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1 | INTRODUCTION

In this work, we study families of real analytic planar autonomous differential systems

X =P(x,y;A), ¥y =Q(x,y;4), @

where the dot denotes derivative with respect to an independent time variable. We also will
assume that (1) depends analytically on the parameters A € RP of the family. Along the work, we
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denote by X = P(x,y; )3, + Q(x,y;1)d, the vector field associated with (1). We are only inter-
ested in the restriction of family (1) to the monodromic parameter space A C RP that is defined
as the parameter subset for which (x, y) = (0, 0) is a monodromic singularity. In other words, the
origin is a singular point of (1) where the structure of local flow turns around it for any 1 € A. The
monodromic set A is usually characterized by the blow-up process developed by Dumortier in [1],
see also Arnold.” In the papers,®* Algaba and coauthors present an algorithmic procedure that
allows to specify the parameter conditions that defines A in terms of the Newton diagram N(X)
of the vector field X, see also Ref. 5.

Since the origin is monodromic, it possesses a Poincaré return map IT defined in some transver-
sal section with end at the singularity. In [6], Medvedeva shows that the Poincaré map has a
Dulac asymptotic expansion I1(x) = nx + Zj Pj(log x)x”/ withn > 0,v; > 1 grow to infinity and
P; have coefficients that are analytic functions of the coefficients of X. We note that the center
case corresponds to IT(x) = x but it is very difficult to arrive at this identity map since the compu-
tation of 77 and the P; is a hard problem. So, one needs other tools trying to characterize the subset
of A defining a center at the origin of (1) and this work explores a possible tool.

Inverse integrating factor V(x,y) has been widely used in the context of the center-focus
problem. For example, in [7], the structure of the Poincaré map of a degenerate monodromic
singularity with Puiseux inverse integrating factor was studied. A survey about these functions
V(x,y) was presented in [8], where a thorough overview of its main properties and applications
is stated such as: the existence of limit cycles of X in [9] and the location of polycycles and other
limit sets of the flow in [10, 11]. Moreover, in [12], it was proved that any (possibly degenerate)
center of an analytic planar system admits a smooth (possibly flat) inverse integrating factor. We
emphasize that this kind of inverse integrating factors cannot be used to discern between a cen-
ter or a focus when it vanishes at the monodromic singularity, even worse we cannot construct a
power series method when it is flat at the singularity.

In [13], the authors study the degenerate center-focus problem with characteristic direc-
tions assuming that system (1) possesses an inverse integrating factor V(x,y) well defined in
a neighborhood of the origin. All these results exemplify the importance of studying inverse
integrating factors.

We are interested in deepening knowledge of methods based on series with exponents in N
(formal series) or in Z (Laurent series) or in Q (Puiseux series) applied to the center problem
of X. By the classical Poincaré-Lyapunov center theorem, any analytic family X = (—y + ---)d, +
(x + ---)d, where the dots are higher order terms has a nondegenerate monodromic singular point
at the origin and the center case is characterized by the existence of an analytic first integral
H(x,y) = (x> +y?)/2 + ---, see, for instance, Refs. 14-18, and hence, using polar coordinates by a
Puiseux first integral H(6, p). On the other hand, using (p, q)-weighted polar coordinates, it can
be seen that the existence of a Puiseux first integral H(6, p) also picks up all the centers of the
(p, 9)-quasi-homogeneous vector fields, see Lemma 4.

Another nice example comes from the analytic family X = (y + ---)d, + (---)d, where the dots
are terms of at least second degree having a nilpotent monodromic singular point at the origin
where the existence of an analytic first integral H(x,y) = y? + -+ is not enough to characterize
all its centers but when its Andreev number is 2, then they are characterized by the existence of a
formal inverse integrating factor V(x, y) € R[[x, y]], hence using (1,2)-weighted polar coordinates
by a Puiseux inverse integrating factor V (8, p). See, for example, the works'*?" for an account of
these phenomena.

Based on the aforementioned center characterizations, our initial objective in this work was
to know if we can use Puiseux first integrals or Puiseux inverse integrating factors to solve the
center-focus problem. In section 5 of [ 7] there is an explanation about the origin of Puiseux inverse
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integrating factors coming from invariant surfaces of the Lagrange characteristic differential equa-
tions associated to the linear partial differential equation that defines inverse integrating factors
of vector fields in polar coordinates.

More specifically, and focusing only in the use of Puiseux first integrals, we wanted to use
convenient weighted polar coordinates (6, p), see its definition in (3), and propose a function

m+i

H(6,p) = Zi>0 hi(0)p » with fixed (m,n) € Z x N and 27z-periodic coefficients h; as first inte-
gral step-by-step in such a way that the obstructions to the existence of the coefficients h; yield
center conditions at the origin of the vector field. This procedure works in the simple case of quasi-
homogeneous vector fields, see Lemma 4(ii). Unfortunately, this is not the case for a general vector
field because there are centers without Puiseux first integral as we will see in this work. Even
worse, we will present some examples of focus without Puiseux inverse integrating factor because
of the existence of flat terms in the transformation to Yakovenko’s normal form,?' see Remark 4.
It is worth to mention that we have no example of center without a Puiseux inverse integrating
factor, so we conjecture that any center must have a Puiseux inverse integrating factor. Indeed, for
centers without characteristic directions, the conjecture is true, see Ref. 22. Nevertheless, despite

m+i

the above conjecture was true, we cannot propose a function V (6, p) = Zi>0 v;(B)p » with 27-
periodic coefficients v; as inverse integrating factor step-by-step in order to get obstructions to the
existence of the coefficients v; yielding center conditions because there are focus with Puiseux
inverse integrating factor, see Remark 5.

The main result of this work is the following one.

Theorem 1. Let the origin of family (1) be a monodromic singularity. Then the center cases cannot be
characterized either by the existence of a Puiseux first integral H or the existence of a Puiseux inverse
integrating factor V. Nevertheless, the existence of H is a sufficient center condition.

To prove this theorem, first we have obtained some criteria about the existence and nonex-
istence of V(8, p) (respectively, H(6, p)), see, for example, Propositions 1 and 2 (respectively,
Propositions 9 and 10). Through the work, many examples are introduced showing families
(1) where specific members of it can have V or H but these functions are not defined in the
whole family.

This work is structured as follows. First, in Section 2, we recall some definitions and preliminary
background such as the weighted polar blow-up and its associated Puiseux inverse integrating
factors and first integrals. Section 3 is dedicated to statement results about the existence and
nonexistence of Puiseux inverse integrating factors V, while Section 4 does the same but with
Puiseux first integrals H instead. We relegate to Section 5 the proofs of all the results. At the
end, we also add several appendices needed in some parts of the work. We also mention that
the computations done were performed utilizing the math software Mathematica 13%* and Maple
2022.%

2 | SOME BACKGROUND AND PRELIMINARY DEFINITIONS
2.1 | The weighted polar blow-up

Let X = P(x,y)d, + Q(x, y)d, be the analytic vector field

P(x,y)= Y ayxyl7L Qx,y)= ) byxitlyl.

(i,j)eN? (i, /)eN?
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To introduce the weighted polar blow-up, we recall briefly the definition of the Newton diagram
that will be useful in what follows.

