).

Proof. Let € > 0 and let N be sufficiently large so that e—density Hales-Jewett theorem holds
for combinatorial lines in [m + 2]V. Let X = [m + 2], and let f be a function given by the
Proposition Bl applied to X and Fy ym41,m- Since Fn m+1,m separates the points of X, we may
assume that f is injective on X. Finally, let Y = f(X) c R™*!. We claim that Y has no
more than m + 2 points in a hyperplane, and that all subsets of Y of size at least €|Y| have a
hyperplane with m + 2 points inside.

There are no more than m + 2 points of Y on a hyperplane. Look at a hyperplane H and
suppose that Y has m + 3 points y1, ..., ymn+3 inside H. Look at maximal affinely independent
subset of Y1, ..., Ymrs, w.l.o.g. this is y1,yo, ..., y, for some r. Since H is m—dimensional affine
subspace, we have r < m+1. So S1 = {y1,y2, .-, Yr, Ym+2} is affinely dependent, and has size at
most m + 2. Then, by definition of f and Proposition B}, 71 = f~1(S1) is Fnm+1.m—incident.
Since f is a bijection from X onto its image, T has size at most m + 2, so by Corollary [(5.2]
Ty is a subset of a line, and |T1|= m + 2 and » = m + 1. Applying the same arguments to
So = {y1,...,Yr,Ymis} and Tp = f~1(S2), we have that T3 is also a subset of a line and has size
m + 2 and also |Ty N Ty|= m + 1. But, as T1,T3 C [m + 2]V, this is impossible and we have a
contradiction, so Y has no more than m + 2 points on a hyperplane.

Dense subsets of Y are not in general position. Let S C Y have size at least €|Y|. Then
T = f~1(9) has a combinatorial line L by the density Hales-Jewett theorem. Hence, f(L) C S
and f(S) has m+ 2 points that lie on the same hyperplane, by the Lemma [l This finishes the
proof. O

6 Better bounds for certain dimensions

In this section, we provide better bounds on «(n,d) for certain dimensions d. The key difference
in this approach is use of a more efficient version of density Hales-Jewett theorem.

Theorem 6.1 (Generalized Sperner’s Theorem, [5], Theorem 2.3). Let A be a collection of
subsets of [n] that contains no d-dimensional combinatorial subspace. Then the size of A is at
most (25/n)Y/2" 2.
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Here, we consider the points in {0,1}V R, which we also interpret as subsets of [N].
Observe that, given an (< m)—function f to [N], with image S C [N] and a point = € {0, 1}V
corresponding to X C [N], we have

f(x) = lscx.

Hence, we can reinterpret the Proposition [414] in the language of sets as follows. Suppose that
0, X1,Xs,...,X, correspond to 7 + 1 points that are not Fy 4 ,—incident (so the first point is

0). Then, there are sets S1,Ss,...,S, C [N] of size at most m, for which the vectors
Ls,co Lsicx, Lsicx. ls,cx,
Ls,co Lsycx, Ls,cx, Ls,cx,
Ls,co Lg.cx, Ls,cx. Ls,cx,

are affinely independent. If all the sets S; are non-empty, then the vectors

Lsycx, Is,cx, Ls,cx,
]]-SQCXl ]]‘SQCXQ ]]'SQCXT
. , . R .
Ls,cx, Ls,cxs, Ls,.cx,
are linearly independent. Otherwise, w.l.o.g. S; = Sy = -+ = S}, = () and others are non-empty,

so after subtracting the first vector from the others we obtain that

0 0 0
0 0 0
0 , 0 S 0
]lSk+1CX1 ]]'Sk+1CX2 ]]'Sk+1CXr
Ls,.cx, Ls,cx, Lg.cx,

are linearly independent, which is not possible (when viewed as a matrix, the row rank is less
than 7). This leads us to the following observation.

Observation 6.2. Suppose that the sets 0, X1, Xa, ..., X, C [N] correspond to r +1 points that
are not Fy q.m—rincident. Then, there are non-empty sets S1,52,...,5, C N of size at most m
such that the vectors

]]-51CX1 ]]-S1CX2 ]]-S1CXT
]]-SQCXl ]]‘SQCXQ ]]'SQCXT
. ) . PR .
Ls,cx, Ls,cxs, Ls,.cx,

are linearly independent.

