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Abstract

Off-Policy Evaluation (OPE) serves as one of the
cornerstones in Reinforcement Learning (RL). Fit-
ted Q Evaluation (FQE) with various function ap-
proximators, especially deep neural networks, has
gained practical success. While statistical analy-
sis has proved FQE to be minimax-optimal with
tabular, linear and several nonparametric function
families, its practical performance with more gen-
eral function approximator is less theoretically
understood. We focus on FQE with general differ-
entiable function approximators, making our the-
ory applicable to neural function approximations.
We approach this problem using the Z-estimation
theory and establish the following results: The
FQE estimation error is asymptotically normal
with explicit variance determined jointly by the
tangent space of the function class at the ground
truth, the reward structure, and the distribution
shift due to off-policy learning; The finite-sample
FQE error bound is dominated by the same vari-
ance term, and it can also be bounded by function
class-dependent divergence, which measures how
the off-policy distribution shift intertwines with
the function approximator. In addition, we study
bootstrapping FQE estimators for error distribu-
tion inference and estimating confidence intervals,
accompanied by a Cramer-Rao lower bound that
matches our upper bounds. The Z-estimation anal-
ysis provides a generalizable theoretical frame-
work for studying off-policy estimation in RL and
provides sharp statistical theory for FQE with dif-
ferentiable function approximators.
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1. Introduction

Off-Policy Evaluation (OPE) studies the problem where
one aims to estimate the expected cumulative rewards of a
target policy in a Markov decision process, by using only
off-policy data, e.g. data generated from some possibly
unknown behavior policy different from the one to be evalu-
ated. OPE plays a central role in sample-efficient reinforce-
ment learning, both in online RL where it helps off-policy
algorithms achieve superior sample efficiency through data
reuse, and in offline RL such as medical applications where
online experimentation becomes prohibited.

Among various approaches to OPE (more discussed in Sec-
tion 2), we focus on a specific family of algorithms known
as Fitted Q-Evaluation (FQE), that performs iterative re-
gressions to estimate the Q function of the target policy
(Munos & Szepesvdri, 2008; Le et al., 2019). Q or value
function approximation is widely used in RL practice in
conjunction with neural networks, and has been a key com-
ponent in many empirically successful RL algorithms, such
as the Deep-Q-Network (DQN) and its variants (Mnih et al.,
2013), and Actor-Critic and its variants (Mnih et al., 2016).
For neural networks, their differentiability is arguably a
most important feature that contributes to its generalizabil-
ity, computation efficiency, and versatility. While most sta-
tistical analyses for OPE or FQE focus on specific tabular,
parametric (linear, finite) or non-parametric (kernel, Holder)
function classes, we wish to establish theories that are flex-
ible enough to capture most commonly used differential
function approximators, including neural networks.

Statistical theory of OPE is nontrivial due to the distribution
shift from off-policy data to the target policy’s unknown
state-action occupancy measures. When a function approxi-
mator is employed, the effect of distribution shift becomes
more subtle.

In this paper we adopt a substantially more powerful theoret-
ical tool, i.e. the Z-estimation theory, to analyze statistical
properties of FQE with general differentiable function class.
Roughly speaking, we can view the FQE estimator as the
root to a system of equations (i.e. Karush—Kuhn-Tucker
conditions for least-square regression), whose parameters
come from an empirical process. We study the statistical
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properties of such root and for more information about the
background of Z-estimation theory please see Section 6 and
subsequently in Appendix A.1.1.

Contributions of this paper are three folds:

1. We show that the FQE estimation error is asymptotically
normal and give its variance 2 in a closed form. The
variance o is determined jointly by the tangent plane of
the function class F at the ground truth, the reward and
the distribution shift.

2. We established an O(o K ~1/?) high-probability finite-
sample error bound for FQE. This ¢ can be further re-
laxed to a restricted x%_-—divergence between the behavior
policy’s and the target policy’s occupancy measures. For
any two probability measure p; and ps, we define

2 [Eplg(.%‘)]z
= = — 1. 1

It is a function class-dependent divergence between two
distributions, and it measures the partial distribution
shift with respect to F.

3. For statistical inference, we consider bootstrapping the
FQE estimator and show that the bootstrap estimators are
distributionally consistent. Lastly we provide a Cramer-
Rao lower bound that matches the error upper bounds,
showing that differentiable FQE is statistical-optimal.

These results generalize prior minimax-optimal OPE theory
for tabular and linear MDP. They apply to a substantially
broader family of common function approximators. See
Section 6.4 for a detailed discussion.

2. Related Work

Off Policy Evaluation Off policy evaluation(OPE) is a fun-
damental problem in batch RL. One classic family of OPE
methods estimates the value function in an iterative fashion,
including Fitted Q Evaluation(FQE) (Munos & Szepesviri,
2008; Le et al., 2019) and its variant Lasso FQE (Hao et al.,
2021a). Another family of methods uses importance sam-
pling to address the distribution mismatch and get unbi-
ased estimation for policy value(Precup, 2000). Vanilla
Importance sampling is known to suffer from large vari-
ance that in the worst case can scale exponentially with
horizon length(Yin & Wang, 2020; Jiang & Li, 2016). This
drawback was improved by several variance reduction tech-
niques, including doubly robust estimation (Jiang & Li,
2016) and marginal importance ratio estimation (Xie et al.,
2019). Numerous empirical studies have shown their effec-
tiveness for variance reduction and compare their strength
and weakness(Thomas & Brunskill, 2016; Li et al., 2015).
For tabular MDP with full data coverage, (Yin & Wang,

2020) showed that marginal importance sampling(MIS) es-
timator is asymptotic optimal with mean square error bound
matching the Cramer Rao lower bound in (Jiang & Li, 2016).
Other methods include Hybrid Value Estimation and so on
(Jin et al., 2022).

OPE with Linear Function Approximation A variety of
literature focused on linear function approximator under
Bellman completeness, i.e, the Bellman operator maps to
state-action value functions that are linear combination of
given features (Hao et al., 2021b; Duan et al., 2020; Wang
etal., 2019). (Duan et al., 2020) provided a minimax lower
bound for FQE with linear function approximation, and
showed that it matches the upper bound. They also re-
vealed that the dominating term of this minimax lower
bound mainly depends on a y2-divergence term, which
measures the distribution mismatch, in the feature space,
between the data distribution and the occupancy measure
of the policy to be evaluated. (Hao et al., 2021b) further
combines bootstrapping with linear FQE and show that the
bootstrap estimator is asymptotically efficient. (Min et al.,
2021) further provided a tighter upper bound with smaller
instance-dependent constants. Recently, (Perdomo et al.,
2022) provided an instant-dependent sharper characteriza-
tion for intrinsic complexity of FQE and LSTD with linear
function approximation.

OPE with Nonparametric Approximation Many efforts
have studied the use of nonparametric or seminonparametric
function approximators. (Kallus & Uehara, 2020) proposed
a Double Reinforcement Learning(DRL) estimator using
properly estimated ()-functions and marginal density ratios,
and proved DRL estimator matches a semiparametric effi-
ciency limit for OPE. (Uehara et al., 2020) proved another
two estimators based on MIS achieve this efficiency limit.
Moreover, (Shi et al., 2021; Uehara et al., 2021) proposed
their estimators for (Q-functions derived the L?-norm con-
vergence rate. (Chen & Qi, 2022) provided minimax optimal
convergence rate under weaker condition via reformulating
@-function estimation as non-parametric instrumental vari-
ables estimation problem. (Ji et al., 2022) explored deep
FQE with Holder function class via low-dimension manifold
structure and provided a sharp finite sample upper bound.

Other Works with Function Approximation Function ap-
proximation has many applications in different methods of
RL, such as Fitted Q Iteration(FQI) and Policy Optimiza-
tion(Munos & Szepesvari, 2008; Farahmand et al., 2016).
(Duan et al., 2021) studied on-policy evaluation, and pro-
vided non-asymptotic error bound of kernel Least Square
Temporal Difference(LSTD) estimator. Apart from linear
function approximation(Cai et al., 2020; Jin et al., 2019;
Zhou et al., 2021), (Chen & Jiang, 2019) provided analysis
for FQI with general but finite function class, while (Le
et al., 2019) focused on function class with finite pseudo-
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Work Method Para? Fucnlztsl;)n Key Assumption Result
(Xie et al., ~ Con 1
_ < Yui L _
2019)(Yin & MIS  Yes  Tabular Concentrability |V — x| = T3¢ + o( ), Cramer-Rao
Wang, 2020) Lower Bound and Locally Minimax
(Uehara etal., MWL Concentrability and [0 — Vx| < - + Eapproxs
No General Stronger . X VN
2020) / MQL Realizability Semi-parametric Asymptotic Lower Bound
Minimax Optimal, |77 — v™| <
(Duzaz)nzgt al, FQE  Yes Linear Completeness on? [—H P 2 | - < 1
) i {thl V1 + x5, B)| +O(x)
(Hao et al., . Asymptotic Normality, Cramer-Rao Lower
2021b) FQE — Yes Linear Completeness Bound and Distributional Consistency
(Kallus & DRL No General Con;f:;r;tiggg’fand Semi-Efficiency. [0 = vr| <
2log(14/6) Effbd(Mo
Uehara, 2020) Nuisance Estimator \/ — )K M) O(%)
Jietal, Elo™ -7 <
FQE No Holder Completeness o
2022) < P OB (K- 4 \/DJE) log! K.
<
CH? H 2 = 1
Our Work FQE  Yes General and Completeness VN {Zh:l V 1+Xg, (1) | +O(),

Differentiable

Asymptotic Normality, Cramer-Rao Lower
Bound and Distributional Consistency

Table 1. Comparison on Different Function Approximators: Para: Parametric; MIS: Marginal Importance Sampling; MWL: Minimax
Weight Learning; MQL: Minimax Q-Function Learning; FQE: Fitted Q-Evaluation; DRL: Double Reinforcement Learning.

dimension. Recently, FQI with more general function class,
such as two-layer neural networks(Long et al., 2021) and
deep ReLU networks (Fan et al., 2020; Nguyen-Tang et al.,
2021) have been studied.

Comparison of OPE theories Due to space limit, we post-
pone more discussions to Appendix F. See Table 1 for a list
of directly comparable results including this paper.

3. Preliminaries

Markov Decision Process We consider the finite-horizon
time-homogeneous Markov Decision Process denoted by
MDP (8, A, P,m,r, & H), where S and A are the state
space and the action space and their joint space is denoted
by X = S x A. Denote 7 € R?Y as the reward func-
tion, where r(s,a) € [0,1] forall s € S and a € A.
The transition probability is determined by p (- | s, a) , and
policy 7(- | s) gives the probability distribution on .4
conditional on current state s. Throughout our paper we
use 7 to denote the target policy to evaluate. & is the
initial distribution and H is horizon length. We denote
T = (81,01, 82,02, ..., SH, 0y, Sy+1) as a random trajec-
tory in the data. The state-action value function (Q function)

. H
is Qn(s,a) == E™ [Eh,:h r(Spryap) | sp = s,ap = a} ,
for h € [H], where E™ denotes expectation over random tra-

jectories generated by the target policy 7. The target value
function is V3 (s) := E™ {Zﬁ:h r(spr,ap) | sp = 5] .

Off-Policy Policy Evaluation (OPE) Our goal is to esti-
mate the cumulative reward of target policy 7 from an
initial distribution &£(-), which is a scalar value defined as
vy = E7 {Zth r(sp,an) | s1 ~ f()} . We focus on the
off-policy learning problem, where logged experiences were
pre-collected according to some (possibly unknown) behav-
ior policy and no more interaction with the MDP environ-
ment is allowed. Specifically, suppose we have K episodes
of data {Tk}le , which are i.i.d sampled using the behavior
policy 7. We sometimes use D = {(sn, an, n)},e(n) =
{(sﬁ,aﬁ,r,’i)}he[m relx) o denote our batch samples
where N = K H is the total number of state transitions.

We denote p as the state-action occupation measure gen-
erated by policy 7 from the initial distribution. Also we
denote [ as the population distribution, i.e., the state-action
measure generated by behaviour policy 7.

4. Fitted Q Evaluation (FQE) with
Differential Function Approximation

While there exist a variety of OPE algorithms, fitted Q
evaluation is most popular in practice. Popularity of such
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value-based methods is related to their compatibility with
deep learning, where training and function fitting is most
convenient when minimizing squared losses.

4.1. FQE Algorithm

Fitted Q Evaluation exploits iterative regression to approx-
imate Q functions and eventually estimates target policy
value by integrating estimator of Q function (Le et al., 2019;
Fonteneau et al., 2013).

Let F be a class of function approximators. FQE framework
can be summarized as follows: We let Q1 = 0 and for
h=H,H —1,...,1, we iteratively solve

~

. 1 N 2
Qn = ar}gen;ln {N n§:1 [f(sn,an) —yn]” + /\P(f)} .
2

where Yn = T(Sna an) + f.A @h—f—l(sn—i-lv a’)ﬂ-(a ‘ Sn-‘rl)dav
A > 0 and p(-) is a proper regularizer. The full algorithm is
given below.

