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Abstract. We consider a family of random graphs with a given expected degree sequence. Each
edge is chosen independently with probability proportional to the product of the expected degrees
of its endpoints. We examine the distribution of the sizes/volumes of the connected components
which turns out depending primarily on the average degree d and the second-order average degree
d. Here d denotes the weighted average of squares of the expected degrees. For example, we
prove that the giant component exists if the expected average degree d is at least 1, and there is
no giant component if the expected second-order average degree d is at most 1. Examples are
given to illustrate that both bounds are best possible.
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1. Introduction

The primary subject in the study of random graph theory is the classical random graph
G(n, p), as introduced by Erd8s and Rényi in 1959 [19]. In G(n, p), every pair of
a set of n vertices is chosen to be an edge with probability p. Such random graphs
are fundamental and useful for modeling problems in many applications. However, a
random graph in G(n, p) has the same expected degree at every vertex and therefore
does not capture some of the main behaviors of numerous graphs arising from the real
world. It is imperative to consider a versatile and generalized version of random graphs.
In this paper, we consider random graphs with given expected degree sequences which
include as special cases both the classical random graphs and the random graphs with
“power-law” degree distributions. Many realistic graphs satisfy the power-law [1-3,7,8,
12,13,20,21,25,26,36]. Namely, the fraction of vertices with degree d is proportional to
1/d® for some constant B > 1. Although here we consider random graphs with general
expected degree distributions, special emphasis will be given to sparse graphs (with
average degree a small constant) and to power law graphs (see Section 9). The methods
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and results that we derive in dealing with random graphs with given expected degree
distribution are useful not only for modeling and analyzing realistic graphs but also
leading to improvements for some problems on classical random graphs as well [14,29].

We consider the following class of random graphs with a given expected degree
sequence w = (W1, Wp,...,Wp). The vertex v; is assigned vertex weight w;. The edges
are chosen independently and randomly according to the vertex weights as follows.
The probability pij that there is an edge between v; and v; is proportional to the product
wiw; where i and j are not required to be distinct. There are possible loops at v; with

probability proportional to w?, i.e.,
WiW;
pij = ﬁ and we assume miaxwi2 < Zwk. (1.1)

This assumption ensures that pj; <1 for all i and j. In addition, (1.1) implies that the
sequence w; is graphic (in the sense that the necessary and sufficient conditions for a
sequence to be realized by a graph [18] are satisfied) except that we do not require the
w;’s to be integers.

We denote a random graph with a given expected degree sequence w by G(w). For
example, a typical random graph G(n, p) (see [19]) on n vertices and edge density p
is just a random graph with expected degree sequence (pn, pn,...,pn). The random
graph G(w) is different from the random graphs with an exact degree sequence such
as the configuration model (more discussion in Section 8). In [31, 32], Molloy and
Reed obtained results on the sizes of connected components for random graphs with
exact degree sequences which satisfy certain “smoothing” conditions. There are also
a number of evolution models for generating a power-law degree random graphs as in
Bollobas, Spencer et al. [11], Cooper and Freeze [17] and Aiello, Chung and Lu [2]. In
Section 8, some of these models will be discussed.

Here we give some definitions. The expected average degree d of a random graph
G in G(w) is defined to be

l n
d= - i;W|.

For a subset S of vertices, the volume of S, denoted by VolI(S), is the sum of expected
degreesin S.
Vol(S) = wi.
viés
In particular, the volume Vol(G) of G(w) is just 3; w;. The edge probability pjj in (1.1)
can be written as:

WiWj
Pij = VO—(G) = Wjw;p,
where
1 1
P=IG) ~ nd

A connected component C is said to be e-small for an € < 1/2 if the volume of C is
at most eVol(G). We say that a component is c-giant if its volume is at least c\Vol(G),
for some constant ¢ > 0. A giant component, if exists, is almost surely unique (to be
proved later in Section 6).
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For a subset S of vertices, a typical measure is the number of vertices in S that we call
the size of S. In the classical random graph G(n, p), a giant component is a connected
component having at least cn vertices for some constant ¢. Our definition of the giant
component involves the volume instead of the size of the connected component. In fact,
the definition for the giant component using the size of the component simply does not
work for random graphs with general degree distributions, as illustrated in the following
example.

Example 1.1. We consider the degree sequence w consisting of n® vertices with weight
2 and the other vertices with weight 0. Here a is a constant satisfying % <o <1 The
random graph G(w) is a union of a random graph G(n?, n%) and some isolated vertices.

Therefore, the largest connected component does not have @(n) vertices.