Viewing these vectors together as an r X r matrix, we have found that the nullity of this
matrix is related to the notion of Fy g, —incidence. This motivates the study of nullity of such
matrices. Before stating the lemma which contains some basic results regarding this problem,
we introduce some notation.

Given sets Ay, Ay, ..., Ay, Bi,Bo, ..., Bs € N(<¥) we write

[(Al,AQ,...,AT;Bl,BQ,...,BS)
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for the matrix I;; = 1p,c ;. Further, we define
K(Ay,As,...,A;B1,Bs,...,Bs)

as the kernel of I and
n(A17A27"'7A7‘;BlaB27"'7Bs)

as the nullity of I. Also, if A, B are finite sequences of finite sets, of leghts r and s, we write
I(A,B) =I1(A1,As,..., A.; By, Bs,. .., By), and similarly we define K(A, B),n(A, B).

Lemma 6.3. Let m,k € N. Given any distinct sets X1, Xo, ..., X, € N(<9_ we can find sets
S1,8%,...,8,. C NE™) which enjoy the following property.

(i) n(X1,Xo,...,X;81,89,...,5,) =0, provided r < 2m+1.
(ii) n(X1, Xo,..., X,;51,52,...,5;) <1, provided r < 3.2™.

We prove the lemma by induction and compressions, and in fact use the part (i) in or-
der to deduce the part (ii). As it will be stressed in the proof, there is a subtlety in prov-
ing n(Xq, Xo,...,X,;51,52,...,5,) < 1, since the naive application of induction only gives
n(X1, Xo,..., X;;51,59,...,5,) < 2. The first part provides the required saving of 1 on the
RHS.

Proof. Part (i). We prove the claim by induction on Y ;_,|X;|. If this is zero, then we have
r=1and X; = 0, so just take S; = 0.

Suppose that the lemma holds for smaller values of Y/ ||X;|. Let z € N be any ele-
ment that is contained in at least one of the sets X;. Denote by {Y7,Ys,...,Y,} the col-
lection of sets given by {X; \ {z} : i = 1,...,r}, and further let {Z;,...,Z,} be the set
{Xi:x ¢ X;, X;U{z} = Xj for some j}. Thus v <u and u+ v = r. By induction hypothesis,
there are relevant sets Sp,...,5, € N(=™) for Vi,...,Y,. Also, since v < r/2 < 2™ we have
relevant sets S, 1, ... S, C N(=1and note that w.l.o.g. none of S, S2,...,Su, Sh1,..., S
contains . Set Syi; = S, ;U {x} for all i = 1,...,v. We claim that these have the desired
property. So far, we know that for all 7, |.S;|< m holds.

Suppose that Ai,..., A\, € R are such that ijsicxj Aj =0 forall ¢ = 1,2,...,7. Define
Wi = Zj%:Xj\{x} Aj, for each ¢ = 1,...,u. Then we have ZjISiCY} pj =0foralli=1,2,... u.
Since n(Y1,Ys,...,Yy;51,52,...,5,) =0, we infer pu; = 0 for all j. Returning to the definion of
i, we see that if X; is such that there no other X; with X; \ {z} = X; \ {2}, then \; = 0. On
the other hand, if i # j and X; \ {z} = X, \ {z}, then \; = —);.

But, also setting v; = \; for Z; = X;, we have that for all i = u+1,...,7, ijsgczj v; =0,
which means that all v; =0, as n(Z1, Za, ..., Zy; S, 11,549, ---,5;) = 0. Combining these two
conclusions, we have that all \; = 0, as desired.

Part (ii). We follow the similar steps as in the previous part. However, we have to be slightly
careful, since the previous argument unchanged would give us K(Xy, Xo,..., X,;S51,52,...,5;)
essentially as a sum of kernels of similar matrices for Y7, Yo, ..., Y, and Z,+1, Zy4o,...,Z,. This
way, we could be 1 dimension short of the desired goal, as this argument only allows us to deduce
n(Xy, Xo,...,X;51,5,...,5,) <2, so we have to be more efficient. In order to overcome this
issue, we shall apply the part (i) of the lemma.
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We prove the claim by induction on ). |X;|. If this is zero, then we have r = 1 and X; = 0,
so just take S = (.

