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A new smoothness result for Caputo-type fractional ordinary
differential equations *
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Abstract

We present a new smoothness result for Caputo-type fractional ordinary differential equations,
which reveals that, subtracting a non-smooth function that can be obtained by the information
available, a non-smooth solution belongs to C™ for some positive integer m.
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1 Introduction

Let us consider the following model problem: seek 0 < i < a and

ye {v € C[0, 1] < [[v — collepon < b}

such that
Dy = f(z,y), 0<z<h, (11)
y(O) = Co,
where a > 0,6>0,0< a <1, ¢ €R, and
feC([0,a] x[co—b,co+b]).
Above, the Caputo-type fractional differential operator D¢ : C[0, h] — C§°(0,h)’ is given by
D%z :=DJ""*(z — 2(0)) (1.2)

for all z € C[0, h], where D denotes the well-known first order generalized differential operator, and the
Riemann-Liouville fractional integral operator J'=% : C[0, h] — C|0, h] is defined by

1 T
Jtm« = —t)72(t)dt, 0<z<h,

“(0) == ey L (0= 0750 -

for all z € C|0, h].
By [2, Lemma 2.1], the above problem is equivalent to seeking solutions of the following Volterra
integration equation:
1 X
y(z) = co + —/ (z — 1) f(t,y(t)) dt. (1.3)
I(a) Jo ( )

Diethelm and Ford [2] proved that, if f is continuous, then (1.3) has a solution y € C0, k] for some
0 < h < a, and this solution is unique if f is Lipschitz continuous. A natural question arises whether y
can be smoother than being continuous. This is not only of theoretical value, but also of great importance
in developing numerical methods for (1.3).
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To this question, Miller and Feldstein [5] gave the first answer: if f is analytic, then y is analytic in
(0, h) for some 0 < h < a. Then Lubich [4] considered the behavior of the solution near 0. He showed
that, if f is analytic at the origin, then there exists a function Y of two variables that is analytic at the
origin such that
y(x) =Y (x,2%), 0<ax<h,

for some 0 < h < a. The above work suggests that non-smoothness of the solution to (1.1) is generally
unavoidable. However, Diethelm [1] established a sufficient and necessary condition under which y is
analytic on [0, h] for some 0 < h < a. But, since we have already seen that non-smoothness of y is
generally unavoidable, it is not surprising that this condition is unrealistic. Recently, Deng [3] proposed
two conditions: under the first condition the solution belongs to C™ for some positive integer m; under
the second one the solution is a polynomial. It should be noted that, the second condition is just the one
proposed in [1], and the first condition is also unrealistic.

The main result of this paper is that, although the solution y of (1.1) does not generally belong to
C™ for some positive integer m, we can still construct a non-smooth function of the form

n
S(x) :=co + ch:ﬂf,
j=1

such that
y—SeCm,

provided f is sufficiently smooth. Most importantly, given ¢y and f, we can obtain S by a simple
computation. This is significant in the development of numerical methods for (1.1). In addition, we obtain
a sufficient and necessary condition under which y € C™. We note that this condition is essentially the
same as the first condition mentioned already in [3, Theorem 2.8], but the necessity was not considered
therein.

The rest of this paper is organized as follows. In Section 2 we introduce some basic notation and
preliminaries. In Section 3 we state the main results of this paper, and present their proofs in Section 4.

2 Notation and Preliminaries

Let 0 < h < co. We use C[0, h] to denote the space of all continuous real functions defined on [0, h]. For
any k € Nyg and 0 < v < 1, define

C*[0,h] = {v € C[0,h] : v € C[0,h] forj=1,2,.. k:} : (2.1)
k, - k .
C*700,h) := {’U € C”[0,h] 'oéf?;(@'“'c“[oﬁ < oo}, (2.2)

and endow the above two spaces with two norms respectively by
— () k
[vlloriop = Jhax max ‘v (x)‘ for all v € C”[0, h], (2.3)

10l oo = max{uvnckw , |v|ck,w[07h]} for all v € C*[0, h] . (2.4)

Here the semi-norm |- Crfo,p) 1S given by

N o) () — v ¥ ()]
V| g, ‘= sup
CRIOH T o cacy<n (y —a)7
for all v € C*7[0, h], and it is obvious that C*¥[0, h] coincides with C*:[0, h].
For any s € N+, define

As = {5 = (ﬁl?ﬁQa"'aﬁS) € {1’2}8}7

and, for any 8 € Ay, we use the following notation:

= e T1.0 ,
dxp, Oxp, _, 333,319( 1:%2)



where g is a real function of two variables. In addition, we define
AO = {@},

and denote by 9y the identity mapping.