If the average degree d satisfies d > 1+, where d is a positive constant, we will
show that almost surely any e-small connected component has size at most O(logn)
(detailed in Theorems 1.1-1.2). Such components will be called small components. An
upper bound for the sizes of small components will be given in terms of the average
degree d.

Here we state the main results which will be proved in subsequent sections.
Theorem 1.1. For any positivee < landd > eufe) ~ (1+2¢)1.4715...,inarandom
graph in G(w) with average degree d, almost surely every connected component has

: : logn
volume either at least en or has size at most TrTogd—Tog 4+ 2Tog(T—¢) The upper bound
logn

TTTogdTogd for small components is asymptotically best possible for large d.

Theorem 1.2. For any positive € < 1 and d satisfying 11~ < d < 1%, in a ran-
dom graph in G(w) with average degree d, every connected component almost surely
has volume either at least en or has at most dfd?% vertices. The upper bound

% is asymptotically best possible.

We consider the second-order average degree d which is the weighted average of
the squares of the vertex weights. Namely,

d= S wp.
Clearly,

d~:2_wi2>m
SWp T on

For the classical random graphs G(n, p), we have d=d= np. In the seminal paper
of Erd6s and Rényi [19], it was shown that for any € > 0, there is a giant component
if np > 1+ ¢, and there is no giant component if np < 1 —¢. Furthermore, a double
jump occurs near np = 1, with the largest component of size @(n%/3) if np— 1| =
o(n~1/3). For random graphs G(w) of general degree distribution, the evolution is
more complicated.

Theorem 1.3. For a random graph G with a given expected degree sequence having
average degree d > 1+ 0 > 1, almost surely G has a unique giant component.
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(i) Ifd > e, the volume of the unique giant component is almost surely at least

(1 - \/% + 0(1)> Vol (G),

where e denotes the base of the natural logarithm.
(if) 1f 140 <d <, the volume of the unique giant component is almost surely at least

<1 - 1*;‘)9‘1 + 0(1)> Vol (G).

If the second-order average degree d < 1 — &, then almost surely, there is no giant
component.

The proof of Theorem 1.3 is given in Section 7. A natural question arises concerning
the relationship of the degrees to the emergence of the giant component for the range
ofd > 1> d. The examples in Section 3 illustrate both the existence and non-existence
for some degree distributions satisfying d>1>d. Numerous questions arise. For
example, it would be of interest to characterize degree sequences for which the phase
transition occurs at d = 1. For what degree sequences, are there double jumps at such
phase transition?

2. Basic Factsand Examples

We will use the following inequality which is a generalization of the Chernoff inequal-
ities for binomial distribution:

Lemma 2.1. Let Xy,...,X, be independent random variables with
Pr(Xi=1) =pi, Pr(Xi=0)=1—np;.

For X = 3, aX;, we have E(X) = $"_; aipi and we define v = 5", a?p;. Then we
have

Pr(X < E(X)—A) < e /2, 2.1)
)\2
Pr(X > E(X)+A) < e Zw+avs) 2.2)

where a = max{as, az,...,an}.

Inequality (2.2) is a corollary of a general concentration inequality (see Theorem 2.7
in the survey paper by McDiarmid [30]). Inequality (2.1) which is a slight improvement
of the inequality in [30] can be proved as follows.

Proof. Forany 0 < p <1, and x > 0, we define f(x) = px+In(1—p+ pe™™) and
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g(x) = px?/2. Then we have f(0) = g(0) =0, and f’(0) = ¢g’(0) = 0. Also,

f//(X) — p(l — p)67X

(1—p+pe)?
< P(1—ple™
T (2y/(1—pleX—(1-p)eX)?
o _PA—pe*
~ (V1= ple)?
=p=9"(x)

Hence we have px+In(1 — p+ pe~) < px?/2 for any x > 0. For any t > 0, we have

E (e dXi-P)) = pie ta(1-P) 4 (1 _ p;)ePita = ePtai+In(l—pi+pie®) epi“zai)2

Hence
n
E(e*t(X*Z{Llaipi)) — eft(xi*piai)
N

N pitta)?

e 2

We have

n
Pr(X — 'Zlai pi < —A) = Pr(e tX-2Liam) 5 gth)

S E (eft(xfzrzlai pi))eft)‘

by choosingt = % This completes the proof of Lemma 2.1. |
As immediate consequences of Lemma 2.1, the following facts then follow.