Suppose that the lemma holds for smaller values of >/ ,|X;|. Let z € N be any element
that is contained in at least one of the sets X;. Denote by {Y1,Ys,...,Y,} the collection of
sets given by {X; \ {z} : ¢ = 1,...,r}, and further let {Z;,...,Z,} be the set {X; : = ¢
X;, X; U{z} = X; for some j}. Thus v < u and u + v = r. Pick the sets Sy, Sa, ..., S, € N(=™)
such that U = K (Y1, Ya,...,Yy;51,52,...,5,) is of minimum dimension. Further, pick the sets

s Sy -5 € N(E"=1 guch that V = K(Zy,Zy,..., 2,841,549, --,5;) is of mini-
mum dimension. Finally, set Sy4; = S, ; U{1} fori=1,...,v. All S; have size at most m.

By induction hypothesis, we have dimU < 1 and, since v < r/2 < 3.2™71, by induction
hypothesis we have dimV < 1. However, we can make a saving of one dimension as promised.
Suppose that dimU = dimV = 1. Then, by part (i), since U,V are of minimal possible di-
mension, we must have v > 2m+l and v > 2™ which is a contradiction as u +v = r < 3.2™.
Therefore, dim U + dim V' < 1.

We may reorder X1, Xs,...,X,, if necessary, to have Y; = X; \ {z}, for i = 1,2,...,u, and
Z; = Xyyi \ {z} with x € X,4; for i = 1,2,...,v. Furthermore, we may also assume that
Zi = Xy—pyi \ {2} with ¢ X,,_,4; for i = 1,2,...,v. Now proceed as in the part (i), with
the argument modified to suit the new context of possibly non-trivial kernels. Suppose that
A1, ..., Ar € R are such that Zj:Sich Aj=0foralli=1,2,...,7. Define p; = Zj%:Xj\{x} Aj,

for each 1 = 1,...,u, thus
o i fi<wu—w
pi Ai+ Ao fu—v<i<u
Then we have Zj:Sz—CYj p; =0 for all i =1,2,...,u. This thus gives p € U.

Next, set v; = \; for Z; = X, ie. v; = Ayqy for i = 1,2,...,v. We have Zj:T.’CZj vj = 0 for

all i =u+1,...,r, which means that v € V. Expressing the )\; in terms of u; and v; we have
1h; ifi<u—w
A= Wi — Vidy—u fu—v<i<u
Vi—u ifu<i

Since p € U and v € V', we can express any given A € K (X1, Xo,...,X,;51,52,...,5,) as a sum
of vectors in two supspaces of R”, isomorphic to U and V, so K (X1, Xo,...,X,;S51,52,...,5;)
is a subset of at most 1-dimensional subpsace, as desired. O

The following corollary just restates the lemma in the context of the non-empty sets, as it
will be required later in the light of the Observation

Corollary 6.4. Let m,k € N. Given any distinct non-empty sets X1, Xs,..., X, € N(<@) | e
can find non-empty sets Sy, S, ..., Sy C NE™) which enjoy the following property.

(i) n(X1,Xo,..., X381,80,...,5,) =0, provided r < 2"+ —1.
(ii) n(Xy, Xo,...,X;;51,52,...,5;) <1, provided r < 3.2™ — 1.

Proof. In both cases, we apply the Lemma [6.3] to the distinct sets 0, X1, Xo,..., X, to find sets
S0, 51, ..., of size at most m such that

Tl(@,Xl,XQ,... 7XT’;SO7517527’” 7S7“) S q
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where ¢ =0 if r < 2mT! — 1, and ¢ = 1 if < 3.2™ — 1. We now show that, starting from
n(0, X1, X2, ..., X,;S0,51,52,...,5) <q
we can reorder sets .S; so that
n(X1, Xo,..., X;;51,59,...,5) <q
which finishes the proof.

