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According to the fundamental idea that a steering inequality can be constructed by just considering the mea-
surements performed by Bob, and from the definitions of steering from Alice to Bob, a general scheme for
designing two different kinds of linear steering inequalities (LSIs) is developed to detect the two-way steerabil-
ity for bipartite system and the genuine multipartite two-way steerability for multipartite system, respectively.
Besides the LSIs constructed from the known one-way criteria and the Bell operators, several other types of

LSIs are also considered.

I. INTRODUCTION

In 1930s, the concept of steering was introduced by
Schrodinger [1] as a generalization of the Einstein-Podolsky-
Rosen (EPR) paradox [2]. For a bipartite state, steering infers
that an observer on one side can affect the state of the other
spatially separated system by local measurements. In 2007,
a standard formalism of quantum steering was developed by
Wiseman, Jones, and Doherty [3]. In quantum information
processing, EPR steering can be defined as the task for a ref-
eree to determine whether one party shares entanglement with
a second untrusted party [3-5]. Quantum steering is a type of
quantum nonlocality that is logically distinct from insepara-
bility [6, 7] and Bell nonlocality [8].

A fundamental property is that steering is inherently asym-
metric with respect to the observers [9, 10], which is quite dif-
ferent from the quantum nonlocality and entanglement. The
property of one-way steering has been predicted in a number
of systems [11-13] and demonstrated in several experimen-
tal configurations [14—17]. Besides its foundational signifi-
cance in quantum information theory, steering has been found
useful in many applications. For examples, steering has a
vast range of information-theoretic applications in one-sided
device-independent scenarios where the party being steered
has trust on his or her own quantum device while the other’s
device is untrusted, such as one-sided device-independent
quantum key distribution [18], advantage in subchannel dis-
crimination [19], secure quantum teleportation [20, 21], quan-
tum communication [20], detecting bound entanglement [22],
one-sided device-independent randomness generation [23],
and one-sided device-independent self-testing of pure maxi-
mally as well as nonmaximally entangled state [24].

The detection and characterization of steering, have been
widely discussed. In 1989, the variance inequalities violated
with EPR correlations for continuous variable system were
derived by Reid [25], and this was generalized to discrete
variable systems [26]. For a bipartite system, EPR-steering
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inequalities were defined [27], where the violation of any
such inequality implies steering. Following these works, fur-
ther schemes have been proposed to signalize steering, for in-
stance, the linear and nonlinear steering criteria [5, 28-32],
steering inequalities based on multiplicative variances [33],
steering criteria from uncertainty relations [34-39], steer-
ing with Clauser-Horne-Shimony-Holt (CHSH)-like inequali-
ties [40—43], moment matrix approach [44—46], linear steering
inequality from the semidefinite program (SDP) [47], steering
criteria based on local uncertainty relations [48, 49], and the
universal steering criteria [50].

Besides the works focusing on the investigations of dif-
ferent steering criteria, some other works are devoted to de-
termining the conditions under which it is possible to reveal
steering and exploring how useful it is in practical applica-
tions [51]. Most works on demonstration of steering deals
with optimal systems [5, 28, 52-56], and recently, the steering
in multipartite system has attracted much attention and several
approaches have been developed on this topic [57-62]. In this
work, we shall introduce the definition of genuine multipartite
two-way steerability, and it can be viewed as a natural general-
ization of the two-way steerability which has a clear definition
for the bipartite system [47, 63]. A general protocol to de-
sign the sufficient criteria for detecting the genuine multipar-
tite steerability with linearly steering inequalities (LSIs) will
be developed. A special class of LSIs, which are constructed
from the Bell operators, will be introduced, and furthermore,
several other types of LSIs will also be considered.

The content of this work is organized as follows. In Sec. I,
we give a brief review on the definitions of steering and the
most incompatible measurement. In Sec. III, a detailed intro-
duction to LSI for bipartite system is given there. In Sec. IV,
we address the problem of detecting genuine multipartite two-
way steerability with LSIs. Some applications of the devel-
oped scheme are discussed in Sec. V. Finally, we end our work
with a short conclusion.
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II. PRELIMINARY
A. Steering from Alice to Bob

Before one can show how to demonstrate a state is steer-
able from Alice to Bob, some necessary conventions are re-
quired. First, Alice can perform N measurements on her
side, labelled by ¢ = 1,2,..., N, each having m outcomes
a=0,1,...,m — 1, and the measurements are denoted by ﬁz,
221;01 ﬂz = I4, with I the identity operator for the local d-
dimensional Hilbert space. For a bipartite state W, the unnor-

malized post-measurement states prepared for Bob are given
by

ppu = Tral (I ® L) W]. (1)

The set of unnormalized states, {0}, }, is usually called an as-
semblage.

In 2007, Wiseman, Jones, and Doherty formally defined
quantum steering as the possibility of remotely generating en-
sembles that could not be produced by a local hidden states
(LHS) model [3]. An LHS model refers to the case where
a source sends a classical message & to one of the two par-
ties, say, Alice, and a corresponding quantum state p¢ to the
other party, say Bob. Given that Alice decides to performs the
uth measurement, the variable & instructs the output a of Al-
ice’s apparatus with the probability p(a|u, £). The variable &
is usually chosen according to a probability distribution Q(&)
and can also be interpreted as a local hidden variable (LHV).
Bob does not have access to the classical variable &, and his
final assemblage is composed by the LHS model

pi= [ deaerntaln.ope @)

with [ déQ(é) = 1.

In this paper, the definition of steering is directly cited from
the review article [47]: An assemblage is said to demonstrate
steering if it does not admit a decomposition of the form in
Eq. (2). Furthermore, a quantum state W is said to be steerable
from Alice to Bob if the experiments in Alice’s part produce
an assemblage that demonstrate steering. On the contrary, an
assemblage is said to be LHS if it can be written as in Eq. (2),
and a quantum state is said to be unsteerable if an LHS assem-
blage is always generated for all local measurements.

Via a similar argument, one can give a definition of steering
from Bob to Alice. A state is said to be two-way steerable if
it is steerable both from Alice to Bob and from Bob to Alice.

B. Most incompatible measurements

A set of measurements {Ml‘j} is compatible, if there
exists a set of positive-operator-valued-measures (POVMs)
{Ma} such that M; = X, m(A)p(alp, )M, for all a and
u, where (1) and p(alu,A) are the probability distribu-
tions. If such measurements are performed by Alice, from
Eq. (1), the assemblage {0} will admit an LHS model, pj; =

2

Sam(A)p(alu, A)pa, with the LHS states py = Tra[(My ®
1)W].

By introducing the critical visibility, a quantity used to
characterize the white-noise robustness of an assemblage,
Bavareso ef. al. recently addressed the problem of find-
ing the most incompatible measurements when N and m are
fixed [64]. Consider a depolarizing map &, acting on the
Hermitian operator A of a d-dimensional Hilbert space Hy,
gy(A) = nA + (1 = n)Tr(A)l4/d, and the critical visibil-
ity is defined as U(Ml‘j) = max[n|{s,7(1\;lﬁ)}u,,1 € LHS],
where LHS is a set of assemblages that admit an LHS model.
The quantity (M 1) 1s the exact value of n above which the

assemblage {SU(M’;‘}“,,,} no longer admits an LHS model,
and when N and m are fixed, the optimal critical visibility,
n*(N,m) is defined as " (N, m) = min{Mﬁ}a,y 77(1\;13).

It is known that a set of mutually unbiased bases (MUBs)
consists of two or more orthonormal basis {|¢¢)} in a d-
dimensional Hilbert space satisfying

1
[(o%| o0y 17 = - Va,b €{0,1,...d -1}, x#y, (3)

for all x and y [65], and two results can be obtained from the
MUBs for two-dimensional systems [64]

1 1
*(N=2m=2)=—, n"(N=3,m=2)=—, (4
n( m=2) N 7' ( m=2) NG 4)

which are useful in the following. For the Pauli matrices o;
(j = x,v,z), their eigenvectors |zﬁj.‘), where |¢;‘) = (I +
(=1)%c;)/2 witha € {0, 1}, form a set of the MUBs. Accord-
ing to Eq. (4), the set of two measurements, {e,,(|¢/;‘)(¢/;‘|)}

with j =x,y (or j = x,7), is compatible if < 1/V2. The
set of three measurements, {e,,(|¢/;.‘)(¢/;.‘|)} with j =x,y,z,

is also compatible if 7 < 1/V3.

III. LINEAR STEERING INEQUALITIES FOR BIPARTITE
SYSTEM

The LSIs originate from the works in Refs. [5, 27, 66]. To
discuss the one-way steering from Alice to Bob, one may con-
struct a criterion which only depends on the measurements
performed by Bob. Besides the property that the LSIs can
work even when the state is unknown, they also have a deep
relation with the compatible measurement: If a one-way LSI
is violated, the state is steerable from Alice to Bob and the
measurements performed by Alice are also verified to be in-
compatible [67-72]. In this section, we shall develop a gen-
eral scheme to construct the LSIs for detecting the two-way
steerability of the bipartite system.

A. Sufficient criteria for steering

For a bipartite system Hy ® Hg, the POVMs fIZ (Mf ) can
be introduced for the local Hilbert space Ha (Hg). Certainly,



Y fIZ =14 and ), Mff = Ip, where I5 and Iy are the iden-
tity operator on H, and Hg, respectively. In general, one can
introduce a Hermitian operator

7 = Z Z Z Z c(ab|uv)ﬁz ® M> (5
u v a b

where the coefficients c(ab|uv) are real values.