Fact 1. For a graph G in G(w), with probability 1 — e*cz/z, the number d; of edges
incident to a vertex v; satisfies
di > w; —c/Wwi,
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and
Prob(di < (1+&)w;) > 1 — e £W/(2+2¢/3),

Fact 2. With probability 1 — 2e=%/2, the number e(G) of edges in G, satisfies
2e(G) > Vol(G) — c/Vol(G).
In the other direction,
Prob(2e(G) < (1+€)Vol(G)) > 1 — g€ V0l(G)/(2+2¢/3),
With probability 1 — % all vertices v; satisfy

2
2¢/wilogn <dy, —w; < glogn+\/<§logn> + 4w;logn.

Fact 3. With probability at least 1 — e, the number of edges e(S) between pairs of
vertices in S is at least %Vol(S)zp —Wol(S),/pc.

In the remainder of this section, we will give several examples with proofs which
illustrate the sharpness of the main results. These examples are also instrumental for
developing methods later on for dealing with random graphs with given expected degree
distributions.

Example 2.1. For the following choices of w with d < 1 and d > 1, a random graphin
G(w) almost surely has no giant component.

Let € be a constant satisfying 1 > € > 0. For each of the first n — m vertices, the
weight is set to be 1 — €. For each of the remaining m vertices, the weight is set to be x

satisfying

=0o(——) and mx’>Cn>n.
logn
(For example, we can choose m = ﬂog nl,x=+/(1—¢)n/2and C = 10.) We have
Vol(G) =(n—m)(1—¢€)+mx~ (1—¢)n.
d— VoI(G) ~(1—¢).
n

= Vol(G)  (n—m)(1—g)+mx? C
d= Vol(G) (1—¢)n >l-etge >t

Let G; denote the induced graph on the set S; of vertices with weight 1 — ¢, and G;
denote the induced subgraph on Sy, the set of vertices with weight x.

From [19], if Np > 1+ ¢, almost surely G(N, p) has a giant component. If Np <
1 —¢, then almost surely G(N, p) does not have a giant component and all components
have sizes at most O(logN).

To apply the above result to G1, we select N =n—m~n,and p=(1—¢)’p~ (1 -
s)%. Thus, we have Np = (1 —€) < 1 and consequently almost surely all components
of Gy have size at most O(logN) = O(logn).

We will next show that there is no giant component in G. We first construct an
auxiliary graph G’ from G as follows. A new vertex v is added to G, and is connected
to all vertices in Sy but to no vertex in S;. The following facts are immediate.
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1. Every connected component of G must be contained in some component in G’.

2. G’ has a special component C containing v and all vertices in S,.

3. Components of G’ other than C are components of G, which almost surely have at
most O(logn) vertices and volume O(logn).

Now we will use a branching process starting from v to reveal the component C. For a
subset S, we define the i-boundary I';(S) = {u: d(u, S) = i}. We have

rl(V) =Ss.
For each u € Sy, the probability that u € I'(Sp) is
1-(1—(1—¢)xp)"~ (L—g)mxp, since mxp=o0(1).

The size of I'(S2) can be upper bounded by a sum of n — m independent 0-1 variables.
The probability of each random variable X; having value one is about (1 — €)mxp. These
random variables are mutually independent. Using Lemma 2.1, X = ; X; satisfies

A2

Pr(X —E(X) > \) <e 2EXHA]

where we choose A = E(X) ~ (n—m)(1 — &)mxp ~ mx.

With probability at least 1 —e=3™/8 = 1 —o(1), the size of '(S,) is at most 2mx.
Note that ' (v) =T (S2) is completely contained in Sy, and so are the i-boundary I'j (v)
for all i > 2. Since in Gy, almost surely any branching process can expand at most
O(logn) vertices, the total size of C is almost surely at most 2mx O(logn) +m+1 =
O(mxlogn). The volume of C\ {v} is almost surely at most 2mx O(logn)(1 —¢€) +
mx = O(mxlogn). Hence each component in G almost surely can have volume at most
O(mxlogn) = o(n) and consequently there is no giant componentin G.

Example 2.2. For the following choice of degree sequence w withd < 1and d > 1, a
random graph in G(w) almost surely has a giant component.

Let M be a very large but fixed constant. For each of the first [n— ;] vertices, the
weight is set to be x = o(1). For the remaining ¢ vertices, each weight is set to 1+ &.
In this example, we have

_(M=1)n 1+e 1+e+o0(1)
Vol(G) =~ v X+ "= M n,
do Vol(G) _ 1+e+0(1) <1
n M

v V0|2(G)7
d= Vol (G) =1+4+e—-o0(1)>1.