The support of X is defined by supp(X) = {(i, j) € N* : (g j»bij) # (0,0)}. Moreover, the
boundary of the convex hull of the set

U Gh+r2,

(i.j)E€supp(X)

where the set of positive real numbers is denoted by R, consists of two open rays and several
segments (or edges). The Newton diagram N(X) of the vector field X is defined as the union of
this polygon and the rays that are not in a coordinate axis, when they exist. Choosing coprimes
natural numbers p and q such that q/p determine the tangent of the angle between an edge of
N(&) and the negative direction of the ordinate axis, we obtain the weights (p, q) € N? for which
the expansion

xX=>)x, (2)

jzr

wherer > 1and X; = Pp, j(x, )0, + Qg4 j(x,¥)dy are (p, q)-quasi-homogeneous vector fields of
degree j. We say that &, is the leading part of X. Moreover, the set of all the possible weights of X
in N(X) is denoted by W(N(X)) C N2,

Now we define the weighted polar blow-up (x,y) — (6, p) as

x =pPcosB, y=p?sinb, 3)

and we consider the Jacobian J(0, p) = pP*97!(pcos?0 + ¢ sin’ ).

It is clear that when p = g = 1, we get the classic polar change of coordinates. In addition,
after applying the weighted polar blow-up on the (p, g)-quasi-homogeneous vector field X; =
P, j(x,¥)0; + Qq4j(x,¥)d, of degree j, we obtain

- pj+1Fj(6)’ . _ ,ofG—j(G) @
D(9) D(®)
where
F(0) =Pp, j(cos6,sin0) cos 6 + Qg j(cos 6, sin 6) sin 6,
Gj(0) =pQp4j(cosb,sinf)cosO — q Py, j(cos,sin ) sin 0,
D(6) = pcos? 6 + gsin® 6 > 0.

Thus, doing a time reparametrization, we can remove the common factor p"/D(6) > 0 of (4),
obtaining

p=RO.p)= Y p/F;(6), 6=0(6.0)= ) p/7G;(0). ®)

j=zr jzr

Recall that when X, has not a monodromic singularity at the origin, then G, (6) has real roots in
[0, 277). Besides, the set {p = 0} define a polycycle, because p = O(p), 8 = G,(8) + O(p).
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Now we recall the definition of the cylinder
C={6.p)eS'XR : 0<p<1}withS' =R/(272),

the local curves of zero angular speed ®~1(0) = {(6,p) € C : ©(8,p) = 0}, and of the set of
characteristics directions of (5)

Q,, ={6* €S! : G,(6") = 0}.

Note thatif Q,, # @, then 071(0) # 0. Besides, we can have ©~1(0)\{o = 0} = @. For more details,
see Ref. 7. It is worth to emphasize that we can always take 0 ¢ Q,, performing a linear change
of coordinates, if necessary.

Now we consider the ordinary differential equation associated to (5)

dp _ R6,p) _ N o
%" 0@ " OP= Z:, Fi©)p', (6)

where we denote
F1(6) = F,.(6)/G,(6). @

Thus, (6) is a function well defined in C\©®~!(0). We also consider, for every weight (p,q) €
W(N(X)), the following subset of A:

Apg =1 €N ©7H0)\{p = 0} # B},
and the critical parameters subset A* C A as the intersection

AF = ﬂ A
(P.9)EW (N(X))

Pq-

Definition 1. The class MoP? is formed by the vector field (2) whose leading part X, with respect
to some weights (p, q) € W(N(X)) has a monodromic singularity at the origin.

Note that X € Mo?? if, and only if, G,(6) is nonvanishing in [0, 277). Thus, if ¥ € MoP?, then
o~1(0)=4g.
2.2 | Puiseux inverse integrating factors and Puiseux first integrals
In this section, we recall some important definitions and results useful in the sequence.

A not locally null real C'(C\©®71(0)) function V(0, p) is an inverse integrating factor of (6) if the
following linear partial differential equation is satisfied

oV oV oF
35@-P %(G,p) F(6,p) = 5(9,,0) V(. p). ®)
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Moreover, if V(6, p) can be expanded in a convergent Puiseux series about p = 0 (except may be
at points (8, o) = (6%, 0) with 6* € Q) of the form

V.0 = Y v, ©)

i>0

it is said to be a Puiseux inverse integrating factor. Here, the coefficients v; : Sl\QPq — R are C!
functions. The leading coefficient v,,(6) # 0 and (m, n) € Z x N* with N* = N\{0} are known as
multiplicity and index, respectively. Moreover, when n = 1, we deal with a Laurent inverse inte-
grating factor, and when n = 1 and m > 0, we obtain an analytic inverse integrating factor if v; are
analytic, for all i € N. If we do not care about convergence issues in the series (9) and the formal
series still satisfies the partial differential equation term-by-term then we say that (9) is a formal
Puiseux inverse integrating factor.

Remark 1. Recall that the inverse integrating factors of X = P(x,y)d, + Q(x,y)d, are C! func-
tions V(x,y) such that (P(x,y)dy — Q(x,y)dx)/V(x,y) is a closed differential 1-form off the
zero set v~1(0). Moreover, given V(x,y) we can construct an inverse integrating factor of (6) in
C\{671(0) U {p = 0}} explicitly given by

V(pP cos 8, p?sinO)
J(6,p) 0O, p) p

V6, p)= (10)

We recall the next example provided in [7].

Example 1. The equation dp/df = p> possesses the inverse integrating factor V(6,p) =
P> sin(20 + p~2) thatisa C'(C\{p = 0}) function. Still, it is not a Puiseux inverse integrating factor
since it cannot be expanded in the Puiseux series about p = 0.

We say that a nonconstant real C'(C\®~1(0)) function H(8, p) is a first integral of (6) if
0H 0H
—_— - F =0. 11
AL 3o 6,p)F(6,0)=0 (1

Analogous to what we have defined for inverse integrating factors, when a first integral of (6)
could be expanded in a convergent Puiseux series about p = 0 (except may be at points (6, p) =
(6%,0) with 6* € Q,), we say that it is a Puiseux first integral of (6).

We recall two well-known relations between first integrals and inverse integrating factors
that will be useful in the sequel. Let V;(6,p), i = 1,2, and H(6, p) be two Puiseux inverse inte-
grating factors and a Puisex first integral of (6), respectively. Then H(8, p) = V1(8,0)/V (6, p)
is a first integral of (6), that is well defined for all (6, p) for which V,(6, p) # 0. Moreover,
V(6,p) = H(B,p)V1(6, p) is an inverse integrating factor of (6). For more details, see the survey®
and references therein.

In what follows we present the definition of an important quantity. To do that we consider the
expansion of F(0) given by (6), in C\®~1(0), where 7, (8) is given by (7). So, we define

2
£,y =PV / 71(6)de,
0
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where PV denotes the Cauchy principal value
PV /f(@)d@ = lim /f(@)d@,
I e—0t I

withI, =I'\J. and J, = U%zl(elfk —¢€,0 +¢). Itis clear that it cannot exist.

As we saw before, if ¥ € Mo”?, then ®1(0) = @. Besides, when the origin is a center of X €
MoP?, then it is also a center of its leading part X, (see the reciprocal of Theorem 5, in [25],
for example). Moreover, a necessary and sufficient condition for the origin to be a center of X,
is that /Ozn F1(6)d6 = 0, for more details see Ref. 26, for instance. These information imply that

f027r F1(6)d6 = 0 is a necessary center condition at the origin of ¥ € MoP*?.

3 | EXISTENCE AND NONEXISTENCE OF PUISEUX INVERSE
INTEGRATING FACTORS

In this section, we present some conditions related to the existence of a formal Puiseux inverse
integrating factor.

Inverse integrating factors V(x, y) in Cartesian coordinates are defined as C! functions such
that the rescaled vector field X/V is Hamiltonian, see also Remark 1. We say that V is a formal
inverse integrating factor when ¥V € R[[x, y]] and that V is an algebraic inverse integrating factor
in case that V(x,y) = f4(x,y) where f € R[[x,y]]and A € Q.

Due to formula (10), it is clear that the existence of a formal or algebraic inverse integrating
factor V(x, y) implies the existence of a Puiseux inverse integrating factor V(6, p), which justifies
why we analyze the functions V (6, p) in this work. The following example explicitly shows that
V (6, p) is a more general object than just formal V(x, y).