To discuss the steering from Alice to Bob (A — B), the op-
erator H can be rewritten as H = 2uqu 2ia f[ft ® F/‘j. It can
be understood as that: Assume the probability of the uth mea-
surement performed by Alice is g, 2, ,7:1 qu = 1, and the con-
ditional state py; on Bob’s side are measured with a set of Her-

mitian operators {F b F "= (F /‘j)T. For the uth run of exper-
iment, a quantity 3, can be defined, 8, = Y,/ Tr(ﬁ“F“)
Let (A® B) = Tr [(A ® B)W] be the expectatlon value of the
operator A ® B, and in experiment, 3,, can be measured as

Bu= ) (L& F). (©6)
0

3

Q
Il

The averaged expectation of the set of operators {fI“ ®F i)

can be defined, 8 = Z —1 quPy- 1f the assemblage {oy; } intro-
duced in Eq. (1) has an LHS decomposition in Eq. (2), one has
Tr(p“F“) = f de(f)p(alu,f)Tr(pgﬁﬁ), and an averaged
expectation can be introduced

N
LHS -
owg =

u=1 a=0

m—1

4 / £ P(al. ) Te(p ES).  (T)

Formally, LIS = [ d£Q(&)Tr[pgH(£)], with

avg

N m-1

HE) =), > auplalw ), 8)

pu=1 a=0

which can be introduced in an operational way: First, write
down an operator H = ¥, ., q, 1, ® F, and then H(¢) will

be obtained by replacing each operator fI“ with the probabil-
ity p(alu, &), which is interpreted as the predetermmed value
of H“ in the LHV model. Obviously, H () is a Hermitian op-

erator, and can be expanded as H(¢) = 3, A,|4, (1, |, with
A, the eigenvalues and |1,,) the corresponding eigenvectors.
Defining

[H(&)[M8% = AM8% = max max{d,}, )

plalu.g) H

and together with the facts Tr[pgl:l(f)] <A™ and
fQ(f)df = 1, one can conclude that |H|™* is an upper

bound of ﬁ{;\gs, say, |[H|™* > ﬁ{;\gs From the definition of
unsteerable states, the assemblage resulted from the unsteer-
able state always admits an LHS model. Therefore, |[H|™**
can also be interpreted as the upper bound of the averaged ex-
pectation, which can be obtained from the unsteerable states,

if the measurement on Bob’s side has been fixed as {g ., F il

To emphasize this property of |H|™2% we call it as the steering
threshold (ST) and denote it by the symbol ﬁA_)B hereafter,

BET B {qu. F, ib) = max max (GlHE)¢).  (10)

From H(¢) = Y, A,|4,)(1, |, one can also define

H(E|™™ = ™" = min min{d,}. 11
[H(&)] pin_ i m (11)

> ™ and [ Q(€)dé = 1,

LHS
avg

With the facts that Tr[pgH(€)]
one can conclude that |[H (&)™ is a lower bound of S

say, |H(&)|™ < BLHS - Another type of steering threshold,

avg
which is denoted by the symbol yA_>B can be introduced
A—B a : : 3
F =min min H . 12
vér " (au Fi)) i p<u|y,§)<¢| (©)1¢) (12)

Now, a one-way LSI for A — B can be defined

Yo P (g F2Y) < (H) < B4 &)

; B ({q s F ,7

Since each of the following two conditions: (a) The state is
steerable from Alice to Bob, and (b) The set of measurements
{f[Z} performed by Alice is incompatible, is necessary so that
the assemblage {pj;} does not admit an LHS model, one may
conclude that the violation of the steering inequality, is a suf-
ficient condition for Bob to make the statements (a) and (b).

To show whether a state W is steerable from Alice to Bob,
the extremal value of the averaged expectation should be con-
sidered. First, let us consider the probabilistic model, where
for the uth measurement {fll‘j},

m—1

L Y el =1. (14

a=0

0 < plalp, &) <

A quantity f,(¢) = (¢| p(a|u f)F“|¢) can be intro-
duced. For a fixed |¢), one can select out an operator F fj from

the set of operators {F i m-1 with the constraint (B|F flcp) >
(¢|F;j|¢), Va € {0,1,...,m — 1}. The maximum value of

fu(8). [2%(¢) = (#|Ff|$), can be obtained with the opti-
mal choice of the probabilities {p(a|u, &)}

p*(alp,€) = daa- 15)
The one-way steering threshold ﬁA_)B can be rewritten as
BATE = max|g) TI, qu S (). A
Via a similar argument, if an operator Fj is selected
out from the set {ﬁ;j ;”:_01 with the constraint ($|F, /‘f|¢) <
(BlF1¢), Va € {0,1,...,m—1}, the minimum value of f,(¢),
i (@) = (¢|Fi|¢), can also be obtained with the optimal
choice in Eq. (15) The steering threshold yA_’B can be

rewritten as yST = min|4) Z,,:l qufi in(g).

From the optimal choice of {p(alu, &)}, it is shown that
steering thresholds remain unchanged if a deterministic model
is applied,

m-1

Pl &) € {0,1}, Y plalwé)=1.  (16)
a=0



So, another convenient way to derive the one-way LSI can be
constructed, shown in the following. Considering the steering
from Alice to Bob where H (&) = 2u 2a qub(aly, £)F4, and
within the deterministic model above, one may introduce a
series of Hermitian operators

- ~k
Hi ey = . @ (17

where k, € {0,1,...,m — 1} for all u = 1,2,...,N, and
there are totally m! operators of such kind. With the de-
notations |Hy, k,,...ky ™% = max|gy (¢l Hi, ko.....ky |¢), and

|Hk1,k2 ,,,,, kn |min = min|¢)<¢|Hk1,k2 ,,,,, kn |¢>’ the Steering
thresholds can be expressed as

,BA_)B = max {II:Ikl,kg ..... kn |max} ’ (18)
{k;}
YA =i 7 (09
J

As an illustration, let us consider a two-result case as a spe-
cific example. For the puth run of experiment, Alice performs
the measurement H?l and H}t, and Y._, [ = I4. Meanwhile,
° = Fu. F) =
—F,,. Furthermore, we assume that the experiment is realized
in an equal weighted way, qu = 1/N. From Eq. (17), one
can have Hy, k... kn yzl(—l)kfﬁﬂ/N, Vk; € {0,1}, and
with the experiment data § = 3, q,,((l'lg - Hlll) ® Fu), the
LSI takes the form:

N
Z qu <(H2 — H,ll) ® F,1> < q1 r&;ﬁ( {| ;(_1)kjFﬂ|max} .

u

the measurements on Bob’s side are fixed as F 0 —

The result in Ref. [5] can be recovered here. One may note
that in the above inequality, the probability ¢, can be ab-
sorbed in the operator F, - In the following, we usually work
with q,ul:" —>F,,,V/J €e{1,2,...,N}.

To discuss the steering from Bob to Alice (A « B), the
operator H can be rewritten as H = 22 F) 2 M b Then,
by replacing each Mf with p(b|v, &), an operator H(&) is in-
troduced as H (&) = > 2 P(blv, f)F b Formally, another
one-way LSI can be obtained, ygr. ACB < (H) < ,BA‘_B the
violation of which shows that the state is steerable from Bob
to Alice.

With the two one-way LSIs introduced above, the steering
threshold Bgt and ygt can be defined as

Bst = max{gr"", Bar "} (20)
The violation of the LSI, yst < (H) < Bsr, indicates that the
state is two-way steerable. Obviously, to construct a two-way
steering LSI, a pair of one-way LSIs, yA_’B (H)y < ,BA_’B
and yA‘_B (H) < ,BA‘_B are needed.

Here it should be mentroned that the above inequality,

yst < (H) < Bsr, can be divided into two independent ones:
(1) yst < (H) and (2) (H) < BsT, and a state is verified to be

ysT = min{ygy

two-way steerable, if one of the two inequalities is violated.
In the following, two examples are given where both ysT and
Bst are presented. For the rest of examples, for simplicity,
only the type (2) inequality shall be considered.

In the present work, for a local d-dimensional Hilbert
space, we usually refer to the special POVM, IO +IT" = I, as
the two-result measurement, while an operator A is a 2-value
operator if it has just two eigenvalues +1: A|m, +) = |m,+),
and A|n, —) = —|n,—). For such an operator, the corre-
sponding two-result measurement can be defined as I1° =
Yo I, 4y (m, 4|, TIY = 3, |n, =)(n, =|, from which, one can
obtain I1° — [1* = A, and I1° + IT' = I, with I, the identity
operator for the local d-dimensional Hilbert space where Ais
defined. To discuss the steering from Alice to Bob, one can
introduce the denotation

d(ul§) = p(O0lp, &) = p(Lp. &), d(ulé) € {+1}.  (22)

Under the condition that the operator H is expanded as H =
YuAu® F, with A, = flg —11,,, H (&) can be obtained from
H by simply replacing each A, with d(u|é), say, H(¢) =
2y Dl Fy

B. Constructing two-way criteria from the known one-way
LSIs

In previous works, a series of one-way LSIs from Alice to
Bob have been constructed, and in this section, the construc-
tion of two-way LSIs from these known criteria will be dis-
cussed.

Let us start from the two well-known inequalities:

(Ar@ o) +(As®@oy) <V2,  (23)
(Al @ o) +(As @) + (A3 @ oy) <V3. (24)

where Au are arbitrary 2-value operators. The two inequal-
ities above firstly appeared in Ref. [27], and recently, it
was demonstrated that the criteria can be returned from the
semidefinite program [47]. Consider the LSI in Eq. (23) at
first. For the steering from Bob to Alice, with Eq. (22), there
are four possible 131(5): H(f)ii = +A; + Ao. Take the H,, as
an example, its maximum eigenvalue will be calculated with
the followmg rules: (1) For arbitrary operators A (u=172),
there is |A1 + Ao |™max < |Aq|max 4 |Ay|™2%; and (2) IfA are
known operators, one can perform a standard calculatron say,
|A; +A, [ = max | 4) (¢|A1 +A, |¢). These calculation rules
can be easily generalized for the case with more than two op-
erators. Therefore, for arbitrary operators A u (u=1,2), one
can have |H(£)..|™ < 2 and 555 = 2. Obviously, the
one-way LSI from Bob to Alice, (H) < ﬁA‘_B = 2, cannot be
violated. To derive a lower value of ,BA‘_B some additional
constraints for the operators A are required. For example, a
type of constraints can be introduced in the following:

Al =UO-XUT,A2 =UU'ZUJ(, (25)



with U an arbitrary two-dimensional unitary operator. Based
on it, there is BA‘_B V2. Now, one can have a conclusion:
For the operator H=A Q@0 +A;® o used in Eq. (23), the
steering threshold ,BA‘_B = 2, which holds for the unknown
2-value operators, w111 take a lower value if some additional
constraints have been introduced.