Algorithm 1 Framework for Fitted Q Evaluation
1: Input: Target policy , initial distribution &, dataset
D = {(s,af, sk 1,7F) he(m) ke[ k) function class F

2: Initialize Qp.1(s,a) =0,Y(s,a) € X.
3. forh=H,H—1,...,1do

4:  Solve (2)

5. end for

6:

Return 0, = fSXA@ﬂs,a)n’(a\s){(s)dads.

4.2. FQE with a Differentiable Function Class

Let there be a feature map ¢(-) : S x A — ¥ C R™, where
U is the space of state-action feature vectors. We consider
function approximators that take ¢(s, a) as input and output
an estimated value. For simplicity, previous theory often
confined F to some linear function class (Hao et al., 2021b;
Duan et al., 2020). Note this contains the tabular case by
letting ¢(s, a)’s be one-hot features.

We consider almost arbitrarily parametrized F with mild
smoothness condition, i.e.,

F={fo(od()): SxA=R, fy:R" = R,0 €0},

where © is the parameter space. We make no distinction
between fy(¢) and f(6, ¢). Without loss of generosity, we
assume 0 € © and f(0,(s,a)) = 0 for any (s,a) €
SxA. Weuse Vg f (0, ¢) to denote its partial derivative with
respect to 0, and use V3 f(6, ¢) to denote Hessian matrix.
By parametrization the recursive minimization in FQE can
be turned into least square optimization in 6. We assume
the regularization on function f is actually on parameter

0 € ©, hence we make no distinction between p(f) and
p(0). We denote Qp, = f (0, ) and we use ¢,, for short of
®(Sn,an), then (2) is equivalent to

~

N
= axgmin = S [£(0,60) — ga@rin)| + A0l0) |,
2N
n=1

0€O

3)
where y,(0') = 7(sn,an) + [, f(0', ¢(sny1,0))7(a |
Sn+1)da. Then, the final FQE estimator becomes v, =
Jswa F(B1,6(s,a))m(a | s)&(s)dads. We denote by 6% =
(07,...,073;) the ground truth parameter, which are solu-
tions to (3) when there is no regularizer and the empirical
sum is replaced with expectation over the population distri-
bution.

5. Assumptions

In this section, we summarize main assumptions for statisti-
cal theory of differentiable FQE.

Assumption 5.1 (Compactness). © C R% and ¥ ¢ R™
are compact. We denote int(0) as its interior. We assume

B, € int(©) for h € [H].

Compactness of state-action space is a natural assumption
and was also assumed in (Hao et al., 2021b; Duan et al.,
2020; Hao et al., 2021a) and (Yang et al., 2020). Without
loss of generality, we assume that the ground truth belongs
to the interior of ©, i.e., {6 : |6 — 07|, < 1} C int(©) for
all h.

Assumption 5.2 (Differentiability). Forany f € F, f(0,¢)
is third-time continuously differentiable in © x VU with re-
spect to 0 and ¢. The regularizer function p(0) is differen-
tiable with bounded gradient in ©.

I

This assumption requires only sufficient smoothness of f.
It does not require f to take any specific parametric form or
belong to certain kernel space. This smooth function class is
actually much more expressive than linear function approxi-
mators. For example, most differentiable neural networks
satisfy our assumptions. Other examples include spline func-
tion class widely used in statistical learning, or Gaussian
processes. While linear predictors are sometimes enough in
the rare cases where high quality hand-crafted features are
available, in most modern machine learning applications,
especially in those where deep learning thrives, high quality
features are often not available and high nonlinear functions
of raw features need to be learned.

Assumption 5.3 (Policy Completeness). For any function
f, we define the operator P : RY — R¥ such that for any
(s,a) € X,

S, Ll:| .

)
We assume v € F and for any f € F, we have Pf € F.

(Pf) (s,a) = E"

r(s,a) + /A f(s',a)n(a" | s")da'
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Remark on policy completeness assumption This as-
sumption requires sufficient expressiveness of JF. It implies
the realizability for () functions, i.e., the groundtruth 6* fully
recovers the Q functions f(65, ¢) = Qn(s,a). Itis a rather
crucial assumption for RL with function approximation, and
commonly used in OPE literatures (Hao et al., 2021b; Duan
et al., 2020; Le et al., 2019; Hao et al., 2021a; Fan et al.,
2020). (Chen & Jiang, 2019) conjectured the realizability
alone is not enough for sample-efficient offline RL. Later
(Wang et al., 2020) verified that only assuming realizability
without policy completeness can lead to exponential sample
complexity, unless one assumes a strong concentrability con-
dition such that the distribution shift be uniformly bounded
across state-action space (sup, , & (0) ) (Munos &

a(s,a)
Szepesviri, 2008; Farahmand et al., 2016; Le et al., 2019).

The concentrability condition is rather restrictive and re-
quires that the target and behavior policies be extremely
close. However, for a simple linear Gaussian system, even if
1, i are two close Gaussian distributions, a small mean dif-
ference easily leads to sup, , % = 00. An exception is
the work of Uehara et al. (2020), which proposed a minimax
approach for OPE requiring only realizability, albeit on both
the Q function and the density function p using two function
classes. However, minimax optimization is computationally
harder to implement than least-square regression.

Simply put, concentrability and completeness are about
the different aspect of the problem. Concentrability de-
scribes the level of distribution shift, while completeness
describes the expressivity of function class. Neither implies
the other. Our goal is to handle the case with relatively
large distribution shift. When huge distribution shift breaks
the concentrability, policy completeness is the least require-
ment that had been found to guarantee sample efficiency.
Whether there exists weaker assumption than completeness
that allows for sample efficient OPE is still an open problem.
Note that even if the completeness fails to hold and there
exists a nonzero approximation error, our results still apply
to bounding the statistical error of 6 and the approximation
error can be handled by classic results on approximate value
iteration (Szepesvari & Munos, 2005).

In what follows, we will explicate the dependency of error
upper bound on the distribution shift and F. We will show
that FQE can be efficient without strong concentrability.

Notation Let 61,05, ...,0 € R? be variables and define
07 = (67,05 ,...,0}) € R4 as the variable stacked by
0 h € [H]. Denote 0*T = (0;7,057,...,0%) € RHL
and denote the FQE estimator as 6 = (1‘7{, 9“2r, - 975)
For any matrix £ € R%*% (including scalars and vec-
tors as special cases), we define %Ee = VyFEy =
(ViEg,ViE,,...,Vi'Ey) € RU4xmd2 We denote E, or
E as the expectation over the population distribution gen-

erated by behavior policy, and E™ as the expectation over
target policy. For any matrix £, we denote || F|| as its oper-
ator norm, i.e. its maximal singular value. We use ¢;, and
rp, for short of ¢(sp, ap) and r(sp, ap,).

6. Z-Estimation Theory for Differentiable
FQE Estimators

In this section, we study statistical properties of the differ-
entiable FQE estimator. The challenge with such general
function approximation is the lack of analytical expressions
for ground true and estimated parameters. We adopt the
Z-Estimator theory as a central tool and all the proof will be
deferred to Appendix.

6.1. FQE as a Z Estimator

First we show that the FQE can be written as a Z-Estimator,
which means the estimator takes the form of the root of
some systems. From the optimality condition of (3) for
interior solutions, we know

N 2 .
Vo {2;\[ > {f(gh, Pn) — yn(@ﬂrl)} + )\P(9)} =0.

n=1

For any sample path 7 = (s1, a1, ..., sg,ay) and any 6 =
07,65 ,....,0)7 € © and 051 = 0, we define the 2(h)
function as

H

OIEIED S (f(ah, ¢j)7“jyj(9h+1)> N f(On; b5),

Jj=1

where y;(6) = fA f(0,0(sj41,a"))m(a’ | sj41)da’. De-
note

Z(G,T)T = (Z(Tl)(eaT)vz(—g)(eaT)a ...,ZEFH)(H,T)) € RHd

and its expectation Z(0) := E.- {z(0, 7)} . The groundtruth
0* is the root of the expected Z function, i.e.,

2(0") = o. 5)

Define the empirical Z function as

1 K
ZK(@::E€§:zwgm)
k=1

and denote R(6) := (Vop(61),Vop(Ba),...,Vap(@u))'.
Then we have

-~ ~

Zx (@) + AR(0) = . ©6)

Therefore @ is the root of above equation and thus is

a Z-Estimator. We use 8 interchangeably with 5;{ =

(975717 - HNIF(?H)T to explicate its dependence on K.
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Define the Z function class as

UU{th

h=1i=1

10 e 0f cRHIY

where zj, ; denotes the i-th entey of 2, (6, 7). The complex-
ity of Z, which comes from the complexity of F, determines
the statistical efficiency of FQE. We analyze the estimation
error via Tarlor expansions, concentration inequalities and
bounding the complexity of Z using its bracketing integral
(Kosorok, 2008).

6.2. Asymptotic Normality and Variance

Theorem 6.1 (Asymptotic Normality). Under assumption
5.1, 5.2 and 5.3, if 0* is the unique root of Z(0) in © and
the Jacobian matrix of Z(0) at 6* is non-singular. Then,
when K — 0o and \ = o( K—/?), we have

VEK @y — vr) —5 N(0,02).

The asymptotic variance is given by

H
1
2 T yv—1 -1
T =F > v S n T v, (7)
hi,ha=1

where for h,i,j € [H],

1 * T X
Yp=E ﬁ;(vehf(eh,%)) (vehf(9h7¢j)):| ;

T

w =E" Vo, f (0h, & (sn,an)) | s1~EC)];
Z (Ve 107, én ) (Vo, f (Gj,th))si,hsj,h] ;
h:

m T

Qi,]’ = ]:E

ejn=f(07,6n) —rn —E” [f(9;+1, Pnt1)

$h+1:| .

Remark 6.2. In linear case, this expression for variance is
exactly the same as in (Hao et al., 2021b). In that case, all
Y5, become to the dataset’s covariance matrix, vy, becomes
the state feature expectation ¢(sy,, ap) under target policy.
They become both independent of 67 . In tabular case with
time-inhomogeneous MDP and one-hot feature, all 3}, be-
come diagonal and the asymptotic variance matches the
result in Remark 3.2 in (Yin & Wang, 2020).

Proof of Theorem 6.1 Our proof technique is highly non-
trivial since with non-linear function class we can no longer
obtain closed-form solution as in linear case. The central
tool for the proof is Z-Estimator Master Theorem (Kosorok,
2008). To use this theorem, we need to verify the function
class comprising all entries of z(&, 7) indexed by 6 € ©H is
both Glivenko-Cantelli and Donsker. Glivenko-Cantelli and
Donsker are properties of a function class that measure its

complexity. Z-Estimator theory mainly tells us that, with a
function class not too complex, asymptotic normality holds.
For our differentiable F, we will construct e-brackets to
bound the bracketing integral, which is a relatively complex
approach in high-dimension statistics. A gentle introduc-
tion to these tools can be found in Appendix Section A.1.1.
Asymptotic normality implies the following corollary, which
implies that the convergence rate of [0, — v, | is O( \/%)

Corollary 6.3. For any 6 > 0, there exists a constant
B(8) > 0 such that

sup P (H\/E (51( — 9*)

KeN

L>B@)§&

6.3. Finite Sample Error Upper Bound

Next we will show finite-sample error bound for FQE. In
addition to the O(#K) rate, we will show that the leading
order term in FQE error largely depends on the variance
o2. We also provide a reward-free error bound that depends
on a function class-dependent divergence, which measures
the partial mismatch between v and ji with respect to the F
space. Our results strictly generalize the minmax-optimal
error bounds for linear FQE (Hao et al., 2021b; Duan et al.,
2020; Agarwal et al., 2019).

Assumption 6.4 (Data Coverage). Let C5 be a positive
constant. We assume for any (s,a) € S x Aand h € [H],

Vof (05, 6(s,a))S, Vg f(05, 0(s,a)) < Cad.

To interpret this assumption, consider the case where
f is linear. In this case, the assumption reduces to
#(s,a) T X7 1¢p(s,a) < Cad. It holds as long as the data has
a non-singular covariance ¥. Even if sup, , ggzgg =
data can still be well-conditioned and cover every dimen-
sion of Vg f(6*, ¢), thus satisfying Assumption 6.4. Such
coverage can be achieved with as small as O(Hd) sam-
ple transitions, while full data coverage requires 2(SA)
samples. It is a much weaker assumption than assuming

SUp; 4 ZE‘Z Z) < C or assuming min, , (s, a) > c.

00,

For h € [H|, we define

Gn = {(Vof (04,0(-))) p: p € R} (8)

We denote o = (a1, a, ..., q) as a multi-index, and the

order of v is |a| = a1 + ag + -+ + «,. We denote
_ H1 o e _ olely
05 f(0,9) = 051052 - 05t f = FRETemTE and for

1 =1,2,3, we define

k= sup sup |05 f(0,9)
0€0,pEV |a|=1

| < 0.

