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Jean-Lu MarihalUniversity of Luxembourg162A, avenue de la FaïenerieL-1511 LuxembourgG.D. Luxembourgmarihal�u.luAbstratIn the framework of ooperativegame theory and multiriteria de-ision making, the onept of in-teration index, whih an be re-garded as an extension of that ofvalue, has been reently proposedto measure the interation phenom-ena among players or riteria. Ax-iomatizations of two lasses of in-teration indies, namely probabilis-ti interation indies and ardinal-probabilisti interation indies, gen-eralizing probabilisti values andsemivalues, respetively, are �rstproposed. Three existing instanesof ardinal-probabilisti interationindies enountered thus far in theliterature are also axiomatized.Key words : Cooperative games,multiriteria deision making, inter-ation among players/riteria, valuesand interation indies.1 IntrodutionThe study of the notion of interation amongplayers is relatively reent in the framework ofooperative game theory. The �rst attempt isprobably due to Owen [14, �5℄ for superaddi-tive games. More reent developments are dueto Murofushi and Soneda [12℄, Roubens [15℄,Grabish [5℄, and Marihal and Roubens [11℄and led suessively to the onepts of Shap-ley interation index, Banzhaf interation in-

dex, and haining interation index. First ax-iomati haraterizations of the Shapley inter-ation index and the Banzhaf interation in-dex have been reently proposed by Grabishand Roubens [7℄.The onept of interation index, whih anbe seen as an extension of the notion of value[1, 3, 16, 17℄, is fundamental for it enablesto measure the interation phenomena 1 mod-elled by a game on a set of players.In this paper, we propose axiomatizationsof two families of interation indies intro-dued by Grabish and Roubens [8℄, namelythe broad lass of probabilisti interation in-dies and the narrower sublass of ardinal-probabilisti interation indies obtained byadditionally imposing the symmetry axiom.Probabilisti interation indies an be seenas extensions of probabilisti values studiedby Weber [17℄. Cardinal-probabilisti inter-ation indies are generalizations of semival-ues, whih were axiomatized by Dubey et al.[3℄. We also separately haraterize the Shap-ley, Banzhaf, and haining interation indies,whih are instanes of ardinal-probabilistiinteration indies.Besides lassial axioms suh as linearityand additivity, the axioms involved in theharaterizations we present an be regardedas natural generalizations of those used inthe axiomatizations of values. Two of themost important axioms in the proposed har-1The expression �interation phenomena� refers toomplementarity e�ets or redundany e�ets amongplayers of oalitions resulting from the non additivityof the underlying game.



aterizations of probabilisti and ardinal-probabilisti interation indies are the k-monotoniity axiom, generalizing the mono-toniity axiom [17, �4℄ (alled positivity in [9,�4℄), and the dummy partnership axiom, whihextends the dummy player axiom through theonept of partnership (see e.g. [9℄). The no-tion of partnership is also at the root of someof the axioms additionally imposed to har-aterize the Shapley, Banzhaf, and haininginteration indies.This paper is organized as follows. In the nextsetion we reall some basi de�nitions and re-sults we will use in this paper. Setion 3 is de-voted to the onept of interation index. Anintuitive approah is adopted to present thisnotion and the axiomatizations by Grabishand Roubens [7℄ are realled. In the last se-tion we present our haraterization results 2.Probabilisti and ardinal-probabilisti inter-ation indies are �rst axiomatized. Then, theShapley, Banzhaf, and haining interation in-dies are haraterized by imposing additionalaxioms.In order to avoid a heavy notation, we adoptthat used in [7℄. Thus, we will often omitbraes for singletons, e.g., by writing v(i), U \iinstead of v({i}), U \ {i}. Similarly, for pairs,we will write ij instead of {i, j}. Furthermore,ardinalities of subsets S, T, . . . , will be de-noted by the orresponding lower ase letters
s, t, . . .2 Preliminary de�nitionsWe onsider an in�nite set U , the universe ofplayers. As usual, a game on U is a set fun-tion v : 2U → R suh that v(∅) = 0, whihassigns to eah oalition S ⊆ U its worth v(S).We now reall some onepts and results wewill use throughout.2.1 CarriersA set N ⊆ U is said to be a arrier (orsupport) of a game v when, for all S ⊆ U ,
v(S) = v(N ∩S). Thus, a game v with arrier2The proofs of the theorems presented in the sequelare available at www.math.byu.edu/∼marihal/.

