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A B S T R A C T

This paper investigates the first and second-order stochastic responses of oscillating water columns (OWCs)
under random waves. The OWCs’ nonlinear dynamics are computed in the frequency domain, where sources of
nonlinearities are replaced by equivalent polynomial terms up to second order by minimising their difference
in a mean-square sense. This procedure is known as the statistical quadratisation (SQ) technique. In such an
approach, the linear and quadratic coefficients are obtained using an iterative procedure and non-Gaussian
distributions based on Gram–Charlier expansions, and the dynamics are solved using the Volterra theory. The
results are compared against a statistical linearisation model (SL), and nonlinear time-domain simulations (TD)
to illustrate the capabilities of the method. The result demonstrated an excellent agreement for the first and
second-order motions of the water column obtained using statistical quadratisation compared to nonlinear time-
domain simulations in terms of spectral response and probability distribution. Along with the good accuracy,
the statistical quadratisation has the advantage of being approximately two orders of magnitude faster than
nonlinear time-domain simulations. For the proposed systems, the nonlinearity from the variable mass system
(inertial type) is shown to be the most important source of second-order effects driving the oscillating water
column dynamics based on the environmental conditions and drafts investigated in this work.
1. Introduction

Oscillating water columns (OWCs) have been extensively applied
in the offshore engineering field. For Oil & Gas (O&G) platforms
and vessel applications, OWCs are usually referred to as moon pools
and are designed to give special protection during the installation
and maintenance of subsea equipment, and improve the response of
the floating structure (Masetti et al., 2012; Guo et al., 2017). More
recently, the same principle has been extended to the renewable en-
ergy field in the platform concepts of floating offshore wind turbines
(FOWTs) (Chuang et al., 2021). For instance, the Floatgen concept used
by BW Ideol consists of a barge platform with a Damping pool® system
to improve the platform’s response (Ideol, 2022). Moon pools have also
been investigated in barge FOWTs to accommodate aquaculture fish
cages (Li et al., 2020). Different use of OWCs occurs when designing
wave energy converters (WECs), where the OWC is set to operate in
resonance to increase the energy transfer from waves to the power
take-off mechanism, which are composed of air turbines (Falcão and
Henriques, 2016). Hence, the natural frequency of the OWC is set
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to be close to the dominant wave peak frequency of the site for
wave energy applications (Silva et al., 2020). As observed, the OWC
dynamics vary with its use (motion suppression or energy extraction),
and reliable estimations of the response are required regardless of the
purpose (Sanchez-Mondragon et al., 2017).

The OWCs dynamics is a fundamental problem in the field of
hydrodynamics, and it can be described as a variable mass system
based on the piston-like mode (Pesce et al., 2023; Aalbers, 1984;
Spanos et al., 2018). The OWC is subjected to random excitations from
irregular sea states, and its dynamics are commonly simulated using
time-domain models due to the existence of nonlinear forces. However,
during preliminary design stages, several environmental conditions and
OWC configurations are usually investigated. Hence, efficient methods
of estimating the nonlinear response of the water column under ran-
dom excitations are beneficial (Davidson and Costello, 2020). In this
regard, statistical linearisation (SL) is one of the most useful, versa-
tile, and fast methods to estimate nonlinear system responses under
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random excitations (Spanos, 1981). The SL method is built upon the
frequency-domain model and approximates the nonlinear response to
an equivalent linear one, where the difference between both equations
is minimised in a mean squared sense. The SL has been applied to a
variety of offshore systems, such as oil and gas platforms (Spanos et al.,
2005), floating offshore wind turbines (da Silva et al., 2022b; Karimi
et al., 2019; da Silva et al., 2022c), while examples of SL applied to
OWCs can be found in Spanos et al. (2018, 2011), da Silva (2019),
Silva et al. (2019), Scialò et al. (2022) and Folley and Whittaker (2013),
and arrays of OWCs in Malara and Spanos (2019). For a survey of the
method, the reader is encouraged to read the material presented in da
Silva (2023), Roberts and Spanos (2003) and Socha (2008, 2005a,b).

The SL approach usually offers a reasonable estimate of the mean
and mean square response; however, there are limitations. The SL
is restricted to the response within the primary excitation spectrum
range, and the probability distribution is generally limited to Gaussian
distributions (Folley, 2016). It is well-known that nonlinearities can
cause vibrations outside the primary excitation frequency range, and
in practice, the response may be better represented by a non-Gaussian
distribution. Hence, SL models might lose the representativeness of
the actual nonlinear dynamics. These limitations can be circumvented
by replacing the nonlinear function with an equivalent quadratic one
by means of the statistical quadratisation (SQ) method (Donley and
Spanos, 1990; Spanos and Donley, 1991; Silva et al., 2021), which can
be considered as an extension of the SL with high-order Volterra series.
In this regard, the Non-Gaussian distribution can be estimated from the
central moments via direct integration in the frequency domain and us-
ing Gram–Charlier expansions of the Gaussian distribution (Bedrosian
and Rice, 1971). The works in Donley and Spanos (1990), Spanos and
Donley (1991) and Silva et al. (2021) applied SQ to flow-related vibra-
tion of structures, which is conceptually similar to the OWC problem.
As a result, the application of SQ can be an effective tool to estimate
and understand the nonlinear behaviour of OWCs.

The following work assesses the resonant behaviour of the water
column dynamics inside the pipe under the action of random waves by
means of the SQ technique. The paper is structured as follows. Firstly,
the SQ model of the OWC under first and second-order loads is intro-
duced based on derivations presented in Pesce et al. (2023). Then, an
SL model considering only linear excitation forces is briefly introduced
for comparison purposes (Silva et al., 2020). The frequency-domain-
based models are compared against the full nonlinear time-domain
(TD) model to verify the reliability of each method. Several OWCs
designs and environmental conditions are investigated to demonstrate
the sensitivity of the responses. Finally, a discussion is made regarding
the main sources of non-linearities (first and second-order effects), sim-
ulation time, capability, and limitation of each method. The conclusion
section summarises the main outcomes of the paper.

To the best of the authors’ knowledge, the use of SQ has not
been applied yet to analyse the OWC dynamics, which has a huge
potential to circumvent the limitations of SL results (da Silva et al.,
2022a; Folley, 2016). Note that the statistical quadratisation can be
further extended to include third-order responses by using statistical
cubicisation (SC) (Tognarelli et al., 1997a,b). The application of SQ
and SC methods to offshore systems remains insufficiently explored,
and some examples can be found in Silva et al. (2021), Li et al. (1995)
and Quek et al. (1994).