Note that G(w) contains a classical random graph G(N, p), where N = {;, and p =

Mterod)) since Np = 0 MO 1 4 ¢4 0(1) > 1, almost surely G(N, p) hasa

giant component of size ®(N) = ©(n). The component of G containing this connected
subset has at least ©(n) vertices and at least ©(Vol(G)) edges.
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3. The Expected Number of Components of Size k

In this section, we consider the probability of having a connected component of size k.
Suppose that we have a subset of vertices S = {vj,, Vi,,...,Vj, } with weights w;, ,
Wi, ..., W;,. The probability that there is no edge leaving S is

D (I1-wjwjp) ~e
S VJ'€S

_ o~ PVOI(S)(VOI(G)-Vol(S)) 3.1)

~P2viesvjgsWiW

If S is a connected component, the induced subgraph on S contains at least one spanning
tree T. The probability of containing a spanning tree T is

Pr(T)= ] wiwp.

(vi; vy )EE(T)

Hence the probability of having a connected spanning graph on S is at most

ZPV(T)ZZ [T wiwip,
(v, vy JEE(T)

where T ranges over all spanning trees on S.
By a generalized version of the matrix-tree Theorem [34], the above sum equals the
determinant of any k — 1 by k — 1 principal sub-matrix of the matrix D — A, where A is

the matrix
0 Wi, Wi, P -+ Wi, Wi, p

Wi, Wi, P 0 o Wi, Wi, P
A=

Wi, Wi, P Wi, Wi,p - 0
and D is the diagonal matrix diag(w;, (Vol(S) —wi,)p, ..., wi, (Mol (S)wj, —w;,)p). By
evaluating the determinant, we conclude that

Z P(T) = wi,wi, - - -wi, Vol (S)k~2pk-1, (3.2)

By combining (3.1) and (3.2), we have proved the following:

Lemma 3.1. The expected value E (Xi) of the number of connected components of size
k is at most

E (Xk) < Zwilwiz . Wikvol(S)k72pk71e7V0|(S)(17V0|(S)/VO|(G))7 (33)

where the sum ranges over all sets S of k vertices.

Lemma 3.2. For a positive € < 1, The expected value E(Yk) of the number of e-small
connected components of size k is at most

E(Yy) < gWhWiz -, Vol (S)k-2pk—leV0I(S1-¢) (3.4)

where the sum ranges over all sets S of k vertices with VoI(S) < eVol(G).
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4. Proof of Theorem 1.1

Suppose that G is a random graph in G(w) with expected average degreed > 1+ 0. We
want to show that the expected number E (Y) of e-small components of size k is small.
From Lemma 3.2, it suffices to upper bound

f(k) = Zwilwiz Wi, VoI (S)K2pk-LeVol(S)(1-¢)

By using the fact that the function x®<2e~X1-%) achieves its maximum value at x =

(2k—2)/(1—¢), we have
f(k) = gWhWiz . -wikVol(s)kfzpkfle*VOI(S)ﬂfS)

k—1
p 2 _
Sg % VO|(S)2k Ze Vol(S)(1—¢)

pkt (k-2 o (2k-2)
- kK« \1-—¢
n_kﬁ 2k—2 2k72e7(2k72)
kI okk \ 1-—¢
1 2 2k D
< apk—12 ") (ﬁ) ¢
1 4 k
< .
~ 4p(k—1)2 \ de(1—¢)?
The above inequality is useful whend > ﬁ which is an assumption for Theo-
rem 1.1. If k satisfies logn 2logn then

1+logd—log(4)—2¢ <k< 1+logd—log(4)—2¢’

1 1
0= gr5e=27 = (s )

fofi 2logn
When k satisfies THTogd—Tog(4)—2¢ < k < n, we have

1 1
0= gz = o)

For ko = WM, the probability that a small component has size k > kg is at
most
logn 1 1
f(k) < =0(1).
k>Z<o (k) < 1+logd —log(4) —2¢ 0 <Iogn> nxo (nlogn) o(l)

Therefore, almost surely the size of a e-small component is at most ko = %.

We have proved the first part of Theorem 1.1.
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To show that the above upper bound is asymptotically best possible for large d, we
consider the following example.

Example 4.1. We consider a random graph with the following weights as the expected
degree sequence. Here we assume that d > 10.

There are n?/3 vertices with weights (d —1)n/3+ 1. Each of the remaining n —n?/3
vertices has weight 1. The average (weight) degree is exactly d.

Let S; denote the set of vertices with weight 1, and S, denote the set of vertices with
weight (d —1)n%/3 + 1. Let G; be the induced graph of G on S, for i = 1,2. The graph
G; is a classical random graph G(N, p) with N = n?/3 and Np = n?/3((d — 1)n%/3 +
1)?/(nd) = ©(v/N). Almost surely G, is connected. In fact, G, is contained in the
giant component of G. Let ¢ denote the fraction of vertices, which is not in the giant
component. We claim that ¢ is bounded away from 0.