N ⊆ U is ompletely de�ned by the knowledgeof the oe�ients {v(S)}S⊆N and the playersoutside N have no in�uene on the game sinethey do not ontribute to any oalition.In this paper, we restrit our attention to �-nite games, that is, games that possess �nitearriers. We denote by G the set of �nitegames on U and by GN the set of games with�nite arrier N ⊆ U .2.2 Disrete derivativesGiven a game v ∈ GN and �nite oalitions
S, T ⊆ U , we denote by ∆Sv(T ) the S-derivative of v at T , whih is reursively de-�ned by
∆iv(T ) := v(T ∪ i) − v(T \ i), ∀ i ∈ U, and
∆Sv(T ) := ∆i[∆S\iv(T )], ∀ i ∈ S,with onvention ∆∅v(T ) := v(T ) ; see [4, �1℄and [6, �2℄.We an easily prove by indution on s that,
∀T ⊆ U \ S,

∆Sv(T ) =
∑

L⊆S

(−1)s−lv(T ∪ L).It is also easy to show that ∆Sv(T ) = 0, ∀S 6⊆
N , ∀T ⊆ U \ S.2.3 k-monotoniityLet k ≥ 2 be an integer. A game v ∈ GN issaid to be k-monotone (see e.g. [2, �2℄) if, forany k oalitions A1, A2, . . . , Ak ⊆ U , we have

v
(

k
⋃

i=1

Ai

)

≥
∑

J⊆{1,...,k}
J 6=∅

(−1)j+1v
(

⋂

i∈J

Ai

)

.(1)It is easy to verify [2, �2℄ that k-monotoniity,with any k ≥ 2, implies l-monotoniity for all
l ∈ {2, . . . , k}. By extension, 1-monotoniity(whih does not orrespond to k = 1 in Eq.(1)) is de�ned as standard monotoniity :
v(S) ≤ v(T ) whenever S ⊆ T ⊆ U .Clearly, a game v ∈ G is 1-monotone if andonly if ∆iv(T ) ≥ 0 for all i ∈ U and all
T ⊆ U \ i. For k-monotoniity (k ≥ 2) wehave the following result :



Proposition 2.1 Let k ≥ 2. A game v ∈ Gis k-monotone if and only if, for all S ⊆ Usuh that 2 ≤ s ≤ k and all T ⊆ U \ S, wehave ∆Sv(T ) ≥ 0.2.4 Unanimity gamesConsider the set GN of games. The unanim-ity game for T ⊆ N , T 6= ∅, is de�ned asthe game uT ∈ GN suh that, for all S ⊆ N ,
uT (S) := 1 if and only if S ⊇ T and 0 other-wise.2.5 Permuted gamesFollowing Shapley [16, �2℄, given a game v ∈
GN and a permutation π on U (i.e., a one-to-one mapping from U onto itself), we denoteby πv the game de�ned by πv[π(S)] := v(S),
∀S ⊆ N , where π(S) := {π(i) | i ∈ S}.2.6 Restrited and redued gamesGiven a game v ∈ GN and a oalition A ⊆ N ,the restrition of v to A [7℄ is a game of GAde�ned by vA(S) := v(S), ∀S ⊆ A.Given a oalition B ⊆ N \ A, the restritionof v to A in the presene of B [7℄ is a gameof GA de�ned by vA

