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Abstract

In the weak 16th Hilbert problem, the Poincaré-Pontryagin-Melnikov function, M1 (h), is used for ob-
taining isolated periodic orbits bifurcating from centers up to a first-order analysis. This problem becomes
more difficult when a family of centers is considered. In this work we provide a compact expression for
the first-order Taylor series of the function M| (h, a) with respect to a, being a the multi-parameter in the
unperturbed center family. More concretely, when the center family has an explicit first integral or inverse
integrating factor depending on a. We use this new bifurcation mechanism to increase the number of limit
cycles appearing up to a first-order analysis without the difficulties that higher-order studies present. We
show its effectiveness by applying it to some classical examples.
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1. Introduction and statement of the main results

A limit cycle is an isolated periodic orbit in the set of all periodic orbits of a differential system.
The maximal number of limit cycles that a polynomial differential system in R? of degree n
might have is denoted by H(n) and it is called the 16th Hilbert’s problem. For further information
see [8—10] and the references therein. The determination of H(n), even for the simplest case n =
2, remains open. A classic strategy to investigate lower bounds for H(n) is to apply the averaging
theory of first and/or higher-order in the study of the number of limit cycles that bifurcate from
centers. In fact, the problem is reduced to the study of the number of positive simple zeros of
a specific non-linear function. For autonomous planar vector fields, it coincides with the well-
known Poincaré-Pontryagin-Melnikov function, see more details in [2]. When we perturb an
integrable system, this function

,y)dx — P(x,y)d
My(h) = / Ox,y) Vx(x y)(x y)dy o

H(x,y)=h
is obtained from the Taylor expansion of the displacement function
A(h, ) =eM(h) +&e*Ma(h) + - -, )

associated to the differential equation

)C/ = —Hy + & P(x’y),
V(x,y) 3)
Y —H, +s O(x,y)
V(G

Here we have denoted by V the inverse integrating factor defined in an open set of R? that
contains the singular point which is a center for the unperturbed system and, as usual, the level
sets of the first integral, H (x, y) = h, are closed curves for & € [0, hg). The 0 and & level sets of
H define the center equilibrium point and the boundary of the period annulus, respectively. We
remark that the function (1) is called an Abelian integral when V is a constant and the functions
H, P, Q are polynomials. In the literature, the investigation of the number of zeros of the function
M is also called the weakened 16th Hilbert’s problem and it was proposed by Arnold, see [1].
The Implicit Function Theorem provides the relation of both problems. More concretely, for each
positive simple zero h* of M| there exists a limit cycle I'; of (3) such that ', tends to the level
curve { H = h*} when ¢ goes to zero.

Usually, as the center defined by the first integral H and the inverse integrating factor V are
fixed, the function Mj(h), defined in (1), depends only on the perturbation parameters defined
in the perturbative functions P and Q. Clearly, when all the involved functions are polynomials,
this dependence is linear in the coefficients of P and Q. In this paper we will perturb families of
systems depending on a multi-parameter a = (ay, az, ..., ag) € RY. That is, the associated first
integral and inverse integrating factor are respectively H = H(x, y,a) and V =V (x, y,a) in (1)
and (3). So, the displacement function (2) is given by

A(h,a,e)=eMi(h,a) +&*Mr(h,a) + - - . )
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The main obstruction on the study of the zeros of

,y)dx — P(x,y)d
My(h, a) = / Ox y)V(J; - a()x y)dy )

H(x,y,a)=h

is the difficulty to work with the above integral for any a. Most of the works study special
values of a for which the integrals on the level curves of H(x, y,0) = h are explicitly obtained
although they were defined via elliptic or hyperelliptic integrals. When a family is analyzed, it is
not restrictive to put these special cases at a = 0. Then, near this special point, the study of the
zeros of M| can be developed via the Taylor series of M| with respect to a parameter. This idea
has been used previously in some examples, see for example [7, Chapter 9]. The goal of our main
result is to get a closed formula for its linear Taylor development. We will show how, with this
mechanism, we obtain more limit cycles than working only at a = 0. Obviously, a second-order
approach might provide better lower bounds for H(n) but with a higher computational effort.
But it is well-known that a higher-order analysis not always can be developed. As we will see
in the proofs, although this bifurcation technique is essentially a first-order bifurcation analysis
for a family of centers, it can be partially interpreted as a second-order analysis of a fixed center.
We could say that we are seeing a piece of the second-order function M> in (2). Hence, roughly
speaking we could say that we are presenting an averaging function of order one and a half.

In the following, we present our main results, which will be proved in Section 2. Firstly, we
detail the expression of the first-order Taylor series of Mj(h, a) with respect to a. Secondly, we
define the new Poincaré—Pontryagin—Melnikov parametric function and how its positive simple
zeros provide limit cycles for system (3).

Theorem 1.1. For a € RY in a neighborhood of the origin, we can write (5) as

L

Mi(h,a) = Mo(h) — Zai (M;(h) + Li(h)) + O(llal®), (6)
i=1
where
_ Q(x,y)dx — P(x,y)dy
Mo(h) = / Vx.y.0) ,
H(x,y,00=h
) _ aV(x:y:a) Q(x»y)dX—P(x,y)dy
M= 9a; a:o< V(x, 7,02 )
H(x,y,0)=h
Loy = / <£XH‘ (Q(x,y)dx—P(x,y)dy» ’
i V(x,)’,a) a=0
H(x,y,00=h
. 1 oH
with Xy =|——=— | VH. Here
“ <||VH||2 3ai>
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5 3
EXw=<fg—j+g£+ g—i—ﬁ ) <f8ﬂ+ aﬁ+ g—i—ﬁ )

a
is the Lie derivative of the one-form w = a dx + B dy with respect to the vector field X = f T +
X
a
8 3y’

The expression for M1 (h, a) defined above is a consequence of the proof of Kelvin’s circu-
lation theorem, for more details see [5]. In the following we present a direct application of this
first-order development study which proposes a new first-order Melnikov function, providing a
better understanding of how the number of limit cycles bifurcates from a period annulus change
depending on the parameters of a center family.