3 Main Results

Let us first make the following assumption on f.

Assumption 1. There exist a positive integer n, and a positive constant M such that

feC™([0,a] x [co — b, co + b]),

o o
max max |— — f(x <M.
(z,y)€[0,a] X [co—b,co+Db] 0<ig<n ozt ayj f( 7y) =
0<j<n
itj<n

Throughout this paper, we assume that the above assumption is fulfilled.
Define J € N and a strictly increasing sequence {71-};]:1 by

{vj:1<j<J}={i+ja:i,jeN, 0<i+jo<m}, (3.1)
where
m:=max{j € N:j < na}. (3.2)
Define ¢y, ¢, ..., c;y € R by
Q(z) — S(x) + co € span {2 14, j €N, i+ ja > m}, (3.3)
where
n—1 T s tr_ J
95f(0,c o Bl ] 4 (=1)Pe 4 (—1)P S
Qz) == Z Z BF((Q) O)/ (x — to)* " dto H/ ( 2> + (2 ) Z’YjCjtZJ "dty,,
s=0 BEA, 0 k=170 j=1
(3.4)
and
J
S(x) :=co+ chx"“. (3.5)
j=1

Above and throughout, a product of a sequence of integrals should be understood in expanded form. For
example, (3.4) is understood by

n—1 9 T to _1\81+1 1\B1 J B
Q)= > 6";&"0)/0 (fc—to)c“‘ldlto/0 L 21) - 1+(2 2, ZI'Yjij’lh Lt

s=0 BEA,
g (=1)Betl 14 (—1)f .
/0 i 2 ;wcﬁ dt;

2

ts— 1 J
B G D R e o Gl 51
/0 9 + 5 ;’}/jcj‘tsf dts.

Remark 3.1. It is easy to see that we can express @ in the form

L
Q) = dja™,
j=1

where {’yj};:ﬁrl is a strictly increasing sequence such that vy < vj41 and

{(i:1<ji<Ly={it+ja:i,jeN,i<n-1,1<j<1+(n—1)y}.



Moreover, for 1 < j < J, the value of d; only depends on co, c1, ..., cj_1, and f (more precisely,
08f(0,¢c0), B € As, 1 < s < n—1). Obuiously, there exist(s) uniquely c1, ca2, ..., ¢y such that (3.3)
holds, and hence c1, ca, ..., cj are/is well-defined. Furthermore, if v; +a —m >0, then
Q— S e cmte=mig q;
and if vy +a—m =0, then
Q—SeC™0,a).
Remark 3.2. Note that, S only depends on ¢y and
{05f(0,¢0): BEA;,0<s<n}.

Since cg and f are already available, we can obtain S by a simple calculation.

Define )
. L(1+a)\*
h* = _ .
min {a, < i > }

By [2, Theorem 2.2] we know that there exists a unique solution y* € C[0, h*] to (1.1). Now we state the
most important result of this paper in the following theorem.

Theorem 3.1. There exist two positive constant Cy and Cy that only depends on a, a and M, such that,
for any 0 < h < h* and K > 0 such that

1Q = S) llgm 1o + C1h™ + Coh™ Y K7 < K,
j=1
we have y* — S € C™[0, h] and
||(y* - S)’HCvnfl[(lh] < K (36)

Corollary 3.1. There exists 0 < h < h* such that y* € C™|0, h] if, and only if,

ox?
Remark 3.3. Corollary 5.1 states that y* € C1[0,h] for some 0 < h < h* if and only if £(0,co) =0. So
we only have y* € C[0,h]\ C[0,h], if £(0,co) # 0. This yields great difficulty in developing high order
numerical methods for (1.1), although y* € C™(0,h]. Many numerical methods for (1.1) may not even
converge theoretically, since they require that y* € C™[0, h| for some positive integer m. However, we can

obtain the numerical values of y* at some left-most nodes by solving the following problem (y* =y + S):
seek y € C™|0, h] such that

f(0,¢0) =0 forall0<i<m. (3.7

y(x) =co — S(z) + ﬁ /Oz(x — 1) T f(ty(t) + S(t)) dt, 0<a <D,

where h < h. Then we start the numerical methods for (1.1).
Remark 3.4. Assuming that f satisfies f(x,co) =0 for all 0 < x < a, it is easy to see that
;=0 foralll<i<J,

and hence S = ¢y. Then Theorem 3.1 implies y* € C™[0, h]. Actually, in this case, it is easy to see that
Yy =cp.