2. Random vibration of oscillating water columns

The nonlinear dynamics of an OWC can be derived based on the
plug flow hypothesis of an incompressible fluid, where the free surface
inside the pipe (𝜁) is considered as the only generalised coordinate of
the system, and it is measured from the undisturbed free surface outside
the pipe, as demonstrated in Pesce et al. (2023). The OWC is assumed to
be fixed and its dynamics are characterised by a variable mass system
with an explicit dependency on the position of the inner free surface.
2

Fig. 1. Sketch of the water column system based on (Pesce et al., 2023).

Fig. 1 illustrates the fixed water column problem investigated in this
paper, which is composed of a cylindrical-shaped structure piercing the
seawater. Note that, in this case of a pipe with a constant cross-section,
the mass inside the pipe is linearly dependent on the generalised
coordinate 𝜁 . The region of interest encloses the non-material volume
defined by the surface 𝑆 ∶ 𝑆𝐹 ∪𝑆𝑊 ∪𝑆𝑅, where 𝑆𝐹 and 𝑆𝑊 denote the
free-surface and wall surface (material surfaces); and 𝑆𝑅 denotes the
inlet/outlet surface (non-material control surface), across which there
are fluxes of mass, momentum and kinetic energy. Pressure is assumed
null at 𝑆𝐹 , as the pipe is here supposed open to the atmosphere.
However, in WEC applications, the air chamber thermodynamics and
the power take-off system must be included in the dynamics. The full
derivation of the reduced order model for the water column dynamics is
beyond the scope of this paper, and the reader is encouraged to consult
Ref. Pesce et al. (2023), where the governing equation is obtained via
two main and equivalent approaches: the extended Lagrange Equations
applied to mechanical systems with mass dependent on position (Pesce,
2003), and/or applying the Extended Hamilton’s Principle for non-
material volumes (Casetta and Pesce, 2013). A full discussion can be
found in Pesce et al. (2023) on subtle theoretical points concerning the
applications of those two fundamental results to the present problem.

2.1. Statistical quadratisation

Following the results presented in Pesce et al. (2023), the water
column dynamics forced by a train of incident linear free surface waves
can be described as1:

(𝜁 +𝐻)𝜁 + 𝐶(𝜁 +𝐻)𝜁̇ + 1
2
𝐶𝑉 𝜁̇ ||𝜁̇ || + 𝑔𝜁 = 𝑔𝜉 −

[

𝜑𝑤𝑡
+ 1

2
𝜑2
𝑤𝑥

]

𝑆𝑅
, (1)

with,

𝜑𝑤(𝑥, 𝑧, 𝑡) =
𝑁𝜔
∑

𝑗=1

𝜔𝑗𝑎𝑗
𝑘𝑗

cosh(𝑘𝑗 (𝑧 + ℎ))
sinh𝑘𝑗ℎ

sin(𝑘𝑗𝑥 − 𝜔𝑗 𝑡), (2)

𝜉(𝑥, 𝑡) =
𝑁𝜔
∑

𝑗=1
𝑎𝑗 cos(𝑘𝑗𝑥 − 𝜔𝑗 𝑡), (3)

𝜔2
𝑗 = 𝑔𝑘𝑗 tanh 𝑘𝑗ℎ, (4)

where 𝜉 denotes the wave surface elevation, 𝑎𝑗 is the amplitude of
𝑗th frequency component of the wave surface elevation, 𝑁𝑤 the total
number of wave frequencies used to compute the wave spectrum,
𝑘 is the wave number, 𝑔 is the gravitational acceleration, 𝐻 is the
nominal water column draft; the incident wave velocity potential, 𝜑𝑤,
and its derivatives with respect to time and the coordinate 𝑥 are
given respectively by 𝜑𝑤𝑡

and 𝜑𝑤𝑥
, which are computed at the centre

of the non-material control surface 𝑆𝑅; 𝐶 denotes a linear damping

1 A discussion on the field velocity at SR may be found in Pesce et al.
(2023).
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coefficient. This ansatz takes a simple Rayleighian-like model, in which
damping is supposed to be linearly proportional to the varying mass
inside the pipe. The quadratic damping term is added to emulate
the viscous losses effects at the mouth of the pipe, where 𝐶𝑉 is an
ad-hoc and heuristic damping coefficient that here is assumed to be
given by a two-valued coefficient, in order to describe the asymmetry
between the viscous losses of the out-going and in-going fluid at 𝑆𝑅.

n assessment of such a simple model regarding the viscous losses
ffects at the mount (𝑆𝑅) and the Rayleighian-like model might be done
hrough computational fluid dynamic simulations and experimental
ests. However, in the spirit of the present paper, this task is left to
urther work, so the coefficients 𝐶 and 𝐶𝑉 are here treated as known
arameters.

Notice that the free surface piercing pipe is here considered fixed.
oreover, diffracted waves are not taken into account for the sake of

implicity. Physically this means that the diameter of the pipe is con-
idered small compared to the incident wavelength. Linear diffraction
ffects, e.g. Li and Liu (2019), could be considered in a more complete
nalytical model; even second-order diffraction effects could be con-
eived in a semi-analytical way, Taylor and Huang (1997). However,
his would impair a prompt understanding of the present paper, whose
ain objective is to assess the capability of the SQ model to tackle the
onlinear dynamics of the OWC, which dynamic is considered modelled
y a simple potential plug flow type, as discussed in Pesce et al. (2023).

In the OWC dynamics, the mean surface elevation differs from the
nperturbed condition due to the non-symmetric nonlinearities, such
s the ones from the quadratic terms. Thus, the stationary response of
he water column displacement can be expressed as:

(𝑡) = 𝜇𝜁 + 𝜁 (𝑡), (5)

here 𝜇𝜁 denotes the mean water column surface displacement, and
̂ denotes the (supposedly) stationary, non-Gaussian, and zero mean
rocess of the water column surface displacement. Rearranging Eq. (1)
nd expressing the dynamics as in Eq. (5), the governing equation of
he water column dynamics can be expressed as:
̈̂𝜁+𝐶𝐻 ̇̂𝜁+𝑔

(

𝜇𝜁 + 𝜁
)

= 𝑔𝜉−
[

𝜑𝑤𝑡
+ 1

2
𝜑2
𝑤𝑥

]

𝑆𝑅
−𝜁 ̈̂𝜁−𝐶𝜁 ̇̂𝜁− 1

2
𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

, (6)

where the left-hand side is given by a linear operator, and the mean sur-
face displacement can be estimated by taking the expectation of Eq. (6)
as:

𝜇𝜁 = 𝑔−1
⟨

[

−1
2
𝜑2
𝑤𝑥

]

𝑆𝑅
− 𝜁 ̈̂𝜁 − 1

2
𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

⟩

, (7)

where ⟨ ⟩ denotes the mathematical expectation. Note that the
quadratic nonlinearity given by 𝐶𝜁 ̇̂𝜁 is not included in the expectation
f the mean water column surface displacement because for stationary
esponses

⟨

𝜁 ̇̂𝜁
⟩

= 0, and the quadratic damping at the water column

outh produces a mean force due to the assumption of a two-valued
𝑉 coefficient.