∪B(S) := v(S ∪ B) − v(B),
∀S ⊆ A.Given a game v ∈ GN and a oalition T ⊆
N , T 6= ∅, the redued game with respetto T [7, 13℄, denoted v[T ], is a game of
G(N\T )∪[T ] where [T ] indiates a single hypo-thetial player, whih is the representative (ormaro player) of the players in T . It is de�nedby
v[T ](S) := v(S),

v[T ](S ∪ [T ]) := v(S ∪ T ),
∀S ⊆ N \ T.2.7 Dummy oalition, null oalition,partnership, and dummypartnershipA oalition S ⊆ U is said to be dummy in agame v ∈ GN if v(T ∪S) = v(T )+ v(S) for all

T ⊆ U \ S. In other words, the marginal on-tribution of a dummy oalition S to any oali-tion T not ontaining elements of S is simplyits worth v(S).

A oalition S ⊆ U in a game v ∈ GN is saidto be null if it is a dummy oalition in v suhthat v(S) = 0.A dummy (resp. null) player is a dummy(resp. null) one-membered oalition.A oalition P ⊆ U , P 6= ∅, is said to be apartnership [9, �4℄ in a game v ∈ GN if, for all
S  P , v(S ∪ T ) = v(T ) for all T ⊆ U \P . Inother words, as long as all the members of apartnership P are not all in oalition, the pres-ene of some of them only leaves unhangedthe worth of any oalition not ontaining ele-ments of P . Thus, a partnership behaves likea single hypothetial player, that is, the game
v and its redued version v[P ] an be onsid-ered as equivalent.Now, a dummy partnership is simply a part-nership P ⊆ U that is dummy. Thus, adummy partnership an be regarded as a sin-gle hypothetial dummy player.3 The onept of interation index3.1 Intuitive presentationAs notied by Grabish and Roubens [7℄, thefat that in general, for a player i ∈ N ina game v ∈ GN , the value of i in v (see e.g.[1, 3, 16, 17℄) is not equal to the oe�ient v(i)shows that players in N have some interest informing oalitions. For instane, onsider an-other player j ∈ N and assume that v(i) and
v(j) are small whereas v(ij) is large. Then, iand j have learly a strong interest in joiningtogether. Conversely, it may happen that v(i)and v(j) are large whereas v(ij) is small, inwhih ase i and j have no interest in joiningtogether.In order to intuitively approah the onept ofinteration, onsider two players i and j suhthat v(ij) > v(i) + v(j). Clearly, the aboveinequality seems to model a positive intera-tion or omplementary e�et between i and j.Similarly, the inequality v(ij) < v(i) + v(j)suggests onsidering that i and j interat in anegative or redundant way. Finally, if v(ij) =
v(i) + v(j), it seems natural to onsider thatplayers i and j do not interat, i.e., that theyhave independent roles in the game.A oe�ient measuring the interation be-



tween i and j should therefore depend on thedi�erene v(ij)−[v(i)+v(j)]. However, as dis-ussed by Grabish and Roubens [7℄, the in-tuitive onept of interation requires a moreelaborate de�nition. Clearly, one should notonly ompare v(ij) and v(i) + v(j) but alsosee what happens when i, j, and ij join oali-tions. In other words, an index of intera-tion between i and j in the game v ∈ GNshould take into aount all the oe�ients ofthe form v(T ∪i), v(T ∪j), and v(T ∪ij), with
T ⊆ N \ ij.Owen [14, �5℄ de�ned an interation index be-tween two players ij ⊆ N in a game v ∈ GNby

I(v, ij) :=
∑

T⊆N\ij

(n − t − 2)!t!