Remark 3.5. Put
0 ={1<j<J:v ¢N}.

E . Vi
C;T

jEB®

Obviously,

is the singular part (compared to the C™ regularity) in S, and thus the singular part in y*. Corollary 5.1
essentially claims that (3.7) holds if and only if ¢; = 0 for all j € ©. Since (3.7) is rare, we can consider
singularity as an intrinsic property of solutions to fractional differential equations. In addition, we have
the following result: that c; = 0 for all 1 < j < J is equivalent to that c; = 0 for all j € ©. This is
contained in the proof of Corollary 3.1 in Section 4.5.



4 Proofs

Let 0 < h < co. For any k € N and v € [0, 1], define
CE[0, h) = {v e CF0,h] : 0D (0) =0, j=0,1,2,.. k;} , (4.1)
CF[0,h] == {v € CR[0,h]) < [lu+ S — coll oo < b} . (4.2)

In particular, we use C*[0, h] and C*[0, k] to abbreviate C¥:[0, h] and C¥-°[0, h] respectively for k € N,
and use C[0, k] and C[0, k] to abbreviate C°[0, k] and C°[0, h] respectively. In addition, for a function v
defined on (0, h] with h > 0, by v € C¥7[0, h] we mean that, setting v(0) := 0, the function v belongs to
cF[0, h).
In the remainder of this paper, unless otherwise specified, we use C' to denote a positive constant that
only depends on «, a and M, and its value may differ at each occurrence. By the definitions of ¢;, cs,
.., ¢, it is easy to see that |¢;| < C for all 1 < j < J, and we use this implicitly in the forthcoming
analysis.

4.1 Some Auxiliary Results

We start by introducing some operators. For 0 < h < a, define Py, : C™[0, h] — C[0, ), Pop C™[0,h] —
C[0, h], and Ps p, : C™[0, h] — C|O, h], respectively, by

Prpz(z) == ﬁ /Ol(x —1)*71Gy pz(t) dt, (4.3)
Panz(z) = F(loz)/o (x — )" 1Gy p2(t) dt, (4.4)
Ponz(z) = ﬁ /0 (2 — 1)1 Gy p(t) dt, (4.5)

for all z € (?m[O, h], where G1 nz, Gonz, G nz € C[0, h] are given respectively by

th—1 ﬁ+1 B
G1.nz(to) : ZZH/k L+ (D% +1+(21) Z'y]cjt” dty,

s=1pB€eA; k=1 j=1
=2
ts—1
/ 2 (t5)0a [ (ts, 2(ts) + S(ts)) dts, (4.6)
0
Bt ] (=18 14 (—1)P < _
G2,n2(to) Z H/ + (2 ) Z%‘cjtzj b dty,
BEA, k=1 j=1
ﬁn—2
tn—l J
/ Opf (tn, 2(tn) + S(tn)) Zyjcjtyg—ldtn, (4.7)
0 =
th—1 ]__|_ ﬁk-‘rl 1+ (=1 B I n
Gynetto) = 3 1 / O S e an
BeA, k=1 j=1
Bn=1
tn—1
| 0t (b 2(tn) + 56 (48)
0

for all 0 < tg < h.
Then let us present the following important results for the above operators.

Lemma 4.1. Let 0 < h < a. For any z € C™[0, h], we have

1

. /Oac(x — 1) f(t,2(t) + S(t) dt = Q(z) + P1pz(x) + Papz(z) + Py pz(z) (4.9)

for all0 <z < h.



