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NP-hardness proof sketch

Longest Supported Path (LSP)
Input: A directed graph D = (V,A), an undirected graph G = (V,E).
Solution: A longest path P in D such that G[V (P )] is connected.

It is known that LSP is NP-hard for general graphs D and G; It remains NP-hard even if D is acyclic
and G is a tree with diameter 4 [1, 2].

Maximum Span Supported Trail (MaSST)
Input: A directed graph D = (V,A), an undirected graph G = (V,E), an arc (u, v) in D.
Solution: A trail of maximum span T in D passing through (u, v) such that G[V (T )] is connected.

Maximum Span Supported Corresponding Trail (MaSSCoT)
Input: A directed graph D = (V,A), an undirected graph G = (V,E), an arc (u, v) in D.
Solution: A path P in the line graph of D such that L−1(P ) has maximum span, passes through
(u, v), and G[V (L−1(P ))] is connected.

Let us now state Maximum Span Trail (MaST), a problem formulation closely related to MaSST:

Maximum Span Trail (MaST)
Input: A directed graph D = (V,A), an undirected graph G = (V,E).
Solution: A trail of maximum span T in D such that G[V (T )] is connected.

Proposition 1 MaST is NP-hard.

Proof. We know that LSP is NP-hard even if D is acyclic. Now, if D is acyclic, then LSP and MaST
have exactly the same solution. Thus MaST is NP-hard (even if D is acyclic). �

Proposition 2 (Corollary of proposition 1) MaSST is NP-hard.

Proof. Suppose that MaSST is polynomially tractable. Then, by applying it on all arcs of D in turn,
MaST can be solved in polynomial time as well. But MaST is NP-hard (proposition 1). �

Lemma 1 Let D = (V,A) be a directed graph and L(D) = (A,A′) be its line graph. Let P =
(a1, a2, . . . , ak) be a path in L(D), where ai = (ti−1, ti) ∀i ∈ {1, . . . , k} are edges in D. Then
the unique sequence of vertices (t0, t1, t2, . . . , tk−1, tk) associated to P is a trail in D.

Proof. By construction of P we have that the sequence of vertices T = (t0, t1, t2, . . . , tk−1, tk) is
unique and is a walk in D. Since P has no repeated vertices, T contains no repeated arcs. T is therefore
a trail in D. �

Proposition 3 (Corollary of proposition 2) MaSSCoT is NP-hard.

Proof. A path in the line graph of a directed graph D is a trail in D (lemma 1). Let T = L−1(P ) be
the trail in D corresponding to P . The solution to MaSSCoT is then a trail of maximum span T in D
passing through (u, v) such that G[V (T )] is connected. MaSST and MaSSCoT are therefore equivalent
and NP-hard (proposition 2). �
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