Example 2. System

Xx=y+x* y=-x>+3x3, (12)
has a nilpotent time-reversible center at the origin. Moreover, in [27], it was proved that (12) does
not admit any formal inverse integrating factor in the Cartesian coordinates. However, taking the

unique weights (p, q) = (1,3) € W(N(X)) and doing the weighted polar blow-up (3), we obtain
an equation (5) of the form

do P cos2(6)<tan(6) — sin(6) cos3(6) + p cos3(8) + 3p sin’(6) cos(@))

e —35sin*(6) — cosb(0)

having the Puiseux inverse integrating factor V (9, p) = v,(8)p? with v,(8) = (=33 cos(26) +
6 cos(460) + cos(66) + 58)1/°.

When & pq does not exist, we can establish the following result.

Proposition 1. We take 0 & Q. If §,4 does not exist, then any Puiseux inverse integrating factor
must have m = n.
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Remark 2. There are monodromic singularities where £,, does not exist for some (p,q) €
W(N(X)). An example with (p,q) = (1,1) is given in [28] where it is shown that the origin of
the following family

x = y(ax? + bxy + cy?), y = y*(ax + by) + x>, (13)

with A = {(a,b,c) € R* : a < 0,¢ < 0} is monodromic and
4b

= —2% lim cot(e).

§n c 8_1)0+ cot(e)

Hence, &1; does not exist when b # 0. Thus, an eventual inverse Puiseux inverse integrating factor
of (13) would have m = n according to Proposition 1.

The following lemma is a direct consequence of Lemma 2 of [7] and its proof. We state it here
because it will be useful in some examples.

Lemma 1. Assume that there exists a Puiseux inverse integrating factor V(6, p) = v,,()p"™/" + ---,
with m # n. Also assume that the restriction vm|QPq takes finite values and that the possible zero
values have finite multiplicity. Then, &, exists and its value is §p, = 0.

Now we give some necessary conditions for Equation (6) to have a formal Puiseux inverse
integrating factor.

Proposition 2. Consider system (1) and the associated ordinary differential equation (6) with 0 &
Q,, without lost of generality. If there exists a formal Puiseux inverse integrating factor V (6, p) =
20 Uk (8)p /M of (6), then its coefficients satisfy the linear differential equation

0 (8) = Gk F1(O)0n4(8) + by (), (14)
in SN\ Q,,,

2 . 0 .
Epg and Ay =PV [, i @1, (6)bysk(0)dS, with @, (6) = exp(apik PV [, Fi(0)do), exist
Jorallk > 0, then (m — n)§,; = 0 and the following statements hold:

where o, € Rand b, : Sl\qu — R, forany k > 0. Moreover, assuming that both

(D If §,q # 0, then m = n and for each n € N, the formal Puiseux inverse integrating factor is
unique up to multiplicative nonzero constants.
(it) If §pq = Apik = 0 for any k > 0, then there can be infinitely many formal Puiseux inverse
integrating factors.
(iii) If§,q = 0 and Ak # O for some k > 0, then there is no Puiseux inverse integrating factor.

With the following example, we emphasize that the condition m # n in Lemma 1 is necessary.
Example 3. Consider the family of vector fields

% =2(x0 4+ 3y)(—y + ux) + A,(x* + y)(y + Ax?),
5)
¥ =2,(x% + 3y2)(x + uy) + 1,(x? + y)(—x> + 34Ax%).
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In [7],itis proved that the origin is a monodromic singularity if, and only if, the parameters belong
to the set

A= {(/11,/12,,“,14) S R4 . 3&1 _AZ > 0, Al —Az > O}
Moreover, restricted to A \ A*, where

A" ={a1; 20, a13 20, Ady + y/ay; <0, —udy + /a3 2 0},

with oy = =317 + 4414, + (=1 + ADAS and ay3 = (=3 + u»)A] + 44,4, — A, the center condi-
tion is

Since the weights (p,q) = (1,1) are on the Newton diagram of (15), we take polar coordinates
and we see that 0 € Q;;. Therefore, we perform the linear change of coordinates (x,y) — (¥, x)
in order that 0 & Q,;. The outcome is that, in polar coordinates, dp/d8 = F,(8)p + O(p?) with
F1(0) = —(Bud; + A,tan 6)/(31; — 4,). Then,

2 67Ul
_pv [ ey = - ST
§u V/o 1(6)d6 =7,

On the other hand, family (15) has the inverse integrating factor V(x, y) = (x* + y?)(x® + 3y?)
that is modified as V(x,y) = V(y, x) yielding the transformed Puiseux inverse integrating factor

— 3 3
V(6,p) = mﬁ + O(p).

This is an example of a family having a Puiseux inverse integrating factor V with m = n = 1 and
U,,(6) constant. Hence, it satisfies the conditions on v,,|q,, imposed in Lemma 1, although &,
can be different from zero when ud; # 0. Observe that this example does not contradict Lemma 1,
because m = n.

We also want to note that, according to Proposition 2(i), family (15) with §;; # 0 cannot possess
another formal Puiseux inverse integrating factor with index n = 1.

3.1 | Monodromic families without Puiseux inverse integrating factor

In this section, we show two examples of monodromic families without Puiseux inverse integrat-
ing factor. In Proposition 4, we give a family where & pq does notexist for (p, q) = (1,1) € W(N(X))
and that V(6, p) also does not exist for these weights. Moreover, in Proposition 5, we show a family
of monodromic nilpotent vector fields where the focus does not have Puiseux inverse integrating
factors. First, we established a preliminary result.

We define the quantity x,,(6) as the following Cauchy principal value:

0
Xpg(6) = PV / Fi(0)do, (16)
0

if it exists, that is, if its value is finite. Notice that y,,(27) = § .
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Proposition 3. Assume that the origin is a monodromic singular point of (1) with 0 & Q,, for some
(p,q) € W(N(X)). If there is be Sl\qu such that (n — m);(pq(é) > 0 and ;(pq(é) = +o00, then
there is no Puiseux inverse integrating factor with m # n.

We are going to see how Proposition 3 can be used to show a family of analytic monodromic
singularities without Puiseux inverse integrating factor using the weighted polar coordinates
associated to one edge of N(X).

Proposition 4. The Newton diagram of family (13) has associated weights W(N(X)) =
{(1,1),(2,1)}. Using polar coordinates, there is no Puiseux inverse integrating factor with arbitrary
fixed (m, n) in the hole family (13) restricted to the monodromic parameter space A = {(a,b,c) €
R*: a<0,c <0}

Remark 3. Recall that if V(x,y) € R[x,y] is an inverse integrating factor of X = P(x,y)d, +
Q(x,y)dy, then V(, p), given by (10), exists for all (p, q) € W(N(X)). See Remark 1. As in Propo-
sition 4 V' (8, p) does not exist for (p, q) = (1,1) € W(N(X)), it follows that (13) does not admit a
formal Puiseux inverse integrating factor in the Cartesian coordinates.

Before the next proposition, we recall some results about nilpotent planar vector fields.
First, any analytic planar vector field with a monodromic nilpotent singular point is orbitally
analytically conjugate to the Liénard differential system

X =-y, y=x*"1+yB(x), (17)

where N > 2 is called the Andreev number, B(x) = ij 5 B jxf with Bg # 0, and one of the fol-
lowing conditions hold: (i) 8 > N —1; (ii) 8 =N —1 and Bé — 4N < 0; (iii) B(x) = 0. These
conditions are easily deduced from the Andreev characterization of monodromic nilpotent singu-
lar points, see Ref. 29. Moreover, the origin of system (17) is a center if, and only if, B(x) is an odd
function, see Refs. 30, 31.