Hereafter, it is important to notice that most nonlinearities present
n the OWCs dynamics are written in the polynomial form up to the
econd order, with the exception of the quadratic damping term. The
olynomial representation allows writing the dynamics by means of the
olterra series. In this regard, the nonlinear damping is approximated
y equivalent linear and quadratic terms with respect to the velocity
ased on the statistical quadratisation procedure (Donley and Spanos,
990):
1
2
𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

≈ 𝐶𝑒𝑞,𝑙𝑖𝑛
̇̂𝜁 + 𝐶𝑒𝑞,𝑞𝑢𝑎𝑑

( ̇̂𝜁2 −
⟨ ̇̂𝜁2

⟩)

. (8)

Note that the quadratic term is null for the case of a single-valued 𝐶𝑉
oefficient, which produces a symmetric nonlinearity, and the equiva-
ent linear system can be obtained by means of statistical linearisation.
he method of statistical quadratisation consists in minimising the
ifference between the nonlinear load and its equivalent linear and
uadratic one in a mean square sense:

⟨ 2⟩
3

in 𝜀 , (9) 𝐻
here 𝜀 is defined as the difference between the right and left-hand
ide of Eq. (8):

= 1
2
𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

− 𝐶𝑒𝑞,𝑙𝑖𝑛
̇̂𝜁 − 𝐶𝑒𝑞,𝑞𝑢𝑎𝑑

( ̇̂𝜁2 −
⟨ ̇̂𝜁2

⟩)

. (10)

efining ̇̂𝜁T =
( ̇̂𝜁 , ̇̂𝜁2 −

⟨ ̇̂𝜁2
⟩)

, it can be demonstrated that the required

condition to minimise the difference, given in Eq. (10), can be achieved
by the following operation:
⟨ ̇̂𝜁 ̇̂𝜁T

⟩

𝐶𝑒𝑞 =
⟨ 1
2
𝐶𝑉 𝜁̇ ||𝜁̇ ||

̇̂𝜁
⟩

, (11)

where:

⟨ ̇̂𝜁 ̇̂𝜁T
⟩

=
⎡

⎢

⎢

⎣

𝜇 ̇̂𝜁2 𝜇 ̇̂𝜁3

𝜇 ̇̂𝜁3 𝜇 ̇̂𝜁4 −
(

𝜇 ̇̂𝜁2

)2
⎤

⎥

⎥

⎦

,

𝐶𝑒𝑞 =
{

𝐶eq,lin
𝐶eq,quad

}

,

1
2
𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

̇̂𝜁
⟩

=

⎧

⎪

⎨

⎪

⎩

⟨

1
2𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

̇̂𝜁
⟩

⟨

1
2𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

̇̂𝜁2
⟩

−
⟨

1
2𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

⟩

𝜇 ̇̂𝜁2

⎫

⎪

⎬

⎪

⎭

.

(12)

he expectation in the left-hand side of Eq. (11) involves joint central
oments of the water column surface velocity, while the right-hand

ide terms are calculated using a non-Gaussian distribution, which can
e estimated based on the procedures described in Sections 2.1.1 and
.1.2.

Subtracting the mean surface displacement from Eq. (6) and using
he equivalent quadratic term described in Eq. (8), the zero-mean
andom water column surface displacement can be obtained as:

̈̂𝜁 +
(

𝐶𝐻 + 𝐶𝑒𝑞,𝑙𝑖𝑛
) ̇̂𝜁 + 𝑔𝜁 = 𝑔𝜉 −

[

𝜑𝑤𝑡
+ 1

2
𝜑2
𝑤𝑥

]

𝑆𝑅
− 𝜁 ̈̂𝜁

− 𝐶𝜁 ̇̂𝜁 − 𝐶𝑒𝑞,𝑞𝑢𝑎𝑑
̇̂𝜁2,

+
⟨

[ 1
2
𝜑2
𝑤𝑥

]

𝑆𝑅
+ 𝜁 ̈̂𝜁 + 𝐶𝑒𝑞,𝑞𝑢𝑎𝑑

⟨ ̇̂𝜁2
⟩

⟩

.

(13)

Hereafter, the system dynamics is expressed in a polynomial form,
hich is suitable for the Volterra series method. Based on that, the solu-

ion of water column surface displacement is assumed to be represented
y an infinite Volterra series as:

̂(𝑡) =
∞
∑

𝑝=1
𝜆𝑝𝜁 (𝑝)(𝑡), (14)

here terms up to 𝑝 = 2 are accounted for in this work to characterise
he quadratic effects, and 𝜆 is a scalar coefficient equal to one that
s introduced for bookkeeping purposes. Assuming that the excitation
orces can also be expressed using the Volterra series and equating
erms with the same power of 𝜆, the water column surface displacement
ynamics can be represented by two linear systems as:
̈̂𝜁 (1) +

(

𝐶𝐻 + 𝐶𝑒𝑞,𝑙𝑖𝑛
) ̇̂𝜁 (1) + 𝑔𝜁 (1) = 𝑔𝜉(1) −

[

𝜑(1)
𝑤𝑡

]

𝑆𝑅
, (15)

̈̂𝜁 (2) +
(

𝐶𝐻 + 𝐶𝑒𝑞,𝑙𝑖𝑛
) ̇̂𝜁 (2) + 𝑔𝜁 (2)

= −
[ 1
2
𝜑(1)2
𝑤𝑥

]

𝑆𝑅
− 𝜁 (1) ̈̂𝜁 (1) − 𝐶𝜁 (1) ̇̂𝜁 (1) − 𝐶𝑒𝑞,𝑞𝑢𝑎𝑑

̇̂𝜁 (1)2

+
⟨

[ 1
2
𝜑(1)2
𝑤𝑥

]