As we have commented before, we are interested in periodic orbits in planar polynomial
differential equations. In this case, the perturbative functions P(x,y, ) and Q(x, y,A) de-
pend linearly on the monomial coefficients A. Hence, also the function M|(h) defined in (1)
depends linearly on A. Under this assumption, the next result present a new Poincaré-Pontryagin-
Melnikov function that can be used in the study of limit cycles bifurcating from center families.

Theorem 1.2. Let M(h, a, L) be the function defined in (6) associated to the perturbed differ-

ential equations 3) with H = H(x, y,a), V=V (x, y,a) and being > = (A9, A1) € R™ g R™!

the vector of coefficients of the perturbative functions P(x,y, ), Q(x,y, ). We assume that
m

0
there exist functions f[]], I[Jz] and g([)]], such that Mo(h, ) = Zkgj]fom(h) and M;(h, \) +

j=1
Li(h,A) = Z)‘O gt/](h) + Zk[/]fl[/](h) fori=1,...,L Then, taking .o = S, A1 = i1,
j=1
and a = b, for each positive simple zero h* of
10, ) = Zu[’]fo (h)+ Zb, Zu[”ff{?(m ™)

i=1 j=I

and for a, & small enough, there exists a limit cycle T'¢ j+ of the perturbed system (3) such that
[e p+ tends to the closed curve {H = h*} when (h, a) goes to (h*,0).

We remark that all the involved function Mg and M;, L;, fori =1, ..., £ in (6) are defined
via integrals over the closed level curves of a non-perturbed system (i.e. (3) with & = 0). More-
over, the above result can be used only in the bifurcation study of limit cycles of small (Hopf)
and medium (Melnikov) amplitudes. We can not consider the bifurcation of limit cycles from the
outer boundary of the period annulus, because it could change with a. This last problem requires
a more delicate analysis, similar to the one developed recently in [14]. The key point in Theo-
rem 1.2 is the blow-up type change of parameters. This mechanism is also used in [4] to analyze
the limit cycles bifurcating from the outer boundary of center when it is of heteroclinic cycle
type. In [4] the number of zeros of the Abelian integral is less than the ones obtained studying
directly the return map. This bifurcation phenomenon is similar to the one described in Theo-
rem 1.2, because the Abelian integral My obtained for a = 0 changes to (7) adding, taking a
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small enough, some extra terms that increases the number of limit cycles in some families. This
blow-up type change is also used recently in [6] for studying the local cyclicity problem when
center polynomial families are perturbed also with polynomials but with a fixed small degree
class. We notice that in (7) we have an extra dependence on b that not always is used in the
study of the number of zeros of (7). Clearly, this number increases when some of the functions
fl[,]i] are independent with respect to the set { f(gl], ey f,LlO]}. This is the case in all the analyzed
applications.

Some applications of the above theorem are presented in Section 3. In such section, we also
discuss how the presence of a parameter a in the system can increase the number of limit cycles
on it, i.e., why the function (6) has more zeros with a # 0 than when a = 0. We notice that, as can
be seen in the definition of the function NV}, the dependency with respect to the parameters (a, 1)
is actually of degree two. We could say that we are doing a partial second-order study. In general,
we are not seeing completely the second-order Melnikov function but we are looking at part of
it. As we are particularly interested in planar polynomial vector fields, we have presented the
results considering that the first integral H is of Darboux type and, as it is usual in these cases,
the inverse integrating factor as well as the perturbation functions P and Q are polynomials.
Clearly we only need a C! dependence on the multi-parameter a in the unperturbed vector field.
Hence, our last application of first-order analysis deals with piecewise polynomial perturbations
of a classical and simple Hamiltonian.

The first-order analysis obtained from Theorems 1.1 and 1.2, using the function /\/'[1], is
mainly based on the fact that we have a closed formula for the first derivative with respect to
the parameters in the center family. A generalization of Theorem 1.2 is presented in Section 4
when higher-order developments of (5) can be obtained. The blow-up procedure is used up to
kth-order developments for special center families such that only V depends on a, while H
not. The higher-order analysis is studied from a collection of functions J\/'[i], fori=1,...,k,
presented in Section 4. To be consistent in the notation we notice that My = N/oy.

2. First averaging function depending on parameters

In this section we prove our main results Theorems 1.1 and 1.2. We remark that if system (3)
has a parameter a then the Melnikov function of first-order My (h, a), defined in (5), depends
on the first-order Taylor series of such function with respect to the multi-parameter a € R at
a = 0. In Theorem 1.1 we present a computable expression for the first-order Taylor series in
a of the first-order Melnikov function M1 (h, a). Since the expression of the function M (k, a)
involves an integration of a one-form over a closed curve parametrized by a, in order to compute
the partial derivatives with respect to the components of a, we need a multivariate version of
the Leibniz integral rule. The next technical lemma provides the derivative of the integral over a
closed curve of a one-form when both depend on a parameter that, for simplicity, we will take
only one dimensional. For the sake of completeness, we provide its proof. For further information
on this topic, see for instance [5].