Return to the operator in Eq. (5), it is obvious that the LSIs
can be constructed by taking the coefficients c(ab|uv) as free
parameters. As an example, one may introduce an operator

H(0) = sinfA; ® oy + cos0A, ® o, (26)

as a simple generalization of the original one H = AL ® oy +
Ag ® ;. AFor the steering from Alice to Bob, there are four
possible H(6, &), H(6, &)y = £sinfoy + cosfo. It is easy
to see that | +sin foy £ cos 6o, |™** =1, and ﬁA_)B = 1. With

the constraint in Eq. (25), one can obtain BA‘_B = 1. Thus,
the two-way steering LSI is known as

SinO(A; ® o) + cos 0(As ® ;) < 1, (27)

By letting cos 6 = sin 6 = V2/2, the LSI in Eq. (23) is recov-
ered.

In experiment, if the correlations, (Al ® o) and (Ag ®07;),
have been decided, the optimal choice for 6 satisfies

. (A1 ® o)
sinf = s
(A1 ® 0x)? + (A3 ® 0)?
<A2 ® 0%)
cosf =

(A1 ® 04)? + (Ay ® 0, )2

Finally, a two-way steering criterion is arrived at,

\/<A1 ® )2+ (A ®0)2 < 1
Similarly, one can design a two-parameters operator,

H (0, ¢) = sin cos pA;, ® oy
+ cos GAQ ® 0 +sin fsin ¢A3 ® oy,

as the generalization of the operator in Eq. (24). For the
steering from Alice to Bob, there are eight possible opera-
tors Hysy, Hivy = +siné cos ¢ox + cosbo; £ sin 6 sin ¢oy,
within the deterministic model. Itis easy to get |Hij:i |max =1
and ﬁA_’B = 1. By introducing the additional constraints

Ay =Uo U Ay = U, U, A = U, UT,  (28)

there should be BA‘_B = 1. The two-way steering LSI is ar-

rived at, (H (6, ¢)) < 1. With the optimal choices,

Vi @) + (A © 02

sinf = s
(Al®O'x)2+<A2®O'Z)2+<A3®O'y>2
A
cosf = (48 02) s
(A1 ®0x)?2+(A2®0,)2 +(A3® 0'y>2
A ®
cos ¢ = < 1 0'x> i
Vi @) + (A3 © 02
A ® o
sin ¢ = (A3 )

JAio 02+ (As @)

a two-way steering criterion is obtained

Vi@ a2+ (A ® o)+ (As® 0)? < 1
For a H; ® H, bipartite system, an operator is defined as

A-3i3n

u=1 a=0

d-1

® |¢) (Bl (29)

where {|¢7)} (1 = 1,2) are two sets of MUBs defined in
Eq. (3), while each {f[Z} is arbitrary. The one-way steering

LSI from Alice to Bob, (H) < 1+ 1/Vd, appeared in pre-
vious works [73, 74]. As a generation, we introduce a one-
parameter operator

H(w) = (1 + cosw)

D e I¢i‘><¢i‘|)

D e |¢§‘><¢§‘|) .60

+ (1 - cosw)

Furthermore, we suppose that the two sets of projective
measurements, {|¢§‘.)} and {|¢g Y}, are .related by a unitary
transformation U with Uy, as its matrix elements, |¢{) =

Uap|93) + X Uacld5).
With the calculation in Appendix A, there is

BATE = 1+\/cosza)+sm a)lUOpt|2 3D

where |U;)it| has the largest value among all the possible
Uasl,Ya,b € {0,1,...;d — 1}. Tf {|¢%)} (u = 1,2) are MUBs
in Eq. (3), then |U22t| = 1/+/d. By letting cos w = 0, the one-
way LSI (from Alice to Bob), (H) < 1+ 1/Vd, is recovered.

To derive the LSI from Bob to Alice, we can define

= @ wal (u = 1,2), with (Wa|y5) = 645, and sup-
pose that they are related by a unitary operator V, |y{) =

Zg;& Vabhﬁg), with V,; the matrix elements. Via a similar
derivation, we shall get

BirB =1+ \/(3052 w + sin a)lVolDtl2



Now, the steering threshold Bst = max{B5: "2, B4+ P} is a
function of w. For such cases, a function R(w) can be intro-
duced and the two-way steering criterion can be rewritten in a
standard form

(Hw)) _
Bsr(@)

For a given bipartite state, one can first decide the expectation
value (H(w)) and then choose an optimal value for w, which
makes R(w) have the largest value, through dR(w)/dw = 0.
After demonstrating that the two-way criteria can be con-
structed from the known one-way LSIs by introducing elabo-
rately designed additional constraints and free parameters, we
shall go back to the general operator H in Eq. (5), where the
numbers of the sets for {H } and {M b1 are assumed to be fi-

nite, and show that the operator H can easily be generalized to
the case where the experiment setting has a continuous form.

With a set of basis vectors, {|a)}¢ o 0, a parameter w can be
used to label the experiment setting of Bob’s measurements,
(iDi, = lea)(a|UZ,, where U, can take all the unitary op-
erators in the d-dimensional unitary group U(d). Consider
the case that the probability for each measurement is equal-
weighted, and the operator H can be designed as

R(w) =

(32)

d-1
= [ dusan() Y 11 002, (33)
a=0

where duiar (w) is the Harr measure on the group U(d). For
the steering from Alice to Bob, by replacing each IT,, with
p(alw, &), there is

AB d-1 y
AAP(€) = [ dupan (@) ) plalw, )P,

a=0

This type of operator was introduced in the recent work [72],
and based on the main results in Ref. [3], it was shown that

AP 5 77 = o,
Hgy

7’

where Hy =1+ 1/2+1/3 + ... + 1/d is the Harmonic series.
"l:o construct the two-way LSI, some additional constraints for
I1¢, are required, and the following constraint is suggested

|I:IA—>B (é:) |max IBA—>B

1%, = U la){a|U], (34)

with U}, to be the complex conjugation of U,,. For the steer-
ing from Bob to Alice, by replacing each @, with p(a|w, &),
there is HAP(£) = [ dunan(w) 22) p(alw, £)I1E,. Ob-
viously, HAB(¢&) = [HAB(£)]*. Since a Hermitian op-
erator and its complex conjugation have the same eigenval-

ues, the constraint above directly leads to y4® = 4" and

BB = B4 B, Based on these results, the two-way steering
LSIs can be obtained
N 1 N H,
<H>>'YSTEﬁa <H><ﬁST57- (35)

Certainly, the above LSIs can also be derived with other types
of constraints, say,

¢, = Uy la)(al|U},. (36)

The Werner states can be defined as [75]

WY = d-1+wl;®1, W X

47 d-1 a2 d-1d’
where 0 < < 1 and V is the “flip” operator defined by
Vi]g) ® Itﬁ) [¥) ® |¢). With the constraint in Eq. (36),

there is (H) = Tr(HWW) = (1 — w)/d. With the first LSI in
Eq. (35), the Werner state is verified to be two-way steerable
if 1 —w < 1/d. The steering threshold, yst = 1/d?, is a
tight bound since the known fact that Werner is non-steerable
iff 1 —w > 1/d [3].

For a mixing parameter 7, the d-dimensional isotopic state
is defined as

d®d

J=0-n

+ P+,

where P, = [y, ) (. and [yy) = 2L, [)li)/Vd is a maxi-
mally entangled state. With the constraint in Eq. (34), there is
(H) = Tr(HW]) = [1+ (d — 1)n]/d. With the second LSI in
Eq. (35), the isotopic state is shown to be two-way steerable
if 1+ (d—-1)n > Hy. It is known that the isotopic state is
unsteerable iff 1 + (d — 1)n < Hg [3], the steering threshold,
Bst = Hy/d, is also a tight bound.

C. Accompanied linear steering inequality

Besides designing the two-way criteria from the known
one-way LSIs, there are other methods, and in the follow-
ing, how to construct two-way LSIs from the Bell operators
will be discussed. Formally, a Bell inequality is expressed as
(B) = Tr(Bpap) < BnL, with Byi, the nonlocal boundary.
Following the discussion above, one can first derive the two
one-way LSIs, (8) < 478 and (8) < BATP, and then,
from the definition, BST = max{ﬁs ATB BA‘_B} the two-way

inequality can be expressed as (B ) < Bst. In this work, these
types of LSIs are referred as the accompanied linear steering
inequalities (ALSIs). From the theory of steering, the nonlo-
cality is more stronger than steering, and in general, there is a
simple relation between SBst and Sn1.: SsT < ONL-

Firstly, let us derive the LSIs accompanied with the CHSH
inequality [76]. Let Al,AQ, Bl and BQ be the 2-value opera-
tors, and with the conventional denotation, (AB) = (A ® B),
the CHSH inequality can be expressed as

(A1B1) +(A1B2) + (A2B1) = (A2B2) < fni = 2.
Let us consider the steering from Alice to Bob, and with B =
A1 ® (B1 + By) +A2® (B1 - B) and Eq. (22), one can have
four possible H(¢),

ﬂ++ = 231, ﬂ+_ = 232, H_+ = _232, ﬁ__ = _231.