To prove the claim, we consider a special branching process. We first reveal all
edges in G,. Then we examine the boundary of S; in Sy, the 2-boundary of S,, and so
on, which eventually exposing all vertices in the giant component of G. For any vertex
u € Sy, the probability of uin [ (Sy) is

@—pnr1\" A
1— 1—T ~1—e Fa.

The size of I'(Sz) can be well approximated by the binomial distribution with N =
n—n?/3and p = 1—e~1*3. Thus with high probability, the size is about (1 —e~1+3)n.
We will estimate the size of I"i(Sz) for i > 1 by induction. Suppose |I'i(Sj)| is highly
concentrated on a;n for some constant a;, fori > 2. Let ¢; =1— Y, _; a;. For any vertex
unot in Uj<ili(S;), the probability of u € i 1(Sz) is

an ,
1- <1i) ~1-e .
nd
The size of Fi+1_(82) can be approximated by the binomial distribution with N = ¢jn
andp=1-— e d. By the definition of a;. We have
!
a1 =Cci(l—e d),

Ci+1=0Cj —aj;1 = Ci€

ol®

Hence _
I

_&% _qp iy 1
k=

From the above recurrence for c;, we see that the limit ¢ = limj_ Cj exists and satisfies
1 1-c
c=(1-e M 7.

It is easy to see that the above equation has a unique solution of ¢ in [0, 1] for d > 1 and
the solution for ¢ increases as a function of d. Since we choose d > 10, ¢ is bounded
away from zero. The claim is proved.
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The size of the second largest component can be estimated as follows. After re-
moving the giant component from G, the remaining graph is a classical random graph
G(t, p) witht =cnand p = % = &. By [19], the largest component of G(t, &) with
d < 1 has size at most

logn—5/2loglogn ~ (1+0(1))logn

€—1-1logs  logd—logc—1+%"
- l -
The constant Wg is asymptotically close to TTTogd—Toga when d is large and

€ is arbitrarily small. This completes the proof for Theorem 1.1.

Remark. For the classical random graph G(n, ) with d > 1+ ¢, it was shown [19] that
the size of the second largest connected components is approximately the same as the
size of the largest connected component of G(m, %), where c is the unique solution of
ce ¢=de 9forcin(0,1),andm = £n. From [19], the largest component of G(m, £)
has size about
logm —5/2loglogm  (1+0(1))logn
c—1—logc  d—1-logd ’

which is consistent with Theorem 1.1.

5. Proof of Theorem 1.2

In this section, we consider 1. < d < 7%;. The methods for proving Theorem 1.1 no
longer work and a different estimate for f (k) is needed here. We will derive an upper
bound for the expected number E(Yy) of connected components of size k by using
inequality (3.1). First, we split f (k) into two parts as follows:

f(k) = fu(k)+ fa(k),
where

fi(k) = Z Wi, Wi, -+ .WikVO|(S)k*ZpkflerOI(S)(l—s)7
Vol (S<dk

fa(k) = g Wi, Wi, - -WikVOI(S)k*Zpkfle*VO'(S)(lfﬁ).
Vol (S)>dk
To bound f;(k), we note that x?~2e—X(1-) is an increasing function when x <
(2k—2)/(1—¢). Thus we have

VOl( )Zk 2 7V0|( S < (dk)2k72efdk(lfe)

3
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since VoI(S) < dk < (2k—2)/(1 —¢). This implies

fi(k) = z Wi, - - Wi, VoI (S)<2pk-1e~VoI(S)(1-
Vol (Sj<dk
pk-1
< —VO|( )Zk 2 7V0|(S)( €)
Vol (S)<dk k¥
pk-1
< Y g (dlgFe e
Vol (S)<dk
k-1
n\ p I
nk pk-1 o
< g e (Al 2K
l — —_ —
< d2k2p(np)kd2ke (d(1-8)-1)k

n d k
T dk2 \edTe-1) -

Next, we consider fy(k).
(k—2)/(1—¢€), we have

Vol (S )
zdk>

fZ(k) = Wi, Wi - -
Vol (ST>dk

~Vol(S)(1-8) < (q)k—2g—dk(1-e)

by using Vol (S) Therefore we have

< Wi, - ~2—dk(1-)

Vol (ST>dk

'Wikp (dk)

< Zwilwiz . .Wikpkfl(dk)kfzefdk(lfs)

Vol(G)K

” 7l(dk)k7287dk(178)
!