Proposition 5. When a # 0, the family

x=y,y=—-x+axy, 18)
has a focus at the origin without Puiseux inverse integrating factor.
Remark 4. By a result in [21], in a neighborhood of p = 0 in the cylinder C, there is a C* diffeo-

morphism (6, p) = ¢(6, p) = (¢, r) mapping X = d + F(6, p)3, with F € C*(C) into ¢, X with
associated equation

— =Ar withA #0, if m=1,
do
g—; ="+ qr?m! withaeR, if m>1,
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where m is the multiplicity of the limit cycle p = 0 of X. In particular,

B r if m=1,
Vip,r) =

Myarl if m>1,

is an inverse integrating factor of this equation and, undoing the change of coordinates, we have a
smooth inverse integrating factor V (6, p) of the differential equation (6) associated to X. Clearly, if
¢ isnonflatin p at p = 0, then V' (8, p) would be smooth and nonflat. Consequently, V' (6, p) would
be a Puiseux inverse integrating factor with index 1 and positive multiplicity. This consequence
is in contradiction with the example provided in Proposition 5 that has a nilpotent focus at the
origin when a # 0 with Andreevnumber N = 3 so that using (1, N)-quasi-homogeneous weighted
polar coordinates, one gets Q;y = @ and consequently the associated vector field X is analytic
in C. In summary, a straight consequence of Proposition 5 is that Lemma 21 of [32] and its by-
product written in statement (a) of Theorem 1 in [22] are wrong and the main reason is that the
C® diffeomorphism ¢ mapping X into its normal form is given by a formal power series with
possibly flat terms not taken into account in [32].

4 | EXISTENCE AND NONEXISTENCE OF PUISEUX FIRST
INTEGRALS

The next lemma is used in the proof of the forthcoming Proposition 6. It was stated for the first
time in Lemma 18(iii) of 7] with a proof in the particular case that the Puiseux inverse integrating
factor V(8, p) is well defined in a neighborhood of p = 0, that is, when the coefficients v;(0) in the
expansion (9) are functions well defined in S'. The proof of this lemma in the general case when
v;(B) are functions only defined in Sl\qu is given in [33].

Lemma 2. Let the origin be a monodromic singularity of system (1). If V(8, p) is a Puiseux inverse
integrating factor of its associated differential equation (6), then V=(0)\{o = 0} = 0.

When (6) has a Puiseux first integral H(6, p), then it also possesses a Puiseux inverse integrating
factor V(6, p) as it can be easily checked from the relations V = 1/(6,H) = —F /(dgH). In general,
the converse is not true as the example (19) in Section 4.1 shows. Anyway now we present a specific
situation where that converse holds.

Proposition 6. Let the origin be a center of system (1) restricted to A\A,q. Assume that V (6, p) is a
Puiseux inverse integrating factor of its associated differential equation (6) well defined in C\{p = 0}.
Then, (6) admits a Puiseux first integral H(6, p).

There are monodromic families where the centers are characterized by the existence of a
Puiseux first integral, see, for example, Proposition 8, although this is not always the case. The
next lemma gives a sufficient center condition.

Lemma 3. If system (1) has a monodromic singularity at the origin and H(6, p) is a Puiseux first
integral of its associated differential equation (6), then the origin is a center.
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In general, the converse of Lemma 3 is not true. Indeed, in the next proposition, we show that
family (15) contains centers without Puiseux first integrals.

Proposition 7. There are centers in the family (15) without a Puiseux first integral.

Remark 5. There are families of vector fields X = X, + --- with a monodromic singularity at the
origin whose members have both center and foci and the origin is a center of &, for which there
is a Puiseux inverse integrating factor in the complete family. An example of it is the family (19)
in the work,"® where X, is Hamiltonian.

Remark 6. Recall that the monodromic class Mo"”? is defined as the set of analytic vector fields
X with a monodromic singularity at the origin such that its associated Newton diagram has only
one edge with weights (p, q) € N? and Q pg = ¥, see Definition 1. This is the simplest monodromic
class and it contains all the analytic vector fields with monodromic singularities that are either
nondegenerate or nilpotent. Clearly, the Poincaré map II of a vector field in the monodromic
class MoP? is an analytic map at the origin that could be write as I1(p,) = npg + O(pp). It is well
known that 7 = exp(+£,,), Where the positive sign is taken when the flow rotates counterclock-
wise and the negative sign otherwise. It is important to mention that when we restrict to vector
fields lying in Mo P, Proposition 2 can be viewed as a generalization of statements (i) and (ii),
of Corollary 17, in [32], taking into account that analytic inverse integrating factors in Cartesian
coordinates become Puiseux inverse integrating factors in (p, q)-weighted polar coordinates.

4.1 | Monodromic family having focus without Puiseux first integral

In this section, we show an example of a monodromic family that admits a Puiseux first integral
if, and only if, the center condition is satisfied.
Consider the system

x =y +2ax3y + 2x(ax* + Bxy?), y = —x° — 3ax?y* + 3y(ax* + Bxy?), (19)
previously studied in [13, 34]. Note that this system is in the class Mo>® when the monodromic
condition |a| < 1/ \/6 is satisfied. Moreover, the origin is a center when the parameters are in the

center parameter space C = {(a,a,) € R? : |a| < 1/\/3, af(a) + Bg(a) = 0}, where

fla)=— /2” cos*6(2 cos? 6 + 3sin’ 9,
0 (D(6; a))13/12

2 .2 2 .2
g(a)=—/ cos Osin” 6(2 cos” 6 + 3sin e)de’
0

(D(8; a))13/12

D(6;a) =2cos® 6 + 12a cos3 6sin° 6 + 3sin” 6.

Family (19) possesses an algebraic inverse integrating factor given by V(x,y) = [(x* + 3ay?)* +
%(1 — 6a%)y*]'3/12 independently of the monodromic nature of the origin. Using (10) with
(p,q) = (2,3) and J(8, p) = —p*(=5 + c0s 26)/2 yields V (8, p) = p*(D(8; a))'/12. Nevertheless,
family (19) only has a Puiseux first integral in the center case as the following proposition shows.
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Proposition 8. A system in the family (19) admits a Puiseux first integral if, and only if, the origin
is a center.

5 | PROOFS
5.1 | Proofof Theorem 1

Proof. The fact that centers are not characterized by the existence of H is a consequence of
Proposition 7, whereas the noncharacterization of centers by the existence of V' follows from the
coexistence of foci and V, see, for example, Lemma 4(i). The fact that the existence of H is a
sufficient center condition is proved in Lemma 3. O

5.2 | Proof of Proposition 1

Proof. Inserting the expansion V (6, p) = v,,(8)0™/" + O(p™/™) and F(6, p) = F1(8)p + O(p) into
the partial differential equation (8) gives the linear homogeneous differential equation

nv,(0) + (m —n)F(0)v,,(6) =0, (20)

whose general solution is

8
U, (0) = v,(0) exp (—PV/ Fi(s) ds>. (21)
0
Evaluating at 27 gives

0n(2m) = v (@) exp (“=2E,, ),

if §,; would exists. Using that v,,, is a 27z-periodic function together with the nonexistence of § ,,
we must have m = n. Ul

5.3 | Proof of Proposition 2

Proof. We follow the same first step of the proof of Proposition 1, introducing the expansion

m+4n
V©,p)= Y, vi@)p!/" + O(pm+im/m), (22)

i=m

together with F(6,p) = Z?>1 Fi(0)p! + O(p°), into the partial differential equation (8), which
defines V, we obtain -

m+4n mtdn m+4n m+4n
Y ©@pr +0(" )—<er(e)pl 1+c9<p4>>( > v©)pr +c9(p " >>
i=m 1 i=m (23)
2] 5 m+4n m43n
Zl L Fi( )p + O(p )< 2 w(@)p - +(9<p " )):0.
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Equating the coefficients of the powers p+)/" with 0 < j <n—1, we see that v,,, i©)
satisfies the linear ordinary differential equation

n v:nﬂ.(@) +(m—n+ jHF1(0)vy,;(0) = 0. (24)
We point out that v, # 0, because it is the leading term of (22). Besides, when j = 0, in (24), we
obtain (20).