Proof. Let g € Ag with 1 < s < n. For any 0 < t5 < h, applying the fundamental theorem of calculus
yields

93/ (te, 2(t) + S(t)) = 05 f (e, 2(6) + S(c)) + / L5 (bt 2(tasn) + S(tasn) dtosr +

€

ts
1
/ @-&-1 + Z'chjtzj-l f(ts—&-la Z(ts+1) + S(t‘s-&-l)) dtsi1
€

for all 0 < € < tg, where E = (f1, 82, ..,0s,1) and E := (681,52, ..,08s,2). Taking limits on both sides
of the above equation as € approaches 0+, we obtain

Opf (ts,2(ts) + S(ts)) = 95.f(0,c0)) +/0 ! O5f (tsr1, 2(tss1) + S(tsr1)) dbsyr +

ts
/ s+1 + Z 'chjts+1 f(ts+1a Z(ts+1) + S(terl)) dts+1~
0

Using this equality repeatedly, we easily obtain (4.9). This completes the proof. |

Lemma 4.2. Let 0 < h < a. For any z € C™[0, h], we have Py nz € C™*(0,h] and

1(P112) | om0,y Z 12/ [0,h] * (4.10)
(P2 o L e (4.11)

Lemma 4.3. Let 0 < h < a. For any z € CAm[O, h], we have Pa pz, P3pz € C™[0,h] and
1(P2,n2) | gm0 py + 1(Ps,n2) | gm0,y < Ch, (4.12)
)(PQ,hz)< m) goom \(Pg,hz)“") oo <€ (4.13)

To prove the above two lemmas, we need several lemmas below.
Lemma 4.4. Let 0 < h < a and g € C™[0,h]. We have w € C™[0, h] and

||wl||cm71[o,h] < COh® ||9/||cm71[0,h] ) (4.14)
’w(m) C9.[0,h] s¢ Hg(m)H 0,n] (4.15)

where -
w(z) = / (x—t)*tg(t)dt, 0<x<h.
0

Proof. Since g € C™[0, h] we have
W@ = [ 1<i<m
0

Then w € C™[0,h] and (4.14) follow, and (4.15) follows from [6, Theorem 3.1]. This completes the
proof. |

Lemma 4.5. Let 0 < h < a, and k, [ € N such that k < m and la < 1. For any g € C*'*[0, h], define

z J
)= / S et gyt 0<z<h.
0 -
Jj=1

Then we have the following results:



o If I+ 1)a < 1, then we have w € CHHD(0,a] and
[wller.asna < Cllglleria -
o If I+ 1)a > 1, then we have w € CkFTLU+Da=1[0 q] and

[wllgrsr.asnar < Cllglloria -
For any 0 < h < a, w € C[0,h], and 8 € A; with 1 < s < n, define Ty g1 : C™[0,h] — C[0,h] b
Tw pnz(z) = w(x)@;;f(a:, z(x) + S(m)),
for all z € C™[0, h].

Lemma 4.6. For 0 < k < m, we have Ty, gz € C™™MEn=5H0 b and

min{k,n—s}

1Tew,8,12 || Gmin - s}0,p] <C ||w||ck[0 h] Z HZIHJcm—l[o,h] (4.16)
j=0

for all0 < h < a, we C*[0,h], B € A, with1 < s<n, and z € C™[0, h).

The proofs of Lemmas 4.5 and 4.6 are presented in Appendix A. In the rest of this subsection, we give
the proofs of Lemmas 4.2 and 4.3.
Proof of Lemma 4.2. By (4.3), (4.6), and Lemma 4.4, it suffices to show that, for each 8 € A, with
Bs = 2, we have go € C™[0, h] and
min{m,n—s+1} .
H90||cm[o,h] <C Z ||Z/HJcm—1[o7h] ) (4.17)
j=1

where, if s = 1, then

go(x) := /Ow 2 ()02 f (t,2(t) + S(t)) dt

Tl14 (-1 51+1 J
wie)= [ (5 2 S e | o,
O -:

(14 (=1)Pt1 14 (=1)P J -
mie) = [P (2 S et a0y
0 =

T 14 (=1)Ps—1t1 5< 1
goate) = [ §:mt% gt
0

gs—1(x) = /; 2 ()0 f (L, 2(t) + S(t)) dt

To do so, we proceed as follows. If s = 1, then by Lemma 4.6 we obtain go € C™[0, h] and (4.17). Let
us suppose that 2 < s < n. By Lemma 4.6 it follows g,_; € C™n{mn»=s+1}0 p] and

min{m,n—s+1}

Cmin{m,n—s+1}[0, 4] <C Z ||Z’||jcm—1[0,h] .
j=1

1gs—1]