𝑆𝑅
+ 𝜁 (1) ̈̂𝜁 (1) + 𝐶𝑒𝑞,𝑞𝑢𝑎𝑑

̇̂𝜁 (1)2
⟩

,

(16)

ote that Eqs. (15) and (16) are intertwined because the second-order
esponse depends on the first-order response, while the equivalent lin-
ar and quadratic damping coefficients depend on the entire response.
evertheless, both equations have the same linear differential operator.
ence, these two equations can be combined into a single system, and

he water column surface displacement can be expressed as:
̈̂ ( ) ̇̂ ̂ ̂ ̂(0) ̂(1) ̂(2)
𝜁 + 𝐶𝐻 + 𝐶𝑒𝑞,𝑙𝑖𝑛 𝜁 + 𝑔𝜁 = f = f + f + f , (17)
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where the linear operator on the right-hand side is excited up to the
second order. The forcing terms in Eq. (17) can be described as a
Volterra series in the form:

f(𝑡) = f̂(0) + ∫

∞

−∞
h(1)
𝑓 (𝜏1)𝜉(𝑡 − 𝜏1)𝑑𝜏1

+ ∫

∞

−∞ ∫

∞

−∞
h(2)
𝑓 (𝜏1, 𝜏2)𝜉(𝑡 − 𝜏1)𝜉(𝑡 − 𝜏2)𝑑𝜏1𝑑𝜏2,

(18)

where h(1)
𝑓 (𝜏1) and h(2)

𝑓 (𝜏1, 𝜏2) denote the linear and quadratic Volterra
kernels for the forcing function, also referred to as linear and quadratic
impulse response functions of the forcing terms. The linear and
quadratic kernels of forcing terms acting on the OWC can be expressed
in terms of transfer functions by the following Fourier transform:

H(1)
f̂
(𝜔) = 𝑔

(

1 + 𝜔2 cosh 𝑘(ℎ −𝐻)
cosh 𝑘ℎ

)

, (19)

nd,

(2)
f̂
(𝜔1, 𝜔2) = −1

2
H(1)
𝜑𝑤,𝑥

(𝜔1)H
(1)
𝜑𝑤,𝑥

(𝜔2) + 𝐶𝑒𝑞,𝑞𝑢𝑎𝑑𝜔1𝜔2H
(1)

𝜁
(𝜔1)H

(1)

𝜁
(𝜔2)

− 𝐶
2
𝑖(𝜔1 + 𝜔2)H

(1)

𝜁
(𝜔1)H

(1)

𝜁
(𝜔2)

+ 1
2
(

𝜔2
1 + 𝜔2

2
)

H(1)

𝜁
(𝜔1)H

(1)

𝜁
(𝜔2),

(20)

with:

H(1)
𝜑𝑤,𝑥

(𝜔) = 𝜔
cosh 𝑘(ℎ +𝐻)

sinh 𝑘ℎ
, (21)

here ℎ is the water depth, and 𝑘 denotes the wavenumber, which
s obtained by solving the transcendental equation given by the linear
ispersion relation:
2 = 𝑔𝑘 tanh 𝑘ℎ. (22)

Note that the quadratic kernel in Eq. (20) was written in a symmet-
ic form to reduce the computational effort and storage requirements
n further calculations, as recommended in Donley and Spanos (1990).
ince the operator in Eq. (17) has a linear form, the response can be
ritten in a similar form:

̂(𝑡) = 𝜁 (0) + 𝜁 (1) + 𝜁 (2) = 𝜁 (0) + ∫

∞

−∞
h(1)

𝜁
(𝜏1)𝜉(𝑡 − 𝜏1)𝑑𝜏1

+ ∫

∞

−∞ ∫

∞

−∞
h(2)

𝜁
(𝜏1, 𝜏2)𝜉(𝑡 − 𝜏1)𝜉(𝑡 − 𝜏2)𝑑𝜏1𝑑𝜏2,

(23)

where the linear and quadratic Volterra kernels for the water column
surface displacement, h(1)

𝜁
(𝜏1) and h(2)

𝜁
(𝜏1, 𝜏2), are also described using

transfer functions as:

H(1)

𝜁
(𝜔) = H(𝜔)H(1)

f̂
(𝜔), (24)

and,

H(2)

𝜁
(𝜔1, 𝜔2) = H(𝜔1 + 𝜔2)H

(2)
f̂
(𝜔), (25)

where:

H(𝜔) =
[

−𝜔2𝐻 + 𝑖𝜔
(

𝐶𝐻 + 𝐶𝑒𝑞,𝑙𝑖𝑛
)

+ 𝑔
]−1 . (26)

2.1.1. Probability distribution
The probability response distribution offers relevant characteris-

tics of the dynamics under random vibrations, and in this study, the
probability distribution is also necessary to estimate the equivalent
linear and quadratic system, as shown in Eq. (11). However, obtaining
the probability distribution of nonlinear systems is a non-trivial task.
Although the wave surface elevation can be assumed to be Gaussian,
the forces and response probability deviates from the Gaussian one.
For the OWC case, this occurs because the force and response have
quadratic transformations of the Gaussian process and non-symmetric
viscous drag contribution. As a result, the exact response distribution
of this problem is unknown.
4

Since part of the distribution is already Gaussian because of the
wave elevation, it is reasonable to approximate the response by using
a Gram–Charlier expansion of the Gaussian distribution (Johnson and
Kotz, 1972). In this regard, the transfer function that describes the
water column dynamics can be used to produce the PSD and calculate
the central moments of the non-Gaussian response (Bedrosian and Rice,
1971). The response distribution can be calculated as (Donley and
Spanos, 1990):

p(𝜁 ) =
{

1 − 1
6
𝜇𝜁3

𝜕3

𝜕𝜁3

}

1
√

2𝜋𝜇𝜁2
exp

(

−
𝜁

2𝜇𝜁2

)

. (27)

Due to the symmetry relations of the quadratic transfer functions
(QTFs), the central moments can be obtained as:

𝜇𝜁2 = ∫

∞

−∞

|

|

|

|

H(1)
𝜁
(𝜔)

|

|

|

|

2
𝑆𝜉𝜉 (𝜔)𝑑𝜔

+ 2∬

∞

−∞

|

|

|

|

H(2)
𝜁
(𝜔1, 𝜔2)

|

|

|

|

2
𝑆𝜉𝜉 (𝜔1)𝑆𝜉𝜉 (𝜔2)𝑑𝜔1𝑑𝜔2,

(28)

nd:

𝜁3 = 6∬

∞

−∞
H(1)∗
𝜁

(𝜔1)H
(1)∗
𝜁

(𝜔2)H
(2)
𝜁
(𝜔1, 𝜔2)