Moreover, taking into account the next powers ,o(m+"+j /M with 0 < j £n—1,in(23), we obtain

noy oy 0) + (M + HF1Oinsnj(6) = 20 — m = F5(8)vys5(6)- (25)

When we consider the coefficients of p(™27+)/n 0 < j <n—1, we see that Uy, ;(6)
satisfies the linear ordinary differential equation

UL oy jO) + (M4 1+ NF1(O)Vp1204(6) = (B — m = j)F3(0)p1.(6) 06
26
+(n—m— j)rz(e)vm+n+j(9)-

In Appendix B, we show the ordinary differential equations that appear in the next four steps,
because it will be useful in the examples.
Using (23), we also obtain

n—-m-—k
ke = @7)

for all k € N U {0}. In particular, a,,, ¢, = M, for all ¢ € N U {0}. It is worth to mention
thata,,,, = 0if,andonlyif, m +k=n e N. Mr(l)reover, m = n occurs only when k = 0.

Suppose that §,, # 0 and m # n (hence a,, # 0). Note that the linear ordinary differential
equation (20) has the unique solution (21). So, the unique 27-periodic solution of (20) must be
v,,(6) = 0, which is a contradiction since v,, is the leading coefficient of V. Therefore,

(m— n)gpq =0
is a necessary condition for the existence of a Puiseux inverse integrating factor. In particular,
when m = n, v,,(6) = v,,(0) is constant.

Now, assuming the existence of both ®,,,,(6) and A, ., from the variation of constants
formula applied to the linear differential equation (14), we obtain

Uk (270) = @y 1 (270041 (0) + D1y 41 270) A
Recall that v, are functions well defined in $'\Q pgs S0 Upy i (27) and v, (0) are real num-

bers. The periodicity condition v,,,(27) = v,,4(0) holds if, and only if, the initial condition
U4k (0) is a solution of the algebraic linear system

(1 - q)m+k(277:))vm+k(0) = q)m+k(27f) Am+k- (28)
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We start with the simplest analysis. If £ ,; = 0, then @, (27) = 1. So, using (28), either all the
solutions of equation (14) or none of them are 27r—periodic according to whether A, is zero or
not, respectively. This proves statements (ii) and (iii).

In the case £, # 0, we have m = n. Then, from (27), @,k = —k/n. So, a,,, = 0 and @, # 0
for all k > 0. Using (24), for 0 < k < n—1, and that v, is 2z-periodic, we conclude that
Um+k = 0 when &, # 0. Repeating the process, using (25) and that v, =0,for1 <k <n-—1,
yields that all the coefficient functions v,,,,.,(6) = 0. Going further in this recursively process,
we conclude that v, =0, for all k # ¢n with ¢ € N. To finish, by (28), v,,,,¢(6) are also 27-
periodic functions if, and only if, v,,4£,(0) = @100 CTIA s /(A — @y (27)). SO, Vypptrn(6)
is the unique solution of (14) with the former initial condition. Thus, the statement (i) follows.

We point out that the statements are still valid when 7, = 0. In this case, §,, = 0, which pro-
vides directly that (m — n)§,, = 0. Moreover, for all k > 0, we have ®,,,;(6) =1 and A4 1=

PV [ b4 (6)d6. Thus, (28) is simply Ay = O. O

5.4 | Proof of Proposition 3

Proof. 1fv,,,(0) would exists and 0  Q,,, we can putv,,(0) = 1, without loss of generality. Indeed,
V,,,(6) must satisfy the linear Cauchy problem

nG,(6)v),(6) = (n — m)v,, (6) F,(6), v, (0) =1, (29)

where F,(6) = F,(8)/G,(6). See Equation (20). It may occur that the solution v,,(6) of the Cauchy
problem (29) be divergent at 6 € Q.

For any 6 € S! and ¢ > 0 sufficiently small, we consider the interval I,(8) = [0, 6]\ Ule (s
€,0; + ) where the set of characteristic directions is assumed to be Q,, = {67, ..., 6;}. Integrating
(29) over I.(9) and taking the limit when ¢ — 0%, we obtain

6 . 6
_ v, (0) _n—-m F.(6) _n—-m
log |v,,(8)| = PV/O Um(e)de =— PV/0 Gr(e)de =— Xpg(0),

for those 6 & Q,, where y () exists. In particular, defining a,,, = (n — m)/n and assuming m #
n,we get that |v,,(0)| = exp (ocm)(pq(e)) when6 ¢ Q, and x,(6) exists. As aby-product, if there
isf e S'\Q,, such that ocm)(pq(é) > 0 and )(pq(é) = +00, then v,,(6) is not defined in S'\Q,.
Consequently, V (6, p) does not exist, proving the proposition. O

5.5 | Proof of Proposition 4
Proof. Family (13) restricted to A = {(«t,b,c) € R* : a < 0,c¢ < 0} has W(N(X)) = {(1,1),(2, 1)}.
We only perform an analysis taking the weights (p,q) = (1,1) for which 0 € Q,;. Therefore,

interchanging the variables (x, y) — (¥, x) the system becomes

X =x*(ay +bx)+y°, y=x(ay®+ bxy + cx?). (30)
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After the polar changing of coordinates, we can see that 0 ¢ Qq; = {7/2,37/2}. Some computa-
tions give that

1
F1(0) = tan 6 + - sec? (b + a tan 6)
has the continuous primitive

__ lra 2
P(6) = —log(] cosO]) + c(zsec 6+btan6>

in S'\Q,; that can be used, according to (16), to compute

—2% —log(| cos O]) + 2%se026+ étan@ if 0<6<m/2,

x11(0) = b
-0 if 7/2<6<2m.

In particular,

4b .
xuQ2m) = - El_l)I(I)lJr cot(e).

As ¢ <0, y1:27) = —o0 if b >0 and y;;(27) = 0 if b < 0. So, (n — m)y1:(27) = o0 when
b(n — m) < 0. In consequence, the hole family in A cannot possess a Puiseux inverse integrating
factor with fixed (m, n) when m # n, according to Proposition 3 with 6 =2r.

We continue the analysis when m = n in which case v,,(68) = 1 and, since F,(6) = 0, one has

UZn(e) =y, (6)U2n(0)9

with @,,(0) = exp (—x11(0)) provided the principal value exists. We continue assuming thatb > 0
so that @,,(27) = o0. Hence, one needs to take v,,(0) = 0 and therefore v,,,(8) = 0. Then, v, (0)
adopts the form

6
03,(8) = 3, (8)(v3,(0) + I(8)), where I(6) = PV / 2071 (0)F;(0) do,
0

with @3,(6) = exp (—211(0)).

As we search an example without a Puiseux inverse integrating factor, we fix the parameter
values {a,b,c} = {-1,1,-2} € A from now on. In this case, ®3,(0) = 1, limg_, />~ ®3,(6) =0
and ®;,(6) = oo, for any /2 < 6 < 27. See Figure 1(A). We also see that the function I'(6) =
2@;1(6)F3(6) has a vertical asymptote in 77/2 from the left, that is, limg_ /- ['(6) = —co and

n
['(6) = 0, for any /2 < 6 < 27. See Figure 1(B). Moreover, limg_,; /,- I(6) = /09 I'(o)do = —co.
So, I(6) = —co for 6 > 7 /2. As v3,(0) is a finite real number, v3,(0) = ®3,(0)(v;,(0) + I(6)) does
not exist, for any 6 > 7 /2, which concludes the proof. O

5.6 | Proof of Proposition 5

Proof. Clearly, (18) is a family of monodromic nilpotent vector fields with Andreevnumber N = 3.
Moreover, the unique weight on the Newton diagram is (p, q) = (1, 3). Besides, when a = 0, the
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FIGURE 1 (A)Behavior 0 % ) 2
of @;,(0),0 <6 < 7/2;(B)
behavior of I'(6), 0 < 6 < 27.
1
0 T
2

origin is an integrable center with first integral H(x,y) = y?/2 + x%/6. So, in the following, we
focus on the case a # 0.