Then, by the simple estimate
(n—s+1)+(s—1Da>m,



applying Lemma 4.5 to gs—2, gs—3, - .., go successively yields go € C™[0, h] and (4.17). This completes
the proof of Lemma 4.2. |
Proof of Lemma 4.3. Let us first show that Gy ,z € C™[0, h] and

1G2,n2ll gmig py < C- (4.18)
By (4.7) it suffices to show that, for any § € A,, with 5, = 2, we have gy € C"™[0, h] and
||90||Cm[07h] < C, (4.19)

where

2
L1+ (=1 B2+1 1+ (=1 Bz -
g1() 12/ (2) + <2 ) Z'chjt% " g2(t) dt,
0 -
j=1
14+ (=1 Bs—1+1 14 (=1 Bs—1 7
gn72(x) ::/0 ( 2) + ( 5 ) Z’Y]C]t% gsfl(t) dt,

j=1

z J
gn-1() ::/0 D f(t,2(t) + S(8) Y yyest™ " dt,
i=1

for all 0 < & < h. Noting the fact that
and v; > a for all 1 < j < J, we easily obtain g,_1 € C%“[0, k] and
Hgn—1||co,a[o,h] <C

Then, applying Lemma 4.5 to g,—2, gn—3, --., go successively, and using the fact na > m, we obtain
go € C™[0, h] and (4.19). Thus we have showed G, ,z € C™[0, h] and (4.18).

Similarly, we can show that Gz ,z € C™[0, h] and ||ggvhz||cm[0’h] < C. Consequently, by (4.4), (4.5),
and Lemma 4.4, we infer that Py 2, Pspz € C™[0, h], and (4.12) and (4.13) hold. This completes the
proof. |

4.2 Proof of Theorem 3.1

By Lemmas 4.2 and 4.3 there exist two positive constants Cy and C; that only depend on a, o and M,
such that

1PL2) om0 < Coh® S 12 [moson (4.20)
j=1

1P22) g+ gy + (P2’
forall0<h<aandz € 5m[0, h]. Let 0 < h < h* and K > 0 such that

Cm71[0’h] < Olha7 (421)

1Q = S) | gm-119.5 + C1h™ + Coh® Y " K7 < K. (4.22)
j=1
Define J : V' — C[0, h] by
Jz(x) :=co — S(z) + %oz) /Ox(x — ) f(t2(t) + S(1)) dt, (4.23)

for all z € V and z € [0, h], where

V= {v € ™[0, 1) : /[l g1 < K} . (4.24)



Remark 4.1. It is clear that V is a bounded, closed, convex subset of C™[0, h].
Remark 4.2. Let 6 > 0. If we put

K :=(Q—9)]

Cm=1[0,h] + Cra® + 9,

@

h:=min<{ h", (5_1COZKj ,
j=1

then (4.22) holds.
For the operator 7, we have the following key result.

Lemma 4.7. For each z € V, we have Jz € V and

‘(jz)(m)

< Q-9

Cd K, 4.25
Co7[0,h] c*t)w[o,h]+ Jz::o ( )

where y:=a if yy+a=m, andy:=v5+a—m if yg+a >m.
1

Proof. Let us first show Jz € V. Using (4.23) and the fact h < (W) , we have

1 r a1 Mh*
|Tz(z) + S(z) — co| = ) /0 (x—1) f(t,z(t) + S(t)) dt‘ < T +a) <
for all z € [0, k], and so
|72+ 5 = collgpo,n < 0
By Lemma 4.1 we have
Jz2(z) = cog — S(x) + Q(x) + P1rz(x) + Papz(z) + Pspz(x), (4.26)

and then, by Lemmas 4.2 and 4.3, and the fact ¢cg — S + Q € C™[0,h], we obtain Jz € C™[0,h]. Tt
remains, therefore, to show that
1T o < K. (4.27)

To this end, note that, by (4.26), (4.20) and (4.21) we obtain

1T =) lem-110,4) < (@ = S) llgm-s0,8 + CLh™ + Coh® Y K7,
j=1
and then (4.27) follows from (4.22). We have thus showed Jz € V.
Finally, let us show (4.25). By Lemmas 4.2 and 4.3 we obtain
(m) ‘ (m) ’ (m) <C " <CS K.
‘(’Pl,hz) 0.0 [0,h] + (PQ,hZ) 0.0 [0,1] + (P3,hz) Co.a[0,h] X j;) HZ ||Cm_l[0,h] X j;)

From the fact v < « it follows

}(Pl,hz)(m)

+|(Panz)™

+ |(Papz)

<CY K.