× 𝑆𝜉𝜉 (𝜔1)𝑆𝜉𝜉 (𝜔2)𝑑𝜔1𝑑𝜔2

+ 8∭

∞

−∞
H(2)∗
𝜁

(𝜔1, 𝜔2)H
(2)
𝜁
(𝜔1, 𝜔−3)H

(2)
𝜁
(𝜔2, 𝜔3)

× 𝑆𝜉𝜉 (𝜔1)𝑆𝜉𝜉 (𝜔2)𝑆𝜉𝜉 (𝜔3)𝑑𝜔1𝑑𝜔2𝑑𝜔3,

(29)

here 𝑆𝜉𝜉 (𝜔) is the wave spectrum. The same procedure can be ex-
ended to calculate the probability distribution of the water column sur-
ace velocity, in order to calculate the equivalent linear and quadratic
iscous drag term in Eq. (11). The probability distribution of the water
olumn surface displacement, given in Eq. (27), is estimated using the
econd and third central moments, while the minimisation procedure,
n Eq. (11), requires the fourth central moment. Based on that, the
ourth central moments can be approximated to the ones of a Gaussian
istribution by the following relationship (Donley and Spanos, 1990):

𝜁4 = 3(𝜇𝜁2 ). (30)

.1.2. Iterative procedure
The determination of the first and second-order response depends

n the prior knowledge of the probability distribution to estimate the
quivalent linear and quadratic coefficients. Since this problem has
o analytical solution, an iterative procedure can be used to estimate
he water column response. In this regard, the step-by-step procedure
escribed in Fig. 2 can be applied:

.2. Statistical linearisation

For comparison purposes, this subsection briefly introduces the
ethod of statistical linearisation (SL). In the SL approach, the non-

inear system is approximated to an equivalent linear one, where the
ifference between both equations is minimised in a mean square sense.
ased on that, the governing equation is described based on Eq. (1),
here only the linear forcing term is considered:

𝜁 +𝐻)𝜁 + 𝐶(𝜁 +𝐻)𝜁̇ + 1
2
𝐶𝑉 𝜁̇ ||𝜁̇ || + 𝑔𝜁 = 𝑔𝜉 −

[

𝜑𝑤𝑡

]

𝑆𝑅
, (31)

ike the SQ procedure, the mean surface displacement is estimated by
aking the expectation of the main loads,

𝜁 = 𝑔−1
⟨

−𝜁 ̈̂𝜁 − 1
2
𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

⟩

. (32)

Here, it is important to highlight that ⟨𝜁𝜁⟩ = − ∫ 𝜔2𝑆𝜁𝜁𝑑𝜔 is negative
due to the phase between the displacement and acceleration, while
̇ 2 ∫ 2
⟨𝜁 ⟩ = 𝜔 𝑆𝜁𝜁𝑑𝜔 is positive due to the quadratic transformation of
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Fig. 2. Flowchart of the step-by-step procedure.

he velocity. Subtracting the mean displacement, the equivalent linear
ater column dynamics can be expressed as:

𝐻 +𝐻𝑒𝑞)
̈̂𝜁 +𝐻(𝐶 +𝐶𝑒𝑞)

̇̂𝜁 + 1
2
𝐶𝑉

̇̂𝜁 ||
|

̇̂𝜁 ||
|

+ (𝑔 + 𝑔𝑒𝑞)𝜁 = 𝑔𝜉 −
[

𝜑𝑤𝑡

]

𝑆𝑅
, (33)

here the subscript 𝑒𝑞 denotes the equivalent linear term obtained via
L by minimising the difference between the nonlinear equation and
he equivalent one in a mean square sense. The equivalent terms can
e obtained systematically, following the derivations in Roberts and
panos (2003). For a Gaussian distribution, the minimisation condition
o obtain the water column equivalent terms are given by:

𝑒𝑞 =
⟨

𝜕(𝜁𝜁 )
𝜕𝜁

⟩

= 𝜇𝜁 , (34)

𝑒𝑞 =
𝐶
𝐻

⟨

𝜕(𝜁 𝜁̇ )
𝜕𝜁̇

⟩

+ 1
2𝐻

⟨

𝐶𝑉
𝜕(|𝜁̇ |𝜁̇ )
𝜕𝜁̇

⟩

= 𝐶
𝐻

𝜇𝜁 +
𝐶𝑉
2𝐻

( 8
𝜋

)1∕2
𝜎𝜁̇ , (35)

𝑔𝑒𝑞 =
⟨

𝜕(𝜁𝜁 )
𝜕𝜁

⟩

+ 𝐶
⟨

𝜕(𝜁 𝜁̇ )
𝜕𝜁

⟩

= 0, (36)

here, 𝐶𝑉 is the mean value of the heuristic damping coefficient, and
𝜁̇ is the standard velocity of the water column surface. The equivalent
ransfer function that relates the water column displacement and the
ave forces is given by:

(𝜔) =
[

−𝜔2(𝐻 + 𝜇𝜁 ) + 𝑖𝜔𝐻
(

𝐶 + 𝐶𝑒𝑞
)

+ 𝑔
]−1 . (37)

The SL procedure is conducted in a similar form as the SQ, however
considering just first-order terms, having an analytical solution as
shown in Eqs. (34) to (36). It is important to note that the quadratic
water column nonlinearities are included in the SL model through the
mean surface displacement. Obtaining an equivalent mass is usually
recurrent when dealing with the nonlinear water column dynamics, as
shown in Spanos et al. (2017, 2018) and Silva et al. (2019). As a result,
the SL formulation shifts the apparent natural frequency of the water
column when the equivalent linear system is perturbed by the incoming
random wave field, which can be approximated to:

𝜔𝑛,𝑒𝑞 =
√ 𝑔

. (38)
5

𝐻 + 𝜇𝜁
Fig. 3. Equivalent one-sided JONSWAP spectrum (𝑇𝑝 = 5 s, 𝐻𝑠 = 1.5 m).