The one-way steering threshold can be obtained ﬁ’é\T—’B =
max{|I:Iﬂ|maX}, and certainly, ,BQFB = 2. Now, with two

arbitrary two-dimensional unitary operators U and V, and in-
troducing following additional constraints

Bl = UO'xUJ(, ég = VO'ZVT, (37)

it can be found that ,Bé*; B remains unchanged with the con-
straints above. This property of the CHSH operator is very
different from the ones discussed above.

For the steering from Bob to Alice, another one-way steer-
ing threshold, which can be obtained with the same method,
is ﬁé*; B = 2. With two arbitrary two-dimensional unitary
operator U and V and the following additional constraints,

Al = UO'XUT, AQ = ‘_/O'ZVT, (38)

one can easily verify that ﬂé%_ B keeps unchanged with these
constraints. From the definition in Eq. (20), ALSI is known as

(A1B1) +(A1B2) + (A2B1) — (A2B2) < st =2.  (39)

In the present work, the steering threshold is said to
be LHS-attainable if it can be attained by the compatible
measurement performed either by Alice or Bob. For the
maximally entangled state |®) = (]00) + [11))/ V2, Al-
ice can perform the compatible measurement: IT{ = (/2 +
(=1%o /V2)/2, and T15 = (I + (=1)?0, /V2) /2. The mea-
surements performed by Bob are chosen as B, = (ox+07)/V2
and By = (0 — 0-)/V2. Under such conditions, there is
(B) = 2 = SBgr. Therefore, g1 = 2 is LHS-attainable.

Now, let us return to the operator in Eq. (5), it can be shown
that the experiment setting for Alice may be different from the
one for Bob. An example for such situations is in below. In
the Pironio inequality [77], the measurements performed by
Alice are two-result measurements satisfying

1
Zﬂz = Id7 M E {O, 1,...,d - 1}, (40)
a=0

with d sets of {f[;j} for a d-dimensional system, while the
measurements performed by Bob are fixed as

Y

-1 1
My =14, Y MY = 1g, (41)
0 b=0

IS
I

with just two sets of {M%?}. The Pironio inequality can be
applied for disproving the Peres conjecture by showing Bell
nonlocality from bound entanglement [78—80].

With the denotations p(ab|uv) = (fIZ ® Mf,’), palalp) =
(fIZ ® Ig), and pp(blv) = (I4 ® Mf), the Pironio inequality
for d = 3, which was used in Ref. [78], takes the form

- pa(012) = 2pp(0[1) — p(01]00) — p(00[10) + p(00]20)
+ p(01]20) + p(00]01) + p(00|11) + p(00|21) < Bxr, = 0.

To derive the Bell operator, the term 2p g (0[1) is treated with
an equivalent form: 2pg(0|1) = ((II§ + I1}) ® MYy + ((I19 +

7

I1}) ® M?), and using Eqs. (40) and (41), the Bell operator for
above inequality can be constructed,
B3 =150 M} - 11} ® MY - T1Y ® M
o M2 +119 ® (M2 — M2).
For the steering from Alice to Bob, the operators H ki koks Are
listed below:

Hooo = —My{, Hooy = —Mé - My,
Howo = -M} — M3, How = -MY{ — My,
Hygo = —M8 - Mg, Hip = —M8 - My,
Hyio = —M{ = M2, Hiy = -2MY. (42)
From the elementary property of POVM, (¢|M§’ |¢) > 0, one
may have |Hi, kyks | < 0. )
For the steering from Bob to Alice, the Hy, , are known as
Hoo = -1V — T1}, Hyy = 119,
Hyo = -T1) - 113, Hyy = -1,
Hoo = —I13 — 13, Hyy = —T19,

and with the result |I:Ik] ko | <0, there is ,8?1‘?3 = 0. By

jointing it with the result ,BSFB =0, we have g1 = 0.

For the general H; ® H, case, one may define the Bell
operator

By =11 ® (M) - M)

d-1
> (010 o a1} wg)] :
i=1

For the steering from Alice to Bob, besides I:Ioo...o = —Mll

and Hyp..q = —(d - 1)Mf, the operators ﬁk1k2...kd can be
expressed as Hy, 1.k, = —(C()M? + Z;d-zl ch(])), with ¢; €
{0,1,2,...,d — 1} and 395} ¢; = d — 1. Similarly with the

derivation for the case d = 3, one can obtain ,Bé*; B 0.

For the steering from Bob to Alice, there are

d-1
Hyo = - Z I,
=1

H[‘O = ﬁg - (d - 1)1d, Hil = —ﬁo

i

Hoi = 113,

with i € {1,2,...,d — 1}. Obviously, ﬁg,‘r_B = 0, and finally,

one can have an LSI, (Z?d) < Bst = 0, which is accompanied
to the Pironio equality in following version [79]:

d-1

p(00[01) — p(00[00) - Z [p(0i]i0) + p(10[i1)] < i, = 0.
i=1

For the Bell operator
B=6A1®1Ip+aA; @ (Bi+Bs) + A ® (B1 — Ba), (43)

where 6 > 0, @ > 1, and A,, and év are arbitrary 2-value
operators, the so-called tilted CHSH inequality, (8) < B, =



0 + 2a, has been introduced [81]. Now, we first consider tl}e
one-way ALSI from Bob to Alice, and by replacing each B,
with d(v[¢) defined in Eq. (22), one can have four possible

H(&),

Hi = (6 +2)A1, H._ =6A; +2A,,
H_+ = 5A1 2(YA2,H__ (5 2Q’)A1

With a simple calculation, there is |H..| < g; B =6+2a,
and this steering threshold remains unchanged if the con-
straints in Eq. (38) are introduced.

For the steering from Alice to Bob, by replacing each A u
with its corresponding d(u|€), there are,

H,, =06lp+ (a+ l)él + (o — 1)I§2,FI__ =-H,,,
H. =6lg+(a-1)B1+(a+1)Bs, H_, = —H,_.

If él and EQ are arbitrary, one can have |I-Alﬂ| ﬁA_)B =

0 + 2a. However, when the additional conditions in Eq 37
are introduced, it can be found that ,BA_’B dose not remain
unchanged. For example, with the su1tab1e chosen unitary op-
erators U and V, one may have a special constraint

B + By = V20, B, — By = V20, (44)

and under this condition, there should be BA_’B = 0+

2(a? +1). With the constraint @ > 1 in Eq. (43), one can
find that: (a) If @ = 1, B47°% = Bxr and (b) If @ > 1, BETP
is always lower than the nonlocal threshold An1, = 6 + 2.
Now, define a new parameter 0 = \/56/2, and based on
the denotations above, the one-way LSI from Alice to Bob,
(B) < 6 ++/2(a? +1), can be expressed with an equivalent
form

<6+ Va2 +1. (45)

The above inequality has already been derived in Ref. [82]
with a different method. This criterion has been applied for
the task of robust semi-device-independent certification.

In the end of this section, a simple example will be given to
show that the two-way steering LSI can also be derived from
the entanglement witness. The entanglement witness ‘W is an
operator satisfying the following two conditions: (1) For any
separable state p\p, Tr(‘Wp'E) > 0 and (2) There exists at
least one entangled state pc“t such that Tr(‘Wp) < 0 [6].
Consider a simple entanglement witness

6(A1) + a(A10z) + (A207x)

1
W = 512 ® Iz — | )W+,
where [y,) = (J00) + |11))/V2, and it can be rewritten as
-0, ® 0y).

1
W=1(12®12—0'x®0'x+0'y®0'y

With a simple calculation, one can have the two-way LSI,

1-V3 1+V3
4 4

<(W) <

which is designed from the entanglement witness.

IV. DETECTING GENUINE MULTIPARTITE TWO-WAY
STEERABILITY

As shown in introduction, a fundamental property that
steering is inherently asymmetric with respect to the ob-
servers [9, 10] is quite different from the quantum nonlocal-
ity and entanglement. In this section, the concept of gen-
uine two-way steerability for multipartite system will be in-
troduced first, and then it will be shown that the genuine two-
way steerability for multipartite system can be verified by the
LSIs.

A. Genuine multipartite two-way steerability

For a three-particle system papc, the state is fully sepa-
rable if it can be written as p%5, = X prpg ® pP @ pf,
where pj form a probability distribution. If a state is not of
this form, it is entangled. A state is biseparable if it takes the
form like P50 = 2k Pk p‘,?B ® p§. More generally, mixture
of bisparable states for different partitions are still bisepara-
ble [6, 7],

= P1Pap.c ¥ P2Pncp ¥ P3Ppc.ar  (46)
and a state, which is not biseparable, is genuine multipartite
entangled (GME).

The first definition of genuine multipartite nonlocality was
proposed by Svetlichny [83]. For a Hilbert space Hs ®
Hp ® Hc, POVMs can be defined for each local Hilbert
space: X, I1¢ = 14, M;’ = Ip, Y. N{ = Ic, and the
expectation (lclﬁ ® M;’ ® 1\72) is denoted by p(abclxyz) =
(fI}‘ ® M;’ ® Ng'). For an LHV model, p(abc|xyz) can be
written in the form [83]

plabelryz) = / dq(D)pa(ablry)pa(cl2)

bs
PaBc

+/duq(u)p,,(a6|xz)pp(b|y)

+ / dvg(py(bely)py(al),  (47)

Wherefd/lq(/l)+f d,uq(y)+f dvq(v) = 1. The convex com-
bination represents a situation where only two parties share
a nonlocal resource in any measurement run. On the other
hand, if p(abclxyz) for a given state p cannot be written
in the above form, it is necessary that the three parties must
share some common nonlocal resource, and then the state is
genuine multipartite nonlocal (GMNL). Now, it is possible to
write down Bell inequalities, (3 ) < BaMmnL, wWith Bgunt, the
threshold for multipartite nonlocality. If the inequality is vio-
lated, one may conclude that the correlations p(abc|xyz) are
genuine multipartite nonlocal.

