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In this text, classical kriging methods 1,2 are briefly introduced in their primal and dual forms.  

1. Kriging in the primal form 

Consider the estimation of a continuous attribute z at any unsampled location x using 𝑛 data 

ሼ𝑧ሺ𝐱௔ሻ, 𝑎 ൌ 1, ⋯ , 𝑛ሽ୘ . In kriging paradigm, 𝑧ሺ𝐱ሻ  and 𝑧ሺ𝐱௔ሻ  are interpreted as the realizations of 

random variables Zሺ𝐱ሻ and Zሺ𝐱௔ሻ. Given this interpretation, typical kriging estimate of Zሺ𝐱ሻ can be 

expressed as 1: 

 𝑍መሺ𝐱ሻ ൌ 𝑚ሺ𝐱ሻ ൅ ෍ 𝜆௜ሺ𝐱ሻሾ𝑍ሺ𝐱௜ሻ െ 𝑚ሺ𝐱௜ሻሿ

௡ሺ𝐱ሻ

௜ୀଵ

 (S1)

where 𝜆௜ሺ𝐱ሻ is the weight assigned to datum 𝑧ሺ𝐱௜ሻ (which is interpreted as a realization of the 

random variable 𝑍ሺ𝐱௜ሻ); 𝑛ሺ𝐱ሻ is the number of data closest to 𝐱, that is, only the 𝑛ሺ𝐱ሻ data within a 

given neighborhood Wሺ𝐱ሻ centered on 𝐱 are used in the estimation; 𝑚ሺ𝐱ሻ and 𝑚ሺ𝐱௜ሻ are expected 

values of the random variables 𝑍ሺ𝐱ሻ and 𝑍ሺ𝐱௜ሻ 1.  

To reasonably acquire the value of 𝜆௜ሺ𝐱ሻ in Eq.(S1), all flavors of kriging share the same objective 

of minimizing the following error variance 3:  

 𝜎୉
ଶሺ𝐱ሻ ൌ Var൛𝑍መሺ𝐱ሻ െ 𝑍ሺ𝐱ሻൟ (S2)

under the constraint of unbiasedness of the estimator: 



 E൛𝑍መሺ𝐱ሻ െ 𝑍ሺ𝐱ሻൟ ൌ 0 (S3)

1.1. Kriging with a trend model 

Kriging with a trend model (KT) is a typical kind of kriging method, modeling its local mean or 

trend as a linear combination of functions 𝑓௞ሺ𝐱ሻ of the coordinates: 

𝑚ሺ𝐱ᇱሻ ൌ ෍ 𝑎௞ሺ𝐱ᇱሻ𝑓௞ሺ𝐱ᇱሻ
௄

௞ୀ଴

       ∀𝐱ᇱ ∈ Wሺ𝐱ሻ (S4)

where the coefficients 𝑎௞ሺ𝐱ᇱሻ are unknown constants within each local neighborhood Wሺ𝐱ሻ.  

It follows from Eqs. (S1-4) that 1: 

 

⎩
⎪⎪
⎨

⎪⎪
⎧

෍ 𝜆௜ሺ𝐱ሻCோ൫𝐱௝ െ 𝐱௜൯

௡ሺ𝐱ሻ

௜ୀଵ

൅ ෍ 𝜇௞ሺ𝐱ሻ𝑓௞൫𝐱௝൯

௄

௞ୀ଴

ൌ Cோ൫𝐱௝ െ 𝐱൯       𝑗 ൌ 1, ⋯ , 𝑛ሺ𝐱ሻ 

                                                                                                        

෍ 𝜆௜ሺ𝐱ሻ𝑓௞ሺ𝐱௜ሻ

௡ሺ𝐱ሻ

௜ୀଵ

ൌ 𝑓௞ሺ𝐱ሻ                                                           𝑘 ൌ 0,1, ⋯ , 𝐾    

 (S5)

where 𝜇௞ሺ𝐱ሻ are the Lagrange parameters used for deriving this system of equations, and Cோሺ. ሻ stands 

for the covariance function of the residual component of a random variable. For instance, Cோ൫𝐱௝ െ 𝐱௜൯ 

is the covariance of the residual component of ቀ𝑍൫𝐱௝൯ െ 𝑍ሺ𝐱௜ሻቁ. 

Once the estimation weights 𝜆௜ሺ𝐱ሻ are obtained by Eq. (S5), the following expression can be used 

to calculate the corresponding KT estimate: 

 𝑧̂ሺ𝐱ሻ ൌ ෍ 𝜆௜ሺ𝐱ሻ𝑧ሺ𝐱௜ሻ

௡ሺ𝐱ሻ

௜ୀଵ

 (S6) 

The associated error variance is: 

 𝜎௄்
ଶ ሺ𝐱ሻ ൌ Cோሺ0ሻ െ ෍ 𝜆௜ሺ𝐱ሻCோሺ𝐱௜ െ 𝐱ሻ

௡ሺ𝐱ሻ

௜ୀଵ

െ ෍ 𝜇௞ሺ𝐱ሻ𝑓௞ሺ𝐱ሻ
௄

௞ୀ଴

 (S7)