C9:7[0,h] C0.7[0,h]

Using this estimate and the fact that (Q — S)(™ € C%7 by the definitions of Q and S, the desired
estimate (4.25) follows from (4.26). This completes the proof. |

By the famous Arzela-Ascoli Theorem and Lemma 4.7, it is evident that J : V' — V is a compact
operator, where V is endowed with norm ”'”Cm[o h- Therefore, since V is a bounded, closed, convex
subset of C"™]0, h], using the Schauder Fixed-Point Theorem gives that there exists z € V' such that

Tz =z



Putting
y(z) = z(z) + S(z), 0<z<h,
we obtain

1 ‘ a—1
y(m):co—i—@/o (x—t)* " f(ty(t)dt, 0<z<h.

By [2, Lemma 2.1], the above y is a solution of (1.1), and then, since y* is the unique solution of (1.1)
on [0, h*], we have y* = y on [0, h]. Therefore, it is obvious that y* —.S € C™[0, h] and (3.6) hold. This
completes the proof of Theorem 3.1.

4.3 Proof of Corollary 3.1
Let us first state the following fact. For each 1 < j < J, by the definition of ¢;, a straightforward

computing yields
Gg= > (4.28)

tEY;,1UY ;2
where
B(a, 1+ 5)05 £(0,co)
Tj1 = U { F(a)l ; (4.29)
1<s<n
s+a=";
net s B (0,14 s—k+ X0, 7 ) 90, c0) &
frj,g = U U & Ciy Vi - (il,ig, ‘e ,’Lk) € Eﬂ,j . (430)
s=1 k=1 BEA, D) [Ty i, =1
#B8=k
I'5£0

Above, B(-,-) denotes the standard beta function, and

#5:= ) 1,

1<i<s
Bi=2
#5
Epji= 1 (inyin, . igp) a+s—H#B+D i, =7 ¢,
j=1

foralll1 <s<nandpe€As.
To prove Corollary 3.1, by Theorem 3.1 it suffices to show that (3.7) is equivalent to

¢;=0 foralljeoO, (4.31)
where
0:={1<j<J:v ¢N}.
But, by (4.28), (4.29) and (4.30), an obvious induction gives
c;=0 foralll1<j<J, (4.32)

if (3.7) holds. Therefore, it remains to show that (4.31) implies (3.7).
To this end, let us assume that (4.31) holds. Note that we have (4.32). If this statement was false,
then let
Jor=min{l <j<J:¢; #0}.
Obviously, we have jo > 1 and 7,, € N, and in this case, T, 1 is empty. Thus, by (4.28) we have
Cjo = Z t.
teTjO,z

But, by the definition of T, o and the fact that ¢; = 0 for all 1 < j < jg, it is straightforward that
Jo, J

¢j, = 0, which is contrary to the definition of jy. Therefore (4.32) holds indeed. Using this result, from

(4.28) and (4.30) it follows

cj = Zt forall 1 <j < J,
teY 1

and then, using (4.32) again, we obtain (3.7). This completes the proof of Corollary 3.1.
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Appendix A Proofs of Lemmas 4.5 and 4.6

To prove Lemma 4.5, we need the following two lemmas.

Lemma A.1. Let h >0, v >0 and g € C*[0,h]. We have w € C*[0,h] and

w'(z) = /Ow 71y (1) dt. (A1)

where .
w(z) = / " gt)dt, 0<z < h.
0
Since the proof of this lemma is straightforward, it is omitted.