Following the general theory in Ref. [3], we shall give a def-
inition for the genuine multipartite steerability (GMST) with
the following two constraints: (1) The genuine multipartite
entanglement is weaker than the genuine multipartite steer-
ability,

YoaMsT € {PaME} (48)



which declares that each pgysT belongs to the set of GME
states; and (2) The genuine multipartite nonlocality is stronger
than the genuine multipartite steerability

Vpamnt € {pamsT}, (49)

and every GMNL state must be a GMST state. Under these
two conditions, a multipartite LHS model, which is based on
the fundamental definition of the LHS model in Eq. (2), can
be constructed.

For a given partition AB : C, according to Eq. (2), one
can easily have the definitions for the three-particle state to
be steerable from AB to C (AB — C) and C to AB (C —
AB) through the following four steps: (1) When the set of
measurements {f[ﬁ ® Mf ® ]\72? } is performed, the conditional

states are defined as 592 = Tr(papcI¢ ® MY ® Ic) and ¢ =

Tr(papcla®Ip® 1\7;). (2) If the assemblage {ﬁﬁ;’} does not
admit an LHS model like

ﬁﬁzyj=/dflg(fl)P(ab|xy,§1)p§1, (50)

we say the state is steerable from AB to C. An equivalent ver-
sion of the above equation is

plabelxyz) = / dE1Q(E)p(ablry.é)Tr(Nepgy). (1)

(3) If the assemblage {p¢} cannot be expanded as

J =‘/d§29(§2)p(0|2,§2)ﬁ’§2’ (52)

the three-particle state is steerable from C to AB. The equation
above can also be expressed as

plabclya) = [ des0uepcl &) T @ 1lpe,).
(53)
(4) By jointing Eq. (51) and Eq. (53) together, for the given
partition AB : C, one can define the two-way steering: If the
correlation p(abc|xyz) cannot be expanded as

plabeleys) = g1 f 4,196 p(ablxy. £)TE (NS pey)

+a2 [ de0@ )T 6 M pe,),
(54)

with g1 + g2 = 1, the three-particle state is two-way steer-
able, AB = C. The definition for AC < B and BC < A
can be constructed similarly. By collecting all the definitions
together, a generalized LHS model can be obtained for the

correlation p(abelxyz):

plabelyn) = a1 [ de9)pably. 6 TN pg,)
+ 2 [ dE0(Ep(ele )T & Ml pe,)
+as [ desuEpaciz )T p)
+ a1 [ dEQ(EDPOIy )T © Np,)
+a5 [ des(Eplbelyz &) T(Mpe)

+ o / dE6QE0)p(alr. £0)Tr(M? © NSpe,),
(55)

where fdka(fk) =1 and 22=1 qr = 1. If p(abclxyz) do
not admit such a model, then the state is called genuine multi-
partite (two-way) steerable. The above definition can straight-
forwardly be extended to the case with more than three parti-
cles.

It can be shown that the constraint in Eq. (48) is satisfied:
All the biseparable states in Eq. (46) always admits the gen-
eralized LHS models. First, let p5%, - = [ déQ(&)p*B(¢) ®
pC (&), which is a usual definition for the biseparable state,
and then

plabclya) = [ deaerts [ o 42" )] T [Np €]
(56)
Let p(ab|xy,£) = Tr[T1¢ ® M2 pAB (£)], and p(abc|xyz) in
Eq. (56) is similar with the first term in Eq. (55). Second,
let Tr[NSp€ (€)] = p(clz, €), and p(abelxyz) in Eq. (56) is
similar with the second term in Eq. (55). For the same reason,
one may verify that p(abc|xyz) for pgscj: p can be expressed
by the third and fourth terms in Eq. (55), and p(abc|xyz) for
p?c: 4 can be expressed with the last two terms in Eq. (55).
The first term on the right hand of Eq. (55) can be rewrit-
tenas g1 [ d&1Q(&1)p(ablxy, £1)p(clz, &) with p(clz, é1) =

Tr(NZcpfl), and the second term can be expressed as

q2 [ déx2Q(€)p(clz, £2)p(ablxy, &) with plablxy,&) =
Tr(f[ﬁ ® M;’ p&,). Both the integrals belong to the first term
on the right hand of Eq. (47). Furthermore, one may verify
that the third and fourth term on the right hand of Eq. (55) be-
long to the second term on the right hand of Eq. (47), and the
last two terms in Eq. (55) belong to the final term in Eq. (47).
Based on these results, one may conclude that the constraint
in Eq. (49) does hold since the generalized LHS model in
Eq. (55) belongs to the general LHV model in Eq. (47).

B. LSIs for multipartite system

The LSI in Sec. III is designed for detecting the steerabil-
ity for bipartite system, and to construct LSI for multipartite
system, some denotations should first be introduced. Instead
of the usually used symbol papc, p123 is used to denote the



three-partite state. Furthermore, the symbol ij — k , with
i+ j#k,andi,j, k € {1,2,3}, represents the case that the
particles i and j are on Alice’s side, and the particle k is on
Bob’s side. At the same time, it is always supposed that only
the measurements on Bob’s side are trusted. For a Hermitian
operator H,

H= Z Z y(abc|xyz)¢ ®M;’ ®1\7§, (57)

a,b,c x,y,z

the operator H'2~3 can be defined

2275 = 3N y(abelryypabley. NS, (58)

a,b,c xX,y,2

and it can be understood that the operator fI“ ® M b inEq. (57)
is replaced by p(abl|xy, &), which is the predetermlned value
of I1¢ ® M? in an LHV model. Similarly, the operator H'~2
is

ﬁl—>23

= Z Z y(abclxyz)p(alx,f)Mf@Nzc. (59)

a,b,c x,y,z

The rest ones can be constructed in a similar way.
Now, suppose that correlation p(abc|xyz) for p1o3 admits
the generalized LHS model in Eq. (55), and one may obtain

i =a1 [ aa0e) )
+ 2 [ dB0ETE 00
+ s [ dB0E T )
+ g1 [ dEQE)THE )
+a5 [ dssQ(E) T p)
+ao [ AR T 0g). (@)

The threshold for genuine multipartite two-way steerability
Bcewst is defined as

Panst = max{|HUZH T AT (61)
ij

where i # j # k and i,j,k € {1,2,3}. Based on the
results Tr(pg HY7F) < [HUZK|™ax ) Tr(pg HU) <
|H*=imax - [ dgQu(é) = 1, and $5_ g« = 1, an LSI
for multipartite case can be obtained

(H) < BamsT. (62)

If this inequality is violated, we say that the state is genuine
multipartite two-way steerable. Finally, if SgmsT can be ob-
tained with the compatible measurements performed by Alice,
we say that the SgvsT is an LHS-attainable threshold.

10
V. APPLICATIONS

In the section above, we have developed a protocol for de-
tecting GMST with LSIs. In this section, some explicit ex-
amples will be provided for constructing the multipartite LSI
from a given operator.

A. The Svetlichny operator
With the conventional denotation ABC = A ® B® C , the
Svetlichny operator is [83]

.@SVQ =A1B1Ci+A1B1Cy + AsB1(Cy
+ A1B2Cy — A1BsCy — AsBoCq

—A2B1C,
— A2B2Cy,
where all the operators A;, B;, and Cy are 2-value operators.
The original Svetlichny inequality, which is designed to detect
the GMNL, takes the form: (Bgve) < BomNL = 4.

First, let us consider the case that particle 1 is on Alice’s

side while the rest two are on Bob’s side. Using Eq. (22), the
operator H1723 becomes

2(0|€)(B1C1 + B1Cay + B2C1 — B2Co)
+ 0(1]€)(B1C1 — B1C2 — BoCi — B2 (o).

H1—>23

Accordmg to Eq. (17), there are four terms, Hoo =2(B1Cy —
B2Cs), Hy = 2(B1C2+B2C1), Hig = —2(B1C2+B2C1), and
H11 = 2(-B1C1 + B2C3). Note that the operator B;Cy is still
a 2-value operator, and then |Hap|™* < 4,Va,b € {0,1}.
Therefore, |[H~23|max < 4,

Second, we consider that particles 1 and 2 are in Alice’s
hand while particle 3 is in Bob’s hand. With I19 — T} = A; By,
ﬁg - l:[% = A1B2, ﬁg - l:[é = AgBl, and ﬁg - ﬁ}l = A2B2,
from Eq. (22), there is

H"™7% = 3(1|€)(C1 + C2) + d(2]¢)(Ca — C1)
+0(3|€)(C1 — C2) — d(4E)(Cr + Co),

apd according to Eq. (17), there are sixteen terms: I:Ioooo =0,
Hooor = 2(C1 + C2), Hooro = 2(C2 — C1), Hoo11 = 4Ca,
Hoioo = 2(Cy - C2), Hoio1 = 4Cy, H0110 =0, H0111 =
2(C1 + Co), Hiooo = —2(Cy + Ca), Hypor = 0, H1010 =
~4Cy, Hion = —2(C1 - Cy), Hio = —4Cy, Hion =
2(Cy — Cg) Hi110 = —2(C1 + Cg) and H1111 = 0. With
the definition |H1273|max = maxubcdﬂHab 4|}, we have
|H12—>3|mdx = 4. Slmllarly, |H13—>2|max — |H2—>13|max — 4,
and |[H2371|max = |g3-12|max ¢ 4 According to Eq. (61),
we can obtain SgmsT = 4. The LSI constructed from the
Svetlichny operator is

<-@SVe>

The maximum value, <gSvc>maX = 44/2, can be attained for
the Greenberger-Horne-Zeilinger (GHZ) state [84], |®guyz) =
(1000) + [111))//2, with the experiment settings: A; = o,
As = oy, By = (0x — 0y) /N2, Ba = (0 + 0y) /V2, C1 = 0,
and Co = —0oy. If the compatible measurement in Eq. (4) is
performed by Alice on particle 1: ﬁi‘ = (I+(-1)%0 /V2)/2,

< Bamst = 4. (63)



5 = (I + (-1)?0y/V2)/2, and the settings for particle 2
and 3 keep unchanged, one can have (@SVC) = 4. From it, we
know that the steering threshold in Eq. (63) is LHS-attainable.