Let I be the matrix I((, X1, Xo,..., X;; So, S1,S2, ..., S;). By rank-nullity theorem, the rank

of I (which is also the column rank) is at least r + 1 — ¢. If all the sets S; are non-empty, then
the first column of I is zero. Removing the first row from I, we get a matrix with column rank
also > r + 1 — ¢, thus having row rank also > r + 1 — ¢. Remove the first row, the remaining
matrix is (X7, Xo, ..., X,;51,952,...,5,) and it has row rank at least » — ¢q. Thus its rank is at
least r — ¢, so by rank-nullity theorem, n(Xq, Xo,..., X,;51,5s,...,5;) < ¢ as desired.
On the other hand, if Sy = ) (after reordering if necessary), remove the first row from I, to get
a matrix with row rank at least r — ¢, and whose first column is zero. But removing the first
column doesn’t change the column rank, and we end with matrix (X7, Xo, ..., X,;S51,52,...,5;)
of column rank > r — ¢, which by rank-nullity theorem gives

n(Xl,Xg,... ,Xr;Sl,SQ,...,Sr) S q
as desired. O

The next corollary is tailored to the analysis of the Fi 4., —incident sets in the Corollary [6.71

Corollary 6.5. Suppose that X1, Xo,..., X, € N(<) qre distinet, t < r and S1,S5s,...,5; €
N(<9) satisfy
n(X17X27"' 7Xt3517527"' 7St) =0.

Provided r < 3.2™, we can find Si+1, Siy2,-..,5r € NE) gych that
TL(Xl,XQ, ce ,XT»; 51,52, ce ,Sr) < 1.

If r < 3.2™ — 1 and the sets X; are non-empty, then additionaly, sets Syi1,St1o,...,Sy can be
chosen to be non-empty.

Proof. Apply the Lemmal6.3] (ii), to get sets 11,15, ..., T, € N(=m) guch that n(Xy, Xo, ..., X Th, Tty ..., T,) <
1, or the Corollary if r < 3.2™ — 1 and the sets X; are non-empty, to make the sets 7T; non-

empty. Look at the (¢t + r) x r matrix (X1, Xo,..., X,;S51,59,...,5,T1,T5,...,T,). We shall

remove t rows from those corresponding to 11,75, ..., T, to get the desired matrix. The following

row-removal lemma does this for us.

Lemma 6.6. Suppose that A is r +t X r matriz with the first t rows linearly independent and
t < r. Then we can remove t rows from the last r rows of A, so that the kernel of A doesn’t
change.

Proof. If I C [r+t], let A; stand for the matrix formed from rows of A with indices in I. Starting

from I = [r + s|, we shall remove an element greater than ¢ from I, so that at each step we have
ker A; = ker A.

Suppose that we have I C [r + t] with [t] C I, but |I|> r, such that ker A; = ker A holds. If
we can pick x > ¢ in I, so that ker Ap (1 = ker Ay, we are done. Otherwise, no such x works.
Observe that if a row v” of A; is a linear combination of other rows, then it can be removed
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from A;. To spell it out, write fuiT for i-th row of A and suppose that fuiT =3 jeni} )\jva. Then,
if 1 € ker Ap 31, we have - fuiT = Zje[\{i} Ajp - va = 0. So ker Ap\ (3 = ker Ay.

Thus, we have vl ... vl linearly independent, and v; ¢ span{v; : j € I\ {i}} for i € I\ [t].
But, then, |I|> r and the rows of I are linearly independent, but are of length r, which is
contradiction. Hence, we can proceed, until we reach |I|= r, as desired. O

The matrix
I(X17X27"' 7X7‘;Slas27"' 7St7T17T27"' 7T7‘)

satisfies the conditions of the lemma since n(Xy, Xo,..., X4;51,52,...,5;) = 0, so by applying
the lemma, we can pick Syi1, Stto,...,S, among the sets in 17,75, ...,7T, so that

n(X17X27’ . 7XT;517527 . '757”) TL(Xl,XQ, e 7XT;517527 e 7St7T17T27 e 7TT)
’I’L(Xl,Xg, e ,XT;Tl,TQ,. .. ,TT)
1.

VAVAN|

O

Similarly to the Corollary (2] the next corollary is consistent with the vague idea that
combinatorial subspaces are the source of non-trivial Fy g, —incident sets. In particular, we
show that Fy 4,,—incident sets behave like combinatorial subspaces when it comes to taking
unions — the size of union of two Fy g, —incident sets of size 2m+1 g at least 3.2™.

Corollary 6.7. Let d,m € N be given.