Lemma 2.1. Consider b € R. Let w = w(x, y, b) be a one-form, y, = y(x, y, b) a closed curve,
and X the vector field associated to the flow ®y, that describes the variation of yp with respect
to b, that is yp+n = ®p(yp) for all h = 0. Then

d ow
Vb Vb Vb
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where Ly is the Lie derivative of the one-form w with respect to the vector field X.

Proof. From the definition of the first derivative with respect to b, the left hand side of (8) can
be written as

d o1
E/wz}}%ﬁ /w(x,y,bJrh)—/w(x,y,b)

Vb Yb+h Vb

1
= lim — /w(x,y,bJrh)—/w(x,y,b)

$n (vp) Vb

1
= lim — /@Zw(x,y,b—i—h)—/w(X,y,b) ;

b Vb

where ®}w(x, y, b+ h) denotes the pullback of the one-form w along ®j, so the last equality
above is the substitution rule for integrals in several variables. This expression can be computed
as follows: first we swap the limit and the integral; second we replace w(x, y, b + h) by its
Taylor series at # = 0 whichis w(x, y,b+h) =w(x,y,b) +b [%w(x, v, b+ h)]h:0 + Oh?);
and third we apply the linearity of ®* to obtain the following

1 d
/llm_ CDZw(xvy,b)‘f‘thZ —w(x’yab_'_h) +¢Zo(h2)_w(X,y,b) .
h—0h oh

Vb

h=0

Since lim ®}O(h?) =0 and
h—0
lim &% 0 (x,y,b+h) lim 0 (x,y,b+h) 9 (x,y,b+h)
—Q 3 5 - — P} ) = —w ’ ] k]
h—>0 "\ ah Y h—0 dh Y dh Y 0

the last equality becomes

] . Pro(x,y,b+h)—w(x,y,b)
'R ) 7b h 1 .
/[ah‘”(x 0% )LZOJrfh‘i% h

Vb Yb

The proof finishes because the limit in the integral is by definition the Lie derivative of the one-
form w with respect to the vector field X, that is Lyw. O

Proof of Theorem 1.1. Clearly the evaluation at a = 0 of M;(h,a) provides (6), that is
Mo(h) = M (h,0).

For the computation of the first derivative with respect to each component of the multi-
parameter a = (aj, ay,...,ap) we can apply (8) taking b = a;, for i =1, ..., £. The curve y,
is defined implicitly by H (x, y, a) = h and the one-form w by
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O, y)dx — P(x,y)dy
V(x,y,a) '

w(x,y,a)=

The derivative of the level curve H (x, y, a) = h with respect to time provides the relation VH -

oH . . .
Xy, + = 0, where V denotes the gradient operator. Since Xy, 1 H, then we can write
1 al 1

Xy, =FVH,

oH

ai

for a function F. Hence, as VH - FVH +

-1 0H
F = ——— — . This is the provided expression of the vector field — Xy, in the statement.
IVH||? da '

The proof finishes substituting all the above expressions in (8) and considering the linearity

of the Lie derivative we obtain the expression for the first derivative with respect to a, that is
¢

— Zai (M;(h) + L;(h)). The functions M, (k) and L;(h) are the ones provided in the state-

i=1
ment. O

=0, we can get the function F that writes as

Proof of Theorem 1.2. From the hypotheses of the statement and equation (6), the displacement
function A(h, a, A, €) defined in (4) writes as

mo . . ¢ mo . . mi . .
e[ o A Y a | Yo ey + YA Ay |+ odal®) | + o@D, ©)
j=1 i=1 =1 j=1

With the blow-up type change in the parameter space, writing Ao = Ao, a = 8d, and & = §2.
Then (9) writes as

mo 4 mg mi
8 [ S 63 iy + sa | > sy e iy + 3 A gy | + 067 | + 0%
j=1 i=1 j=1 j=1

mo . . ¢ mi . .
=3 [ Y5 A + > a Y A il iy |+ ot
j=1

i=1 j=I

The coefficient of 83 in the above function defines the function A1 in the statement where, for
simplicity, the ~ in the parameters A9 and a has been removed. The statement follows directly
from the Implicit Function Theorem dividing the above function by 83, as in the classical result
the displacement function is divided by ¢ done by Pontryagin in [16]. O

3. More limit cycles from developments of first-order

In this section, we present four different applications of Theorems 1.1 and 1.2. The aim is to
study the existence of limit cycles emphasizing how the number of zeros of the Abelian inte-
gral for a = 0 changes when a is a non-vanishing but small multi-parameter. More concretely,

showing which is the influence of this distinguished parameter. The first and simpler example is
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the perturbation of the quadratic potential with quadratic polynomials getting, as usual, only one
limit cycle, see Proposition 3.1. We remark that, up to a first-order analysis with a = 0, no limit
cycles bifurcate. The second center family has three parameters, it is the quartic potential, which
we perturb inside the quartic polynomial family, see Proposition 3.2. These first two examples
are Hamiltonian, so, as they have constant inverse integrating factors, the functions M; vanish
for i # 0. The relevance of our main results is shown in Proposition 3.3 where we perturb a center
family having a rational first integral and, obviously, an inverse integrating factor. Both depend-
ing on a, which is chosen in R? to detail better how Theorems 1.1 and 1.2 apply. Although we
have not detailed either in the statements or in the proofs, both main results can be applied when
we do a piecewise perturbation of a smooth family of centers. The only difference is how we
compute the integrals defined in (6), see for example [11]. This last application is described in
Proposition 3.4.