Doing the weighted polar blow-up (3) and the time reparametrization explained in Section 2.1,
its associated differential equation (6) is given by

o cos(8) sin(8)(1 — cos(8)* + ap? cos(8)? sin(0))
—c0s(0)¢ + ap? cos(6)> sin(8) — 3 sin(0)?

d .
£ = 2 Fi(@)p' =

i>1

where the first functions F;(0) are F, = F, = Fg = Fg =0,

o cos(8)(—1 + cos(8)*) sin(8) S cos(8)*(=2 + cos(29)) sin(b)?
1T cos(6)5 + 3sin(6)2 3T (cos(0)6 + 3sin(6)2)2
_a?cos(6)’(—2 + cos(2(8)) sin(6)* _a’cos(6)'4(-2 + cos(2(6)) sin(6)*
> (cos(8)6 + 3sin(6)2)3 T (cos(6)6 + 3sin(8)2)4

Moreover, P(6) = —log <3 sinz(e) + 0056(6)> /6 is a primitive of 7F,(6). Hence, &;3=

PV /7 Fy(0)do = 0.

We follow the step-by-step and the notation of the proof of Proposition 2. First, using (20), (25),
(26), (B1), (B2), (B3), and (B4), we calculate by, with k = m,m + n, ..., m + 6n.

In the following, we would like to determine if there exist k € N such that A, # 0, where

Sl

2
Dp111(8) = exp (am v [ Pl(c)dff), A =PV [ &L @O,
0 0

with o, 4, = (n —m — k)/n. Using (20), we obtain

U (0) = cy(—33 cos(20) + 6 cos(46) + cos(60) + 58)é<%_1>.

As the leading term v,,(6) # 0, we can choose, without loss of generality, that the integrating
constant is ¢y = 1. As b,,, = 0 (see (20)), it follows that A,,, = 0.
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Now, using (25), we obtain b,,,,,, = 0, A4, = 0 and

Upman(8) = ¢1(=33 cos(26) + 6 cos(46) + cos(60) + 58)en,

where c; is the integrating constant. Moreover, using (26), we can calculate vy, 51, Pris21> Dingons
and then, we obtain

m —3n
Amaan = =223 40,

1, m
with  A(6) = (asin’(6) cos*(6)(cos(20) — 2)(—33cos(20) + 6 cos(46) + cos(66) + 58)3(7_1)
m+13n

3 sinz(e) + cos®(8))” e . Note that A(0) > 0, for all 6. Then A,,,, = 0if, and only if, m = 3n.
So, by Proposition 2(iii), it follows that V (6, p) does not exist when a # 0 and m # 3n.

From now on we suppose that m = 3n. With this assumption and repeating the process
explained below, we can choose integration constants such that Ay, =0, for k =0,1...,5.

Further, using (B4), we get Aq,, = fozﬂ I'(0), where

a310485762%/3 sin’(0) cos!*(6)(cos(20) — 2)(527 cos(20) + 6 cos(48) + cos(68) — 502)

r®)=- 5(—33 cos(26) + 6 cos(460) + cos(66) + 58)°

Moreover, we can see that Ag, is nonvanishing when a # 0. So, by Proposition 2(iii), it follows
that V(p, 6) does not exist when a # 0 and m = 3n.

Therefore, V(p, 0) could exists only when a = 0 and, as we saw before, in such case the origin
is a center of (18). O

5.7 | Proof of Proposition 6

Proof: In A\Apq, F € C*(C\{p = 0}). Let w = dp — F(6, p)d6. By Lemma 2, the differential 1-
form w/V is closed in C\{p = 0}. Indeed, we are going to see that it is exact. To do it, we consider
any noncontractible cycle y € C\{p = 0}. It means that y is not homotopic to a point. By De
Rham’s theorem (see, e.g., Ref. 35) and due to the cylinder topology, it follows that w/V is exact in
C\{p = 0} if, and only if, the value of the line integral yfy w/V is zero. Let y be any periodic orbit
of (6), so w|,, = 0 and then y§y w/V = 0. For more details, see the proof of Theorem 4 in [7]. Thus,
w/V = dH for a certain C? first integral H(6, p) of (6) defined in C\{p = 0}. It means that H is a
27-periodic function in 8. We can check that, actually, this H has a Puiseux developmentat p = 0
just by looking at the relations 9,H = 1/V and dgH = —F /V. O

5.8 | Proof of Lemma 3

Proof. There exists a Puiseux inverse integrating factor V(6, p) of (6) since it has a Puiseux first
integral H(6, p). It follows that H* is also a Puiseux first integral of (6), for any s € Q. So, we can
find s* € Q such that VH®" is a Puiseux inverse integrating factor of (6) with negative multiplicity
m. Then, by Theorem 4 of [7], it follows that the origin is a center. O
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5.9 | Proof of Proposition 7

Proof. First, we note that after the linear change of coordinates (x,y) — (, x), the only weights
on the Newton diagram are (p,q) = (1,1) and (p, q) = (3,1).

We start analyzing the case (p,q) = (1,1) with &;; # 0, that is, A;u # 0. In this case, if (15)
admits a Puiseux first integral, by Proposition 10 in the Appendix, we obtain m = 0. Moreover,
in the next step, when m = 0, (C7) is simply

nh,(6) + nF(6)h,(6) =0, (31)

]
and has the solution h,,(6) = ¢; exp( fo F1(s)ds), where c; is the integration constant. Then, h,(6)
is 2z-periodic if, and only if, ¢; = 0 so that h,(6) = 0. In the next step, using (C8), we obtain
nh; 2(6) +2nF1(0)h,,(6) = 0, whose solution is h,,(0) = ¢, exp( foe F1(s)ds). To ensure that h,,
is 27 periodic, we get h,,, = 0 since &;; # 0. With a recursive process, we can see that the ordinary
differential equations obtained from (11) are always homogeneous. More specifically, we obtain

nh!, (6) + ¢nFy(@)he,(6) = 0.

So, the integration constant ¢, = 0, for any ¢ > 1. Thus, H(6, p) = 1 and (15) does not admit a
Puiseux first integral in this case.

Finally, we analyze the case (p, q) = (3, 1) with £3; # 0. Using the weighted polar blow-up (3),
we obtain the associated polar equation dp/d8 = F,(0)p + O(p?) with

32 sinS(G)(csc3(6)(A/lz(cos(ze) +2) + 31, cot’(8) + A, cot(6)) + cos(O)(A; — 4,))

F(0) = — (33 cos(29) + 6 cos(40) — cos(69) + 58)(1; — 4,) '
Then,
2 2 AL
¢ =pv/ F1(8)do = ————.
. 0o V31, = A1)

Hence, if (15) admits a Puiseux first integral, it must be with m = 0. In the next step, we see that
(C7) is homogeneous and has the form (31). Therefore, the integration constant ¢; must vanish
by the 27-periodicity of h, (6). Doing a similar analysis as in the previous case, we conclude that
H(6, p) =1 and (15) does not admit a Puiseux first integral.