Our main result on finite sample upper bound is given below.
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Theorem 6.5 (Finite Sample Upper Bound). Under the as-
sumptions of Theorem 6.1 and Assumption 6.4, let A\ = 0, for

every fixed K > max { Q(Céij;l)z log (12dH) ,B(5/3)2} ,
and every 6 > 0, with probability at least 1 — §, we have

(i) Variance-aware error bound:

21og(6/6)o?
m — Um <
[0 — vl o
H
1 2 6 Ty —1
+2 |31 (5) Cth;(Hth)./yhzh vn +C|,
&)
(ii) Reward-free error bound:
H
5, —val < [Z(H—ml) 1+X§h(u,u)]
h=1
log(12/6)  4In(12dH/J) C
[ KT + 3K VCodH —|—K. (10)

where
C = B(§/3) [H%dn'{’Bo 2H? dryBo + 4d? mf-cho]

+ B((5/3)2 [BoHsd [HsH + 3k1K2 + 2\/8H1H3H

is a constant, where By := maXpc|f \/V}TE;ZI/;L, Disa

constant dependent on H and d only and Xéh is restricted
x2-divergence defined as (1).

Proof pf Theorem 6.5 We decompose U, — v, into a sum
of a first order term and higher order terms by using Taylor
expansion. We bound the first order term with Freedman’s
Inequality (lemma E.2). To give a reward-free characteriza-
tion for distribution shift, we used concentration inequalities
to do more precise analysis. The higher order term is much
more complex than that of linear case. We use upper bound
for supremum norm of empirical process to bound them con-
< %} for any fixed
K instead of directly bounding it via Bernstein Inequality in
linear case. Exact characterization of B(J) is not possible
without more specific assumptions on J, which is an open
problem in empirical process theory and beyond our scope.
Historically, we are the first to apply Z-estimation theory
to RL and proved it to be useful, since they have long been
thought not to be strongly related.

*

ditional on the event {Hé\K —0

Remark 6.6. The error bound (i) is variance-aware and the
tightest in the sense that o2 equals to the asymptotic variance
given by Theorem 6.1. The error bound (ii) is reward-free
in the sense that it does not involve the reward function r
at all. It is a worst-case error bound that determined solely
by the distribution shift of off-policy learning, measured by

\/1 + X2, (14, [2). In this linear function case, 1 +Xéh, (1, 1)
can be bounded by the relative condition number between
the two distributions’ covariance matrices. Even without
function approximation, if u, i are two Gaussians with the
same variance and different means, we have sup, , £59 —

s$,a fi(s,a)
o0, but their chi-square divergence is finite.

Remark 6.7. Analysis of Z estimator is in essence analy-
sis of empirical process and Taylor expansion and is much
more complex than classical Central Limit Theorem(CLT).
Classical CLT applies to the i.i.d. random variables, but
state transitions from a single trajectory are highly depen-
dent, so vanilla CLT analysis does not directly apply. In
addition, combining CLT and Taylor expansion can only
give asymptotic rates and cannot give finite sample bound
as we obtained using Z estimator.

6.4. Special Cases

Next we show that our results match the best known error
bounds for FQE in the tabular case and in the case of linear
function approximation.

Tabular Case In tabular case, there are finite states and
finite actions in the MDP we consider, and we can always
represent all Q)-functions in tables. We denote

T HH+1)

H
ZH h+1)1(sh = s,an = a)|,
h=

an
Then Corollary 1 in (Duan et al., 2020) provided the upper
bound in tabular case as

[o, —v| < CH?*\/1+

where C is a constant and x2 is standard 2 divergence. We
give a outline sketch in the Appendix. Further (Duan et al.,
2020) proved the upper bound in time inhomogeneous MDP
matches the upper bound in Theorem 3.1 in (Yin & Wang,
2020). The same result can be derived as a special case of
our theorem.

log(12/6) . 1
2KH

Linear Case In case of linear function class, since
all ¥, are the same, we can bound the dominant er-
ror term in another sharper way. In linear case, 6}
and ¢(s,a) will have the same dimension, and all Gy,

willbe G = {u"¢(-) | p € R} . Under the assumption

¢ (s,a)X71p(s',a’) > 0, thee upper bound can be im-
proved to

o HH+1) [10g(12/0) T oL
[Or — v < = s V1T xR ) +0(5).

This matches the minimax lower bound in (Duan et al.,
2020) and shows that in linear case this upper bound is
nearly optimal. Another special case with stronger assump-
tion for data coverage is discussed in Appendix C.1.
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7. Bootstrapping FQE and Distributional
Consistency

FQE provides a point estimator. In order to quantify its
uncertainty in practice, there is need to infer the estimator’s
distribution and to compute confidence intervals(Feng et al.,
2020; Hao et al., 2021b).

7.1. Bootstrapping General FQE Estimator

We consider using bootstrap for statstical inference of FQE
(Efron, 1982). These bootstrap estimators allow us to esti-
mate the error distribution and perform downstream infer-
ence tasks such as confidence intervals, variance estimation
(Hao et al., 2021b). We will bootstrap by episodes, instead
of by transitions as in some previous research (Kostrikov &
Nachum, 2020). It was shown in (Hao et al., 2021b) that
bootstrapping by transitions, which are dependent, for FQE
might lead to inconsistency.

Denote W° = (Wy, Wa, ..., Wi ) T as the bootstrap weights
sampled according to certain distribution. In bootstrapping
general FQE, we use @z to denote bootstrapping estimator
of Q functions. We let @%_H(s, a) = 0 and (2) is turned
nto

H

K
@;’L = arg min {% Z Wi Z [f(SE,GZ) - y;’io}2+)\p(f)}.

fer k=1  h=1
12)
where yf° =r (sﬁ, a'fl)—i—fA Qhi1 (s’fH_l, a)m(a| sfH_l) da.
Similar to Section 4, under assumption of parameteric func-
tion space, we turn this problem into a minimization in
parameter space and we denote Q5 = f (65, ¢). Then (12)
can be turned into

A K w, & . 2
0y = argmin{z N Z [f (H,QS;CL) —yr° (0211)] +)\P(0)}.

9€® k=1 h=1

13)
where y,kl (é\}c:.+l> = f_A f (é\,oLJrl,qﬁ (sﬁJrl, a/)) s (a' | s;iJrl) da’.
Then the general bootstrapping FQE estimator can be writ-
ten as

= | SO é(s.a)m(a] s)é(s)dads.  (14)
SxA

For 6 € ©, we denote Z§ (0) := + Zszl Wiz (0, 7).

From the perspective of Z-Estimator, if we assume é\fl €

int(©) and write 03 ;, = ¢ to explicate its dependency on

NoT noT \T
0 '>9K,H) ’

K, then we have when é\;{ = (01,
75 (éK) L AR@GY) =0,

which implies 5}){ is a bootstrapping Z-estimator. Next we

consider standard bootstrap and one of its simple alterna-
tives. Both bootstrapping FQE estimator have nice asymp-
totic properties and can be exploited to estimate variance
and confidence interval.

Vanilla Bootstrap When W° follows multinomial distri-
bution with probability (1/K,1/K,...,1/K), (14) leads to
vanilla bootstrapping FQE estimator. In other words, it
amounts to resampling K episodes 77, 75, ..., Tz indepen-
dently with replacement from the data {7}, and solv-
ing (2) iteratively using resampled data. (Hao et al., 2021b)
used vanilla bootstrapping strategy to construct asymptotic
confidence interval of policy value, and proved that boot-
strapping error has the same asymptotic distribution with
standard FQE error.

Multiplier Bootstrap Suppose U is a non-constant non-
negative random variable with finite mean m > 0 and vari-
ance 0 < 1? < oo, and U satisfies

/00 VP(U| > z)dx < . (15)
0

This is slightly stronger than assuming a bounded second
order moment, but is weaker than boundedness of 2 + ¢
order moment for any € > 0. We let uq, uo, ..., Uk, .. are an
infinite series of i.i.d. samples from the distribution of U
and independent of all trajectories and ux = % Zszl U
Setting Wy, = wuy/ux in (12) and (14) gives multiplier
bootstrapping FQE estimator. For example, when U follows
standard exponential distribution, W° is called Dirichlet
weights and the resulting multiplier bootstrap is Bayesian
bootstrap(Rubin, 1981).

Algorithm 2 Bootstrapping General FQE

1: Input: Target policy m, initial state distribution &,
dataset D = {(s§,af, sf_ |, 7)neim) nepx). If mul-
tiplier bootstrap used, input random vector U which
satisfied (15).

. if Vanilla bootstrap then

Sample (W7, ..., Wg) ~ multinomial distribution

with probability (1/K,...,1/K).

4: else if Multiplier Bootstrap tl}l(en

5:  Sample ug ~ U, Wy = ZkK:lkurc'

6: end if

7

8

9

W N

. Initialize 5;1 11 =0.
:forh=H,H—-1,...,1do
: Solve (13)

10: end for

11: Return vy =[5, f (5?,@15(5,@)) 7(a | $)€(s)dads.

7.2. Distributional Consistency

We show that bootstrapping FQE with differential function
approximator is distributionally consistent, i.e. the limit
distribution of bootstrapping error 5% -y x conditional on
batch data is that of standard FQE error 0 K — 0% established
in Theorem 6.1 or a multiplication of it.
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Theorem 7.1 (Distributional Consistency). Under the as-
sumptions of Theorem 6.1, when K — oo and A =
o(K~1/?), conditional on {Tk}le, we have

VK (32 = 5r) —5 N(0, koo?).

for the same o as defined in Eq. (7). For vanilla bootstrap-
ping FQE estimator, ko = 1. For multiplier bootstrapping

2
FQE estimator, ko = 5.

This distribution consistency certifies that we may use the
bootstrapping FQE to approximate the estimation error dis-
tributions and inference tasks. For example, we may es-
timate the confidence interval (CI) of the FQE by taking
quantiles; see Algorithm 3. Suppose our batch data D is gen-
erated from a probability space (X, % (X)) Pp), and
the bootstrap weight W° is from an independent probabil-
ity space (W, Q, Py ). Their joint probability measure is
Ppwe. Let Pyo|p denote the conditional distribution once
the data D is given. Next corollary shows consistency of the
CI estimate.

Corollary 7.2. Denote the lower §-th quantile of bootstrap-
ping error distribution

qg:lnf{tpwqp(i)\;—ﬁﬂgt)Zé}

We construct the 1 — 6 confidence interval of the policy value

by: CI(§) = {@r - \/%qf—wzv@r - \/%?Oqgm} . Then we
have when K — o0,

Ppwo (Uﬂ— S CI((S)) —1-—29.

This gives a convenient and provable way to construct confi-
dence interval for OPE.

Algorithm 3 Bootstrapping Confidence Interval

1: Input: Target policy 7, initial state distribution &,
dataset D = {(s},af,sf |, r})}neim) ne(x), confi-
dence level §, number of bootstrap B. If multiplier
bootstrap used, input random vector U which satisfied
(15).

2: Compute standard FQE estimator (D).

3: forb=1,2,...,Bdo

4:  Sample a bootstrapping weight W, according to
multinomial distribution or random variable U.

5:  Compute v (D; Wp) .

6: end for

7: Compute errors ¢;, := v (D; W) — 0(D) for b € [B].

8: Compute 6/2 and 1 — §/2 empirical quantile of

{€1,...,eB}, denoted as ngm and @?_6/2.

9: Return [ﬁ (D) - af,,;/gﬁ(p) - ag/z} :

8. Information-Theoretic Lower Bound

An estimator is called asymptotic efficient if its variance
is minimal among all unbiased estimators. Cramer-Rao
lower bound is a theoretical lower bound for variance of all
unbiased estimators. We will show that the general FQE
estimator can achieve Cramer-Rao lower bound for variance
and is therefore asymptotically efficient.

Theorem 8.1 (Cramer Rao Lower Bound). Under assump-
tions of Theorem 6.1, the variance of any unbiased estimator
of vy is lower bounded by 2 in (7).

Proof of Theorem 8.1 We prove the Cramer-Rao lower
bound via the standard Influence Function method, which is
a common technique in proving Cramer-Rao lower bounds.
But our proof is much more technical than that in (Hao et al.,
2021b), since we handle non-linear smooth f.

To our knowledge, (Jiang & Li, 2015) established the first
Cramer-Rao lower bound for off policy evaluation in tabu-
lar MDP. (Hao et al., 2021b) established the lower bound
and proved asymptotic efficiency for using linear function
approximation. Our lower bound generalize these previous
results.

9. Summary and Discussion

This paper studies statistical properties of fitted Q evaluation
using compact, differentiable function approximators. It
establishes a set of statistical results including asymptotic
normality, finite-sample error bounds, characterization of
distribution shift and Cramer-Rao lower bound.

Apart from Z estimator, M estimator is another powerful tool
to analysis both asymptotic and non-asymptotic properties
of FQE estimators. However, directly applying M estima-
tion theory is not as straightforward as expected. Specifi-
cally, FQE is not exactly an M estimator due to the iterative
minimization structure, which is not equivalent to minimiz-
ing a single loss function. In contrast, FQE is naturally a
single Z estimator.