gke—(d(1-8)-1k

Wi, VoI (S)k-2pk-Lg-Vol(S)(1-

F.Chung and L. Lu

£)

Since xk~2e=X(1-8) s a decreasing function when x >

€)
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If 1ogn -y a Zlogn we have

d(1—€)—1—logd —&)—1—logd’

If 21090~ < then

d(1—€)—1—logd
2 1
f(k) < = .
( )_ndkz O(nlogzn)

the probability of having a small component of size

. [
By setting k; = d(l—s)o—%logd’

k > kj is at most

logn 1 1
k;1 (< d(1—¢€)—1-—logd - ('092”) I (”|092n) v

Therefore, almost surely the size of a small component is at most k; = d(lfsl)of%logd'

To see that this upper bound is best possible, we consider the following exam-
ple. In the random graph G(n, %) with d < 1, the largest component has size about

w (see [19]), as desired.

6. Proof of Theorem 1.3

Before proving Theorem 1.3, we first prove several reductions.

Fact 4. Suppose that a random graph G in G(w) has average degree d > 1+ 9, and con-
tains a connected subset having more than C logn vertices, where C = max{ ﬁoga, 10}.
Then almost surely there is a giant component in G.

Proof. Fact 4 is an immediate consequence of Theorems 1.1 and 1.2, subject to verifying
the required assumptions which follow from the definition of C as follows:

2 1
> >
~—0—logd  d—1-logd—¢1d

C

forsomee; >0when1+d<d <2, and

1
>1
¢=210> 1+logd —log4+ 2log(1 —€7)

for some €, > 0 when 2 < d. |

Fact 5. An induced subgraph H in G € G(w) is a random graph with given expected
sequence W' which consists of w; = w;Vol(H)p for v; in H.

The proof follows from the fact that the expected degree of v; in H is just

Z wiw;p = w;Vol(H)p.
jeV(H)
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Lemma 6.1. Suppose that in a random graph G € G(w), there is a value M (indepen-
dent of n) so that w; < M for all i, and the average expected degree d > 1+ &, where &
is a positive constant. Then almost surely G has a unique giant component.

Proof. We use a branching process as follows: First choose any vertex u with weight
greater than 1 and carry out a breadth first search of its connected component. A vertex
is called unexamined if it has been discovered to be in the component, but we have not
yet exposed its neighbors. Let Xy be the sum of the weights of all unexamined vertices
at depth k. For any vertex vj not yet been exposed, the probability that v; is to be
discovered in the component at depth k + 1 is well approximated by X,w;p. Hence, the
expected value of Xy, 1 is ¥ ; kaJZp ~ X¢d. By Lemma 2.1, we have

Pr(Xes1 < Xkd~— A) < e,)\Z/ZV’
where v = 3 ; Xw#p < MXid. By choosing A = Xi(d —1)/2, we have

(d-1)?

1 - _
Pr(Xks1 < E(d +1)X) <e swd X

For each k, Xk increases by a factor of %(d~+ 1) > 1 with failure probability at
j_1)2
most (1 —c)X, where ¢ is a positive constant satisfying 1 —c > e’mTMchL. Since
Yia(l- c)! converges, there exists a constant to satisfying Yisty(1— c)l <1—¢for
a positive constant €. With positive constant probability, X will increase at least by a
factor of 3(d+1) > 1if X1 > to.

Since tg is an absolute constant, the event X3 > ty occurs with some positive constant
probability. If the branching process dies early (i.e., the connected component is small),
then we just start another branching process from a new vertex with weight greater than
1. (There are enough such vertices since the number of vertices with weight greater
than 1 is at least %n.) After at most ©(logn) tries, almost surely the giant component
will be revealed. |

The proof of Theorem 1.3. Let y < 1 be a constant satisfying (1 —y)2d > 1+ &/2 (for
example, choose y = 1 — d/4). We sort the vertices so that wy <wp <--- <wp. Letig
denote the largest integer satisfying

z wi = yVol(G).

i>1g

If wi, > % we use Fact 5 which implies there is an induced subgraph on n —ig
vertices having expected degrees > 2. It contains the Erd6s-Rényi graph G(n — g,
2/(n—1p)) and therefore it contains a component of c;(n —ip) vertices for some con-
stant ;.

If wij, < %, we consider the induced subgraph on the first ip vertices. By Fact 5, it

has volume (1 —y)?dn and therefore has average degree at least 1+ /2. Furthermore,
all weights are bounded by the constant 2/y. By Lemma 6.1, it contains a component
of volume c»ig.