B. The Mermin operator

With the usually used denotation X = o, ¥ = o, and
Z = o, the Mermin operator can be introduced [85],

Brter = X1 X0 X3 — X1YoY3 — V1 Xo¥3 — V1 Vo Xs. (64)

For the case in which particle 1 is on Alice’s side and particles
2 and 3 are on Bob’s side, the operator H* 23 can be given

H'™% = 0(11€) (X2 X3 ~ YaY3)
= 0(2[6)(X2Y5 + Y2 X3).
According to Eq. (17), there are four terms
Hyo = XoX3 — YoY3 — Xo¥3 — Yo X,
Hoi = XoX3 — YoY3 + XoV3 + Y2 Xa,
Hig = —X2X3 + YaY3 — Xo¥3 — V2 X3, (65)
Hyi = —XoX3 + YoYs + XoV3 + Yo X3.
With a simple calculation, |Hpe|™ax = 242, Vb, c € {1,2},
and therefore, |[H™23|™2% = 24/2. Via the similar derivation
of the Svetlichny operator, there is |[H'273|™a = 2+/2. The

Mermin operator is invariant under relabelling the sites of the

particles, and one can obtain |H1723|max = |f2-13|max —
|ﬁ3—>12|max and |I:123—>1|max — |I:113—>2|max _ |ﬁ12—>3|max.

Collecting the results above together, there is SBaysT = 2V2.
Finally, the LSI, where the Mermin operator is applied for
detecting GMST, can be expressed as

(Burter) < BamsT = 2V2. (66)

Here, it should be noted that the original Mermin inequality,
(Z%Mcr) < BnL = 2, is designed for detecting nonlocality for
three-particle system, while the Svetlichny inequality is de-
signed for detecting the genuine three-partite nonlocality. For
the Mermin operator, the steering threshold (BgnmsT = 2\/5)
is not equal to the nonlocal threshold (BN, = 2).

C. The GHZ-type operator

As the third example, we consider the operator
Hcuz = X1 X2 X3 — X1YoY3 — Y1 XoYs — Y1Y2 X3
+ 211273+ 112273+ Z1 2513, (67)
with Iy the identity operator for particle k. The subscript GHZ
indicates the maximum value of the operator is obtained from
the GHZ state, say (HgHZ )max = 7-

At first, we start with the case where particle 1 is on Alice’s
side. According to Eq. (59), the operator H' 2 becomes

H'7% = (1|€) (X2 X3 - YaY3)
= D(2[€)(XaY3 + Y2 X3).
+ p(013,6)(ZoZs + Zol3 + 12Z3)
+ p(113,6)(ZoZs — Zaol3 — 12Z3),
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and according to Eq. (17), there are eight terms,

Hapo = Hap + ZoZs + Zol3 + 73,

Hap1 = Hap + Z2Z3 — Zo13 — 1373,

where a,b = 1,2 and I-AIu;7 is given in Eq. (65). With
the standard way to calculate the maximum eigenvalue of a
Hermitian operators, one can obtain |1'{VabC|““"X =1+ 2v3,
Va,b,c € {0,1}. Certainly, |[H1723|max = 1 4 24/3,

Second, we consider the case where the particles 1 and
2 is in Alice’s hand. There are seven measurements per-
formed by Alice, and let us arrange these measurements in
sequence, X1X2, X1Y2, Y1X2, Y1Y1, Z1 12, 11Z2, and 21Z2. Us-
ing Eq. (22), one can formally have

7
H278 =" o (ulé) F,
pu=1

where FM can be given in sequence: X, =Y, =Y, =X, Z, Z,
and /. From the definition ﬁkl koo kr = Zzzl(—l)kﬂﬁﬂ, it can
be easily verified that |I:Ik1 Kook | < 14 2+/3. Moreover,
based on the fact that the operator in Eq. (67) is invariant under

relabelling the sites of the particles, and with known results for
H'™23 and H'273, the LSI can be given

(Honz) < Bamst = 1+2V3. (68)

D. Unequal-weighted LSIs

The above three examples are all equal-weighted, the ab-
solute value of the coefficient for each 2-value operator, say,
ABC, is 1. In general, one may design unequal-weighted LSIs
from the equal-weighted ones. For example, one can design a
simple one from Eq. (67)

Hlypy = X1 X2X3 — X1YoY3 — Y1 Xo¥3 — V1Yo X3
+ 0’(2112Z3 + 11Z2Z3 + 21Z213), (69)

where « is a real coefficient. With the derivation given in
Appendix B, an LSI can be obtained

(Hiyg) < Bomst = |a] +2Va? +2. (70)

By letting @ = 1, the LSI in Eq. (68) is recovered. If @ = 0,
then Eq. (66) is also arrived at.

With experiment values (a) = (Myier), (b) = (Z112Z3 +
I1Z2Zs + Z1Z513) and Bgumst, the optimal choice of « is
defined to be the one which makes the ration R = [(a) +
a(b)]/Bcmst has the maximum value. As an example, for
the GHZ-type state,

1-V
p = V|®cuz){Pcuzl| + — I
there are (a) = 4V and (b) = 3V. The numerical calculation
give the optimal choice @ = 0.709 and Ry, = V/0.632. Now,
if V > 0.632, then the GHZ-type state is shown to be genuine



three-partite steerable. The value V > 0.632 is better than the
one V > (1 +2v/3)/7 obtained from the LSI in Eq. (68).
Another unequal-weighted operator can be defined as
I:I = )/(111223 + 21113+ 11 Z513 + 21ZQZ3)
+ Z1Zols+ 11 ZoZ3 + Z11573 (71)
+0(X1X2X5 — YV1Ya X5 — X1Yo¥3 — Y1 XoY3)

where y >
come to

0. With the derivation in Appendix C, one can

BomsT = 142y +24/(1 +y)2 + 262 (72)

Let (Ll) = <11[223 + Z11215 + 11 Zo15 + 212223> (b)
<212213 + 112223 +211223> and (C) <X1X2X3 - Y1Y2X3 -
X1Y2Ys — Y1X2Y3), the expectation of H becomes more com-
pact: (H) = y(a) + (b) + 6(c). The free parameters, y and &,
may be chosen according to the experimental data, (a), (b),
and (c).

Let us consider the generalized GHZ state

|®) = cos %|ooo> +sin %|111>,

with 0 < w < 7/2, and the expectations can be calculated,
(a) =4cosw, (b) =3, and (¢) = 4sin w. Now, one can make
such a choice that

¥ =cosw,d = sinw, (73)

and a fixed expectation (H) = 7 can be obtained. Under the
choices in Eq. (73), the threshold SgmgsT is a function of w,

BomvsT(w) =1+2cosw + 2\/(1 +cosw)? + 2sin? w.

Setting dBgmsT(w)/dw = 0, one can obtain the maximal
value of BomsT(w), max,, BomsT(w) = 7, when w = 0.
Therefore, in the parameter range 0 < w < /2, which is al-
lowed for the generalized GHZ state, there always exists that

(H) > BemsT(w).

Thus, we conclude that the generalized GHZ state is genuine
three-partite two-way steerable.

E. Arbitrary N-particle case

The above examples are all about three-particle cases. For
the general N-particle case, the derivation of LSI usually be-
comes very tedious as N is increasing. However, if the opera-
tor

N
y(kika. k) () AL, (74)
=1

keeps unchanged under relabelling the sites of the particles,
the derivation of the LSI may become simplified. For such a
completely symmetric H, considering the case that the parti-
cles 1, 2, ..., and m are on Alice’s side, and the rest ones are
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on Bob’s side, an operator H™ (&) can be introduced and the
one-way steering threshold from Alice to Bob can be calcu-
lated with H™ (&), ,BA_’B = |[H™(&)|™*. If all the calcula-
tions have been completed, the steering threshold BgumsT 1S
also obtained,

Boust = max_|H™(&)[™. (75)

me(1,2,..,N-1}
As a concrete example, let us consider the operator

N N

Hxanz = () (10);(11) + ) (11),;¢0),  (76)

J=1 J=1

which is invariant under the relabeling the sites of particles.
The subscript indicates that maximal expectation of the op-
erator, (HNnGHz)max = 1, can be attained for the N-particle
GHZ state, |®ncuz) = (®L,10); +®N1|1>,)/\/’ with |0);
and |1); the basis vectors for the jth partlcle Certainly, using
the simple relations

1 .