Lemma A.2. Let 0 < h < a, and | € Nug such that la <1 < (I + 1)a. For any g € C%'*[0, h], we have
w € COWHDa=1[0 b and

[wll go.q+1a- 10,n] & < Cllgllco. e [0,h] 1

where

)i= > el (@), 0<az<h,

Proof. It suffices to prove that, for any 1 < j < J, we have v € C[0, h] and
[vllco.asna-1(0,) < Cllgllcotagon -

where v(z) := 2717 1g(x), 0 < x < h. Noting the fact that la+7; > 1 and g € C%%[0, h], we easily obtain
v € C[0, h] and

HU”C[O R S < Cllgllcoa [0,h] -

It remains, therefore, to prove that

[o(y) — v(@)] < Cly = ) lgllgoago

for all 0 < z < y < h. Moreover, since it holds

lw(y) —v(@)| = [y g(y) — x”’lg(m)l
= |y (9(y) — g(x)) + (7~ =22 Hg(x))|
< (Wi y -+ |y~ — 2 ') llgll co.ta [0,h] »

by the fact g € C%'*[0, h], we only need to prove that
Uy =) [y = e el < Oy o) (A.2)

forall 0 <z <y < h.
Let us first consider the case of v; < 1. A simple algebraic calculation gives

(@1 =y ygle = (y — z)letu—l (AW — (14 AYsTl) Al
where A := £ If 0 < A < 1, then by the fact la +v; —1 > 0 we have
(AW*1 —(1+ A)“’f’l)Ala < Aletri=l )
If A > 1, then using the Mean Value Theorem and the fact la + v; — 2 < 0 gives
(A"“_1 —(1+ A)"’j_l)Alo‘ < (1 =) AT =2 < (1 — ;) < 1.

Consequently, we obtain
(:L,'yjfl _ y'yjfl)mla < (y _ x)laJr'yjfl,
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which, together with the trivial estimate
YTy - o) < (y—2)P Ty —a)' = (y - )t

yields (A.2).

Then, since (A.2) is evident in the case of v; = 1, let us consider the case of 1 < v; < 2.

0<v; —1<1, we have

1 1 1

— Vit < (y_x)"/j* .

i~
By the definition of -y; it is clear that
v —12({+1a-1
Using the above two estimates, we obtain
yI Tt = T 2 <Oy T = 2T < Oy — ),
which, together with the estimate
YNy =)' < Cly —a)'* < Cly —a)HDe,

indicates (A.2).
Finally, let us consider the case of v; > 2. Using the Mean Value Theorem gives

=10 < Oy )t
and then, by the obvious estimate
vy —2)'* <Oy —a) e
we obtain (A.2). This completes the proof.
Proof of Lemma 4.5 Since g € Ck!¥[0, h], by Lemma A.1 we have w € C*[0, h] and

v J
w“)(x):/ S et gDy de, i =0,1,2,... k.
(R

It follows
||chk[o,h] <C ||9||ck[0,h] .
Therefore, it remains to prove that

’w(k) <C ||9||ck»la[0,h]

C0.(+1)a[0, ]
if (I1+1)a < 1; and that w*+1) € ¢%U+Na=1]g p] and

Hw(kJrl)‘

CO,(1+1)a=1[0,p] < c Hchk,za[Oyh]

if (+1)a>1.

Since

(A.3)

(A.4)

(A.5)

Let us first consider (A.4). Noting the fact that ¢¥) € C%*[0,h] and v; > « for all 1 < j < J, by

(A.3) a simple computing gives that

[0 ) = w®(@)| < € |g® (y—a)+0e

CO:1e[0,h]

for all 0 < z < y < h, which implies (A.4).

Then let us consider (A.5). Since g*) € €%, by Lemma A.2 we have v € C%(+Da=10, h] and

(k)
[ollgo.atna-1p,n < C Hg )Co,m[w’

where

J
v(x) = Z’yjcjx'“_lg(k) (x), 0<z<h
j=1

Then, by (A.3) we readily obtain w®*+1) ¢ ¢%(+Da=1 and (A.5), and thus complete the proof of this

lemma.
Before proving Lemma 4.6, let us introduce the following lemma.
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Lemma A.3. Let 0 < h < a and v > 0. For any g € C*[0,h] with 1 < k < m, we have w € C*~1[0, h]
and

(k)
[wll e <C Hg HC[O,h] ’

where
w(z) = g(x)2’™ ', 0<ax<h,

and C' is a positive constant that only depends on a, k and ~.