Proposition 3.1. Consider the perturbed differential system

', ¥) = (=y,x +ax®) +e(P(x,y, 1), Q(x, ¥, 1)), (10

where P and Q are quadratic polynomials in (x,y), a € R, and & # 0 sufficiently small. Then,
for each small enough a # 0O, there exist A such that system (10) has a limit cycle bifurcating
from the period annulus up to a first-order analysis in €. Moreover, when a = 0 no limit cycles
bifurcate from the period annulus up to a first-order analysis in €.

2 2
Proof. We consider system (10) with P(x,y,A) = Z pijxiyj, Ox,y, M) = Z q,-jxiyj.
i+j=0 i+j=0
As it is not restrictive to assume that P (0, 0, A) = Q(0, 0, A) = 0, the parameter space defined by
the coefficients of the perturbative polynomials P and Q, is denoted by A € R!?. We notice that
for ¢ =0 system (10) has the following Hamiltonian

x2+y2 x3
+Cl?7

H(x,y,a)=

taking V (x, y,a) =1 as a trivial inverse integrating factor.
In order to calculate the function M (h, a), defined in (6), we compute the following vector
field

Xy x*ax+1) x3y

3@ 2a A2y 3@ 2an 1)

and we obtain the expression of Ly, (P(x,y)dy — Q(x,y)dx), which we omit here because
of its size.

Applying a polar change of coordinates x = hcosf, y = hsinf, with h € (0, +00), we obtain
the following expressions

Mo(h) = =1 (p1o + qo1)h?,
Mi(h) =0, since V(x,y,a)=1,
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Li(h)=—7 (% n q%)h”’.

Clearly, the function My has no positive simple zeros and the second part of the statement
follows. Considering all the functions we have

M, (h,a) = —7(p1o + qo1)h* +an (% + q%) h* + O0@a?).

The proof follows directly applying Theorem 1.2. The function (7) writes as
Niy(h, 1) = h?(ho + 11h%),

beingmo=mi =1,b=1, 10 =—m(p1o+qo1). *1 =7 (2p20 +q11)/4, folh) = h?, go(h) =0,
and f1(h) = h*. The superscript [! has been removed to simplify the reading. O

We observe that from the differential system (10) when a = 0 (linear center) no limit cycle
bifurcates up to a first-order analysis in the quadratic polynomial class. Therefore, using the
function presented in Theorem 1.1, which is written so that Theorem 1.2 applies, we have a limit
cycle due to the special role that the small additional parameter a # 0O has.

Proposition 3.2. Consider the perturbed differential system

(', ¥) = (—y, x +aix® + axx® + azx*) + e(P(x, y, 1), Q(x, y, 1)), an

where P and Q are quartic polynomials, a = (a1, az,az) € R3, and & # 0 sufficiently small.
Then, for small enough a # 0, there exist A such that system (11) has at least three limit cycles
bifurcating from the period annulus up to a first-order analysis in €. Moreover, when a = 0 only
one limit cycle bifurcates from the period annulus up to a first-order analysis in ¢.

Proof. Note that

1 al an as
H(x,y,a1,a2,a3) = E(x2 +yH) + §x3 + ZX4 + ?xS

is a first integral of system (11) and V (x, y, a1, az) = 1 is an inverse integrating factor, so such
system has a non-degenerate center at the origin.

Applying polar coordinates x = h cos6, y = h sinf and performing the calculations to get the
integrals described in Theorem 1.1, we obtain

1
Mo(h) =— i (g21 + 3q03 + 3p30 + p12) h* — 7 (qo1 + p1o) k%,
1 1
La(h) == 57 (5¢31 + 313 +20pa0 +2p20) ne — 27 (@11 +2p20) h*,
1 3
La(h) == 357 (521 + 3403 + 15p30 + p12) s — 167 @01+ P1o) h*,

1 1
L3(h) == 7 (Tg31+ 3913 +28pao + 2p2) h® — 27 (@11 +2p20) n.
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Since V(x, y,a) = 1 we have that M; (h) =0, i =1, 2, 3. It is easy to check that the coefficients
of My are linearly independent and it has only one positive simple zero, therefore, the second
part of the statement follows. After performing a linear change of variables in the parameter
space, we obtain, by using the notation introduced in Theorem 1.2,

Mi(h,a) =\ nt 4+ 20h2 + ay (,\[13];16 + ,\E”h“>+

[2] [1] [3] [1]
Ao 3\ 3 Aj
21 _ 6 M0 ;4 (4] 8 4 6
A h —h A h —h
az(( 1 3 ) 16 )+a3<< 1t 3 ) 2 )

and, reordering monomials in 4 and taking b; = b, = b3 =1,

3uf W 3 2 1
Nk, u)—( 20 )hs < sl ])hs (W2 YRt g2,

The proof finishes taking for example ,ugl] = /L?] = 0 and using Theorem 1.2. Because the
remaining four parameters are independent and therefore the polynomial Ajj; will have three
positive simple zeros. To simplify the reading, we have not written explicitly the functions

f0 ,gl[/] andfom. O

In the last proof, as it can be seen analyzing the function M1, the number of zeros increases
from one, when a1 = a» = a3z =0, to three when ajazaz # 0. But, clearly, the same result can be
obtained with a; = a; =0 and a3 # 0.

Proposition 3.3. Consider the perturbed differential system

X' =—(=14+2x) (2azx2y +6aryd +arx>+5a;y* + 4y) +eP(x,y,A), (12)

Y =4 (x* =y —x)(e2y* +ary+1)+e0(x, y, A),
where P and Q are quartic polynomials, a = (a1, ap) € R?, and & # 0 sufficiently small. Then,
for small enough a # 0, there exist A such that system (12) has at least four limit cycles bifur-
cating from the period annulus up to a first-order analysis in €. Moreover, when a = 0 only two
limit cycles bifurcate from the period annulus up to a first-order analysis in €.