(i) If T C {0,1}N is Fyam—incident, then |T|> min{d + 2,2m+1}.

(i) If v, Ty € {0,1}N are distinct, of size at most d + 1 and minimal (w.r.t. inclusion)
FN.,dm—incident, then [Ty UTy|> 3.2,

Proof. Part (i). Suppose that T = {zo,z1,22,...,2,} C {0,1}" is Fy 4m-incident and that
r < 2™ —1 d+1. Note that the map X — XAA, corresponds to a reflection o : RV — RY. In
particular, taking A to be the set of non-zero coordinates of xg, we have an affine isomorphism
« that preserves the cube {0,1}" and sends z¢ to zero. Let X; C [N] be the set corresponding
to a(z;), i.e. the set of indices j such that a(z;); = 1. As r < 2™ — 1, the Corollary [6.4] yields
non-empty sets S1, 52, ...,5, C [N] of size at most m, such that

n(X17X27"' 7X7“3517527"' 757“) =0.

Choosing (< m)—functions fi, fa,. .., f with images S1,Ss,...,S, we obtain that the vectors

0\ [fila(z1)) [fila(z2)) Sila(zy))

01 | falelzr)) | [ fala(z2)) fola(zr))

0/ \fr(a(z1)) fr(a(zz)) fr(a(zr))
are affinely independent. But, as » < d, the Proposition 4] applies to T, affine map « and
functions f1, fo, ..., fr, which tells us that these vectors are affinely dependent, which is a con-

tradiction. Thus |T|=r + 1 > min{2™*! d + 2} as desired.

Part (ii). If Ty, Ty are disjoint, then by part (i), |77 U Th|> 2™*2, so we are done. Thus,
assume that some t; belongs to both sets. Pick an affine isomorphism « : RY — R which sends
to to zero and preserves the cube {0,1}" (given by a suitable reflection). Let X1, Xs, ..., X; be
the sets that correspond to the non-zero points of a(77 NT5), Xiy1,..., Xirry, be the sets that
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correspond to points in a(77 \ 72) and X¢ty 41, - -, X¢4r +r, be the sets corresponding to points
of a(To \ Th). If |11 U T|> 3.2™, we are done. Otherwise 1 + ¢+ ry + ro = |17 U Th|< 3.2™.
Since they are minimal and distinct, 77,75 cannot contain one another. So T} NT5 is a proper
subset of T} and hence is not Fy 4 ,—incident. Therefore, by the Observation [6.2], we can find
non-empty Si, S, ...,S; € N guch that

n(Xl,XQ,... ,Xt;Sl,Sg,... ,St) =0.

Applying the Corollary[6.5] (as r+t1+t2 < 3.2 —1), we obtain non-empty sets Sy11, ..., St4r +ry €
N(=m) guch that
TL(Xl, X27 cee 7XT’+t1+t27 517 527 cee 7S7“+t1+t2) S 1.

Now, take any (< m)-functions fi,..., fiqr +r, to [INV] with images S1,S9,...,Stir +ry, and
let ; € T1 UTy be point such that X; corresponds to a(x;). Write y; for the vector y;; =
fi(xi), 5 =1,2,...,t+r1+ry. Thus, yi,y2,...,y are linearly independent and the rank of
Y15Y2, - - - s Yttry+ry 1S at least t +r; + 79 — 1. Since |T7|< d+ 1, we can apply the Proposition 14

to 717, map « and functions fi,..., firr,. Note that since the sets S; are non-empty, we have
fi(0) = 0 for all 4. Thus, vectors y1,¥ya,. .., Yi+r, have rank at most ¢ +r; — 1. Similarly, rank of
Y1,Y2 s YUty Yttri+1s -+ s Yttri+ro is at most t + ro — 1.