Proof. If k = 1, then, by the Mean Value Theorem and the fact g(0) = 0, this lemma is evident. Thus,
below we assume that 2 < & < m. In the rest of this proof, for ease of notation, the symbol C' denotes a
positive constant that only depends on a, k and -y, and its value may differ at each occurrence.

Let us first show that, for 0 < i < k, we have w; € C[0, h] and

; <cls® . A6
[Jw ”C[O,h] 9 Cl0.A] (A.6)
where ‘
wi(z) == w?(z), 0<z<h
To this end, let 0 < ¢ < k, and note that an elementary computing gives
w;(z) = Zcijg(j)(x)xV*lf”j, 0<z<h, (A.7)
j=0

where c¢;; is a constant that only depends on v, i and j, for all 0 < j < 4. Since g € C*[0,h], we have
g e chi [0, k], and then, applying Taylor’s formula with integral remainder yields

. 1 x ,
49 (z) = ; / (@ — g () dt, 0 <z <h.
+JO

k—j—1
It follows that
; it Hg(k)Hc[o h] ;
‘g(])(x)x'y_l_“”‘ < —— 2l R g < . (A.8)
(k=)
Since v + k — (i +1) =~ > 0, this implies g/ (2)27 ="~ € C[0, h] and

@)(. .vfri+jH <(;H w>H
[ERUCIC oo <E 19,

[0,h] 0,h]

Therefore, by (A.7) it follows w; € C[0, h] and (A.6).
Then let us proceed to prove this lemma. Let i < k — 1. Note that by (A.7) we have

wi(z) = wip1(x), 0<z<h.

Since we have already proved that w;, w;+1 € C[0,h], by the Mean Value Theorem it is evident that
w; € C'[0, h] and
wi(z) =wip1(x), 0<z < h

It follows wy € C*¥~1[0, h] and

w(()i)zwi, 0<i<k,

and hence, by (A.6) we have

(k)
Huchk—wmh]g(ng Hcmﬁf

Noting the fact w = wy, this completes the proof. |

Proof of Lemma 4.6 Below we employ the well-known principle of mathematical induction to prove
this lemma. Firstly, it is clear that (4.16) holds in the case k = 0. Secondly, assuming that (4.16) holds
for k =1 where 0 < I < m —1, let us prove that (4.16) holds for k =14 1. To this end, a straightforward
computing gives

(Twp.02)' (@) = T pn2(@) + T, 5 2(2) + T_ = 2(2) (A.9)
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~

for all 0 < z < h, where B:: (B1,B2,---,08s, 1), B,:= (81, B2, ...,0s,2), and
J
B(x) = w(z) | (@) + 3 et
j=1

Since w € C*[0, h], we have w’ € C*¥~1[0,h], and by Lemma A.3 we have w € C*~1[0, h]; consequently,
Tw gnz and T_ 507 are well-defined, and they both belong to C[0,h]. Therefore, by the Mean Value

Theorem, and the fact T, 8.0z € C[O, h), it follows that Ty, g.n2 € C1[0, h], and (A.9) holds for all 0 < x < h.
By our assumption, we have the following results: T, 5,2 € C™M{k=1n=s}( h] and

min{k—1,n—s}

H%,B,Mlcmwflms}[O,h] <C ”w/”C’C*l[O,h] Z ”ZIHJCm*l[O,h] )
j=0

7:1)’5 W2 € cmin{k=Ln=s=1}[) h] and

min{k—1,n—s—1}

J .
(T R of "] PSTYS R DR ] CRSTAE
: =
T - »ecmnti-La—s=1}[0 4] and
@,B,h
min{k—1,n—s—1} )
TNz z < C”a”Ck*th HZI|‘]C'm—10h .
0Bk || cmin{r—1,m—s—1} g p] (041 Jz:;) (041
In addition, by Lemma A.3 we easily obtain
g0 < C Il onony (14 12/ len-r0) -
As a consequence, we obtain Ty, g rz € ¢cmin{k,n—s} anq
min{k,n—s} )
1(Te,5.02) gmints—1n—e-13p0 < Cllwlleoriony D N2 om0 -
§=0
Then (4.16) follows from the obvious estimate
||7:v,ﬁ,hz‘|c[oﬁh] <C ”wHC[O,h] :
This completes the proof of Lemma 4.6. |
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