Proof. We consider system (12) with P (x, y, A) = Z pijx'y/ and Q(x,y, 1) = Z gijx'y’l.
i+j=0 i+j=0

As it is not restrictive to assume that P(0,0,1) = Q(0,0, 1) = 0, the vector defined by the

coefficients p;; and g;; provides A € R?8. We notice that for & = 0 system (12) has the following

first integral

2+ y)Varyr+ary+1

1—2x

H(x,y,a)=

and the inverse integrating factor V(x, y,a) =2 (1 —2x)*/ar y2 +ar y + 1.
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Since the first integral H is analytic in a neighborhood of the origin, by the well-known
Lyapunov—Poincaré Theorem [15] system (12) with ¢ = 0 has a non-degenerate center at the
origin.

The vector field X Ha; » fori =1, 2, defined in the statement of Theorem 1.1 is given by X Ha, =
yX Hay » where

Xn,

a

L =80, (A0 =y = x)(a2y? +ary +1)9/dx
- (- 2x)(2a2x2y + 6a2y3 +aix* + 5aly2 +4y)8/8y),

with

S(x,y) = y(1 = 2x)((4x* + 52x%y% + 16y* — 4x> — 68xy? + x2 +25yH)af + dy(dx*
+36x2y% 4+ 8y* — 4x? — 44xy? + x2 + 15yP)ajaz + 8y(8x? + 4y — 12x + S)ay
+4y? (4x* 4 24x2y? 4+ 4yt — 4x3 — 28xy? + 22 +9yHa2
+16y2(6x2 +2y% — 8x +3)az + 16(x> + y> —2x + 1)) .

We apply the following change of coordinates, defined for 4 € [0, 1),

hcos — h? hsin6
X="—— y:—s
2hcosh —h?2 —1 2hcosf —h?—1

to the integrals (6). By direct computation we have that M, (h), r =0, 1,2 and L;(h),s =1,2
are written as sum of Abelian integrals multiplied by rational functions in 4. More concretely,
each of them writes as

D RS I (h),

where the sum is defined for j =1,...,7, m =0,1, and k =0,...,j — m + 1. Moreover,
REm (h, 1) are rational functions on / depending linearly on the perturbation parameters A and
the Abelian integrals

2

Ik’m(h)—/ cosk @ sin™ 6 do
J ] (hcos® —h2—1)J

0

can be explicitly computed. Therefore the expression of M (h, a) defined in (6) is given as fol-
lows

M (h, a1, a2) = Mo(h) + ar(Mi (k) + L1(h)) + ax(Ma(h) + L2(h) + O(l|al]),

with
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_ WPy (h?) _ h*Paa(h?) _ h*P3a(h?)
MO(h)_W’ Ml(h)—my M2(h)— (/’l2—1)5-’
_ h*Pys(h?) _ h*P3ah?)

ﬁl(h) - W, »CZ(h) - (h2 — 1)5 )

being P; ; polynomials of degree i. Moreover, their coefficients are polynomials of degree 1
with rational coefficients in the parameters A. Applying a suitable linear change of variables in
the parameter space, we get

K205+ a5+ N R OTh 4+ A h2 )

Mi(h,a) =
N 1050 + 25700+ a0 45

that, with the adequate rescaling and taking b = by = 1, the function (7) is

4 3 3 3 3 2 2 3
Niy(h, ) = s+ 1+ g HAS + @5 = 1P i+ g — 25 h R+

_
h? =13

[2] [2] [3]

2 2 1 1 1 2 1 1
w5 = w4 P 16— 206+ DA = T 1 = 206D + g,

The proof of the first part of the statement finishes as the previous proofs just taking zero all the
parameters except /xgl], MBZ], ,u([)31, pL[13], and pL[24]. We notice that the remaining five coefficients in
M1 are linearly independent, so the four limit cycles described in the statement can be obtained
easily. Finally, the number of positive simple zeros of M taking a; = a; = 0 is only two and,

consequently, the first part of the statement also follows. O

In the above proof we could choose a rational first integral and a rational inverse integrating
factor for system (12) with ¢ = 0, but the way that we have presented shows that our approach
also works when the first integral is non-rational.

Proposition 3.4. Consider the piecewise perturbed differential system

(PT(x,y,0), 0% (x,y,4), ify>0,

', y)=(=y,ax’ +ax*+x) +¢ B B i
(P (x,y,2), 07 (x,y,2), ify<0,

13)

where P, P~, O, and Q™ are cubic polynomials, a € R and & # 0 sufficiently small. Then, for
small enough a # 0, there exist A such that system (13) has at least four limit cycles bifurcating
from the period annulus up to a first-order analysis in €. Moreover, when a = 0 only two limit
cycles bifurcate from the period annulus up to a first-order analysis in €.