(n − 1)!
∆ijv(T ).Notie that, for a oalition T not ontaining iand j, the expression

∆ijv(T ) = v(T ∪ij)−v(T ∪i)−v(T ∪j)+v(T )an be regarded as the di�erene between themarginal ontributions ∆jv(T ∪ i) = v(T ∪
ij) − v(T ∪ i) and ∆jv(T ) = v(T ∪ j) − v(T ).Following Grabish et al. [6, �2℄, we shall allthis expression the marginal interation be-tween i and j in the presene of T . Indeed, itseems natural to onsider that if ∆jv(T ∪ i) >

∆jv(T ) (resp. <) then i and j interat posi-tively (resp. negatively) in the presene of Tsine the presene of player i inreases (resp.dereases) the marginal ontribution of j tooalition T .The interation index proposed by Owen,whih was atually redisovered twenty yearslater by Murofushi and Soneda [12℄, an thusbe regarded as a weighted average of themarginal interations between i and j in thepresene of T , all oalitions T not ontaining
i and j being onsidered.Grabish [5℄ reently extended the above in-teration index to oalitions ontaining morethan two players. The Shapley interation in-dex [5℄ of a oalition S ⊆ N in a game v ∈ GNis de�ned by

ISh(v, S) :=
∑

T⊆N\S

(n − t − s)!t!

(n − s + 1)!
∆Sv(T ).

This index is an extension of the Shapley valuein the sense that ISh(v, i) and the Shapleyvalue of i in v oinide for all i ∈ U and all
v ∈ G. For S ⊆ N , s ≥ 2, it an be interpretedas a weighted average of ∆Sv(T ), whih anbe regarded as themarginal interation amongplayers in S in the presene of T . More de-tails an on the interpretation of interationindies an be found in [6, 10℄.Two similar indies are due to Roubens [15℄and Marihal and Roubens [11℄ and are knownas the Banzhaf interation index and thehaining interation index 3, respetively. Theformer extends the Banzhaf value, while thelatter (also) extends the Shapley value. TheBanzhaf interation index [15℄ and the hain-ing interation index [11℄ of a oalition S ⊆ Nin a game v ∈ GN are respetively de�ned by

IB(v, S) :=
∑

T⊆N\S

1

2n−s
∆Sv(T ),

Ich(v, S) :=
∑

T⊆N\S

s
(n − s − t)!(s + t − 1)!

n!
∆Sv(T ).If S 6⊆ N , we naturally set ISh(v, S) := 0,

IB(v, S) := 0, and Ich(v, S) := 0.3.2 Probabilisti and ardinalprobabilisti interation indiesBy analogy with the work of Dubey et al.[3℄ and Weber [17℄ on values, Grabish andRoubens [8℄ de�ned the lass of probabilis-ti interation indies and the sublass ofardinal-probabilisti interation indies.A probabilisti interation index of a oalition
S ⊆ N in a game v ∈ GN is of the form

Ip(v, S) :=
∑

T⊆N\S

pS
T (N)∆Sv(T ), (2)where, for any S ⊆ N , the family of oe�-ients {pS

T (N)}T⊆N\S forms a probability dis-tribution on 2N\S . Here again, if S 6⊆ N , wenaturally set IP (v, S) := 0.3Notie that the haining interation index was ini-tially de�ned in terms of maximal hains of the orderedset (2N ,⊆).



A ardinal-probabilisti interation index is aprobabilisti interation index suh that, ad-ditionally, for any S ⊆ N , the oe�ients
pS

T (N) (T ⊆ N \S) depend only on the ardi-nal of the oalitions S, T , and N , i.e., for any
s ∈ {0, . . . , n}, there exists a family of nonneg-ative real numbers {ps

t (n)}t=0,...,n−s ful�lling
n−s
∑

t=0

(

n − s

t

)

ps
t (n) = 1,suh that, for any S ⊆ N and any T ⊆ N \S,we have pS

T (N) = ps
t (n).The Shapley, Banzhaf, and haining intera-tion indies de�ned above are learly ardinal-probabilisti interation indies.3.3 Existing haraterizationsSetting U := 2U \ {∅}, an interation indexan be regarded as a funtion I : G × U → Rsuh that, for any v ∈ G and any i ∈ U , I(v, i)is the value of player i in the game v, andfor any S ⊆ U suh that s ≥ 2, I(v, S) isa measure of the (simultaneous) interationamong players in S in the game v.Grabish and Roubens reently proposed anaxiomati haraterization of the Shapley andthe Banzhaf interation indies [7, �3℄. Wepresent their results hereafter, with the onlydi�erene that here we fore the seond ar-gument of I to be nonempty. The followingaxioms have been onsidered by Grabish andRoubens :