In this paper, we focus on differentiable FQE. Analysis
via M estimator is more applied in non-smooth function
clas, which is beyond our scope and requires a completely
different analysis framework. In particular, when f is non-
smooth, there will be no Taylor expansion and hence, no
asymptotic normality and no finite sample upper bound. In
conclusion, although M estimator will probably not yield
results of equal strength as what we have obtained, we can
expect its potential application on analysis for non-smooth
estimators.
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A. Proof of Asymptotic Normality and Distributional Consistency
A.1. Proof of Theorem 6.1 and Theorem 7.1

Since Theorem 6.1 and Theorem 7.1 are proven by the same technique, we will prove them simultaneously.

A.1.1. PRELIMINARIES ON GLIVENKO CANTELLI AND DONSKER FUNCTION CLASS

Before we present our main result, we prove some basic properties of the following function class. Below zp ;(6, -) is the
i—th entry of z(;) (6, -) for i € [d].

H d
zZ:=JU{zmi0,):0 0" c R, (16)

h=11i=1

We remark that each function in Z is a map from (S x A) to R and is indexed by § € ©. We present the standard
definition of P-Glivenko Cantelli and P-Donsker in asymptotic statistics as follows. In the definition and following proof, we
denote PP as a random probability measure and P, as its empirical measure. We further denote G, (-) := v/n (P,(-) — P(+))
as empirical process.

Definition A.1 (P-Glivenko-Cantelli and P-Donsker(Van der Vaart, 2000)). Suppose U/ is a measurable function class.
We denote [*°(U) as the set of all bounded functions on Y. We call I is (P-)Glivenko-Cantelli (or equivalently, strong
Glivenko-Cantelli), if
|Pru — Pull,, :== sup |Ppu — Pu| <% 0; (17
ucl

We call a U of measurable functions is (P-)Donsker, if the sequence of processes {G,,u : u € U} converges in distribution to
a tight limit process G in [°°(U/). By converging in distribution in [*° (), we mean for every bounded, continuous function
g : 1°°(U) — R, it always holds that E[g(G,u)] — E[¢g(G)] when n tends to infinity. When there is only one probability
measure P, we omit the prefix P- in front of Glivenko-Cantelli or Donsker. We define a class U/ of vector-valued functions
u : x — R¥ to be Glivenko-Cantelli or Donsker if the union of the k coordinate classes is Glivenko-Cantelli or Donsker.

Glivenko-Cantelli and Donsker function classes are difficult to verify by definition. A usual sufficient condition involves the
concept of bracketing number and bracketing integral.

Definition A.2 (Bracketing Number and Bracketng Integral). For a function u € U, we define its L, (IP)-norm as ||u|, . =

(P |u|")'/". Given two functions / and h with finite L,.(P)-norm (need not to be in /), we define the bracket [I, h] as all
functions f with [ < f < h in the whole domain. An e-bracket in L, (P) is a bracket [I, h] with P|h — {|" < &”. We define
the bracketing number Njj(e,U, L, (IP)) as the minimal number of e- brackets needed to cover U, i.e. each function u € U
is contained in a e- bracket. The speed of growth of bracketing number are described using the bracketing integral.

&
Jy (8,4, L. (P)) = / Vog Ny (.U, L (P))de. (18)
0

Next two propositions give us sufficient conditions for a measurable function class to be Glivenko-Cantelli or Donsker.

Proposition A.3 (Glivenko-Cantelli (Van Der Vaart et al., 1996)). Every function class U of measurable functions such that
foranye > 0,
N[](E,L{, Ll(P)) < 00

is P-Glivenko-Cantelli.
Proposition A.4 (Donsker(Van Der Vaart et al., 1996)). Every function class U of measurable functions with

J[] (1,U,L2(IP)) < 00
is P-Donsker.

It is obvious that Glivenko Cantellli and Donsker function class has the following relation.

Proposition A.5. Every Donsker function class is Glivenko Cantelli.
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A.1.2. Z-ESTIMATOR MASTER THEOREM

Our central tool will be the following Z-Estimator Master Theorem. It provides sufficient condition for asymptotic normality
of Z-estimators and bootstrapping Z-estimators. We use this lemma to prove both asymptotic normality and distributional
consistency.

Lemma A.6 (Z-Estimator Master Theorem(Kosorok, 2008)). Let u(f,7) : X% — RH 4 be a Borel-measurable function
with T € XH . Let

K K
U)=Erud,7), U Z 0, 7%), Up( Z u(f, ),
k=

k=

where W° = (W, W, ..., VVK)T is either vanilla bootstrapping weights or multiplier bootstrapping weights. When W° is

vanilla bootstrapping weights, W° follows multinomial distribution with parameter (1/K,1/K,...,1/K). When W*° is

multiplier bootstrapping weights, we have Wy, = I;‘{" , Where uy, are i.i.d samples from distribution of random vector U

which satisfies (15).

Let © C R? be compact, and assume 0* € int(©) satisfies U (6*) = 0. Assume the following:

* (i) For any sequence {01} cint0f U (Gl) — 0 implies ||Gl - 0*” — 05
o (ii) The classU = {u(0,7) : 0 € ©} is P-Glivenko-Cantelli;
* (iii) For some § > 0, the class Us == {u(6,7) : € ©F |0 — 0%|| < &} is P-Donsker
o (i) E|ju@,7) — u(6*,7)|* = 0as |0 — 6% — 0.
« ) E |u(0*,7)||° < oo, and U(8) is differentiable at * with non-singular Jacobian matrix V (6%).
o i) U (k) = o(K~Y/2) and U3, (65.) = o( K—1/2).
Then, we have
VE (éK . 9*) 4 N (o, V(6")E [u(0", T)u(0",7)7] [V(a*)—l]T)
and
VE (0% —0xc) 5 N (0, kv (0)'E [u(e”, )u(e", )] [V(e) ] 7).

2
conditionally on T, ..., Trc. When we use vanilla bootstrap, ko = 1; when we use multiplier bootstrap, ko = L5, where m
and n? are population mean and variance of distribution of bootstrapping weights.

A.1.3. COMPLETION OF THE PROOF OF ASYMPTOTIC NORMALITY

All we need to do is to verify that function class Z satisfies all conditions in Z-Estimator Master Theorem. From compactness
of © and the uniqueness of root of Z(#) in the assumption of Theorem 6.1, (i) and (v) is verified. By continuity of z(6, )
with respect to 6, (iv) holds. (vi) holds by letting A\ = o( K ~1/?).

Next we will prove (ii) and (iii). Since every Donsker function class is Glivenko-Cantelli, we only need to prove (iii) for
any ¢ > 0. Then (ii) can be proven by letting § = diam(©). Since f (0, ¢) is third times continuously differentiable in a
compact set © x U, f(0, ¢) has continuous derivatives up to third order. We denote o = (a1, g, ..., tg) as a multi-index.
We define the order of « or the degree of « as

o] =a1 +as+ -+ ay,

and
1o a1 nas g alalf
07 1(6,0) = 95057 -+ 051 ] = e g 4
We denote forl = 1,2, 3,
Ky = sup sup |05 f(0, ¢)| < oo. (20)

0€0,6€[0,1]™ |a|=l
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Then

sup  [[Vaf(8,0)|, < Vi,
0€®,p€[0,1]™

and
sup V30, 0)|, < s [[VE(0,0)]), < dna.
€O, p€[0,1]™ 0€0©,p€[0,1]™

where ||-|| is Frobenius norm. This implies || f(6, ¢) — f(6/, ¢)|l, < Vdk1 |0 — €'||, and |V f (0, ¢) — Vo f(0', )|, <
drio ||6 — 0'||,, for every 0,6’ € © and ¢ € . In the followmg proof, we denote §° = (%7, 9” 0T € o for
i=1,2and 0%, = 0. We use 7 to represent a random trajectory. We define

jh = F (05, 0(sn,an)) —r (sn,an) — /Af (0541, 0(sn41,0)) 7 (a" | spqr) da,

then since for any (s, a) € Sx A, r(s,a) € [0,1], we have Qy(s,a) = f(05, ¢(s,a)) € [0, H—h+1]and |e; 5| < H—h+1
for h, j € [H]. Further for i = 1,2 we define

Vi = f (60, 6(snran) — r (sn.an) — /A F (01, 6(sns1,0)) 7 (a | sn4) da

Therefore, we have

|Z(91 T) —z(0%7)[

(03, d(sn,an)) — Y75 - Vof (67, ¢(sn,an))

jh

H
Z i = Yin) Vef (67, 6(sn,an))

Z L [Vof (67, 0(snan)) — Vaf (67, ¢(sn,an))]

H H H
<o (Zm%hue;—e?) +2dnfz(z Ym)
=1 \h=1

h=1

Next we bound Yj 5 Since

Viin] < legnl + [ein = Yl
< (H—h+1)+rVd[|0; — 0} —0)1]] < H + 2k1Vds.
and
Vi = Yl < sV [0 = 03]+ [0]40 — 6744 ]]
we have

|2 (0% 7) — = (6% 1)
(H? +2,6H)” (Zyel 92>

< [2%3% (H2 + 251\/&51{) H+ 8d2n‘1‘H3} 6" — 62||2.

H
+ 2k H? Z ‘eal - 9?‘ + ’ejl‘ﬂ - 932‘+1‘

H
§2d2,‘i§
=1

We denote Cy > 0 as where ,
02 = 2d°K2 <H2 + 2;-;1x/&5H) H + 82 H5. 21)

Then |z (6%, 7) — 2 (6, 7)| < C1 [|6* — 02”2 . Therefore, for every ||§ — 6*|] < J, we consider the high-dimensional

bracket
[2(0,T7) — C1V Hde, z(0,T) + C1V Hde],
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where ¢ is the Hd-dimension vector with every entry being ¢. Since the brackets we consider are one-dimensional, these
brackets have Ly (P)-size of 2C1v/ Hde. If H91 — 92”00 < ¢, then |z (91, T) —z (02,T)| < VHdCe, which implies
2(02,7) € [2(0',7) — C1V/Hde, 2(*, 7) + C1 v/ Hde], and every dimension of z(62, 7) is contained in the corresponding
one-dimensional bracket. And since every dimension of #* — 62 spans within a distance no more than 2, we can partition
every dimension of ||§ — 0*|| < ¢ into grids with meshwidth being 2. By dividing like this, we will get no more than (g)H d
hypercubes. For every ||§ — 6*|| < ¢, there exists one hypercube whose center 6° satisfies ||§ — 6| < e. Then we have
2(0,7) € [2(0°,7) — C1V/Hde, 2(6°, 7) + C1v/Hde], and every component of z(f, T) is contained in the corresponding
one-dimensional bracket. Therefore, every function of Zs is contained in a bracket. Summing over all brackets, we have

Hd
Ny (ZClx/Hde,Zg,LT(P)) < Hd (i) .
This implies

N[] (E,Z(;,L,-(]P))) < Hd

(201 \/Hd5> Ha o
£

Because that the bracketing number is a decreasing function of €, whether the bracketing integral converges or not depends
on the asymptotic behavior of bracketing number for ¢ — 0. From the estimation above, \/ log Nyj(e, Zs, L2(PP)) is of order

O(4 /log(%)), the integral of which converges. By Glibenko-Cantelli’s Theorem and Donsker’s Theorem, we know Z is
both Glivenko Cantelli and Donsker. In this way, we verify all conditions of Z-Estimator Master Theorem and we have

_ 1

VK <0K - 9*) AN (0, Hz;lﬁz;T> : 23)
and conditioned on 7, T, ..., Tk,

S o) d ko <1

VK <9K — 9K) 5 N (0, pu0ns (24)

where
19 1 .
D= g2 O and Q=B 26 7)a(6 ) |y (25)
e=0-

2
When we adopt vanilla bootstrap strategy, ko = 1, when we adopt multiplier bootstrap, ko = ;.. Finally we compute the
covariance matrix in the asymptotic variance. Below, we write out X, as a partitioned matrix:

Y, A, 0 ... 0
0 S —Ay ... 0
s.—[0 0o ¥ ..o
0 0 0 ... %y

where for h € [H],

H
h ! ]E‘r {Z (f 0h, d(snryan)) —r(sn,an) / f(0hi1,(shry1,a))m(a | 3h’+1)da> Vool (05, ¢(snr,an))

/=

+ EH: (Vef (05, ¢ Sh/,ah'))>T(Vof(9;a¢(5h’»ah’)))}~

h'=1

-
[

Since
E‘r {f(elta d)(sh’v ah’)) - ’I"(Sh/, ah’) - / f(9;2+1’ ¢(Sh’+17a))7r(a | Sh’+1)da
A
by taking conditional expectation we find the first term in the expectation vanishes and

H T
T = %E‘r {Z <V0f(9?§7 P(sn s ah'))) (Vefwfm ¢(Sh/,ah/))) } : (26)

h'=1

Sh',ah'} =0,
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For h € [H — 1],

H

Ap = _%vﬁET { Z (f(a7 ¢(Sh’>a‘h’>) - T(Sh" ah') - /A f(ﬂa ¢(8h'+17 a))ﬂ(a’ | Sh”rl)da) V@f(OQ ¢(sh” a’h’))}

h'=1

a=0;.6=07

Here the gradient means partial derivatives with respect to 3 and take a = 6}, 3 = 0} , ;. Therefore, the inverse of X, can
be expressed as