To obtain contradiction, look at

U - Span{yh Y2, ... 7yt+7“1}7
V= Span{ylu Y25 5 Yty Ytdr1+1, Yt+r1 425 - - - 7yt+7“1+7“2}7
W = span{y1,y2, - - Yt+ry+ro } and

Z = Span{y17y27 s 7yt}-

Thus, dim Z = t,dimU <t+7r; —1,dmV <t+ro—1,dmW >t+ri+ro—-1, ZCUV CW
and W = U + V. Therefore W/Z = U/Z + V/Z. Finally, ri + 1 —1 < dimW —dimZ =
dmW/Z <dimU/Z +dimV/Z <ry —1+4ry—1 =11 +ry — 2, which is contradiction. O

Theorem 6.8. Suppose that d,m € N satisfy 2" —1<d <3.2™ —3. Let N > 1. Then

1/2m+1
a2V, d) < (%) 2N,

Proof. Let X = {0,1}V c RY™. Applying the Proposition Il we obtain a function f €
spanFn dm, bijection onto its image when restricted to X, such that if S C f(X) is affinely
dependent then f~1(S) is Fy gm-incident. Let Y = f(X). Note that |Y|= 2V since f is in-
jective on X. We claim that Y has no more than d 4+ 1 points on a same hyperplane, but all
sufficiently large subsets of Y have d + 1 cohyperplanar points.

No more than d+1 points on a hyperplane. Suppose that we have aset S = {s1,$2,..., 8442} C
Y that is a subset of a hyperplane. Pick a maximal affinely independent subset S’ € S. W.l.o.g.
S’ = {s1,...,8:}, for some r. As S’ is a subset of a hyperplane, we have r < d. Look at

1 = 5" U{sg+1}. By the choice of S’, the set S} is not affinely independent. By the choice
of f, the preimage f~*(S}) is Fn am—incident. Find a subset 7} of f~1(S}) which is minimal
FN,dm—incident, and arbitrary point p in T7. We also have S5 = S\ {p} affinely dependent, as
it is a subset of a hyperplane of size at d + 1. By the choice of f, f~(S%) is Fn.4.m—incident,
and has a minimal Fy g4 ,,—incident subset T5. Note that p € T \ T3, so 11,75 are distinct, and
|T1|,|T|< d + 1. The Corollary B.7)(ii) applies to give d + 2 = |S|> [T} U Ty|> 3.2™ > d + 2,
which is a contradiction.
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Dense subsets are not in general position. Let T" C Y have size at least (2—]\5,’)1/2m+1 2NV Then,
by the Theorem 6.1l f~!(7') contains a m + 1-dimensional combinatorial subspace. Applying
the Lemma I} we have that the points of T = f(f~!(T)) are affinely dependent. Adding any
d+ 1 — 2™ points to the set T proves the claim. O

7 Conclusion

Even though there are now some non-trivial estimates of a(n,d) [1], the gap between the lower
and upper bounds is still very large. Of course, the first question is still to determine the a(n,d).
Regarding the current lower bounds on «(n,2), both in [3] and in [I], we note that their proofs
are based on relatively general probabilistic estimates of independence number of hypergraphs.
However, these approaches used very little of the structure the given sets of points. In fact,
possible algebraic properties of such sets have not been exploited. For example, if X is a set of
points with no more than 3 on a line, but with no dense set in general position, we can expect
that plenty of pairs of points in X have a third point in X on their line. This gives raise to an
algebraic operation: given two points x1,x2 of X, set x1 % 9 to be the third point of X on their
line, if such a point exists. Of course, there is an issue of how to define x1 * x5 for all pairs, but
at least for plenty of pairs it can be defined. Hopefully, if X is a set for which the a(|X|,2) is
attained, we could deduce some properties of the operation .

Leaving determination of a(n,d) aside, note that it would be surprising if the a(n,d)/n did
not decrease in d. In particular, the current situation with the upper bounds is that we have
infinitely many d, for which a(n,d)/n = O(1/log®n) for some B4 > 0, while for infintely many
other d, the bounds for a(n,d)/n are coming from the density Hales-Jewett theorem, and are
rougly comparable to inverse of Ackermann function. It is most probably far from truth that
a(n,d)/n is actually close to these estimates. An obvious question is the following.

Question 7.1. What is the relationship between a(n,dy) and a(n,ds) for dy < da? Do we always
have a(n,d)/n > a(n,d +1)/n?

Another question is the relationship between the bounds in the density Hales-Jewett theorem
and the a(n,d). Do these have to be related?

Finally, one of the key tools in this paper were the algebraic lemmas 5.1l and It could be
of interest to study n(Xy, Xo, ..., X,;S1,95,...,S,) further.
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