Proof. System (13), when ¢ =0, has

a

1 a
H(x,y,a) = E(x2 +yH+ §x3 +5
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as a first integral, being V (x, y, a) = 1 the corresponding inverse integrating factor. We note that
system (13) with & = 0 has a non-degenerate center at the origin for any a.
In this case A € R*? and it is not restrictive to assume that P*(0,0, 1) = 0*(0,0, 1) =0.
Doing the polar change of coordinates x = hcosf, y = hsinf we perform the calculations
similar to the ones in the previous examples, except to the integrals along the closed curves are
done in two parts, the upper half-plane (6 € [0, 7]) and the lower half-plane (6 € [, 27]) since
system (13) has the straight line y = 0 of discontinuity. Then we get

1 _ _ _ _
Mo(h) = —§<3(q0+3 +q03) + (P + P) + @3y +a5)) +3(pdy + pip)ht

2 _ _ 1 _ _
+ 31y = PID + @30 — 430) + 2000 — 40’ = 5 (P o + i) + @y + 90,00,

£100 = 2 154y + pig) + 50 +430) + (P + piz) + 3(ags + gy
+ ﬁ@(%ﬁ —q1,) +20(q5y — a39) + 8(p3; — pyy) + 15(a5 — a39)
300, — piy) + 60 — 4D + 55 (g +4i) + 3 + pig)
+8(pdy + Py + 3(ag; +ag )t + %T(qro —q)h’.

Since V (x, y,a) =1 we have that M;(h) = 0. Applying a suitable linear change of variables in
the parameter space, we get

My (h,a) =202 4 0003 a5 a (R34 and RS 4 R0),
that, with the adequate rescaling and taking b1 = 1, the function (7) is
1 2 1 3 2 3 4
Mg, o) =h (a4 (a7 + ) (T 4+ P2 4 0+ a0

Then the proof of the first part of the statement follows. We notice that the coefficients of Ay
are linearly independent, so the four limit cycles can be obtained easily. We finally remark that
when a = 0, the linear independence of the coefficients of M provides the second part of the
statement. O

4. Higher-order developments

This section is devoted to describing a partial higher-order analysis. It is known that the com-
putation of the higher-order Melnikov function is usually a difficult task, sometimes impossible to
be obtained explicitly. But, as we have previously explained, the study of the first Melnikov func-
tion for center families gets some information about the complete higher-order analysis. More
concretely, Theorem 4.1 generalizes Theorem 1.2 when the Taylor series of the first Melnikov
function with respect to the parameters of the center family can be computed up to kth-order. We
show an application to quadratic vector fields in Proposition 4.2 and two to cubic vector fields in
Propositions 4.3 and 4.4.
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Theorem 4.1. Let My (h, a, A) be the function (5) associated to the perturbed differential equa-
tions (3) with H = H(x,y,a), V = V(x,y,a), and P(x,y, 1), Q(x,y, 1), being a € R* and
A eR™. Let

k
Mg(h,a, 1) =Y Mg(h, 1)a” (14)
ler|=0

be the Taylor series of M with respect to the multi-parameter a up to kth-order, where a* =
a?‘agz .. -az”, a=(uy,...,ap), and |a| = ay + - -- + ap. We assume that there exist functions

fOEj Vand g(ElJ }3 such that, for each o,

My Ma,p
Mo, )= gy + S 3 alilelh
Jj=1 [Bl<la| j=1

with B = (B1..... Bo), |Bl =1 + - + Br, and my. my g € N. Then taking 15" = sk=1e ;u[J,
a = 8b, for each positive simple zero h* of

k

N, wy =Y > ulf® fV ), (15)

l|=0 j=1

and for a, & small enough, there exists a limit cycle T'¢ p+ of the perturbed system (3) such that
[ p+ tends to the closed curve {H = h*} when (h, a) goes to (h*,0).

Proof. The displacement function A(h, a, A, ) defined in (4) writes as

A(h,a, x, &) =My (h,a, r) + O(la|*)) + O?), (16)

with Mz as in (14). Then, using the blow-up rescaling proposed in the statement together with
e = 81 we have that (16), up to straightforward computations, writes as

82k+1-/\/ik](h’ /‘L) +O(62k+2),

with the function N defined in (15). We observe that, from a = §b we have a® = sllp® The
proof finishes as the proof of Theorem 1.2, applying the Implicit Function Theorem. O

We remark that in the following applications we have taken concrete values of b, such as
b=1and b = (1, 2). But examples where the number of zeros of (15) depends on the chosen b
may exist. In fact we could use a weighted blow-up so the role of taken other b can help to study
the new averaged function M.

The simplest cases where the above result applies are the ones for which H does not depend
on a, only the inverse integrating factor V. Hence, the function (5) writes as

Mi(h,a) = / Q(x,y, dx — P(x,y. N dy _

wlx,y, A, a). 17
Vxy.a) / (x,y ) (7
H(x,y)=h H(x,y)=h
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We can use Theorem 4.1 just integrating the Taylor series of the one-form w(x, y, A, a) over
the ovals of H = h. The following applications are centers with an explicit parametrization of
the level curves such that a curve of equilibrium points has been added to increase (artificially)
the degree of the family. Obviously, the curve never passes through the center point. As is usual
in these studies, when we have fixed the degree, the number of limit cycles under polynomial
perturbations increases.

The next example is the quadratic perturbation of the linear center with a straight line of
equilibria. The first- and second-order analysis of this problem for degree n perturbations can be
found in [12] and [13], respectively. The key point of both works is the explicit computation of
the integrals. This fact is also observed in [17] where, as application, the quadratic perturbation
is again analyzed, obtaining two limit cycles up to a second-order analysis. In Proposition 4.2 we
show how with our approach also two limit cycles can be obtained without the difficulties of the
second-order study. Because all our integrals are computed over circles. In particular we can see
the existence of a second limit cycle for (simpler) third- and higher-order studies. We will see
also that the optimal result is obtained analyzing third-order developments.