5 (o o), [1{0] =

1
[0)(1] = 5 (o —ioy), (77)

I:INGHZ can be expressed as the form in Eq. (74). Now, let us
introduce the following operators

m m

A= ) (10),11) + X (11),401) .
j=1 J=1
A =i &) (10),11) =1 X (11);401).
Jj=1 J=1
. 1 >
FNom : l (10),1)) + X (|1>j<0|)l ;
Jj=m+1 J=m+1
. i & >
Y=l [ & (10¢1) - & ('1>j<0|)l’ (78)
Jj=m+1 J=m+1
and Hyxgrz can be decomposed as
2
e = 3 A £ 19
pn=1

With the decomposition above, assuming that each AZ‘ can
be expanded with a set of 2-value operators {B,} as A:’] =

Dix cfléx, and replacing each B, with d(x|¢), we define the
two functions

fu@) = Y epd(xld), u =12, (80)

X

with d(x|&) € {1, —1}. The operator H™ (&) can be expressed
as H™(¢) = Zi:l Su (f)F[)"m. The maximum eigenvalue for

H™(&) can be derived

|H™ (&)™ = max (¢|H™(£)|¢). (81)

[¢).0(x|£)



It can be noted that the operator F {V ~" has only two non-zero
eigenvalues, +1/2, with the corresponding eigenvectors

—*g(@) OYEN |1>/)-

j=m+1 Jj=m+1

Obviously, the nonzero eigenvalues of FQN " are also +1/2
with the corresponding eigenvectors

s = (® |0>+1® 11, >)

Jj=m+1 Jj=m+1

To obtain |[H™ (£)|™%, it is only required to design |¢) with a
two-parameter model

9 N 9 N
— . —i¢ o .
|@) 0052 ® |0); +e sm2 ® [1);.

j=m+1 Jj=m+1

Simple algebra shows that (¢|F1N_m|¢) = sinfcos¢/2 and

(¢|F21V‘m|¢) = sin @sin ¢ /2. The optimal choice of 6 is 6 =
/2. Now, the Eq. (81) can be simplified as

AEME)™™ = max (cos¢fi(§) +singf())  (82)

Before proceeding the derivation, an interpretation for the op-
erators in Eq. (78) can be given first. Now, we define a state

9y = — (® 10); + ® |1>]), (83)

which is nothing else but the GHZ state for m > 3. The op-
erator | )(¥"| can be decomposed into two terms: The di-

agonal term (®;"=1 |0);€0] + ®:"=1 |1)j(1|) /2, and the off-
diagonal term (®T=1 10);(1] + ®;”=1 |1)j(0|) /2. The off-

diagonal term can also be expressed as AT /2. Meanwhile,
another state can be introduced as

1 m m
=— 0y, +i . 84
@(gglﬂ >’“(§>'1>’) (84)

which is also a GHZ state for m > 3. The off-diagonal term
for [@")(D™| can be expressed as —A7'/2. In 1990, Mermin
introduced an operator

m m

Brter = % [@ (0'){ + ia‘ﬁ) - ® (0'){ - ia‘ﬁ)l , (8

Jj=1 Jj=1

with o and o the Pauli matrices for the jth particle, and
it was showed that the Mermin’s inequality is maximally vi-
olated by the states in Eq. (84) (for m > 3) [85]. When
m > 3, with the simple relations in Eq. (77), one can have
@Mcr = —2’”_1145”. Usually, the Mermin’s operator can also

be defined as @Mer = 2m‘1A§", and the Mermin’s inequality

13

is maximally violated by the state in Eq. (83). In Eq. (78), the
definitions of F " are very similar to the ones for AZ‘
According to the operators in Eq. (78), one can construct
A Am-1 ; .
A from AJ7™" via a following way:
1

A;” = §(AT_1 ® oy + A;”‘l ® 0y),

N 1 N “

Al = 5(—Ag“—l ® oy + AL ® o). (86)
= —oy, and there are Af =
(0x®0y—0y®0y) /2 and A2 = (0 ® 0y +0y @) /2. Using
Eq. (86) again, one can obtain Af = (0x®0x Q0 —0y®0y,®

Let us start from A] = o and A%

Tx—0x®0y @0y — 0y ®0x®0y)/4 andAg =—(0x Q0 ®
Oy =0y ®0, 0y +0x R0y ®0x+0y,®0x®0y)/4. Now, let
S;”=3 = {0x®0x®0y, Ty®0y®0, Tx®Ty®0y, Ty ®0‘x®0'X}
be the complete set of the 2-value operators appeared in Af
with non-zero coefficients, and 53"23 ={ox®0,®0y,0y®
Oy®0y, Tx®Ty ®0y, 0y ®Ty®07 } is the complete set for the
ones in A3. The definitions for §7=3 (u = 1,2) can be easily
generalized to the cases with arbitrary m. For two arbitrary
2-value operators G € §”=% and K € S7'=3, with the explicit
definitions for S"’:3 above, one can easily verify that G #K.
With Eq. (86) one can have that the operators in S7'~ =4 take
the form +G ® Oy Or +K ® oy, while the operators in S5~ =4

are +K ® o, or £G ® oy. Since G # K, one can conclude
that the two sets, 7'~ 4 and S5 =4, do not share a common 2-
value operator. For the same reason, one can conclude that the
operators in 7' (S7') are independent from the ones in S7' (S")
as m increases.

Formally, a single index x is used to label the 2-value op-
erators in the set 7", and ST = {G }. From Egq. (86), A;”
can be rewritten as A”' = Zimll cxG /2™ with |ey| = 1.
Meanwhile, the index y is used to label the 2-value opera-
tors in the set SY', S5 = {1% }, and A’” can be rewritten as

22’"1 ¢yKy, /21 with |¢,] = 1. From Eq. (80), two
functlons can be obtained as follows

1 2m71
(&) = gy D exd(lé), with ey =1,
x=1
1 2m71
(&) = gy D 60016, with ey =1, (87)
y=1

with d(x]¢) € {1,-1} and d(y|¢) € {1,-1}.

Since the two sets §7" and S5' do not share any common 2-
value operator, the two sets of parameters {d(x|£)} (in f1(£))
and {d(y|€)} (in f>(£)) should be independent from each
other, and Eq. (82) becomes

2[H™(§)] = max coscﬁﬁfgﬁ;fl(f)+Sin¢br3§§)f2(§) :

With the expressions in Eq. (87), one can have
maxXy(x|&) fi€) = maxXy(y|&) f2(¢) = 1 and obtain the
optimal choice of ¢ satisfying cos¢ = sing = 1/V2.



In Eq. (87), although each f,(¢) has a number of 27!
free parameters d(x|&) (or d(y|&), it also contains a factor
1/2™1, and this is the reason why maxy(x|¢) f1(§) and
maxy(y|¢) f2(£) keep unchanged when m is increasing.

Finally, one can obtain a relation, |H™(&)|™™ = 1/v2,
which is independent of the actual value of m. According to
the definition in Eq. (75), an LSI for detecting the genuine
N-partite two-way steerability is arrived at

< BaMmsT = \/—5 (88)

(Fincnz) >

where it is required that ﬁNGHZ should be expressed as the
standard form in Eq. (74). If N = 2, the inequality becomes
(ox ®0x) —(0y ®0y) < V2. Obviously, it is similar to the
LSI in Eq. (23). For the case N = 3, it can be easily verified
that the criterion in Eq. (88) is equivalent to the two-way LSI
in Eq. (66) constructed from Mermin’s operator, 5§mer = 4AA§.

It should be emphasized that the ways to deal with the mul-
tipartite steering are not unique [63]. The way in this work
belongs to local steering introduced by He and Reid [57]. As
shown in Eq. (57), for the three parties case with a given par-
tition (AB|C) and the untrusted parties (A and B), only local
measurements are allowed. Besides the local steering, there
are other two types of multipartite steering, the global steer-
ing and reduced steering [63].

For the three spin-1/2 particle system, 2-value operators
are widely used. However, if the dimension of local system
is greater than two, one shall encounter the general Hermitian
operator which is not a 2-value operator. In the end of this
section, a way to deal with the general operators is suggested
with a simple example where the global steering is considered.

In the global steering, the untrusted parties can perform
global measurement. Consider the global steering from Al-
ice to Bob, and for the decomposition of I:INGHZ in Eq. (79),
each A/’f is no-longer a 2-value operator if m > 2. In the d-

dimensional system with d = 2™, the eigenvalues for each A:’]
are =1 and 0 (with a number of d —2 zeros). Denote the eigen-
vectors corresponding two nonzero eigenvalue of A* by |¢%)
and |¢7), say, AT'|¢]) = |¢;) and AT'|¢]) = ~|¢7), and one
can define

2
I = i)k (k=1,2), I =1,- Y T, (89)
k=1
and express A” as A7 = I1!

the eigenvectors, Ag‘lgﬁ%) =
can also define

—~ I12. Similarly, by introducing
|¢5) and AZ'[¢3) = —|43), one

2
I = [65) (5] (k = 1.2), M9 =1y- ) TI,

and have the relation Ag’ = f[% —ﬁ%. Furthermore, the operator
in Eq. (79) can be rewritten as

2
I:INGHZ = Z(ﬁ}‘ - ﬁi) ® I}lll\/—m. (90)
n=1
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The operators ﬁz above can be viewed as the global mea-
surements, and obviously, these operators do not satisfy the
local-measurement requirement in Eq. (57). For the steering
from Alice to Bob, each ﬁl’j with k € {0,1,2} should be re-
placed with its corresponding p(k|u, &) under the condition
Zizo p(k|u, &) = 1. In the deterministic model, p(k|u, &) €
{0, 1}, there are altogether three situations: (a) p(0lu, &) =
Lp(lu &) = p(2|n, &) = 0; (b) p(1w, &) = 1, p(0lp, &) =
p(2|p, &) = 0; and () p(2[w, &) = 1, p(0lp, &) = p(1[w. &) =
0. Now, for the global steering from Alice to Bob, there are
nine possible H (), and besides the trivial one Hoo = 0, these
operators are listed as follows

H()l FN " 1:102 = _vaN—m
H10 FN m H20 - FN m
Hyy = FN™" 4 FN-™ Hypy= FN™" — FQN"",
H21 =—F1N m+F2N_m, 1:122 =_F1N_m_ﬁ2N_m'
By some algebra, |Hoi|™® = |Hgo|™* |Hyo™ =

|Hao|™* = 1/2, and |Hy1|™* = |Hyo| ™ = |Hy|™™ =
|[Hapo|™* = +2/2.  From the definition, 4% =
maxy pe(o,1 2}{|ﬁ »|™?*}, one can obtain the one-way steer-
mgthreshold,BA_’B V2/2 for the case when there are m par-

ticles on Alice side. Via the similar derivation, ,BA‘_B V2/2.
Finally, one can come to a two-way criterion for the global

steering, (HNGHZ) < 1/v2, where Hncuy takes the form in
Eq. (90).