• Linearity axiom (L) : I is a linear funtionwith respet to its �rst argument.
• Dummy player axiom (D) : If i ∈ U is adummy player in a game v ∈ G, then(i) I(v, i) = v(i),(ii) for all S ⊆ U \ i, S 6= ∅, we have

I(v, S ∪ i) = 0.
• Symmetry axiom (S) : For any permuta-tion π on U , and any v ∈ G, we have

I(v, S) = I(πv, π(S)) for all S ⊆ U,S 6=
∅.

• Reursive axiom (R) : For all �nite N ⊆
U , n ≥ 2, for all v ∈ GN , we have, ∀S ⊆
N, s ≥ 2,∀ j ∈ S,
I(v, S) = I(v

N\j
∪j , S \ j) − I(vN\j , S \ j).

• E�ieny (E) : For all �nite N ⊆ U , n ≥
1, and all v ∈ GN , we have

∑

i∈N

I(v, i) = v(N).

• 2-e�ieny (2-E) : For all �nite N ⊆ U ,
n ≥ 2, and all v ∈ GN , we have
I(v, i)+I(v, j) = I(v[ij], [ij]), ∀ ij ⊆ N.The following theorem was shown by Grabishand Roubens in [7, �3℄ :Theorem 3.1 Let I be a funtion from G×Uto R.(i) I satis�es axiom (L) if and only if, forany �nite N ⊆ U , n ≥ 1, and any S ⊆ N ,
s ≥ 1, there exists a family of real on-stants {αS

T (N)}T⊆N suh that, for any
v ∈ GN , we have

I(v, S) =
∑

T⊆N

αS
T (N)v(T ).(ii) I satis�es axioms (L) and (D), if andonly if, for any �nite N ⊆ U , n ≥ 1,and any S ⊆ N , s ≥ 1, there exists afamily of onstants {pS
T (N)}T⊆N\S suhthat, for any v ∈ GN , we have

I(v, S) =
∑

T⊆N\S

pS
T (N)∆Sv(T ),and for any S 6⊆ N , s ≥ 1, and any v ∈

GN , we have I(v, S) = 0.(iii) I satis�es axioms (L), (D), and (S), ifand only if, for any �nite N ⊆ U , n ≥ 1,and any S ⊆ N , s ≥ 1, there exists afamily of onstants {ps
t (n)}t=0,...,n−s suhthat, for any v ∈ GN , we have

I(v, S) =
∑

T⊆N\S

ps
t(n)∆Sv(T ),and for any S 6⊆ N , s ≥ 1, and any v ∈

GN , we have I(v, S) = 0.



(iv) I satis�es axioms (L), (D), (S), (R), and(E) if and only if I = ISh.(v) I satis�es axioms (L), (D), (S), (R), and(2-E) if and only if I = IB.Parts (iv) and (v) of Theorem 3.1 thus pro-vide axiomati haraterizations of the Shap-ley and Banzhaf interation indies respe-tively.44 New axiomati haraterizations4.1 Probabilisti and ardinalprobabilisti interation indiesWe shall now axiomatize the lass of prob-abilisti interation indies and that ofardinal-probabilisti interation indies. Thefollowing axioms are �rst onsidered :
• Additivity axiom (A) : I is an additivefuntion with respet to its �rst argu-ment.
• Monotoniity axiom (M) : For any mono-tone game v ∈ G, we have I(v, i) ≥ 0 forall i ∈ U .
• k-monotoniity axiom (Mk) : For any k ≥