3. Simulations

Ocean waves have a random behaviour with energy content spread
over a broad range of frequencies, which can be represented by means
of spectral formulations. In this work, the incident wave field is as-
sumed to be described by the JONSWAP formulation (Hasselmann
et al., 1973), in which the equivalent one-sided spectrum form can be
formulated as:

𝑆𝜉𝜉 (𝜔) = 320
𝐻2

𝑠

𝑇 4
𝑝
𝜔−5 exp

(

−1950
𝑇 4
𝑝

𝜔−4

)

𝛾𝐴, (39)

with the enhancement peak factor 𝛾 = 3.3 and

𝐴 = exp

⎧

⎪

⎨

⎪

⎩

−

(

𝜔∕𝜔𝑝 − 1

𝜎
√

2

)2⎫
⎪

⎬

⎪

⎭

, (40)

where, 𝜎 = 0.07 for 𝜔 < 𝜔𝑝, and 𝜎 = 0.09 for 𝜔 > 𝜔𝑝; 𝐻𝑠 denotes the
ignificant wave height; 𝑇𝑝 is the wave peak period, which is related to
he wave peak frequency by:

𝑝 =
2𝜋
𝑇𝑝

. (41)

The wave spectrum is constructed from 200 frequency components
varying from 0 to 2 rad/s for the TD and SL models, while 400 fre-
quencies are used for the double-sided spectrum in the SQ formulation.
It is worth noting that a suitable frequency discretisation is necessary
to capture the effect of the sum and difference frequency components
of the second-order response. Fig. 3 illustrates the equivalent one-sided
JONSWAP spectrum.

For O&G and FOWTs applications, the water columns are designed
to have their natural frequencies outside the sea spectrum range to
avoid its resonance; while for wave energy applications, the natural
frequency is designed close to the ones from the dominant wave peak
period. To illustrate the response of OWCs under distinguished condi-
tions, three water columns drafts are investigated, 𝐻 = [6, 12, 18] 𝑚; and
two environmental conditions are simulated for each OWC configura-
tion, one at 𝜔𝑛 ≈ 𝜔𝑝 (resonance) given in Table 2, and one at 𝜔𝑛 ≈ 2𝜔𝑝
given in Table 4. Based on Eq. (38), the natural frequency of the water
column for the undisturbed condition is given by:

𝜔𝑛 =
√

𝑔
𝐻

. (42)

The 2:1 ratio is analysed due to the quadratic effects of the loads,
which generate sum and difference frequency components, while the
resonance condition is analysed due to the wave energy applications.
It is valuable to mention that the contribution of the nonlinear terms
is higher for water columns with short draft and the magnitude of the
wave forcing terms are higher. The main parameters of the simulation
are given in Table 1. Note that the heuristic damping coefficients



Applied Ocean Research 139 (2023) 103711L.S.P. da Silva et al.

n
d

t
s
f
3
t
i
p

t
p
s
i

v
r
d
(
c

𝑆

w
t
s

c
r
T
(
c
r
s
i

s
i
F
S
b
d
w
S
s
r

Table 1
Simulation parameters.

Property Value Unit

𝜌 1025 [kg∕m3]
𝐶𝑉 ( ̇̂𝜁 > 0) 0.3 [–]
𝐶𝑉 ( ̇̂𝜁 < 0) 0.5 [–]
𝐶 0.05 [s−1]
ℎ 200 [m]
𝑔 9.81 [m∕s2]

Table 2
OWC parameters and sea conditions (𝜔𝑛 ≈ 𝜔𝑝).

Property Case 1 Case 2 Case 3 Unit

𝐻 6 12 18 [m]
𝜔𝑛 1.27 0.9 0.74 [rad∕s]
𝐻𝑠 1.5 3 4.5 [m]
𝑇𝑝 5 7 8.5 [s]
𝜔𝑝 1.25 0.9 0.74 [rad∕s]

Fig. 4. Time series of five water column elevations using nonlinear TD simulations for
the first 250 s of the stead-state data using different phase angles in the wave spectrum
(𝑇𝑝 = 5 s, 𝐻𝑠 = 1.5 m and 𝐻 = 6 m).

eed to be calibrated using experimental data and computational fluid
ynamics.

The reliability of both statistical methods is assessed by comparing
heir results with those obtained from nonlinear TD simulations. The
imulations are obtained over an interval of 5000 s at a sampling
requency of 40 Hz. Also, each environmental condition is performed
0 times using different sets of wave random phase angles due to
he sensitivity of the second-order response of TD simulations. Fig. 4
llustrates a time series of five water column elevations using different
hase angles for wave spectrum (𝑇𝑝 = 5 s, 𝐻𝑠 = 1.5 m). As can be

observed, there is an asymmetry in the water column elevation due to
the presence of nonlinearities, which is more pronounced depending on
the random phase used to create the sea surface elevation.

Consider the water column drafts and sea states given in Table 2,
where the natural frequency of the OWCs coincides with the incoming
wave field (𝜔𝑛 ≈ 𝜔𝑝). This condition is referred to as resonance, leading
o an increase in water column oscillations, and is characterised by a
eak in the spectral response. Figs. 5 to 7(a) show the water column
pectral response obtained via SQ, SL and TD models. The TD results
n Figs. 5 to 7(a) are obtained using the pwelch function in MATLAB,

where the results in grey refer to the 30 nonlinear TD simulations using
different sets of random wave components, and the result in blue refer
to their mean value. For the SQ approach, the PSD of the water column
displacement is calculated as follows:

𝑆𝜁𝜁 (𝜔) =
|

|

|

|

H(1)
𝜁
(𝜔)

|

|

|

|

2
𝑆𝜉𝜉 (𝜔)

+ 2∫

∞

−∞

|

|

|

|

H(2)
𝜁
(𝜔1, 𝜔 − 𝜔1)

|

|

|

|

2
𝑆𝜉𝜉 (𝜔1)𝑆𝜉𝜉 (𝜔 − 𝜔1)𝑑𝜔1,

(43)

while for SL, only the first term on the right-hand side of Eq. (43)
is computed, with its respective transfer function given in Eq. (37).
6

h

Since the OWCs are operating in resonance, the first-order response is
characterised by a single peak around the natural frequency which is
captured by all models (TD, SL, and SQ). As expected, the SL model is
limited to the response spectrum at large energy densities, which occurs
at the sea spectrum range. On the other hand, the SQ method recovered
the energy spectrum of the water column elevation obtained with
TD simulations over the first and second-order effects. The peaks at
higher frequencies on the right of the first-order response are associated
with second-order effects related to frequency-sums combinations (2:1
resonance), while low-frequency responses on the left of first-order
responses are related to the frequency-differences combinations that
generate slow displacements of the water column elevation. Higher-
order responses are observed in the TD responses that are only captured
using higher-order models. However, it is important to note that the
contribution of higher-order responses is reduced.