From (1.1), the maximum weight is no more than /Vol(G). Both ig and n—ig have
at least /n vertices. By Fact 4, the giant component almost surely exists.
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The above arguments can be used to show the uniqueness of the giant compo-
nent as well. For any two vertices u and v, we begin a branching process starting at
u but stop at the moment when the volume of the set S; of exposed vertices reaches
v/ (2+€)Vol(G) logn. Then we begin a new branching process starting at v and stop at
the moment when the volume of the exposed vertices S reaches /(2 +€)Vol(G) logn.
Then the probability of S; and S, being not connected by any edge is at most

g (1 —wuwyp) < g~ Wuivp
ueS veS, UeS Ve

— " 2ues; ves, WuWp

g~ \Vol(S1)Vol(Sy)p

<:e—(2+sﬂogn

—2—¢

The probability that every pair of vertices each in a giant component are connected is
at least 1 — n—¢. Thus, the giant component is almost surely unique.
Next, we consider the volume of the giant component. We want to show the follow-
ing:
(i) Ifd > e, the volume of the giant component is at least (l — \/%% + 0(1)) \Vol(G).
(if) 1f 1+ & <d < e, the volume of the giant component is at least

(129 o)) i)

We first consider the case of d > e. If (i) does not hold, then the giant component

is e-small for some ¢ satisfying € < 1 — %&. By Theorem 1.1, the size of the giant

logn . Hence there is one vertex with weight w

component is at most TrTogd Tog 4 2Iog{l<
greater than or equal to the average:

\ol(G \Vol(G
EVoI(G)  __ Wol(G)

logn =" loan
1+logd—log4+2log(1—¢) g

w >

It is easy to check that

w2p > 1,
which contradicts our assumption (1.1). Hence the volume of the giant component is at
least (1— 2= +0(1))Vol(G) ifd > e.

For the case of dgp < d < e, we again prove by contradiction. Suppose that all con-
nected components are -small for some ¢ satisfying e < 1 — %. By Theorem 1.2,
the size of the giant component is at most dili"l’%f;disd. Hence there is one vertex with
weight w greater than or equal to the average:

eVol(G) . \Vol(G)

= logn =" logn
d—1—logd—ed g
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This contradicts the assumption (1.1) and (ii) is proved.
It remains to show that for d smaller than 1, almost surely all components have
volumes at most y/nlogn and therefore there is no giant component in this case.

Claim. If d < 1— 3, with probability at least 1 — Cz((j—fici)_’ all components have volume
at most C+/n.

Proof. Let x be the probability that there is a component having volume greater than
Cy/n. Now we choose two random vertices with the probability of being chosen pro-
portional to their weights. Under the condition that there is a component with volume
greater than C/n, the probability of each vertex in this component is at least C/np.
Therefore, the probability that the random pair of vertices are in the same component is
at least

x(Cy/np)? = C?xnp?. (6.1)

On the other hand, for a fixed pair of vertices u and v, the probability Px(u, v) of u and
v being connected by a path of length k + 1 is at most

Pe(U,v) < 5 (WaWiyp) (Wi WigP) - (WiWap) < wuwypd .
igioT i

The probability that u and v belong to the same component is at most

n

~ 1
Pe(u,v) < S wywypd © = Wy Wy P.
k;) k; o o

1-d

Since the probabilities of u and v being selected are wyp and wyp respectively, the
probability that the random pair of vertices are in the same connected component is at
most

Wyp W Lw wWyp = a2
Combining with (6.1), we have
q2
CiHnp? < ——
pT = 1—dp’
which implies
dd?
X< — .
~C2(1-d)

Therefore with probability at most 1 — Cz?—fid-)_’ all components have size at most Cy/n

as desired. This completes the proof for the claim. By choosing C to be logn, we
have shown that with probability at least 1 — o(1), all components are small. We have
completed the proof for Theorem 1.3. |
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7. Several Random Graph Models

In the literature, the following model, so called the configuration model, is often used
to construct a random graph with a prescribed degree sequence. It was first introduced
by Bender and Canfield [9], refined by Bollobas [10] and also Wormald [35]. A random
graph G with given degrees dy is associated with a random matching in a set N of 3 dy
nodes. Each vertex v corresponds to a set Sy of dy nodes in N. The number of edges
between two vertices u and v is the number of edges in the associated matching with one
node in Sy and one node in Sy. It is easy to see that the resulting graph (as a multi-graph)
has degrees exactly as required.

Molloy and Reed [31, 32] used the configuration model to show that if there are
di(n) = Ain vertices of degree i, where $;Aj = 1 and S i(i — 2)A; > 0, then the graph
almost surely has a giant component if the following conditions are satisfied.