2 and any k-monotone game v ∈ G, wehave I(v, S) ≥ 0 for all oalition S ⊆ Usuh that 2 ≤ s ≤ k.Axiom (A) indiates that interation indiesshould be deomposable additively whenevergames are deomposable additively. Axiom(M), used by Weber in [17, �4℄ to haraterizeprobabilisti values, onerns only the valuepart of I and states that, sine in a monotonegame the marginal ontributions of a playerare neessarily positive, its value should bepositive. Axiom (Mk) an be seen as a gen-eralization of axiom (M) and onerns the in-teration part of I. As disussed in [10℄, in4It is noteworthy that, sine axiom (R) determinesuniquely I(v, S), s ≥ 2, from the values I(v, i), i ∈ N ,the axioms (L), (D), and (S) are somewhat redundantin parts (iv) and (v) and are needed only for values
I(v, i), i ∈ N .

a k-monotone game (k ≥ 2), it seems sensi-ble to onsider that there are neessarily om-plementarity e�ets among players of oali-tions ontaining between 2 and k players. Ax-iom (Mk) then simply states that these e�etsshould be represented as positive interations.We also onsider the following fundamentalaxiom :
• Dummy partnership axiom (DP) : Forany v ∈ G, if P 6= ∅ is a dummy part-nership in v, then(i) I(v, P ) = v(P ),(ii) for all S ⊆ U \ P , S 6= ∅, we have

I(v, S ∪ P ) = 0.Axiom (DP) is a natural generalization of ax-iom (D). As disussed by Weber [17, �3℄, the�rst part of axiom (D) is based on the follow-ing intuition : sine the marginal ontributionof a dummy player to any oalition not on-taining it is simply its worth, its value shouldbe its worth as well. Similarly, the �rst partof axiom (DP) states that the interation in-dex of a dummy partnership P in a game vshould be its worth sine the marginal inter-ation among the players in P in the preseneof any oalition T not ontaining elements of
P is its worth, that is, ∆P v(T ) = v(P ).The seond part of axiom (DP) is a natu-ral extension of the seond part of axiom (D)and says that there should be no interationamong players of oalitions ontaining dummypartnerships.We now provide axiomati haraterizationsof probabilisti and ardinal-probabilisti in-teration indies.Theorem 4.1 A funtion I : G ×U → R sat-is�es axioms (A), (M), (Mk), and (DP) if andonly if, for any �nite N ⊆ U , n ≥ 1, and any
S ⊆ N , s ≥ 1, there exists a family of non-negative real onstants {pS

T (N)}T⊆N\S satis-fying ∑

T⊆N\S pS
T (N) = 1 suh that, for any

v ∈ GN , we have
I(v, S) =

∑

T⊆N\S

pS
T (N)∆Sv(T ),



and for any S 6⊆ N , s ≥ 1, and any v ∈ GN ,we have I(v, S) = 0.Theorem 4.2 A funtion I : G ×U → R sat-is�es axioms (A), (M), (Mk), (DP), and (S)if and only if, for any �nite N ⊆ U , n ≥ 1,and any S ⊆ N , s ≥ 1, there exists a familyof nonnegative real onstants {ps
t (n)}t=0,...,n−ssatisfying ∑n−s

t=0

(

n−s
t

)

ps
t (n) = 1, suh that, forany v ∈ GN , we have

I(v, S) =
∑

T⊆N\S

ps
t (n)∆Sv(T ),and for any S 6⊆ N , s ≥ 1, and any v ∈ GN ,we have I(v, S) = 0.We shall now proeed with the harateriza-tions of the Shapley, Banzhaf, and haining in-teration indies whih, as mentioned before,are all instanes of ardinal-probabilisti in-teration indies.4.2 Shapley and Banzhaf interationindiesThe following axiom is �rst additionally on-sidered :

• Redued-partnership-onsisteny axiom(RPC) : If P is a partnership in a game
v ∈ G then I(v, P ) = I(v[P ], [P ]).Reall that a partnership an be onsidered asbehaving as a single hypothetial player. Fur-thermore, it is easy to verify that the marginalinteration among the players of a partner-ship P in a game v ∈ GN in the preseneof a oalition T ⊆ N \ P is equal to themarginal ontribution of P to oalition T , i.e.,