»rbontAsyt urtA st At L et A Ay o

0 DI DI P I o St AY Ay Y

soi=| 0 0 ;! c XA A 2
0 0 0 I

Moreover we express  as (€;;); je(m) Where €; ; € R¥*? is

H H T
Q?j = % Z Z E (vef (9:<7 ¢(Sh1 ) ahl))) (ve.f (9;7 ¢(Sh2a ahz)) >6i,h1€j,h2 € RdXd

h1=1ho=1

where € 3, is defined in Theorem 6.1. We take the conditional expectation to find that the cross terms vanish. Therefore the
expression of §2;; can be simplified as

H T
1 . *
Q,;=E lH Z (Vef(eia¢(3h,ah))> (Vef (05, ¢(sn,an)) )5i,h5j,h € R4, 27
h=1
Therefore, we have the following convergence(the second one is conditional on the original data).
. 1 H o ho—1 T
VE (Bi-01), VE(%-0)-5N 0= > (H Ei—lAl) s [ 11574 |-
hi=1hy=1 \ i=1 j=1
(28)
Finally we use multivariate delta method and eventually get
VE (0 —vs), VK (@ —7,) -5 N(0,07), (29)

where

hi=1ho=1 \/SXA

Vo f (05, 6(s,a))(a | S)é(s)dads>
]

hi—1 ho—1 T
. ( H Ei_lAl) E;llﬂhl,,uE;; H Ej_lAj ( Vof (07, d(s,a))m(a | s)f(s)dads) .
i=1 j=1 Sx.A
To simplify expressions for 3, and A;, we define

2
Fla, ) i= évam{[f<a,¢<s,a>)—r<s7a>+ [ 1605 et | yad| }

for o, § € ©. We notice that

Sh= V. F| and Ay = VS F| _,.
—7h

a=05,6=0} 4 B=0h 1
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Here we define another operator T to simplify the expression for 2. Policy completeness under parameterized F can induce
a mapping on O, which is defined as
fro(s,a) = (Pfy) (s,a)? (30)
That is, T6 is the corresponding parameter of P f. Note that (6,65, ,) = 0 and F(-,-) is continuously differentiable
in © x ©. Since the Jacobian matrix of Z(#) at * is non-singular and is partitioned diagonal matrix with X;, on its
diagonal, we have X, is non-singular for i € [H]. Therefore, we apply the theorem of implicit function and get that,
for any h € [H], there exists unique vector-valued function G, defined on a neighbourhood of 0}, inside © such that
F(Gr(6;, Jr1) 05 1) = 0. By definition of the operator T, without loss of generality we let each G, be a confinement of T.
That is, T is actually the operator defined on every neighbourhood of 8} which satisfies (30). We denote the Jacobian matrix
of T at 6 as DT(6). From theorem of implicit functions we know T has continuous Jacobian matrix on neighborhood of any
g;:. If we use DT(-) to denote its Jacobian matrix, then

DT(041) = Ei;lAh-

Therefore,

( SXAVQIf(HL(b(&a)) m(a | s) dads) (H o 1A>
:< SXAVOIf(9T7¢(S7 )) (a" dads) (H DT z+1 )

_E [Ve,j £ (T (605), (s1,a1))

1~ b~

This expectation is actually dependent on transition probability and independent of policy, hence we can transform it to
expectation over population generated by target policy 7.

( SXAVOTf(HTWb(Sva)) (a‘ | s dads) (H E 1A )

= [V (T4 (61) 0(on.a0) [ ~ 6001 ~ (1)

=E" Vg;’/s Af(T’k2 (0r), d(s2,a2))m(az | s2)p(s2 | s1,a1)dazds1|s1 ~ (), a1 ~ 7(- | s1)

=E" | Vo f(T" 2 (6},) , ¢(s2,a2))

1~ €0~ (o)

7 (Vo3 G5, 0(sn, 1) 51 ~ ) ~ (- 1)) = a1
The last equation is due to the definition of V,T in Theorem 6.1. Then we have
1 A
o2 = I Z v, S O e S5 Vg - (32)
hiha=1

This finishes our proof for asymptotic normality.

A.2. Proof of Corollary 6.3

This corollary can be derived directly from the following lemma.
Lemma A.7 (Prohorov’s Theorem, Theorem 2.4 in (Van der Vaart, 2000)). Let X,, be random variables in R* and
Xn 4, X for some X, then {X,, : n € N} is uniformly tight, i.e. for every § > 0, there exists a constant B, such that

supP (|| X, ||, > B) < 6.
neN
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A.3. Proof of Corollary 7.2

We define ®(t) := P (N(0,kgo?) < t), where o is defined as (7) and N(0,0?) represents a random variable which
follows this distribution. From the asymptotic normality and distributional consistency, we have when K — oo,

Pp (VK (55— ve) <t) = P (N0, ko) < Viot) = @(Vhot),  Pwopp (VE (@5 — ) <) = @ (1)

According to lemma 21.2 in (Van der Vaart, 2000), denote the cumulative distribution functions of v K (2° — ;) as ®,
then &5 —L5 ® implies e —%, =1, Therefore, VK qF = P! (6) — &1 (8) . Therefore,

1 | K 1 1) 1)
o V. — > —— = o . — > o 2 > —— -1 - = —_—=.
Ppw <1)ﬂ, VUp > \/%qg) Ppow (VK(’UW Uﬂ—) koq(;) — Ppw <N (0,0 ) > ﬁkoq) <2)> 1 5

We can bound Ppyyo (?J} -y < T

< —\/kaoql_ 5 ) similarly, and by an argument of union bound we can get the result for
2

asymptotic confidence interval.

B. Proof of Theorem 6.5

We are going to decompose FQE error ¥, — v, into first order term and higher order term. Since we let A = 0, we do not
have bias term containing \. Since we have

i}\‘n' —Ur = / [f(§17 (ZS(S,(I)) - f(9T7 (ﬁ(S,(l))} W(a ‘ S)E(S)dad&
SxA

the first order term will be

/ {ng(@f, @(s,a)) - (51 - 9]‘)} m(a | $)€(s)dads.
SxA
Next we expand 51 — 1. From multivariate Taylor expansion we have
VK [Z(é}) - Z(e*)} — VKHY,(0x — 0") + VKRx. (33)

where Ry is Taylor remainder and X, is defined in (A.1.3). Notice that Z (0*) = ZK(gK) = 0, we have

VK (§K - 9*) - gz;l (Z@K) - Z(e*)) - \/—52;1]%;{

k=1 7 k=1 ’ -

Since the true value function is explicitly dependent only on 67, we take the first d entries of this decomposition. We denote
Ry 1, as the vector comprising (h — 1)d + i-th to hd-th entry of Ry, hence

b — 6 = — ;Z(HE 1,4) (Zz(h)(g*’ﬂc)>
h=1 1

1 h—1 " B
+th=:1<1;[1 ZilAi) (E (0,7 KZ% (6, 7 ) - hz (];[z 1A>zthK7h.

Therefore, the first order term of total error is

H K
Vo f (07, o( Z (H »tA; ) <Z z(h)(ﬁ*,Tk)>] m(a | $)&(s)dads, (35)

h=1 k=1

1

L= ——
KH Jsya

and the remaining part will be the higher order term.

IQ ZZi)\ﬂ-—Uﬂ—Il. (36)
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B.1. First Order Term

The only difference between Variance aware error bound (9) and Reward-free error bound (10) is the contraction technique
for the first order term. We deal with them separately.

B.1.1. VARIANCE AWARE ERROR BOUND

We first bound I; using Bernstein’s Inequality (lemma E.1). From this upper bound we see the dependency of its dominant
term on asymptotic variance o2 in Theorem 6.1. By the same argument of (31), we have

< SXAveff( 1 ¢(s,a))m(a | s) dads) <H 2 1A> =

We define

1

H [h—1
eri=— g lvef 01,0 Z <H ZilAZ') D z(h)(ﬁ*,rk)] m(a | $)€(s)dads.

SxA h=1

Then by the derivation in (31), we have

H
1 — *
e = —EZV,—LFEhlqh)(G ,Tk)

== 3 Zy,jzhl[ 105, 0(s}. f))} h

h=1j=1

The first order term will be independent sum of ey,

1 K
11:?];6;6.

From assumption 6.4 and because of ‘52,3" < H — h + 1, we can bound ej, by

1

lex| < ﬁ HVh Eh H HE;L 2 Ve J(On, (s ]’a;c H2 |5]}2,j|

(H — h+ 1D)y/v) S5 o,

Then we calculate the variance for ej,. By definition of 6}, we have

[ M=
M=

<.
Il
—

Mm

< v Cad

h

Il
-

Vo [ (05 6(s5,a5)) | ek ;| =0,
=[] J<

hence E [e] = 0 and Var [e;] = E [e7] for k € [K]. We have

H H H

Bfet] = 1 > 2 0 [ mim [ (V2 105, 006k a6 ) (st 006 )eh s ] i

hi=1hs=1j=1 I=1

By conditional expectation, when j < [, we have
E [(vszzl,qﬁ(sﬁ af))) (vefw;;,¢<sf7af>))eil,jeig,l]
& {B (97101, 0065 b)) (Vos 01,605t ab) )b, yeh s
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hence all cross term vanish and

Bl =43 Z S~ [l [ (97 501, 0164080 ) (VoS 010065060 ok o]

hi=1ho=1j=1
A
S S S s ] -

hi=1hy=1j=1
where €, 1, and o2 are defined as in Theorem 6.1. We use lemma E.1, then we have for any ¢ > 0,
2

2
i ( e/

Ko? +ey/Cod S0 (H — h+ 1)\ /v 2 v, /3

K
e

k=1

25) <2exp | —

We choose

)

i H
2 2 [ Te-1
=In (5) v2KO'—|—§\/ Ogdhil(H—h—Fl) vy, Eh vp

then RHS is bounded by § > 0. Therefore, with probability at least 1 — §,

2\ [ /202 2 u
II,] <In () 4 2=V Cad Y (H —h+1)\/v)[ 5 v |
5) |V K 3K ot

This gives one upper bound for the first order term. Notice that this bound depends on asymptotic variance o2. When we
apply this bound into final upper bound, we get variance-aware error bound (9).

B.1.2. REWARD-FREE ERROR BOUND

Next, we are going to replace this dependence on o2 with a dependence on a reward-free x? divergence, with which we give
an upper bound for the worst instance of reward. The main difference is that we use another decomposition of the first order
term and use Freedman’s Inequality as our central tool. We can simplify the expression for I; as

1 K H H
=g 22 2 S (Vi F (050 (55 )] eh 5.

k=1h=1j=1
where
Eﬁﬂ» =f (69 (S§7a5>> —r (s?,a?) - Af(92+1,¢(8§+1,a'))w(a’ | $?+1)da/.

Below we can decompose [; into N = K H items.We denote ¢y, ,, = 5’,% and (s, a,) = (s¥,a%)ifn = (h— 1)K + k.

3%
Then if we define

H
=S w3 [V F (05,6 (500 a0)] Enms
h=1

then
| XN
Il = N nzl Up, -
Define F,, as the o field generated by s1, a1, ...., 5., a,, then {]—'n}nj\’:1 is a filtration. Since
o [vzf (0,6 (50 02)) [f (0100 (s000) =1 (50) = [ 226 (5000,00) 7 (@ 5112) da/} b, an}
2
ZVJE |:f (97 o (Sna an)) -r (Sna an) - / f (92+17 o (3n+17 al)) a (a/ | 5n+1) da/:| Sny an‘| =0,
A 0=07
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we have E [u,, | F,] =0, and {un}nN:1 is a martingale difference sequence. We use Freedman’s Inequality (lemma E.2) to
analyze I;. Under data coverage assumption (Assumption 6.4), we have

H
|un\gZH 52
h=1

H
<VCod > (H —h+ 1)\/v] 5, v,
h=1

Next we estimate the conditional variance Var [u,, | F7,] .