With this computations, we conclude that the centers in the family (15) for which 34;u +
\/gA/Iz = 0, but with both 4; 4 # 0 and A1, # 0 do not admit a Puiseux first integral. O

5.10 | Proof of Proposition 8

Proof. Doing the weight polar blow-up (3) and the time reparametrization explained in Section 2.1,
we obtain

6 =pcos(6)(3sin>(8) — 3sin(8) cos*(0) + 2sin(6) cos?(8) — 3sin’(6) cos(6)
+ 600 cos3(0) + 9ap sin®(6) cos>(0) + 98p sin*(0) + 68p sin’(6) cos*(8))/3,

6 = — 3sin*(6) — 2 cos®(0) — 45sin*(6) cos3(6).
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Moreover,

sin(6) cos(8)(—6a cos(6) — 10a cos(36) + 8 cos(26) + cos(46) — 1)
8(12a sin®(0) cos3(0) + 3sin*(6) + 2 cos6(6)>

F1(6) =

s

cos(8)(cos(20) — 5)(oc cos3(0) + B sin2(6)>
F,(0) =

3asin’(26) csc(8) + 6sin’*(8) + 4 cosb(6) ’

Fi(6) =0, foralli > 3.

We also observe that &,; = fom F1(0)do = 0, and that

o
/ Fi(o)do = log(2°/ f1(6))"/12,
0

where
f1(0) = f1(6; a) = 24a cos(6) — 12a cos(36) — 12a cos(560) — 9 cos(29)

+ 12 cos(49) + cos(66) + 28.

Furthermore, for all k > 0,

N ~ ] 25/12 D+l
q)m+k(e) = €xp (am+k ‘/0 7:'1(0‘)dO'> = <W> ’

2 2w 25/12 _am+k
N o
Roc= [ 81, @b@d0 = | bm+k<e><—f1(9)m>

To simplify the notation, let
£2(8) = £2(8: (@, B)) = cos(8)(cos(26) — 5)(ccos(6) + sin’(©) ),

and observe that 7,(0) = 23£,(0)/f1(6).

We follow the steps and the notation of the proof of Proposition 10. As (C1) is a homogeneous
linear ordinary differential equation, the leading term h,,,(6) of a Puiseux first integral H(9, p) of
(19) must be

hy(8) = Cof1(9)m/12n,
where ¢ is an integration constant, and ¢, # 0, because h,,(6) # 0. So, without loss of generality,

we take ¢y = 1. Moreover, as Em = 0, we also obtain A,,, = 0.In the next step, using (C7), we obtain
bnin = —MFo(O)hn(6)/n = =2°mf,(6)f1(6)"/1*V~! /n, and

2 —qmtn 27
— — 25/12 m2325(m+n)/12n )
Am+n = / bm+n(6)<—1 12) do = — fz VD)
0 fr1©)Y n o [1O)/
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With straightforward computations, we can see that

7 f,(0)

O =

if, and only if, (a, 8) € C. So, by Proposition 10(iii), if m # 0 and («, §) € C, (19) does not admit a
Puiseux first integral.

As (19) is in the class Mo%? ), when (a, ) € C, it admits an analytic first integral (see Theorem 1
of [22]). So, we fix our attention on the case (a, 8) & C and m = 0. In such case hy(6) =1, En =0,
A, =0, and h,(8) = ¢, f1(8)'/12, where ¢, € R is an integration constant. We also observe that,
a¢, = —t, for all € € N. Moreover, as F; = 0, for all i > 3, (C8) becomes

nh! (0) +2nF,(0)hy,(6) = — nF5(6)h,(6). (33)
Thus, by, = —23¢, f,(8)/f1(6)**/12, and

£

K — 2325/6
m=a N NOTLE

Using again that (32) is valid if, and only if, («,8) € C, we need to impose ¢; =0 to con-
tinue. It implies that h,(6) = 0 and that (33) is homogeneous. Therefore, its solution is h,,(0) =
c,f1(8)*/12. More generally, as F; = 0, for all i > 3, the ordinary differential equations obtained
from (C5) are simply

n h;n(e) + ¢nF1(0)he,(0) = — (€ — 1)nF,(B)he,_1(6), € > 1.

S0, by, = =23(=1 + €)cp_1.f2(0)/f1(8)13+0/12 where ¢;,,_; is an integration constant, and

2
- 6
App = (=1 4 €)cp_23250/12 Mde
o fi1(e)13/12

Thus, with a recursive process, we obtain ¢, = 0, for all £ > 1, which implies that h,, =
0, for all £ > 1. Therefore, H(6,p) =1 and (19) does not admit a Puiseux first integral when

(a,B) & C. (]
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APPENDIX A: MONODROMIC QUASI-HOMOGENEOUS SYSTEMS
Recall that the weighted polar blow-up (x,y) — (6, p), given in (3), brings the (p, q)-quasi-
homogeneous vector field X, = P,.(x,y)dy + Qg4,(x,y)d), into a linear differential equation (6)
of the form
dp
— =F1(0) p. Al
a0 10)p (A1)
The following lemma is a generalization of the results presented in Appendix A of [26]. For
more details, see Ref. 26 and references therein.

Lemma 4. Let the origin be a monodromic singularity of a quasi-homogeneous vector field X, and
consider the associated differential equation (Al). Then the following holds:

(i) V(8,p) = p is a Puiseux inverse integrating factor of (Al);
(ii) the origin is a center if, and only if, (A1) admits a Puiseux first integral;
(iit) if the origin is a focus, then V (6, p) = p is the unique Puiseux inverse integrating factor of (Al),
up to a nonzero multiplicative constant.

Proof. The proof of (i) is direct, checking that V(6, p) = p satisfies Equation (8) with F(6,p) =
F1(6) p.

We are going to prove the sufficient part of item (ii). Assume that there is a Puiseux first integral
H=H(@®,p) = Zi>m h;(6)p/™, where the coefficients functions h;(8), defined in S\ Q pg> are€ 27
periodic. It is straightforward to see that the leading term H,,(6, p) = h,,(6)p™/" of H is also a
Puiseux first integral of (Al).
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On the other hand, since (A1) is linear, we also obtain that

6
H(6,p) = pexp <—/ Fi(s) ds) (A2)
0

is a first integral. Clearly, we have the relation /" = H,,,, that is,

6
B (0) = exp (-% / Fi(s) ds).
0

Note that m cannot be zero because; otherwise, H,, = 1 becomes a constant. Since h,,(0) is 27-
periodic, we get £,; = fom F1(6) d6 = 0. The proof finishes recalling that X, has a center at the
origin if, and only if, ,,; = 0. See the Appendix Section of [26], for more details.

To prove the necessary part of (ii), we assume that the origin is a center, that is, £,; = 0. As
we saw before, since (Al) is linear, (A2) satisfies (11). These conditions assure the existence of
a solution H(8, p) = hm(e)pm/ " with m # 0, and where h,,(0) are 27-periodic functions of the
homogeneous partial differential equation X,(H) = 0. It implies that nh/,(0) + mF;(6) h,,(6) =
0. Clearly, this H is a Puiseux first integral of &,.

Statement (iii) is an immediate consequence of statement (ii) and the fact that the quotient of
two Puiseux inverse integrating factors is a Puiseux first integral. O

APPENDIX B: HIGHER ORDER ODES FOR THE COEFFICIENTS OF V'
In this appendix, we show four more linear ordinary differential equations that we obtained
using (23) and that were used in Example 5. So, we enlarge the ones obtained in the proof of
Proposition 2.