∆P v(T ) = v(T ∪ P ) − v(T ). In other words,when we measure the interation among theplayers of a partnership, it is as if we weremeasuring the value of an hypothetial player.Axiom (RPC) then simply states that the in-teration among players of a partnership P ina game v should be regarded as the value ofthe redued partnership [P ] in the orrespond-ing redued game v[P ].We then have the following interesting result :

Proposition 4.1 A funtion I : G × U → Rthat satis�es axioms (L), (D) and (RPC) alsosatis�es axiom (DP).We now state axiomati haraterizations ofthe Shapley and Banzhaf interation indies.Theorem 4.3 The Shapley interation indexis the only ardinal-probabilisti interationindex additionally satisfying axioms (E) and(RPC). As a onsequene, the Shapley inter-ation index is the only interation index sat-isfying axioms (A), (M), (Mk), (D or DP),(S), (E), and (RPC).Theorem 4.4 The Banzhaf interation indexis the only ardinal-probabilisti interationindex additionally satisfying axioms (2-E) and(RPC). As a onsequene, the Banzhaf inter-ation index is the only interation index sat-isfying axioms (A), (M), (Mk), (D or DP),(S), (2-E), and (RPC).The following interesting result an be used toobtain additional haraterizations of the twointeration indies under onsideration.Proposition 4.2 Under axioms (L), (DP),and (S), axioms (R) and (RPC) are equiva-lent.4.3 Banzhaf and haining interationindiesWe onsider the following additional axiom :
• Partnership-alloation axiom (PA) : If Pis a partnership in v ∈ G then

I(v, P )I(uP , i) = I(v, i), ∀ i ∈ P.Let Ip be a ardinal-probabilisti interationindex, P be a partnership in a game v ∈ GN ,and i be a member of P . Then axiom (PA) isbased on the following intuitions :1. It is easy to verify that Ip(v, P ) is aweighted average of the marginal ontri-butions v(T ∪P )−v(T ) (T ⊆ N \P ) andthat Ip(v, i) is a weighted sum of thesesame marginal ontributions. In other



words, both Ip(v, P ) and Ip(v, i) an beonsidered as measuring the value in thegame v of the hypothetial maro playerorresponding to P .2. Let αi be the real number suh that
Ip(v, P ) = αiIp(v, i). Notie this equalitystill holds if i is replaed with any otherplayer j ∈ P , sine all players in a part-nership play symmetri roles. The oef-�ient αi, whih depends only on P and
v, an then be seen as determining theway Ip(v, P ) is alulated from the valueof any of the players of the partnership,quantity that ontains all the �relevant in-formation� as disussed in Point 1.3. It ould then be required that the way thevalue of P is determined from the valueof a player of the partnership does not de-pend on the underlying game but only on
P . Coalition P being learly a (dummy)partnership in the unanimity game uP ,we immediately obtain that αiIp(uP , i) =
1, whih justi�es axiom (PA).We now state another haraterization of theBanzhaf interation index and a harateriza-tion of the haining interation index.Theorem 4.5 The Banzhaf interation indexis the only ardinal-probabilisti interationindex additionally satisfying axioms (2-E) and(PA). As a onsequene, the Banzhaf intera-tion index is the only interation index satisfy-ing axioms (A), (M), (Mk), (DP), (S), (2-E),and (PA).Theorem 4.6 The haining interation in-dex is the only ardinal-probabilisti intera-tion index additionally satisfying axioms (E)and (PA). As a onsequene, the haining in-teration index is the only interation indexsatisfying axioms (A), (M), (Mk), (DP), (S),(E), and (PA).5 ConlusionAxiomati haraterizations of the broad lassof probabilisti interation indies and of thenarrower sublass of ardinal-probabilisti in-teration indies have been proposed. The
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