=298 1 (030 (55 a)| lennl

2
Var [uy, | Fu) <Z v 250 [V £ (07,0 (5nyan))] €h,n> ‘fn

2 V l/;lrzglyh * / / /
< ZiVar T (8p,an) + Af(Gh,¢(s”+1,a))7r(a | $pt1) da

H-h+1

‘Fn )

(Vg £ (65,6 (sn,an))])” (Cauchy-Schwarz)

h=1

H
H—-h+1
Sy
h=t1 /v Z; o

Since 1 (sn, an) + [ 4 f (6,6 (snt1,0")) 7 (0" | sny1) da’ € [0, H — h + 1], we have

Var (r (Spyan) + /Af(QZ,¢(Sn+17a’))7r(a’ | sn+1)da’> < i(H —h+1)?

then
A T OH-h+1 >
Var [uy, | Fy) (Z (H—h+1\/v 2, z/h> - Z vn S5 [Va £(05,0 (snnan))])” |
h=1 ECRYIZAD Vh
and
N
ZVar [tr | Fn)

E;lljh

N
STV 070 (5000)) Vo (67,6 (50, 00)
n=1

H
(ZH h+ )yJv) th> Z H_htl rea
H H
g% <Z(H—h+1),/u;2;1yh> (ZH h+ Dy vl =5 o,
h=1 h=1

where we use 11/ ST XSy < TS ||[STY2XS Y2 forany o€ R, X € R4, We use a special case of
lemma C.1 when hy = hy = h and we have with probability at least 1 — %,

2Cod 4dH\ 2(Cod+1) 4dH
< .
_1—|—\/ 7 1og< 5 >—|— Ve log( 5 )

By union bound, we have with probability at least 1 — g, for all h € [H], the bounds above hold simultaneously and hence

N H 2
N E—— 90yd . [4dH\ 2(Cod+1), (4dH
E Var[un|]-"n]§4<§ (H—h+1)\/v, l/h> <1+\/ I 1og< 5 )+ 3K log 5 .

n=1 h=1

N Zve f 0h7¢(5naan)) v@f(eh?¢(8n7an))] Zh

Nl

,

)

_1 |1 N
D [NZng(azyﬁﬁ(sman))Vé’f(e;:’d’(sma"))
n=1
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We take 02 equals the right hand side of inequality above, then

N , 5
P ZVar[un|]-'n] >o5 | < 7

n=1
Freedman’s Inequality implies that for any € > 0, we have

g

N

g Unp,

n=1

al g2/2
> e, Z Var [uy, | Fn] < 0§

< > <2Zexp | —
s 03+ eVCad Sy (H — ht 1)y /1755 v /3

We take
/ H [, Ty—1
4 4 2 CQdZ _ (H—h+1) v, 5 Vp,
e:=y4/2log | < |oo+1log| = =l h Tk ,
) 0 3
then
N N N N 5 5
P >e| <P Var[u, | Fp| > 02 | + P > e, Var[u, | Fpl <o2 | <=-+4-=9§
(n_l_)_(;l[u_o) (n_l_;[u_o_u
Eventually we use v/1 +x < 1 + 5 for any z > 0 to get with probability at least 1 — 4,
log(4/0) (<~ I
‘Il| S W ;(H_ h+ 1) I/h Zh 12423 +A.[1,
where
H 3
_ 7 Cod 4dH Cod—+1 4dH \ 2
Al = H—h+14/v) o1 — /=1 -1
: (Ef Y ”hh”hHﬁK Hog(6)+3\/ﬁm°g(6”
We define the function classes
gh = {(V@f (9;;7(;5(8,04))) e Rd} (37)

Notice that by Cauchy-Schwarz Inequality, we have
\/ v By, = sup )
h2h e /71—2}1
For 1 € R?, we take g € Gy, such that g(s,a) = (Vo f (05, ¢(s,a))) - puforany (s,a) € S x A. Then

/LTI/h =E" [g(sh,an) | 51 ~&()]-

Additionally, we have

. 1 H 2 1 H )
W =B 55| (Vor O 0055, ) -] =ET{H;g (sh,ah>}

j=1

[Ty, = sup pen sup E™ [g (sn,an) | 51~ &(-)]
h 2 = .
perd /T Snp gegh \/E {L ZhH 92 (sn ah)}
H =1 )

We substitute this supremum into upper bound and this concludes the proof for the first order term.

Then,
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B.2. Higher Order Term

The higheer order term comprises three parts: one part comes from higher order term of f (@1, @) — f(07, &), the other two
parts come from higher order term and Taylor remainder of 6; — 67. We denote respectively as

I = /SXA [f (671,¢(s7a)) — f(07,9(s,a)) — Vaf (07,0(s,a)) - (51 - 91)} m(a | s)&(s)dads;
1 H [h— R | K
Iy := T - Vof (07, ¢(s,a) ; (1:[1 > (E 2(h) (91{,7’) + E;Z(h) (9*,7'1@))] m(a | $)¢(s)dads;
H [h—
Ixs := _E SxA vef (9T7¢(87G)) hg <1:[ ) IRK,h 7T(a’ | S)g(s)dad‘s

We bound them separately. We keep the notation in (19) and use & = (1, o, ..., ¢g) as multi-index. If x = (1, 22, ..., 2q)
is a vector of same dimension, we denote z* := z{*x52.. xg“”. Denote Af7 := 6, — 07, from Taylor’s Theorem, we have

£ (B 0(s.)) — £ 07 0(5.0)) - Vos @5 0(s.0))- (B —07) = 3 PO o0 07 4 )

| =2

for some ¢ € (0,1). ZI al=2 denotes summation over all second order derivatives. We recall the definition of x;,1 = 1,2, 3,

Ky = sup sup |aeaf(97 ¢)| < 09,
00,6V |a|=l
where @ = (a1, @g, . .., aq) is a multi-index with order |a| = a1 + o + - - - + vy, and 95 f (6, ¢) = 63118322 o 83‘; -

ole \f
T .s Hence we have

*\ &Y d *
um\<7/8 |22 @) mla | s)es)dads < F AT < 2 A0
*Allal=2

From Corrollary 6.3, we have for every fixed K, with probability at least 1 — 6, the event £ happens, where

~ B(9)
Ek = HQ 0| < }
K { K 2= R
Under £, we have || A0} H2 5)2 , hence
KodB(6)?
< =
ol < 5%

Next we bound I55. From (31) and definition of 0 K, we have

H K K
1 _ ~ ~
122 = fhil I/;erhl (E.,-Z(h) (9}(,7‘) 7E-,—Z(h 9 ‘I' Eﬁ Z(h 0 Tk E Z(h) (QK,T]C>> .

k:

We use G := VK (Px — P) to denote empirical measure and we have

Iy = T\I/EGK Li:l V;E;Ll (z(h) (5;(,7') - 2(n) (9*,7‘))] .

To bound this empirical process, we use lemma E.4. We define the following function class.

1 .. _B($
M = { cszuh otz (0.7) = 2y (07, 7) +2]||9—e||s\/%’} (38)
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Since lemma E.4 requires all function in a certain class take values in [0, 1], the constant C'5 and % in the expression make
each function in M satisfy this requirement and % will not influence bracketing number of this function class. Each function

in M is indexed by # € O and is from (S x A)" to [0, 1]. We denote

By := sup V;Z;2Vh. 39)
he[H]

Notice that here the K is fixed, hence without loss of generosity we let K > B(J)2. Then for every 8,62 € ©* such that
||0i — 0*” < % <1, we have

|va n(zmy (01,7) = 2y (6%,7))]

( 9h7¢]) f(9}2u¢j)+/Af(9%+17¢j+1)7(a/a33‘+1)da/_/Af(9}11+1a¢j+1)77(@/75j+1)d6l/> -ng(ﬁ}“%)

+i

T (f(eha ¢J / f 9h+1a ¢J+1) (a’ sj+1) ) (ve f(eha ¢j) v;—f(e}zw ¢J))’

—

IN
H'Mm <

i [0k~ O8] + ks 0kl 17 0k,

"’Z\/ V}jzh Vhal’@”eh_‘9 ||‘( 0h7¢1 /f 9h+17¢1+1) (d',sj11)da )‘

qm@mh%—%wwmﬂ—%ﬂﬂ

s |04 21 [ (165,00 =15 = [ 1 Ghoatrin) w (s ) 4 Vi [ 165 - 02+ 10500 - ]

Therefore,

Sl G (0,7) - 07|

T

H
<HYdR2B, |0 - 92||+Hd@BOZH h+1|\ahah||+Hdz,mBOZ||aheh||[||eh 02 + 07,1 - 9h+1||]
h=1

< {Hgd/ﬁBo + H3dry By + 2Hd? k152 By ||0° — 02||} |6t — 62|
< {HgdnfBo + H3dryBy + 2Hd3mm230} |6 — 62

A special case to the bound above is when #' = @ and 62 = 6*, this implies for arbitrary trajectory T and 6 such that
16— 67| < 22 <1, we have

H

Z v 23t (2 (0,7) = 20 (67, 7))

h=1

B

~—

< {Hgd/ﬁBo + H2droBy + 2Hd? k152 By

5

Therefore, we take

1 \/E

Cs = [Hgdmeo + H3dryBy + 2Hd? k152 By 2B

then each function in M takes value in [0, 1]. Notice that all functions in M are Lipschitz continuous, we can give an upper
bound for its Lipschitz norm and similar to proof of Theorem 6.1 we can bound the bracketing number. The definition of C's
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and the bound for Lipschitz norm of functions in M imply that the difference of any two functions in M can be bounded by

|m(6",7) — m(6 < 2\Bﬁ 16" — 67|
Similar to the calculation in the proof of Theorem 6.1, we have
Hd
9 /7 L Td Hd
Ny (e, M, Lo(P)) < % = (VE

We take V = Hd and U = v/ Hd, then using lemma E.4, we have

Dt Hd D Hd
P |Gkl >1t) < <¢fd> exp(—2t?) < <Hd> exp(—2t* + Hdt).

where D > 0 is a constant dependent on U only. If we take

1 D
t=In(=)+Hdn(e+—),
“(5) “(e m)

then conditional on £x, with probability at least 1 — §, we have

1 D
<In|(-= Hdl — .
IGrllp < n<6)+ n(eJr\/de)

Therefore when K > B(6)?2, under £x, with probability at least 1 — &,

1
|I22| < m ||GK||M

2B(5 L D
< H%) H%dr3Bo + H# dry By + 2Hd2“1"‘230} [m (5) + Hdln <e * \/ﬁﬂ '

Finally we give an high-probability upper bound for I53. We have
I>z = —*ZV}LE Rk -

where Rk, = (R}Kh7 R%h, ..R$ )T is the Taylor remainder of Ez() (6, T) at 6*. Note that Ez(;) (0, T) is only dependent
on 0, 0y 1. If we denote Afj, := ((HK W= 0T, Ok pir — 0;,1)")", By Taylor Theorem, we have for some ¢ € (0,1),

é(,h = Z (Azh)Z]E [8&”9h+1z(h (9 T (HK -0 ) )} ’

le|=2

where the notation kCCpS the same as (19) and 8 means the « order derivatives with respect to 9h 0},,;,.1 Ol’lly.
On 0011 ,
Remember for § = (49%,(9%7...719?,49%, ...,l;dH) and l?h = (49}1”...,!9g) we have

H

Zéh)(eaT) = Z (f (On, ;) — / f(Ont1, 0 (sj1,0") m(d" | 3j+1)da/> ~V§;hf(0h,¢j).

Jj=1

We can compute the upper bound for partial derivatives of zE h): We have under g, for any trajectory T,

B(9)
Nid

](f<9h,¢n>—rn—Af(eh%sb(snﬂ,a’))w(a’|sn+1>d )\<DO (H = h+1) + 2/,
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Therefore we have for i, € [d],

2

901 06)

82
89;1+ 1 ae{ﬂrl

82

2000, 7)| < H (k3Dg + 3k1k2), |——— < Hk1ka,
(n (0,7) (k3 Do 12) 00,001 _, 12

< Hr1kg,

zéh) 0,1) zéh) 0, 71)

Therefore, we have

/€3D0 + 3/‘61:“62) Z |(A9h)a| < H(I{gD() + 3:‘{1&2)

; H(
| Rica| < 2 2

s -], + s -

|a|=2
. 2 2
< H?(k3Do + 3k1k2) |:H9K,h - 9ZH2 + H9K,h+1 - 9Z+1H2] .

Hence under &y,

B($

K
B

)2

—~

IRknlly < | Rxpll, < H?d(k3Do + 3k1k2)

Therefore, we have

(9)?

B(6
|123‘ S Bngd |:I€3H + 3/431/@2 + 2\/&/‘@1%3 \/(}_?):|

B.3. Completion of the proof

We combine the bound for first order and higher order term and formalize the final upper bound. We only prove for
reward-free error bound (10). For variance-aware error bound, the proof is almost the same, except that we use the other
bound for first order term. For now, we fix a K such that

2
> max %@d+Dl% LAH s
Cad 5

then with probability at least 1 — %,

i (St ) (St i ) [ vEis (2]
h=1

At the same time, with probability at least 1 — g,

_ BGf3)

s — 0° ST (40)
Under (40), we have
KodB(5/3)?
Iy < —nr~>r 2
| 21| = 2K )
B(6/3)] B(6/3)?
|To3] < ByH?3d {/@3}[4—3/11/4:2 + 2\/&;@1;@3 \(/IL()] (Ié ) .
and with probability at least 1 — g,
2B(6 3 D
[T52] < H< ) [H dk 230 +H? dro By +2Hd2/£11~@230} {ln (5) + Hdln <e—|— m)}
By union bound, we have when K > B(§/3)?, with probability at least 1 — 4,
H H
- log(12/6 _ _ 4 12dH
[Ur — vx| < ?ké)(2}H—h+ndﬁxﬁw>+<z]H—h+UM%Eﬁw>[M@Mbﬂﬂ%(5ﬂ
h=1 h=1

B(8/3) [, 1 : : B(8/3)>
+%%”Wm@&+%%@&+mﬁmﬁﬂ+i%LPﬂ%%ﬁ+%m+%%wﬂ,

which implies the upper bound in Theorem 6.5. Here D is a constant dependent only on H and d.
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C. Proof and Discussion for Special Cases
C.1. Special Case: With Positivity Condition

We first provide a stronger assumption for data coverage under which we can get a sharper error bound. Other than
assumption 6.4, we further assume for any (s, a), (s’,a’) € S x Aand h € [H],

Vof (0, 6(s,a))5, Vg f(05,6(s',a')) >0,

then with probability at least 1 — 6,

H H
—uﬂ|<lz Z H—hi+1)(H—ha+1)

- _ log(12/6 1
I/;Lr1 Ehlll/hl V;22h211/h20'h11h2:| % +O(?)
_1 _1
where oy, p, 1= HE,“Q Yhy,ho 2, H2 and
H
Shih, =E Z fOnys05)Vof (Ony, ;)

Since o, n, < 1, this bound is sharper than (10). When all covariance matrices are zero, all cross terms vanish and this
bound is much better than (10).