Figs. 5 to 7(b) show the histogram of the water column displace-
ment using TD and the PDFs estimated using SQ and SL techniques.
Due to the high energy at first-order responses, all methods have a
similar standard deviation. The main differences occur at the tail of
the distribution and asymmetry (skewness), which are captured using
SQ and TD models. The skewness in the PDF is due to the presence of
second-order responses, where the main sources of loads are described
in Figs. 5 to 7(c). As it can be observed, the nonlinearity related to
the variable mass plays an important role in the second-order motion,
being a few orders of magnitude higher than other second-order non-
linearities and comparable to the first-order wave excitation. Note that
there is a physical singularity in this simple model, establishing the
domain of validity when the water column approximates the lower
limit (𝜁 ←←→ −𝐻). For such conditions, the mass tends to zero, the
ariable fluid mass becomes null, and the system responds faster to the
estoring force, raising the asymmetry in the PDF of the water column
isplacement, which was demonstrated in Fig. 4. Since Eqs. (15) and
16) have the same linear differential operator, the PSD of the water
olumn displacement can be calculated from the PSD of the forces as:

𝜁𝜁 (𝜔) = |H(𝜔)|2 𝑆𝑓𝑓 (𝜔), (44)

where:

𝑆𝑓𝑓 (𝜔) =
|

|

|

|

H(1)
𝑓
(𝜔)

|

|

|

|

2
𝑆𝜉𝜉 (𝜔)

+ 2∫

∞

−∞

|

|

|

|

H(2)
𝑓
(𝜔1, 𝜔 − 𝜔1)

|

|

|

|

2
𝑆𝜉𝜉 (𝜔1)𝑆𝜉𝜉 (𝜔 − 𝜔1)𝑑𝜔1,

(45)

hich are shown in Figs. 5 to 7(c). As in the response spectrum, only
he first term on the right-hand side of Eq. (45) is computed in the force
pectrum for the SL technique.

Since the high energy of the response spectrum (oscillating water
olumn displacement) occurs at first-order responses (wave frequency
ange), all methods and simulations have a similar standard deviation.
he main differences occur at the tail of the distribution and asymmetry
skewness), which are only captured using SQ and TD models. The
entral moments used to calculate the PDF in Figs. 5 to 7(b) are
eported in Table 3. The skewness in the PDF is due to the presence of
econd-order responses, where the main sources of loads are described
n Figs. 5 to 7(c).

In the second analysis, consider the water column drafts and sea
tates given in Table 4, where the natural frequency of the OWCs
s approximately two times the wave peak frequency (𝜔𝑛 ≈ 2𝜔𝑝).
igs. 8 to 10(a) show the water column spectral response obtained via
Q, SL and TD models, where the first-order response is characterised
y a bimodal spectrum. The first peak in the spectral responses occurs
ue to the incoming wave field, while the second peak is associated
ith the natural frequency of the OWCs. As stated previously, the
L is limited to the primary range of excitation and the response
pam over the wave frequency, while the SQ accounts for second-order
esponses. Higher-order responses can be observed in the TD model;

owever, their contributions are small for the conditions simulated.
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Fig. 5. Water column dynamics when 𝜔𝑛 ≈ 𝜔𝑝 (𝑇𝑝 = 5 s, 𝐻𝑠 = 1.5 m, and 𝐻 = 6 m).
Fig. 6. Water column dynamics when 𝜔𝑛 ≈ 𝜔𝑝 (𝑇𝑝 = 7 s, 𝐻𝑠 = 3 m and 𝐻 = 12 m).
Fig. 7. Water column dynamics when 𝜔𝑛 ≈ 𝜔𝑝 (𝑇𝑝 = 8.5 s, 𝐻𝑠 = 4.5 m and 𝐻 = 18 m).
Table 3
Central moments using TD, SL and SQ methods across all environmental conditions
in Table 2.
𝐻 [m] Variable TD SL SQ Unit

𝜇𝜁1 0.83 ± 0.02 0.86 0.93 [m]
6 𝜇𝜁2 5.57 ± 0.13 5.35 4.84 [m2]

𝜇𝜁3 3.91 ± 0.56 0 8.18 [m3]

𝜇𝜁1 1.17 ± 0.04 1.22 1.33 [m]
12 𝜇𝜁2 15.32 ± 0.44 14.62 14.04 [m2]

𝜇𝜁3 19.17 ± 4.28 0 33.51 [m3]

𝜇𝜁1 1.46 ± 0.05 1.53 1.66 [m]
18 𝜇𝜁2 28.32 ± 0.83 26.98 26.44 [m2]

𝜇𝜁3 47.02 ± 13.29 0 79.21 [m3]

Figs. 8 to 10(b) show the histogram of the water column displacement
using TD and the PDFs estimated using SQ and SL techniques, where
the SQ model has a better agreement with TD simulations.

The main idea of these conditions (𝜔𝑛 ≈ 2𝜔𝑝) is to analyse the
effect of second-order forces, more specifically, the sum-frequency
components, on the overall response. However, since the main source
of nonlinearity comes from the inertial term and the water columns
were not resonating, the nonlinear effects and second-order responses
7

Table 4
OWC parameters and sea conditions (𝜔𝑛 ≈ 2𝜔𝑝).

Property Case 1 Case 2 Case 3 Unit

𝐻 6 12 18 [m]
𝜔𝑛 1.27 0.9 0.74 [rad∕s]
𝐻𝑠 1.5 3 4.5 [m]
𝑇𝑝 10 13.5 17 [s]
𝜔𝑝 0.63 0.46 0.37 [rad∕s]

were lower compared to the case given in Table 2, which are shown in
Figs. 8 to 10(c). The second-order response depends on the results of the
bimodal first-order response and their interactions, which produced a
smoother spectral response curve. Like the previous cases, the variable
mass is the main source of nonlinearity related to second-order motion.
It is important to highlight that the second-order loads were lower
than for the previous environmental conditions. This happened because
the responses occurred at lower frequencies and most nonlinear terms
are described as a function of the acceleration and velocity, which are
smaller at lower frequencies. Moreover, the nonlinearities are more pro-
nounced for shorter water columns at resonance, since their response
occurs at higher frequencies.
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Fig. 8. Water column dynamics when 𝜔𝑛 ≈ 2𝜔𝑝 (𝑇𝑝 = 10 s, 𝐻𝑠 = 1.5 m and 𝐻 = 6 m).
Fig. 9. Water column dynamics when 𝜔𝑛 ≈ 2𝜔𝑝 (𝑇𝑝 = 13.5 s, 𝐻𝑠 = 3 m and 𝐻 = 12 m).
Fig. 10. Water column dynamics when 𝜔𝑛 ≈ 2𝜔𝑝 (𝑇𝑝 = 17 s, 𝐻𝑠 = 4.5 m and 𝐻 = 18 m).
Table 5
Central moments using TD, SL and SQ methods across all environmental conditions in
Table 4.
𝐻 [m] Variable TD SL SQ Unit

