DISTRIBUTIONS, FOURIER TRANSFORMS
AND MICROLOCAL ANALYSIS

NOTATION

R and C are the sets of real and complex numbers, respectively;
R™ denotes the n-dimensional Euclidean space;

e supp f denotes the support of the function f; by definition, supp f is the closure of
the set {z : f(z) # 0};

e a multi-index « is a set of n non-negative integers, o := {ay, o, ..., 0, };

e if a, § are multi-indices then |a] := a; +as + -+ a,, a! == ajlag!... a,! and

a+p:={og+ B+ Ba,... 00 + B}

o v = (x1,00,...,%0), Y= (Y1,Y2,-- -, YUn), £ = ({1, &2, - ., &) are elements of R™;

o if z € R” and « is a multi-index then 2 := a{"z3*... 25", 0,, =

9

n T Oz !

9% = 000%2 .00, Dy, = —10,, and D2 := (—i)l* 9 where i = /—1;

i a2

e C°(R") is the linear space of all infinitely differentiable functions on R";

C3°(R™) is the linear space of all infinitely differentiable functions on R” with compact
supports.
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2 MICROLOCAL ANALYSIS

1. FOURIER TRANSFORM
1.1. Schwartz space S(R").
Definition 1.1. We say that f € S(R") if the function f is infinitely differentiable and
(1) £l = sup (1-+[al)" |02 (2)] < o

for all multi-indices o and all m =0,1,2,...

Obviously, S(R™) is a linear space which contains C§°(R"™). If f € S(R™) then, for all
multi-indices o and all positive integers k, we have

02 (@) < ([ llam (14 [2)~™

In other words, the functions f € S(R™) and all their derivatives decay faster than any
negative power of |z| as |x| — o0o. Therefore these functions are said to be rapidly decreasing.

Example 1.2. The function f(z) = e *I” belongs to S(R™).

Lemma 1.3.
o If f € S(R") then z°0)f(z) € S(R").

o If ||fllas := sup 2702 f(x)| < oo for all multi-indices a, B then f € S(R™).
rcR?

o |[fllam < constd g [[fllas and [fllas < 1 las-

Proof is obvious.

We shall need the following version of Taylor’s formula.

Lemma 1.4. Let m be a non-negative integer, f € S(R™) and y € R™ be a fized point. If f
and all its derivatives up to the order m vanish at y then there exist functions hg € S(R™)
such that

(1.2) fl@) = > (z—ylhslx), VzeR"
B:|B|l=m+1

Proof. Let ¢ € Cg°(R™) and ¢ =1 in a neighbourhood of the point y. Denote f; = (1 —()f
and fy = (f. Obviously, the function h(x) := |z —y| ™2 fi(z) belongs to S(R™). We have

file) = o=y () = D7 (=) Pale —y) h(),
8:|pl=m-+1
where Pj are some polynomials. Thus, the function f; can be represented in the form (1.2).
By Taylor’s formula,

ha) = S (a—y)hoa),

B:|Bl=m-+1

where ilﬁ are some infinitely smooth functions. If ¢ € C3°(R™) and ¢ =1 on supp( then,
multiplying both parts of the above identity by ¢, we obtain the expansion (1.2) for fo. O
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1.2. Convergence in the space S(R").

Definition 1.5. We say that a sequence {f;} C S(R") converges to f € S(R") in the space
S(R™) and write fi > £ if |f — fullawm — 0 as k — oo for all o and m.

The space S(R") can be provided with a metric p such that fj N f if and only if
p(f, fr) — 0. In particular, one can take

B 1f = gllam
p(fr9) == (! +m2) (L+If = gllam)

1.3. Fourier transform in S(R").

Definition 1.6. Let f € S(R"). The function

(1.3) f6) = Fooef(a) = (2m) 2 / e f(a)dr,  EER",

n

is called the Fourier transform of f.

The Fourier transform is well defined whenever the integral on the right hand side of (1.3)
exists and is finite for all £ € R™. Obviously, this is true if f € S(R").

Remark 1.7. By means of (1.3) one can define the Fourier transform for functions f from
the Lebesgue space Li(R") (which contains S(R"™) as a subspace). However, as we shall see
later, the Fourier transform can be extended to L;(R™) and even more general classes of
functions in a different, more elegant way.

Lemma 1.8. For all f € S(R™) and all multi-indices o we have

N

(1.4) Faoe(DSf()) = € f(€),  Fanela®f(2)) = (=1 Dg().

Proof. The identities (1.4) are proved by integration by parts and differentiation under the
integral sign. 0

Corollary 1.9. If f € S(R") then f € S(R"), and the map F : f — [ is continuous in the
space S(R™).

Proof. For all g € S(R"™) we have

(15) sup l§©)] = @02 sup| [ € g(a)de| < (2m)" / 9(x)| dz

£ERP ¢eRn
< @2 (@ le e ) sup (14 al)™ o)
TER™
Therefore the corollary follows from Lemmas 1.3 and 1.8. 0J

Example 1.10. Let us calculate the Fourier transform of the function f(z) = exp (—|x|?/2).
First, we consider the function fo(t) = exp (—t*/2) on R. This function is a solution of the
differential equation

(1.6) folt) = =t folt).