The only difference brought about by additional positivity condition will be on the bound for the first order term. Since

K H H

ZZZV;E (Vo £ (65,0 (s5,45))] ek s

klhl_]l

Similarly we denote ¢, ,, = EZJ and (sp, an) = (s’;, a";) ifn=(j — 1)K + k, and we define

Z v S [V £ 05,6 (snan))] €hms
then
1 N

Define F,, is the o field generated by si,aq, ...., Sp, an, then {]—'n}fl\;1 is a filtration. Since E [u,, | F,] = 0, we have
{un}ﬁle is a martingale difference sequence. We use the following E.2 to analyze I;. Parallel to the previus analysis, it is

easy to see that
H
lun| < V/Cad > (H = h+1)y/v)] 5 v,
h=1

The main difference with Theorem 6.5 is the estimate of variance Var [u,, | F,,] . We expand this conditional variance into

2
Var [un | ]: (Z Vp, VG f (eh’(b(sn;an))] Eh,n) ‘]:n

H H

Y (u,zz;fvgf (ezl,wsn,an)))(um vef(ehz,wsman)))ﬁ[ahl,n%,n

h1:1 hg:l

7|
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By definition of ¢y, ,,, we have

fn} = Cov [r (Snyan) + /Af (05, 41,6 (sns1,d")) 7 (d' | spi1) dd’,

E {Ehl ,nEhQ »

7 (8n,an) + /.A f (0;2+17 ¢ (Sn+y1, a/)) ™ (a/ | Snt1) da’

7

< [Var <7‘ (Spyan) —l—/ f (05,410 (sns1,a")) w(a' | spy1)da’ | Fy,
A

)

Var (r (Sn,an) + /A f (05,010 (sn41,a")) 7 (a | spy1)dd

)

(Cauchy-Schwarz)

(H—hy+1)(H—hy+1).

»JM»—‘

The last inequality comes from 7 (s, a,) + fA (0541, (sn41,0")) w(a' | sny1)da’ € [0,H — h + 1]. Under the
condition of Vo (05, #(s,a))S, 'V f(05,6(s',a’)) > 0 for any (s, a), (s',a’) € S x A, we have

1 - *
Varfun | Fa] < 3 Sy (v;u Vi S <9h1,¢<sman>>)(vh2 Vof(9h2,¢(8n,an))>(H—h1+1)(H—h2+1)
hi=1hy=1
1 H 2
= <QZH h+ 1) Eglv;ff(o;,gb(sn,am)) :
Therefore,

A
ZVar [un | Fn] < 1 Z Z (H—hy+1)(H - h2+1)Vh1 I (ngf 9h1,¢(8n,an)) Vof (Ghz (sn,an))> 2}:211/;12
41

We use lemma C.1 to bound

Nl=

N
Z}:lf (Z V(;rf (9;‘11,¢ (Sn, an)) Vof (QZz,qb (S, an))> E};

n=1

Lemma C.1. Under the assumption that for any h € [H],

VQf(e;;, ¢(57 a))zl:lvgf(a;km ¢(57a)) < CQda

with probability at least 1 — 0,

N
Sl (Z Vo £ (05,0 (50 a2)) Vof (65,6 (sn,an») Th2 H
n=1

2C5d 2d 2(Cod + ohy hy) 2d
< ,
<N (Jhl’}m + % log < 5 > + — sk log 5 ,

1 1
where Ohy,hy = thlz EhhthhZQ H2 and

Eh17h2 =E

H
[ Z 9h13¢ S]aa])) VGf (0227¢(sj7aj))] .
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The proof of lemma C.1 is deferred to C.4. By this lemma we have with fixed h1, ho and with probability at least 1 — %,

N
Z;f (Z ng(9h1,¢(sn,an))V0f (9h27¢(5naan))> Zf:f
n=1

2C5d 2dH? 2 (Cad + Oh, h2) 2dH?
< : .
<N (Uhhhz + \/ 7 log ( 5 ) + Ve log 5 42)

By union bound we have with probability at least 1 — §, (42) holds for every hq, ho € [H]. This gives with probability at
least 1 — 6,

N

H H
1
Var [uy, | Fn] <= H—-hi+1)(H—-ha+1
2 Vel | Pl 00 3 (i) ULt )

HH

m

H
S (H = hi+1) (H—ho +1) \/u,jlz,;jyhl vl S5 o,

h1=1hs=1

4
2C5d 2dH? 2 (Czd + Uhl,hz) 2dH?
. (ghhhz + \/ % log( 5 ) + 3K log 5 .

We take
kg X
of =~ Z Z (H—hy +1)(H—hy+1) \/y,jl S Vn, \/V}Lz,;j%
1=1 hy=1
2C5d 4dH? 2(Cod+ 0o 4dH?
. (O’hth —|—\/ [(2 log( 5 > + ( 2 % h17h2) 10g< 5 )) ’
then

g

(ZVar un|f]>00> <

n=1

Freedman’s Inequality implies that for any € > 0, we have

(i

>,

n=1

2
2
>€ZVarun|]:]<oo><2exp — £/
- 02 +ey/Cod S0 (H — h+ 1) /)] 250, /3

We take
4 2y Chd Zh 1(H = hJFl)\/ Zh Vh
2log oo + log )
5 5 3
then
N N N N 5 s
P ( Zun >5) <P (ZVar[un | Ful >U§> +P ( Zun >5,ZVar[un | Ful <0'(2)> < 2T3 = 4.
n=1 n=1 n=1 n=1
Notice that
€ log(4/9) T X ” _ 1
= DD ST (H = b+ 1) (H = o+ 1)\ S5 v AU, S s+ O(20),

hi1=1ho=1

we insert this into the first order term and hence finish the proof.
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C.2. Special Case: Linear Function Class

Before we provide the result in linear function case, we briefly describe the simplest case with linear function approximation
f(8,0) := 07 é(s,a) (Hao et al., 2021b). Assumption 5.3 for policy completeness here is equivalent to that there exists

M € R¥*4 guch that
.
</ (s’ a)ym(a’ | s')) s,al .
A

This implies that for h € [H], we have 05 = M6 | + 0; and 63; = 0 for some ¢ € ©. ;" is the parameter of reward
function (s, a). In linear setting, (2) has following explicit expression.

$(s,a) "M =E

t/g\h = thrl + R. 43)
where
N N T N N N N N
_12 Sn;an (/ (b Sn+1,a CL ‘ Sn+l)) aR: 2_127‘“¢)(8n7an),2 = Z¢(Sn7an)¢(8nzan)—r+)\[d
n=1 n=1 n=1

(Hao et al., 2021b) showed that, the limit distribution of v/N (T — v, ) is N(0, 02), where

H H
= Z Z Vhl E_lﬂhhhzz_lth (44)

h1=1 ho=1

where

H
v =E" [¢(sn,an) | 51 ~&()]; E=E l;};qf)(Sh,ahW(Sh,ah)T ;

H

1 T

Qpyhy, = E T E & (spryan) ¢ (snr,an) 5h1,h/5h2,h’] i €hh = Qny (Swan) — (The + Vi1 (Sw41)) . (45)
h/=1

Further, they showed that FQE with linear function approximation achieves Cramer Rao lower bound for variance, and
bootstrapping error with linear function approximation has the same limit distribution as standard FQE error. Actually, this
expression can be immediately derived using our results. In linear case, we can provide a sharper bound for the dominant term
in U; — v, which comes from a different variance calculation in Freeman’s Inequality. Here, our data coverage assumption
willbe ¢ (s,a)X "1 ¢(s,a) < Cad and the positivity condition will be ¢ T (s, a)X "1 ¢(s’, a’) > 0. Similar to the derivation
before, we have I; = % 22[21 Up, where u,, := — Z,I;Izl v £ 0 (8w, an)] €nn- Define F,, is the o field generated by

51,01, ..,5n,an, then {un}nNz1 is a martingale difference sequence and |u,,| < \/@Zthl(H —h+1)y/ V;[E;ll/h.

In this case, (41) becomes

| =
Mm

N H
ZVar Un | Fn] < Z H—h+1)(H—ha+1) Vhl (Z(/) Snsy Q) (Sn,an)> E—lyh2
n=1 2=1

hi=1h
1 (& ! N H
< 1 <z_:1 (H—h+1) l/h> »n-1 (;qﬁ(sn,an)qﬁ(sn,&n ) (2_: (H—h+1)y )
1 (& ! N
< 1 <Z(H —h+ 1)Vh> <Z H—-h+1)y ) <Z¢(sn,an Sn, Gn) > Z—zH
h=1 h—1 —

When we take f as linear, lemma C.1 shows that with probability at least 1 — 9,

(& 2Csyd 24\  2(Cod+1 2d
Y2 (;qb(sman)qﬁ(sn,anf) Y7 2| <N (1 + K2 log (5) + %IOg (5)> )
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We take

o? ;—N<§H:H h+ 1)y )Tz ! (ZH:H h+1 ) <1+ 2C2dlog<2d>+2(02d+1)10g<2d>>
4\ & —~ K B 3K §))’

and

3

4 2/Cod 1 (H — h+ 1)y /v 7 v
2log 5 o+ log 6 .

By Freeman’s Inequality, for any € > 0,

N
P(
n=1

g2/2

02 +ey/Cod S0 (H — h 4+ )3/ 25 v /3

N N
25) S]P’(ZVar[unH:n] 202> +IP’<

§ Unp,
n=1

>

N
> e,ZVar [tn | Fn] < 02> <2exp [ —
then

(i

§ Unp,
n=1

3 2 )
Ze,ZVar[wJ}—n]Sa §§+§:5'

n=1

Hence the upper bound for the first order term can be improved to

H T H
| < (Z(H—lH—l)l/h) 2—1<Z(H—h+1)Vh>- lggg)JrO(%)-

h=1 h=1

By Cauchy-Schwarz Inequality, we have

h=1 pERE

" ! " i (S~ h+ D)
(Z(H h+ 1)y ) (};H h+ 1)y >:S11p = .

For i1 € R?, we take g € G such that g(s,a) = ¢ (s,a)u for any (s,a) € S x A. Then pu " (Zle(H —h+ 1)1/h) =
E™[(H — h+ 1)g(sn,an) | s1 ~ &(+)] - Additionally, we have
1 < 2 1 o
p'Ep=E, EZWT(S]’ﬂj)'M} :ET{HZQ2 (Sh,ah)}
h=1

J=1

Then,

(i(H h+ 1)uh>T (i (H—h+1) ) = sup W Rt Do (onan) [~ &0)]
h—1 h=1 9€G \/]E [% 25:1 2 (s, ah)}

H(H+1)

= =L g ().

We replace § with §/3, bound the higher order term as section B.2, and substitute this supremum into upper bound. This
implies the result in linear function case.
C.3. Special Case: Tabular Case

This part is proven in (Duan et al., 2020), but for completeness, we briefly sketch the outline. In tabular case, the MDP
we consider has finite state space and action space. We denote their cardinality as |S| and |.A| . Intrinsically, we can
always parametrize tabular MDP in a linear way, hence tabular case is a special case of linear case. Our feature map
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is an |S| x |A|- dimensional indicator vector ¢(s,a) = 1, ,, where the (s,a)—th entry is 1 and other entries are 0.
Covariance martrix X is diagonal with non-negative entries, hence positivity condition holds naturally. By the definition
of v, and X, we have v, ((s,a)) = P™ [sp, = s,ap, = a | s1 ~ £(+)] and 2((s,a), (s,a)) = [(s,a). Further we have
Zle(H —h+ Dvy((s,a)) = $H(H + 1)ji(s, a), where fi is defined as (11). Therefore, the coefficient in the dominant
term will become

(Fnreum) s

h=1

T

H H . 5
(Z (H—h+1)v ) Z (H—h+1) Mfz((i “;))) - H(H2+ D T2 (i, ).
h=1 h=1 A ’

This matches the result optimal result in (Yin & Wang, 2020).