𝜇𝜁1 0.17 ± 0.01 0.20 0.19 [m]
6 𝜇𝜁2 1.46 ± 0.06 1.57 1.45 [m2]

𝜇𝜁3 0.32 ± 0.12 0 0.36 [m3]

𝜇𝜁1 0.26 ± 0.01 0.29 0.28 [m]
12 𝜇𝜁2 4.32 ± 0.12 4.58 4.33 [m2]

𝜇𝜁3 1.27 ± 0.64 0 1.50 [m3]

𝜇𝜁1 0.29 ± 0.01 0.32 0.31 [m]
18 𝜇𝜁2 7.70 ± 0.24 7.95 7.62 [m2]

𝜇𝜁3 2.86 ± 1.84 0 2.79 [m3]

The central moments used to calculate the PDF in Figs. 8 to 10(b)
are reported in Table 5. Like the previous condition (𝜔𝑛 ≈ 𝜔𝑝), SL and
SQ methods obtained good accuracy in calculating the first two central
moments of the water column surface elevation, while only the SQ
model is capable of calculating third central moments. The accuracy
of the SQ for the second environmental condition given in Table 4
was superior to the first case, because the strength of the nonlinearities
arises under resonance, reducing the accuracy of the method.
8

3.1. Computational cost

The SQ provides reliable estimations of the first and second-order
response of the water column dynamics which are comparable to
nonlinear TD simulations, as observed in the PSD and PDF results.
However, since it is a frequency domain approach, the required com-
putational demand is the main advantage of the SQ method over TD
simulations. Table 6 shows the mean simulation clock time over all
simulations performed for the different approaches used in this work,
namely the SQ, SL, and TD models. The simulations were performed
using a standard desktop PC with an Intel Core i7 processor (2.4 GHz)
and 16 GB RAM. The main characteristics of the TD, SL, and SQ models
are described in Section 3.

In general, 3–5 iterations were required for the SQ and SL models
to obtain a relative error of 0.1% between the central moments of
the previous iteration step. Each TD simulation required approximately
82.1 s; however, several sets of angles were used to construct the
wave elevation in order to reduce the sensitivity of the random phase
angle in the second-order response. Hence, the SQ is approximately two
orders of magnitude faster than TD simulations, which agrees with the
results given in Donley and Spanos (1990). However, it is important
to note that the frequency discretisation directly affects the simulation
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Table 6
Comparison of mean simulation clock time.

Model Clock time Unit

SL 0.01 [s]
SQ 2.92 [s]
TD 82.1 [s]

clock time of the SQ method, especially when calculating the third-
order moments (triple integrals). Also, the computational time required
using TD simulations is dependent on the number of frequencies and
simulation time and discretisation.

This article aims to model and demonstrate the accuracy of the
SQ applied to OWCs. Therefore, a better comparison between the
models is necessary to investigate the efficiency and accuracy balance
between models. In this regard, a discretisation study of the spectrum
is important in order to have reasonable computational clock time and
reliable estimation of second-order effects. During design optimisation
processes, since the SL provided good estimates of the first two central
moments, it can still be used as a first assessment of the OWC design
and better models at further stages.

4. Conclusion

This work investigated the nonlinear stochastic dynamics of OWCs
using statistical linearisation. Firstly, the paper introduced the main
sources of nonlinearities and demonstrated the derivation of an SQ
model. Then, the capability of the SQ model was demonstrated against
the SL model and nonlinear TD simulations. The OWCs were sub-
jected to two environmental conditions, namely, when 𝜔𝑛 ≈ 𝜔𝑝, and
𝑛 ≈ 2𝜔𝑝, and their dynamics were discussed regarding differences
bserved between numerical models.

In general, the SL model provided reasonable estimates of the mean
nd mean-square responses of WECs. However, the model is restricted
o first-order dynamics and Gaussian distributions. As a result, equiva-
ent linear responses from SL might lose salient features of the actual
onlinear dynamics. It is well known that nonlinearities may lead to
ibrations outside the excitation range frequency, and the real response
ay lead to a non-Gaussian distribution. These limitations can be

ddressed using SQ, where the nonlinearities are described by linear
nd quadratic transfer functions. The main advantage of including these
econd-order terms is the possibility of estimating the effects of non-
ymmetric loads (described by even functions). The quadratic transfer
unctions generate low-frequency and high-frequency loads (second-
rder loads) given by the difference and the sum of the frequency
omponents, respectively. Also, quadratic transfer functions can be
sed to calculate higher central moments to create Non-Gaussian dis-
ributions using Gram–Charlier expansions of the Gaussian distribution.
herefore, the SQ model was capable of providing better estimates of
he PSD and PDF responses of the water column surface displacement
han the SL model.

It is important to remind the reader that the equivalent terms
btained from SQ differ from the ones obtained with SL, and are calcu-
ated for each design and environmental condition. The significance of
he quadratic transfer functions is dependent on the frequency distri-
ution and the degree of non-symmetry of the nonlinearity. Therefore,
n the case of symmetric nonlinearities, the quadratic terms are null
nd the SQ reduces to the SL. In this work, only the water column
urface elevation was modelled. However, it can be extended to more
egrees of freedom and other sources of nonlinearities by making the
ppropriate modifications (Donley and Spanos, 1990).

For the OWC investigated in this work, the nonlinearity from the
ariable mass system was the main source of load related to second-
rder motion. It is important to highlight that the second-order effects
ere lower when 𝜔𝑛 ≈ 2𝜔𝑝 than when 𝜔𝑛 ≈ 𝜔𝑝. This happened
9

ecause the responses are higher when the OWCs operate in resonance
(𝜔𝑛 ≈ 𝜔𝑝), having higher nonlinearities. In addition, since some
nonlinear terms are described as a function of acceleration and velocity,
the response at low frequencies results in smaller nonlinear loads.
Note that the nonlinearities were more pronounced for shorter water
columns at resonance, since their response occurs at higher frequencies.
It is important to highlight that when OWCs are applied to wave energy
harvesting, the power take-off system and the chamber dynamics offer
additional damping to the system, which may reduce the intensity of
the nonlinear effects when compared with the simulations presented,
leading to better agreements between SQ and TD models.
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