1. The maximum degree is at most n*/4—¢,
2. i(i—2)di(n)/n tends uniformly to i(i — 2)A;.
3. The limit
L(D) = lim Y i(i—2)di(n)/n

00 ..
n— is

exists, and the sum approaches the limit uniformly.
4. The degree sequence is graphic.

The advantage of the configuration model is to generate graphs exactly with the
prescribed degrees and it is the primary model for examining regular graphs with con-
stant degrees. There are several disadvantages of the configuration model. The analysis
of the configuration model is much more complicated due to the dependency of the
edges. A random graph from the configuration model is in fact a multigraph instead
of a simple graph. The probability of having multiple edges increases rapidly when
the degrees increase. In the papers of Molloy and Reed, the condition on maximum
degree with an upper bound of n/4~¢ is required because of the occurrence of multiple
edges in the configuration model. Consequently, this model is restrictive for power-law
graphs, where the largest degree can be quite large. Furthermore, additional conditions
(e.g., Conditions 2 and 3 as in [31, 32]) are often required for the configuration models.
In the same way, the classical random graph model G(n, p) is often preferred to the
configuration models of random graphs with p(5) edges.

The advantage of the generalized model that we use here is the simplicity with-
out any condition on the degree sequence except for the only assumption (1.1). Our
model does not produce the graph with exact given degree sequence. Instead, it yields
a random graph with given expected degree sequence.

Another line of approach which simulates realistic graphs is to generate a ver-
tex/edge at a time, starting from one node or a small graph. Although we will not
deal with such models in this paper, we will briefly mention several evolution models.
Barabési and Albert [7] describe the following graph evolution process. Starting with
a small initial graph, at each time step they add a new node and an edge between the
new node and each of m random nodes in the existing graph, where m is a parameter
of the model. The random nodes are not chosen uniformly. Instead, the probability of
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picking a node is weighted according to its existing degree (the edges are assumed to
be undirected). Using heuristic analysis with the assumption that the discrete degree
distribution is differentiable, they derive a power law for the degree distribution with a
power of 3, regardless of m. A power law with power 3 for the degree distribution of
this model was independently derived and proved by Bollobés et al. [11].

Kumar et al. [28] proposed three evolution models — “linear growth copying”,
“exponential growth copying”, and “linear growth variants.” The Linear growth coping
model adds one new vertex with d out-links at a time. The destination of i-th out-
link of the new vertex is either copied from the corresponding out-link of a “prototype”
vertex (chosen randomly) or a random vertex. They showed that the in-degree sequence
follows the power law. These models were designed explicitly to model the World
Wide Web. Indeed, they show that their model has a large number of complete bipartite
subgraphs, as has been observed in the WWW graph, whereas several other models do
not. This (and the linear growth variants model) has the similar drawback as the first
model in [27]. The out-degree of every vertex is always a constant. Edges and vertices
in the exponential growth copying model increase exponentially.
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Figure 1: Degree distribution of the collaboration graph.

Aiello et al. described a general random graph evolution process in [3] for gener-
ating directed power law graphs with given expected in-degrees and out-degrees. At
each time t, a new node is generated and certain edges are added as follows. The end
points of new edges can be either the new node or one of the existing nodes. An exist-
ing node is selected as the destination (or the origin) with probability proportional to its
in-degree (or out-degree). There are four types of edges according to their destinations
and origins. A probability space P; controls the number and the type of edges to be
added at time t. Under the assumption that the number of edges added at each time is
bounded and P; has a limiting distribution, Aiello et al. [3] proved this general process
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Figure 2: Connected component distribution.

generates power law graphs. The power of the power law of out-degree (or in-degree)
equals to 2 + ’g, where A is the expected number of edges per step with the new node
as the origin (or the destination) and B is the expected number of edges per step with
an existing node as the origin (or the destination). Recently, Cooper and Frieze [17]
independently analyzed the above evolution of adding either new vertices or new edges
and derived power law degree distribution for vertices of small degrees.

8. Remarkson Power Law Graphs

In this paper, we examine the sizes of connected components of a random graph with
given degree sequences. The results and methods here can be useful to examine power
law graphs that arise in various context. A power law graph with power a has the
number of vertices of degree k proportional to k®. For example, the collaboration based
on the data from Mathematics Review [22] has about 337,000 vertices (as authors) and
about 496,000 edges (as joint publications). So, the average degree d is 2.94. To model
the collaboration graph as a random power law graph, the exponent is approximately
[3=2.97 as shown in Figure 1. We also include the actual data on the sizes of connected
components in Figure 2.
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