C.4. Proof of Lemma C.1

We fix a pair of h1, ho and we denote

1 H
Shyhy = E ngf(eil,éﬁ(sj,aj)) Vof (05,,¢(s5,a5)) |,
and

H
Z 5 9h1’¢(]’ ]))vaf(e}L2’¢(]’ ]))Z}:f,

then X1, X, .., X are independent with E [X;] = 3, Ehl,hzZ . Below we use matrix E.3 to bound + e Zk | X If
we denote

Ppk = (V;f (9h7¢ (Slval)) V;—f (gha¢ (32,%)) ve ! (0h7¢ (SHaalfq))) e R,
then X}, = %E;ﬁ@hhk@;’k&;ﬁ For any vector i € R%, we have
1 _1 _1 2
WTE [XE] 1= E [| Xeull}] = 7E Mzhféhl,k@;,kzh;u(\z]

1 -3 2T
<t U I O e }

From assumption 6.4, we have

<¢);17k2;11¢)h1’k>ij’ < Cad forany i, j € [H], we have

_1 2
|=t @n ]|, = 108, 27 @ns ell, < |98, 455, @0 i < Cod

Therefore,

02 ng -1 _1
"E[X]p< - E [H(I)hz,k ha MH } 7 —u'E {Zh; (I)hmkq)Zz,kZh;} p=Cad||pf3 -
_1 _1
because +E [Eh; @;27k<I>;L27kEh22] = I, by definition. Therefore,
Var [X;] < E [X7] = Codly.

_1 _1
and if we denote oy, p, 1= HEhf Yy ,ho 2 ‘ . then

_1 _1 _1 1 1 _1 2 _1 2
HX’“ DD ST H2 < | Xkl + thlzzhh,wzh; <= thlz (I)’“”“Hg thﬁéhz,kHz + Ohyhy < Cod+ Oy
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Therefore, by matrix Bernstein inequality, we have for ¢ > 0,

‘

Therefore, with probability at least 1 — 4§,

K

_1 _1
Z (Xk - Ehlz Ehhhzzh;)

k=1

>e ] <2 ( 62/2 )
ex — .
o) P\ T CodK + (Cod + on, 1y) /3

K

1 _1 _1
K > (Xk -2, E;Ll,h22h5>
k=1

- K ) 3K

< 2C5d log <2d> + 2 (02d+ O'hhhz) IOg <2d> )

2

D. Proof of Information-Theoretic Lower Bound

We first compute the influence function of v, and show that the expectation of squared influence function meets the variance
term in (7). We denote

Py(s’ | s,a) = p(s' | s,a) + nAp(s', 5, a).

where Ap is arbitrary probability shift. When 7 = 0, this notation is same as our original transition probability po(s’ |
s,a) =p(s’ | s,a). Suppose Ap satisfies (Ap)F C F. We denote Qy, (s, a) and V3, ,(s) as the Q function and state value
function with transition probability being p,(s” | s,a), and Qn 0(s,a) = Qi (s, a), Vi,o(s) = Vi(s). 0}, will be dependent
on 77, hence we write 6, , to explicate this dependency. When 1 = 0, we let 0}, , = 6. We emphasize again that E™ denotes
expectation over populatlon generated by target policy, and [E or [E- denotes that by behav1or policy. Let jz be the occupancy
measure of state action pair generated by behavior policy. We define the score function as

5 H
ly(s" | s,a) := —logp,(s' | s,a) and 1, (T) := Zln(sh-H | sn,an).

on h=1

When 7 vanishes, we have [(s’ | s,a) := a%logpn(s’ | s,a)’ . and I(T) := Zthl 1(Sh+1 | Sn,an). Our objective
=
function is
H
VU, o= > r(snan)|s1~ 5(-),1977] :

We take its derivatives and then let = 0 to compute the influence function.

9 h-1 h
a—vmn =% lZ/ r(8h,an)é(s1) H Pn(Sh41 | Sheyan) H m(ap | sh/)dThl
n e O = s v =1 n=0
h—1 h—1 h
= Z/ 7(Sh,an)&(s1 Zl Shi41 | Sy ans) H Pn(Shr41 | Shesan) H m(ap | sp)dmy
SX.A)h h=1 h =1 h'=1 n=0
H H
/ Z by(snin [snean) Y rlswan) | €(s1) [T pa(sinn | s5,05)m(as | s5)dr
SXA)H h'=h+1 j=1
n=0
H-1 H
=E" [Z by(sni1 | smoan) Y r(sw,an)| s~ &pn]
h=1 h'=h+1 =0
[Z { (8h+1 | 8hyan)Vas1,y(8h41)| Sh,ah] fapnl
h=1 n=0
Since

0 0
E™ [ln(sl | Saa)vh-‘rl,’r/(sl) | 570'] = / 7f(92+1,n7¢(85a))p77(5/ | S,CL)?T(C(,, | S/)dslda/ = 7.]0(9;:,173?{)(5’&))7
Sxa O on
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we have

P H

~Ux =E" f(e a¢(8hvah)) S1 Né-ap

on " n=0 LE—; on o n=0
H

00y,

E" > (Veh (04, @ Shaah))>2 'S s~ €]
h=1 O y=o

Notice that

B = . { S (Yot @it ) (Yot Gotonn) }

h'=1

=E(sa)~

(vahf<0;:,¢<s,a>>)T(vehfw;,qs(s,a)))] ,

then

S1 ™~ f?p]

[ H T
& | veh,fw;;,¢<Sh,ah>>)2;11€<s,a>~u[(vehfw;;,qb(s,a))) (Fou1 G065, ) Fe }
n=0

S1 vap]

g p] (vehf<9;,¢<s7a>>)TZ<s’ | s,a>vh+1<s/>} .

(
e _i <V9hf(9;,¢(Sh,ah))>E;1E(5»“)N“ [(Vehf(ﬁﬁad’(s,a))>T£7f(92,n7¢(s,a)) n_J

H
:E(s,a)wﬂ {Z E™ |:V0h f(o;kw ¢(Sh7 ah))
h

=1

We define .
wp(s,a) =E" [Vehf (0h, d(sn,an)) | 51~ &, p} (Vehf (92705(8,@))) €R,

and use E [I(s'|s,a)|s,a] = 0 to get

H
= E(s,a)m/i {Z wh(sv a)l(sl | S, a)vh+1(8/)}

H
By { Y (5.0 | 5.0) Vha(s) ~ B Wi ()]s }

H H
{Z > wa(sja;)l(sj1 | 5, a;5) {Vh+1(5j+1) — E [Vit1(s541)1s5, aj]] }

1 H H
=g ()Y walsjyay) Vh+1(5j+1)—E[Vh+1(5j+1)|5jvaj]} :

j=1h=1 L

This give us the influence function of our objective function. If we denote

q(s,a,s") th s,a) | Vit1(s') —IE[V;L_H(s’)ks,a]}7

then the influence function can be written as

H
1 1
T) = T Z Z wp(s4,a;) [Vh+1(3j+1) —E [Vit1(s+1)]85, aj]] =g Z q(5h, an, Shy1)- (46)
j=1h=1 h=1
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Next, we square the influence function and take expectation with it. Then we use E [¢(s, a, s’) | s,a] = 0 to make cross
terms vanish.

1 1 ’
E{Ip(T)Q} — _HQIE{ Zq(sh,ah,sh+1)}
1 &
~ g2 ZE{(](Sh,ah»sh+1)2}

1 H H H
=53 Z Z Z E{wh1(5h7ah)whz(s}uah>5h1,h5h27h}-

19=1

=
Il
—_
>
=
Il
—
-

where for j, h € [H],

E{Z,(7)*}
1 H H H T
=g 2 3|V d O onsen) |1~ 65! B |3 (Vou, SO0 00on.00)
h1=1ha=1 h=1

H

.
<V6h2f(9;27¢(3haah)))5h1,h5h2,h:| S ET {Veh,zf (65, 0(Shysany)) | $1 ~ E»P}
1y
H

H
2719 Yy
hy “fhi,ha &~ hy Yho

where vy, Xy, th h, are defined in Theorem 6.1. In conclusion, the expression above implies that
E{Z,(T)*} = o>

where o is defined as (7), and this proves the Cramer Rao lower bound for variance.

E. Technical Lemmas for Contraction

Lemma E.1 (Bernstein’s Inequality). Let X1, ..., X n be independent mean-zero random variables such that | X;| < K all

i. Then, for every t > 0, we have
t2/2
P >ty <2 —_
([$55] o cama (22

Here 02 = Zfil EX? is the variance of the sum.

Lemma E.2 (Freedman’s Inequality). Consider a real-valued martingale {Y}, : k = 0, 1,2, ...} with difference sequence
{X:k=1,2,3,...}. Assume that the difference sequence is uniformly bounded:

N

>x

=1

X, < R almost surely fork=1,2,3,...

Define the predictable quadratic variation process of the martingale:
k
Wi=> E;j 1 (X]) fork=12.3,...

Then, for all t > 0 and o2 >0,

t2/2
. 2
Pﬁk>0d@>tdek<J}<@m{_ﬂ+4m6}
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Lemma E.3 (Matrix Bernstein inequality). Let X1, ..., X be independent mean-zero n x m symmetric random matrices,
such that | X;|| < K almost surely for all i. Then, for every t > 0, we have

2
g

is the norm of the matrix variance of the sum.

N

>

=1

Here 02 = sz]\il EX?

Lemma E.4 (Theorem 2.14.9 of (Van Der Vaart et al., 1996)). Let H be a class of measurable functions g : X — [0, 1] that
satisfies

7\Vv
Np (e, H, Ly(P)) < (€> ,  forevery0 <e <U.

We denote the empirical process:

Gn(') = \/H(Pn() - ]P)())

For any function class ‘H, we define the supremum norm

||Gn||7.[ ‘= sup {\/E(Png - Pg)}
geEH

Then, for every t > 0,

Dt\" e
PGl >0 < (T5)

for a constant D that depends on U only.

F. A Brief Comparison to Related Works

We compare our setting and results with some related works. Here we focus on works which dealt with policy evalua-
tion. Researches on policy optimization(Jin et al., 2019; Cai et al., 2020) or Fitted Q Iteration (Long et al., 2021; Fan
et al., 2020) approximated by linear, kernel function, or neural networks are not directly related and not included in this
comparison. (Yin & Wang, 2020) used marginal importance sampling to set up asymptotic efficiency in batch tabular RL.
Since MIS is not an iterative method, they don’t need to approximate (Q-functions explicitly. But they assume stronger
concentrability(Discussion after Assumption 2.2 and Assumption 2.3). These two assumptions imply % < C'in (Chen
& Jiang, 2019). Their main result (Theorem 3.1) is about E; [U; — v,], but using Chebyshev’s Inequality we can soon

get a high probability bound for |0, — v,|. Roughly speaking, this high probability upper bound is |U; — v,| < (f/”ﬁ“ ,

H dr(sp)? sn)? . .
where C), ;; = C\/Zh_l D enan d’%(:h) % Var [(Viy1 (shy1) +74) | sh = sn,aj, = ap] is a constant capturing

distribution mismatch. This constant is similar to a x2-divergence.

Our work is mostly related to (Hao et al., 2021b) and (Duan et al., 2020). They considered linear function approximation
with possibly infinite state-action space. Under policy completeness, (Duan et al., 2020) showed that [0™ — v™| <

% {Zthl (H —h+1)y/14 x%(un, )| + O(57), where py, is marginal distribution of (s, aj,) generated under target

policy, Q is linear function class spanned by feature map ¢(s, a), and is also the space where all Q-functions lie in. This
x2-divergence is a special case of ours. (Hao et al., 2021b) established asymptotic results under the same setting, including
asymptotic normality(equivalent to asymptotic upper bound), and asymptotic lower bound. The asymptotic variance meets
Remark 3.2 in (Yin & Wang, 2020) in tabular case. Moreover they consider standard bootstrap, while we consider one of its
alternatives to get a more general asymptotic confidence interval.

(Uehara et al., 2020) does not assume completeness, but it assumes stronger realizability, not only for Q-functions but
for density ratio as well. Although two realizability are not necessary for their finite upper bound, they still need certain
assumption stronger than realizability for Q-functions only. Their concentrability condition(Assumption 2) is the same as
that in (Chen & Jiang, 2019). They proved the sample complexity of MWL / MQL estimators and provided semi-parametric
efficiency. Another example of non-parametric OPE is (Kallus & Uehara, 2020), which matches the semi-parametric lower
bound fr variance as well. Assumption 1 in (Kallus & Uehara, 2020) assumes a full data coverage and bounded density ratio,
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which is stronger than that in (Chen & Jiang, 2019). They further assume proper rates of estimators of ()-functions and
density ratios, but they do not focus on estimators of both nuisance. Under these assumptions, they get an O(\/%) error rate,

and the dominating term depends on effective bound of MDP Effbd (M) which captures the distribution mismatch(See
equation (4) in their paper). (Duan et al., 2021) considered online policy evaluation, hence neither concentratability nor
completeness is needed. They consider a uniformly bounded kernel function class, which is intrinsically non-parametric
when there are infinite eigenvalues for kernel operator. Their result is based on L?(£™)-norm of statistical error of value
function approximator, and R in their result captures the structual property of the projected fixed point(In case of no
approximation error, this is just policy value). In linear kernel setting, this reduces into linear LSTD estimation and has an
error rate of order O(\/—lﬁ) In another case, where the eigenvalues for kernel functions decay with a-polynomial rate, they
derive the dependency of the norm of error on both sample size and effective horizon.