VI. CONCLUSIONS

For a bipartite system, the steering from Alice to Bob is
defined with the assemblage {6y} in Eq. (1). By performing
the state tomography, Bob can decide the assemblage. Un-
der such a condition where the full information about the as-
semblage is already known, the so-called linear steering in-
equality (LSI) from the semidefinite program (SDP) can be
constructed [47]: For a given assemblage {p}}, the SDP is
designed for testing whether it admits an LHS model. If {py; }
demonstrates steering, the solution of another program, which
is based on the duality theory of SDPs, returns Hermitian op-
erators {F 4} which can be used to define a steering inequality

2 2ia It (ﬁZFS) > Brus satisfied by all LHS assemblages

and violated, in particular, by {p};}. Obviously, the LSI is a
powerful tool in detecting the steerability.

In this work, the LSIs developed above can work without
the full information about the assemblage. According to the
fundamental idea that a one-way steering inequality can be
constructed by just considering the measurements performed
by Bob [5, 27, 66], a general scheme has been developed to
design two kinds of LSIs, which can be applied either for de-
tecting the two-way steerability of a bipartite system or for
verifying the genuine multipartite two-way steerability of a
multipartite system.

For the bipartite system, the two-way criterion is con-
structed from a pair of one-way LSIs. Being compared with



known protocols for designing one-way LSIs [5, 27, 66, 73,
74], the present method is general in following two aspects:
At fist, it has been shown that the one-way LSI can be con-
structed with an operator containing free parameters; In sec-
ond, the known LSIs in [5, 27, 66, 73, 74] can be formally

expressed as (H) < ,BQT_’ B In this work, it has been demon-

strated that the same operator H can be also applied to design

another one-way LSI, yé*T_’ B < (H). We have given an ex-

plicit criterion, which belongs to the type of 7?; B < (H), to
detect the steerability of Werner state.

In previous works, how to define and detect the genuine
multipartite steerability (GMS), is still an unsolved problem
[57-61]. In present work, based on the two assumptions that
GMS is stronger than the genuine multipartite entanglement
and GMS is weaker than the genuine multipartite nonlocality,
we have given a definition of the two-way GMS with a gen-
eralized LHS model. Several LSIs have been developed for
detecting the two-way GMS.

For the multipartite system, the LSIs in this work are lim-
ited for the case where the measurement has a finite number
of experimental settings. To show whether a state is genuine
multipartite steerable, as it has been required in the bipartite
system, the continuous experimental settings should be con-
sidered [3]. We leave such kind of LSIs as our future works.
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Appendix A: Derivation of Eq. (31)

For the two sets of projective measurements, {|¢{)} and
{|¢12’)}, they are related by a unitary transformation U with
U,p as its matrix elements, and

b
|¢?) = Uub|¢2> + Z Uacl‘ﬁ%)
c#b
For convenience, one may introduce two parameters, 6 and 1,
and rewrite Uy, as

0 . 6
Uap = cos 3 exp{in}, cos 5= |Uup|.

With the unnormalized state |) = 3 .5 UacldS), one can
define a pair of orthogonal states

le1) = exp{-in}|¢3), le2) = %

Certainly, (e;|e;) = 6;; with i, j € {1,2}. Now, the two states,
|¢$) and |¢12’), can be expressed as

; 0 .0
195) = explin}ler). [¢9) = cos Tler) +sin 3 les).
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With the Pauli matrices, o
—ile1){ea| +ilez){e1|, and o7,
have

|€1><€2| + |€2><€1|, oy =
le1){e1| — |e2){e2|, one can

1 1
[ ) (BT = 5(12 +cos fo, +sin foy), |#5)(p5| = 5(12.|.0-Z)_

For the operator in Eq. (30), when the steering from Alice
to Bob is considered, one can obtain

H(g) = (1+cosw) (Z v(rill,f)l¢i‘><¢i‘l)

+ (1 - cosw) (Z p(bl2,§)|¢'5><¢é’l) :
b

Within the deterministic model, if p(al|1,£) = p(b[2,¢) = 1,
the operator H,;, can take the form

Hap = 2(cos” T167) (@1 +sin® Z105)(65)).

With the expressions of |¢7)(¢¢| and |¢’2’)(¢’2’|, H,yp, can also
be expressed as

2

. ) w w .
Hyp, = I + (sin® 3 + Cos 3 cos 0) o, + cos> 3 sin oy

The quantity |Hap|™2%, which is the largest eigenvalue of
H,p, can be derived,

[Hap| ™™ =1+ \/(sin2 % + cos? % cos 0)2 + (cos? % sin 0)2

. 0
= 1+\/coszw+sm2w(3082 7

By jointing it with the relation cos g = |Ugap|, there is

[Hap ™ =1+ \/C082 w +sin? w|Ugp 2.

Finally, according to the definition pBA~B =

maxa,b{U:Ia;, |max} | the steering threshold is

BB =1+ \/0032 w +sin? w|UN"|2.
a

where |UZ£t| has the largest value among all the possible
|Uab|’va7 b € {05 1’ [RET) d - 1}~

Appendix B: Derivation of Eq. (70)

For the operator

H=X1X2X5 — X1YoY3 — Y1 XoV3 — Y1 Yo X5
+ 0’(211223 + 1122Z3 + Z12213),

we consider the case where particle 1 is in Alice’s side while
the rest two particles are in Bob’s side. With the replacement:



Xl - b(“f)v Yl - b(2|§)’ Zl - b(3|§)7 and Il - 17 one
can obtain
H'™%3 = d(11€) (X2 X3 — Ya¥3) — D(2]¢) (Xo¥s + Y2 X3)
+ a[d(3|€)([2Zs + Zol3) + ZoZ3].

To calculate the eigenvalues, H' =23 can be rewritten as

a(1+20(316) 0 0 2(d(1)é) +id(21¢))
0 -a 0 0
0 0 -a
2(d(1l§) —iv(2[¢)) 0 0

0 b
a(1-20d(3[¢))

which has four eigenvalues, A4, A3, and A4,

2
L=ax 2J 3 (0(j16))2 + (ad(316))2,
j=1

/13 2/14 = —a.

Based on the constraint that —1 < d(j|€) < 1,5 € {1,2,3}, it
can be verified that

[H17Bmax <o +2V2 + a2

Considering the case where particles 1 and 2 are on Alice’s
hand while particle 3 is on Bob’s hand, with the replacement:
X1Xo — d(1]€), X1Yo — d(2[§), Y1 X2 — d(3]€), V1Yo —
2(41¢), Z1I> — d(51§), [1Zo — d(6|¢), Z1Z> — d(7]¢), and
1115 — 1, we shall get the operator H273,

HY73 = (d(11€) - d(41¢)) X3 — (D(21€) + d(3[€))Y3
+a(d(5]¢) - D(6]€))Zs + ad(7|¢) 5.

It has two eigenvalues,

Ae = ad(71€) + {(D(1]¢) - d(4]¢))?
+ (D(21€) +0(3]£))% + a*(d(5]¢) — (6]¢))?) 7.

With the constraint that —1 < d(j|€) < 1,5 € {1, ..., 7}, itcan
be verified that

|[H273|ma% < o] + 2V2 + @2,

Considering the fact that H is invariant under the rela-
belling the sites of the particles, one can have |H!372|max =
|I:123—>1|max — |H12—>3|max and |I:I2—>13|max — |H3—>12|max —

|[H1—23|max - According to the definition of Bgmst in Eq.
(61), there is

,BGMST = |a/| +2V2 + 2.

Appendix C: Derivation of Eq. (72)

In the three particles system, we define the operator
PAI = y(111223 +Z1IbIs+ 112215 + 212223)
+ leglg + 112223 + 21]223
+ 0(X1X2X3 — V1Yo X3 — X1YoV3 — Y1 XoV3).
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At first, we consider the case where particle 1 is on Alice’s
side while particle 2 and particle 3 are on Bob’s side. With the
replacement: X; — d(1]¢), Y1 — d(2|¢), Z1 — d(3]¢), and
I, — 1, the operator H'~23 can be obtained

H'7% = 7,75 + yd(31&) (215 + Z2Z3)
+ (Y +0(3|§)) (12Z3 + Z213)
+0(1]€) (X2 X3 — YaY3)

- 0(2[6)(Y2X5 + XoY3).

To derive the eigenvalues, 2H'~?% can be expressed in an
equivalent form

Y+ (L+y)dBIE) 0 0 §(d(1[E) +id(2[¢))
0 -3 0 0
0 0o -1 0
S(d(116) —id(2[€)) 0 0 g-y+(y-1d(3€)

Obviously, the operator H' 23 has four eigenvalues, 1; =
/12 = _19

A = 1+2y0(31€) = 2{[y + d(3]&)]°
+62[b(116)% + (216)%]} 2.

With the constraint, —1 < d(j|€) < 1, € {1, 2,3}, one can
obtain

|[H1723|maX < 1 4 2y + 24/(1 +9)2 + 262.

Considering the case where particles 1 and 2 are on Alice’s
hand while particle 3 is on Bob’s hand, and with the replace-
ment: X1Xo — (1]§), Xi¥a — d(2[§), V1 X2 — d(3[§),
V1Yo — d(4[), Z1lz — d(5[€), 11Zy — d(6|¢), Z1Z> —
d(7|¢), and I; 1> — 1, one can have the operator

H"7% = [0(71€) + y(b(51€) + d(6]€)) ] I3
+ [D(5€) +d(6]€) + ¥ (d(7|€) + 1)] Z3
+ S[(d(1]&€) — D(4]€)) X3 — (d(2]&) + d(3]&))Y3].

From the constraint that -1 < d(j|¢) < 1,7 € {1,...,7}, it
can be verified that

[H273|ma% < 1 4 2y 4+ 24/(1 + )2 + 262.

Finally, because H is invariant under the relabelling the sites
of the particles, one can obtain |H!372|max = | 23— max -
|I:112—>3|max and |H2—>13|max — |I:13—>12|max — |I:11—>23|max

According to the definition of SgmsT in Eq. (61), there is

ﬁGMST =1+ 2’y + 2\/(1 +’y)2 +262.
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