Proposition 4.2. Consider the perturbed system

(', ¥) = (ax + D(=y, x) +e(P(x, y,1), Q(x, y, 1)), (18)

where P and Q are quadratic polynomials and € # 0 is sufficiently small. The first new Melnikov
functions (15) associated to system (18) can be written as

Noy(h, 1) = poh?,

Niny(h, ) = poh* + pih?,

Nay(h, ) = poh* + (u1 + p2)h?,

Niki(h, ) = juoh® + (1 + p)h™* + psh®, fork =3,4,5,6.

19)

Therefore, for ¢ and a small enough, there exist A such that system (18) has no limit cycles up to
order 0, one limit cycle up to first- and second-order and two limit cycles for kth-order studies
with k = 3,4,5, 6. All limit cycles bifurcate from the period annulus up to a first-order analysis
ine.

2 2
Proof. We write P(x,y,A) = Z pijxiyj, Ox,y, M) = Z qijxiyj. As usual, it is not re-
i+j=0 i+j=0
strictive to assume P (0,0, 1) = Q(0,0, 1) = 0. Hence, A € R0 is the parameter space defined
by the coefficients of the perturbative polynomials.

System (18) admits H(x, y) = (x2 4+ y%)/2 as a first integral and V(x, y,a,b) =ax + 1 as
an inverse integrating factor. Clearly, system (18) when ¢ = 0 has a non-degenerate center at the
origin. In fact, this system is topologically equivalent to the linear center adding the straight line
ax + 1 =0 of equilibria.

Applying the usual polar change of coordinates (x, y) = (hcosé, hsinf), by direct computa-
tion we have that (14) can be written as
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3
D SR T T j(hy,
i+j=2

where S;, j(A) are homogeneous polynomials of degree 1 in A and

2

Ji () = f cos’ §sin/ 0 20 20)
DYV ahcosO+10
0

Instead of computing explicitly J; j(h) we get the Taylor series of it with respect to a and then
we do the integral. So, the expression of M1 (h, a) defined in (17) is given as follows

1
M, (h,a) = Aoh* + M h*a + rh*a® + amhba® — ghé(ko — 8p)a*
5 5 Q1
— W80 —4r3)ad — —h8 (g — 612)a’ + Od).
T (M 3)a 7 (Ao 2a’+ Oa’)

To simplify reading, we have removed the superscript !l in the above expression. Therefore,
Theorem 4.1 provides the functions (19) and the conclusion of the number of limit cycles for
each k. We remark that the obtained functions for k = 3, 4, 5, 6 are equal because the parameters
of the coefficients of a*, a°, and a® in (21) are linear combinations of the independent ones which
have appeared up to k = 3. Hence, all the new powers in & appear at the higher-order terms in
822 and do not play any role when k increases. [

The next example was analyzed firstly in [3] for degree n perturbations. Here we only recover
partially some of the results because our perturbation is in the cubic family. We show how The-
orem 4.1 can be applied to higher-order developments to simple families with two parameters.

Proposition 4.3. Consider the perturbed system

(&, y) = (a1x + D@y + D(=y, x) + e(P(x,y,1), Q(x, y, 1), (22)

where P and Q are polynomials of degree 3 in (x,y) and ¢ # 0 sufficiently small. There exist
linear changes of coordinates in the parameters A such that the first functions (15) in Theorem 4. 1
write as

Ny (h, 1) = > (mo1h? + noo),

Ny, 1) = h*(niih* + mo),

Nizi(h, ) = h*(nah* + n21h* + 120),

Ny (h, 1) = B> (n32h* + n131h% + 130),

N (hy @) = h* (1a3h® 4+ naah* + narh? 4 nao), fork =4,5,6.

Consequently, for ¢ and a = (a1, ap) small enough, there exist values of the parameters ) such
that system (22) has one limit cycle up to orders 0 and 1, two up to orders 2 and 3 and three up to
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orders 4,5, and 6. All limit cycles bifurcate from the period annulus up to a first-order analysis
ine.

Proof. As the previous proofs we take P(x, y,A) = Z pijx’.yj, Ox,y, M) = Z q,~jx"yj
i+j=0 i+j=0

and P(0,0,1) = Q(0,0,1) = 0. Hence » € R!8 belongs to the parameter space defined by the

coefficients of the perturbative polynomials.

System (22) has H(x,y) = (x> + y?)/2 and V(x, y, a1, a2) = (a1x + D)(azy + 1) as first
integral and inverse integrating factor, respectively. So, when ¢ = 0, we have a non-degenerate
linear center at the origin and two straight lines of equilibria: ajx + 1 =0and aoy + 1 =0.

Applying the usual polar change of coordinates (x, y) = (hcosé, hsinf), by direct computa-
tion we have that (14) is written as

3
> S MR T (R,

i+j=2
where S; (1) are homogeneous polynomials of degree 1 in A and

2 , .
"0 sin’/ 0
Ji i) = cos g 7 do. (23)
’ (aithcosf + 1)(axh sinf + 1)

Integrating after computing the Taylor series of the integrand with respect to a and applying a
linear change of coordinates, we obtain the expression of M;(h, a) defined in (17) as follows

Misi(h, a, 1) = K2l h? 4+ 200 + abdntar + 20 nas
+- h4(2(k[2] +2250h% + 3aky) + 4akha?
+ 02 ol hajar + h4(2(/\[2] 2052+l — arl)a?