The equation associated to the power p"+3+)/7 with 0 < j < n — 1, gives that v, 3, i(©)
satisfies the linear ordinary differential equation

N,y 0 + (M 420+ PF1(O)0pns304j(6) = (40 — m — HF4(0)vy(6) -
Bl

+ (21’1 —-—m- j)r3(e)vm+n+j(e) - (m + j)rz(e)vm+2n+j(e)-

In the sequence, analyzing the equation associated to the power p("*+*"+))/" with0 < j <n —
1, we obtain that v, 14,4 ;(0) satisfies

MU, gy /O + (M 430+ PF1(E)0pnsan(6) = (51— m — F5(0)vyj(6)

+ (31’1 —m- j)r4(e)vm+n+j(e) + (I’l —-—m- j)FS(e)Um+2n+j(e) (BZ)
= (m+n+ F0)0n13n+(6)-

On the next step, we see that, for 0 < j <n—1, Uyy5,4,(6) satisfies the linear ordinary
differential equation

nv, (©) + (m +4n + F1(OIpi5n4(6) = (61 —m — j)Fs(O)vy1.;(6)

m+5n+j
+ (41’1 —m- j)r5(9)0m+n+j(9) + (21’[ -—m- j)r4(9)vm+2n+j(a) (B3)

—(m+ j)r3(e)vm+3n+j(e) —(m+2n+ j)rz(e)vm+4n+j(9)-
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Finally, the equation associated to the power p("*o"+)/" with 0 < j<n—1 gives that
Um+6n+j(6) satisfies the linear ordinary differential equation

n v;n+6n+j(9) +(m+5n+ IF1(O)pt6n+j(0) = (Tn —m — j)F7(6)v,4.(0)

+(5n—m — ))Fs(0)p4n1j(6) + Bn —m — jF5(0)0m12n+;(6)

+(n—m-— j)F4(e)vm+3n+j(e) —-(n+m+ j)r3(e)vm+4n+j(e)

(B4)

— (m+3n + j)F2(8)Vm5n+(6)-

APPENDIX C: ODES FOR THE COEFFICIENTS OF PUISEUX FIRST INTEGRALS

In this section, we present some conditions related to the existence of a Puiseux first integral. The
results are analogous to the ones obtained for Puiseux inverse integrating factors in Section 3. More
specifically, the next Propositions 9 and 10 are the analogous to Propositions 1 and 2, respectively.

Proposition 9. We take 0 & Q, performing a linear change of coordinates, if necessary. If § ,, does
not exist, then any Puiseux first integral must have m = 0.

Proof. Inserting the expansion H(8, p) = h,,,(6)p™/" + ©@(0"™/")and F (8, p) = F1(8)p + O(p) into
the partial differential equation (11) gives the linear homogeneous differential equation

n hy, (0) + mF1(0)h,(6) = 0, (C1)

whose general solution is

0
1 (0) = 1y (0) exp (—%PV / 0 ds>. (C2)
0
Therefore, when & pq exists, it follows that

hn(27) = (O exp (=28 ),

whereas if §,; does not exist, since h,,,(27) = h,,,(0) € R because 0 & Q,,, then m = 0. O

Pq°

Proposition 10. Consider system (5) and the associated ordinary differential equation (6)
with 0 & Q,4, without loss of generality. If there exists a formal Puiseux first integral H(6, p) =
20 Nk (©)p R/ of (6), then its coefficients satisfy the linear differential equation

1 (8) = Tk F1 (O 1 (6) + by i (6), (C3)

in Sl\qu, where &, € Rand Em+k : Sl\qu — R forany k > 0. Moreover, assuming that both
2T =_1

~ ~ L= —~ ] .
Epg and Ay =PV [0 @71 (8)byy41(6)dE, with ®,,,1(6) = exp(@pik PV [, F1(0)do), exist
forallk > 0, then m§ ., = 0 and the following statements hold:
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(D) If §pq # 0, then m = 0 and for each n € N, the formal Puiseux first integral is unique up to
multiplicative nonzero constants.
(i) If §pg = Apmik =0 for any k > 0, then there can be infinitely many formal Puiseux first
integrals.
(iii) If§,q = 0 and Ak # 0 for some k > 0, then there is no Puiseux first integral.

Proof. We follow the same steps of the proof of Proposition 2. Introducing the expansion

m+4n
H(B,p) = ), hi(@)p/" = Y hy(@)p/" + Opm+m/m), (C4)
i>m i=m

together with F(6,p) = 2?21 Fi(0)p! + O(p°), where F;(6) = Fi(6)/G(6), into the partial
differential equation (11), that defines H, we obtain

m+4n d i m+4n
Y, (&n@)er+06")

i=m E
C5
Yo Fi@)p ™ + Ot (M i min )
+ == - Z ihi(e)pn+(9<p n > =0
i=m

Equating the coefficients of the powers p("+//" with 0 < j < n — 1, we see that the h,,, i(©®)
satisfies the linear ordinary differential equation

nh,, (0)+ (m+ NF1(O)hy. (€)= 0. (C6)
We point out that h,, # 0, because it is the leading term of (C4). Besides, when j = 0, in (C6),
we obtain (C1).
Moreover, taking into account the next powers p(’"”‘”)/ " with 0 < j <n—1, in (C5), we
obtain

nhy 0 ©0) + (m+n+ DFIO i j(6) = —(m + j)F2(O)hy (). (C7)
When we consider the coefficients of p(™+21+)/n 0 < j <n—1, we see that Ry, ;(6)
satisfies the linear ordinary differential equation

N 6) + M+ 20+ DF1Ons201(6) = — (m + F3(6) s j(6)

(C8)
—(m+n+ HF(O)hmins j(6).

Note that, using (C5), we also obtain

— m+k
0(m+k = — n , (Cg)

for all k € NuU{0}. It is worth to mention that @, , =0 if, and only if, m+k=0€N. In
particular, if m = 0, it only occurs when k = 0.
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Suppose that §,, # 0 and m # 0 (hence @,, # 0). Note that the linear ordinary differential
equation (C1) has the unique solution (C2). So, the unique 27-periodic solution of (C1) must be
h,,(8) = 0, which is a contradiction, because the leading term h,,,(6) of H is not identically null.
Therefore,

mé,q =0

isanecessary condition for the existence of a Puiseux first integral. Note that when m = 0, h,,,(0) =
h,,,(0) is constant.

Now, assuming the existence of both ®,,.(8) and A, x, from the variation of constants
formula applied to the linear differential equation (C3), we obtain

My (27) = a3m+k(277')hm+k(0) + asm+k(27r) Km+k'

Recall that h,, . are functions well defined in S\ Q,g, 50 hyy4(277) and h,,(0) are real num-
bers. The periodicity condition h,,,;(27) = h,,,(0) holds if, and only if, the initial condition
Ny, 41(0) is a solution of the algebraic linear system

1- E)m+k(27'[))hm+k(o) = E)m+k(2ﬂ) Km+k- (C10)

We start with the simplest analysis. If §,, = 0, then ®,,.(2m) = 1. So, using (C10), either all
the solutions of Equation (C3) or none of them are 27-periodic according to whether A, is zero
or not, respectively. This proves statements (ii) and (iii).

In the case £,; # 0, we have m = 0. Then, from (C9), @, = —k/n. So, &, = 0 and & # 0 for all
k > 0. Using (C1), for 0 < k < n — 1, and that hy, is 27-periodic, we conclude that h; = 0, when
&pq # 0. Repeating the process, using (C7) and that hy =0, for 1 < k < n — 1, yields that all the
coefficient functions h,,, . (6) = 0. Going further in this recursively process, we conclude that h;, =
0, for all k # ¢n with ¢ € N. To finish, by (C10), h,,,(6) are also 27r-periodic functions if, and only
if, hpp(0) = @,y pn ()N, /(1 — By, (27)). So, hyy, is the unique solution of (C3), with &, € R
and by, : Sl\qu — R with the former initial condition h,,(0). Thus, the statement (i) follows.

We point out that the statements are still valid when 7; = 0. In this case §,, = 0, which
provides directly that m§,, = 0. Moreover, for all k > 0, we have @, @) =1and A, :=

PV fom b,,+x(6)d6. So, (C10) is simply A, = O. O
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