1.2. Ordinary kriging 



In the case of 𝑓଴ሺ𝐱ᇱሻ ൌ 1 and 𝐾 ൌ 0 (i.e., 𝑚ሺ𝐱ᇱሻ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑏𝑢𝑡 𝑢𝑛𝑘𝑛𝑜𝑤𝑛 𝑚𝑒𝑎𝑛 𝑎଴), KT is 

equivalent to ordinary kriging (OK). The corresponding OK system of linear equations is:  

 

⎩
⎪⎪
⎨

⎪⎪
⎧

෍ 𝜆௜ሺ𝐱ሻC൫𝐱௝ െ 𝐱௜൯

௡ሺ𝐱ሻ

௜ୀଵ

൅ 𝜇଴ሺ𝐱ሻ ൌ C൫𝐱௝ െ 𝐱൯       𝑗 ൌ 1, ⋯ , 𝑛ሺ𝐱ሻ 

                                                                                                        

෍ 𝜆௜ሺ𝐱ሻ

௡ሺ𝐱ሻ

௜ୀଵ

ൌ 1                                                                               

 (S8) 

where Cሺ. ሻ stands for the covariance function of a random variable. For OK, Cோሺ. ሻ = Cሺ. ሻ.  

When OK estimation weights 𝜆௜ሺ𝐱ሻ are obtained by solving Eq. (S8), its estimate can also be 

obtained by Eq.(S6), with the following error variance: 

 𝜎ை௄
ଶ ሺ𝐱ሻ ൌ Cሺ0ሻ െ ෍ 𝜆௜ሺ𝐱ሻCሺ𝐱௜ െ 𝐱ሻ

௡ሺ𝐱ሻ

௜ୀଵ

െ 𝜇଴ሺ𝐱ሻ (S9)

2. Kriging in dual form 

2.1. Dual KT  

KT in its dual form (dual KT) uses the following estimation formula: 

 𝑧̂ሺ𝐱ሻ ൌ ෍ 𝑎௞ሺ𝐱ሻ𝑓௞ሺ𝐱ሻ
௄

௞ୀ଴

൅ ෍ 𝑑௜ሺ𝐱ሻCோሺ𝐱௜ െ 𝐱ሻ 

௡ሺ𝐱ሻ

௜ୀଵ

 (S10) 

The weights 𝑎௞ሺ𝐱ሻ and 𝑑௜ሺ𝐱ሻ can be obtained by the following system of equations: 

 

⎩
⎪⎪
⎨

⎪⎪
⎧

෍ 𝑑௜ሺ𝐱ሻCோ൫𝐱௝ െ 𝐱௜൯

௡ሺ𝐱ሻ

௜ୀଵ

൅ ෍ 𝑎௞ሺ𝐱ሻ𝑓௞൫𝐱௝൯

௄

௞ୀ଴

ൌ 𝑧൫𝐱௝൯       𝑗 ൌ 1, ⋯ , 𝑛ሺ𝐱ሻ 

                                                                                                        

෍ 𝑑௜ሺ𝐱ሻ𝑓௞ሺ𝐱௜ሻ

௡ሺ𝐱ሻ

௜ୀଵ

ൌ 0                                                           𝑘 ൌ 0,1, ⋯ , 𝐾 

 (S11)

2.2. Dual OK  

Similarly, dual OK is a particular case of dual KT, (i.e., 𝑓଴ሺ. ሻ ൌ 1 and 𝐾 ൌ 0), and its estimation 



expression is:  

 𝑧̂ሺ𝐱ሻ ൌ 𝑎଴ ൅ ෍ 𝑑௜ሺ𝐱ሻCሺ𝐱௜ െ 𝐱ሻ 

௡ሺ𝐱ሻ

௜ୀଵ

 (S12)

where the weights 𝑎଴ and 𝑑௜ሺ𝐱ሻ can be obtained by solving: 

 

⎩
⎪⎪
⎨

⎪⎪
⎧

෍ 𝑑௜ሺ𝐱ሻC൫𝐱௝ െ 𝐱௜൯

௡ሺ𝐱ሻ

௜ୀଵ

൅ 𝑎଴ ൌ 𝑧൫𝐱௝൯       𝑗 ൌ 1, ⋯ , 𝑛ሺ𝐱ሻ 

                                                                                                        

෍ 𝑑௜ሺ𝐱ሻ

௡ሺ𝐱ሻ

௜ୀଵ

ൌ 0                                                                        

 (S13)

3. Main characteristics of kriging  

From the above introductions, two notable characteristics related to the research are: 

(1) Kriging has considered the data-to-data and data-to-unknown correlations, using the 

covariance values C൫𝐱௝ െ 𝐱௜൯  and Cሺ𝐱௜ െ 𝐱ሻ , respectively. DIDW, the main method 

discussed in the paper, also possesses this feature. Thus, kriging is used as a key benchmark to 

assess the performance of DIDW.  

(2) As clearly shown in its dual form, kriging is almost equivalent to radial basis function (RBF) 

interpolation4,5, especially for the dual KT (dual OK can be viewed as a particular case of RBF 

interpolation). From this respective, the only difference between RBF interpolation and kriging 

is that, by convention, they usually use different forms of positive definite functions (i.e., 

covariance functions or RBF kernels) to keep the validity of the solution to the system of 

equations.  
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