1]

hﬁ 6
+ Emgg +aldad + —(2x“] Mypata — (2x“] —Mhaia3

- h—ﬁ(zx[;]] — a3 + —((sxm + 2005 4 162l A% 4 1041 + 1635 af
—6((3)\[2] +8alhr? +anlhada, + —((3)\[2] s —16alhn? + 21l )ata3
—((5)\[2] —8abhn? +anthaia3 + —((5,\[2] — 1225 + 16akihn? + 22l — 1635 as
+—(4,\[ +alhad + —(12)\“] A[l])alaz—i——( ard +3althala
—(4)\ +3x))ata3 - —(12)\“] 5althaiad — F(“[ — a3,
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The last step is to establish an adequate blow-up to use Theorem 4.1. We have chosen (a1, a2) =
8(1,2) and, straightforward computations, the new Melnikov functions (15) are

Nior(h, 10) = W2 (ufgh® + by,
Ny, ) = (2 4 280 4 U2 4 0y

Nizg(h, ) = 2 (2 = 3pB2hat 4l + 28]+ ll] + 208 = 30l 1 b)),
Ny (h, 1) = hz((ZM[21—3/¢[2] 6l —3ulHnt

+ (,U« +2M01 —l—ulo +2/,L[1] - 3M20)h2 —|—,u[1])
Ny (h, p) = h*((— 6u“] 130 4+ 2l — 320 — 6pll) — 34,y

—}—(,u +2,u01 —f—/l,m +2u[]] SMZO)hz—i-,u[]]) fork =4,5.

We have computed also the sixth-order function and it coincides with the fourth-order above. We
have not written here the complete development because of its size and no better results can be
obtained. Renaming the coefficients of the functions N the result follows. O

It can be checked also that if in the last proof we take (a1, az) = 8(1, 1) not all the independent
parameters /L][(]l] appear, but although the functions A in the proof are different, the ones given
in the statement are the same. Hence, the same number of zeros are obtained. As in the previ-
ous quadratic family, the increasing number of zeros stop when there are no new independent
parameters in the higher-order developments.

Our last application of Theorem 4.1 is to the same family of the previous result but fixing
ap = 1. In particular, all the integrals over the closed paths can be explicitly computed and the
result is quite better than the obtained in Proposition 4.3. As we will see in the proof, the number
of zeros increases up to stabilizes when no more new independent parameters appear in the
higher-order developments.

Proposition 4.4. Consider the perturbed system

@',y = (ax + Dy + D(=y, %) +e(P(x, y, 1), O(x, y, 1)), (24)

where P and Q are polynomials of degree 3 in (x,y) and € # O sufficiently small. There exists
a linear change of coordinates in the parameters ) such that, taking r = /1 — h2, the first
functions (15) in Theorem 4.1 can be written as follows:

3 2 1
Ny, m) = (1 =r)g 7 + 06 + 0 e + i /r,
4 3 2
NGy = (=)@ + it Pl 4 e 40t/
Ny, my = (1= 1) (5 r* + 051 + n?]rz + nﬁzlr + nzl])/r
Na@rom = (1= @5 A+ 405 4 nf 4 g8 4 P 4 i r, fork=3,4.5.
Consequently, for € and a small enough, there exist A such that system (24) has three limit cycles

up to order 0, four up to orders 1 and 2 and five up to orders 3, 4, and 5. All limit cycles bifurcate
from the period annulus up to a first-order analysis in .
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Proof. The proof follows exactly as the proof of Proposition 4.3 taking aj =a and ap =1 up
to getting the expression of the function My(h, a) defined in (17). In the Taylor development
of integrals of type (23) with a, = 1 with respect to a; = a appear integrals of type (20) but
with A sinf + 1 in the denominator. After straightforward computations and taking k = 5 and
h=+1—-r2weget,for0<r <1,

(I—r)
—

Mys)(r,a, ) = W a2l ) + = (P 4 AP+ aY)a

1—r)?
ol Z @39 @il 138 422092 4 o@alll 4222 4 4 2al)

1—r)3
a2 a2 207 7 2@ 4 A3 4 ol 2 - 33,2
+300T Y AP P 4 4l - e?
1—r)3
il - (8l 4 @1 1 sABT 4 0al3 3 4 aalll 822 4 7B 4 3082
+ a2 0l eahr +ah + 838 + 3 + 225" a?
Q=% S aalh 430 4 40all) 4 4221 33003
+T(( 30 TADT +4Q0AT + 40T = 30 r
+ 2631 4 60a 5+ 1227 — 1442 aa 200 4 4a P — 5ol
+ 221 2008 4l - 5iPhad,

The next step is to choose the blow-up indicated in Theorem 4.1 with b = 1. Hence, the new
Melnikov functions (15) are Nk (r, ) = (1 — r)r ~' N (r, ) where

K7 4 3 2 1
N, 1) = 1 + 12 + i + phll,

7 3 2 3 4 1 2 3 1 2 1
N, ) = =PV — (2 — pBY— B3 b 2 B2t By b,

Y 1 3 1 2 3 4 1 1 2 3
Nty ==+ et = !+ P = 18— e — @b — = w2 —

1 1 2 1
+ i+ b e+ g

N, 1 1 1 1 3 1 1 2 3 4
Ny ) = 50 4 b1 — BT 28 4 Pt — i 2050 2 — B — e

1 1 1 2 3 1 1 1 2 1
—(M[I]—u[z]—Mg]—ME]—ME])err(ME]+M[2]+M[3]+u([)])r+u([)],

and ./\7[3] = /’\7[4] = ./\7[5]. A last linear change of coordinates provides the functions Nk indicated
in the statement and the conclusion on the number of limit cycles follows immediately for k =
0,1, 2. For k = 3,4, 5, Descartes’ rule ensures that we have at most five positive zeros of the
corresponding N function and it is easy to check that they exist as simple ones. O
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