4 MICROLOCAL ANALYSIS

Applying the (one dimensional) Fourier transform to (1.6) and taking into account (1.4), we
obtain

it fo(t) = —i fi(t).

where f(’] is the derivative of the Fourier transform fo. Now we see that

ht)\ _ B ht) = o) F58) _ —t folt) o) +t folt) fo(t)
ho(®) IHO) IHO)

which implies fo(t) = ¢o fo(t) = ¢ exp (—2/2) with some constant ¢o > 0. Passing to the
polar coordinates, we obtain

F ? 2 2 2, 2
= <f0(0)> = (2m)” (/e‘t /zdt) = (27)” // (Z47)/2 4t dr
= (2m)” / / 2rdfdr = / e Prdr = —/ /24 = 1,
St 0 2 0

so fo(t) = fo(t) = exp (—£2/2). Finally,
(QW)_R/Q/G_i$'§€_|z2/2 dz = fo(&1) fol&) - fo(&) = exp (—]€]%/2) .
Thus, f(£) = f(€) = exp (—[¢[*/2).

1.4. Inversion formula.

=0,

Theorem 1.11. Let T : S(R") — S(R™) be a linear map commuting with multiplication by
xy and differentiation Dy, for allk =1,...,n, that is,

(1.7) T(xpf) = xx (Tf), T(D,. f) = D, (Tf),Y, k=12,....n
for all f € S(R™). Then there exists a constant ¢ such that Tf = c f for all f € S(R™).

Proof. Let f,g € S(R™) and y € R™ be a fixed point. If f(y) = g(y) then, by Lemma 1.4,
f(z) —g(z) = Z(ﬂfk —yr) hi(z)
k=1

where hy, € S(R™). Now the first identity (1.7) implies that (Tf)(y) = (T'g)(y). Thus, the
value of T'f at any point y depends only on the value of f at the point y. Since T is a linear
map, this implies that (7f)(y) = ¢(y) f(y), where ¢(y) is some constant depending on y.

Since T'f is an infinitely differentiable function for every f € S(R"), the constant c(y)
smoothly depends on y. Applying the second identity (1.7), we obtain

c(y) Oy f(y) = Oy, (c(y) f(y)) = Fy) Oy.c(y) + c(y) By, f ()
for all f € S(R") and k = 1,2,...,n. Therefore all first derivatives of ¢ are identically equal
to zero, which means that ¢ does not depend on y. O

Let Jf(z) := f(—=z). Obviously, J is a continuous operator in S(R") and JF = FJ (the
latter is proved by changing variables £ = —n in (1.3)).
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Corollary 1.12. If f € S(R") then
(18) fla) = I (Feef©) = Cmy [ e o) ag

Proof. Define (T'f)(z) := J <]—"§Hzf(f)) . In view of Corollary 1.9, T is a linear operator
from S(R™) into S(R™). Lemma 1.8 implies that

T(Def) = J (Feal&rf(€))) = T (=Du (Fef(©)) ) = DunlT),

T(wnf) = T (Fen(=Daf () = I (—i (Feouf () ) = 2u(Tf).
Therefore, by Theorem 1.11, there exists a constant ¢ such that T'f = ¢f for all f € S(R").
If f(x) = exp(—|z|*/2) then

cf@) = (TN)@) = J(Feru(©) = f(@)
(see Example 1.10). This implies that ¢ = 1. UJ

The linear operator

fx) = J(Fosef(x)) = (27r)"/2/e”"'g f(a:) dx

is called the inverse Fourier transform. By Corollary 1.9, JFf € S(R") and, by (1.8),
JFFf=FJFf = f whenever f € S(R"). Thus, we have proved

Theorem 1.13. The Fourier transform F is a one-to-one map from S(R™) onto S(R™) and
Fl=JF=FJ.

Corollary 1.14. (Parseval’s formula) If f,g € S(R") then

/f g(z)da /f ) g(z)da.

Proof. Parseval’s formula follows from (1.8) and the obvious identities

(19) 3@ =F @), /f@) dx_/f Dde, VYfgeS®Y. O
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2. TEMPERED DISTRIBUTIONS

2.1. Definition and examples. A map u : S(R") — C is said to be a functional on S(R™).
The value of functional v on the function f € S(R) is denoted by (u, f). We say that the
functional w is linear if

(uyer f+cag) = c1{u, f) + c2(u,g), Vf,ge S(R"), Ve,00eC,
and u is continuous if (u, fi) — (u, f) whenever f 57

Definition 2.1. A linear continuous functional on S(R") is said to be a tempered distribu-
tion.

If u,v are tempered distribution and ¢y, co € C, let us define the distribution c¢;u + cov by
(cru+cou, fY = c1(u, ) + (v, f), VfeSRY).

Then the set of tempered distributions becomes a linear space. This space is denoted by
S'(R™).

Example 2.2. Let u be a polynomially bounded function on R”. If w is sufficiently nice
(continuous, piecewise continuous or, more generally, measurable) then the functional defined
by

(2.1) (u, f) = /u(x)f(x)dx, Vf € S(RM,

is a tempered distribution. This allows us to identify the ‘regular’ polynomially bounded
functions with distributions. Obviously, two functions u; and uy define the same distribution
then u; = uy ‘almost everywhere’ (with respect to the Lebesgue measure). Further on we
shall use the same notation u for the function on R™ and the corresponding distribution.

If u is not polynomially bounded then the integrals on the right hand side of (2.1) may not
converge in the usual sense. However, in many cases one can use a suitable regularization
of these integrals in order to define a distribution generated by u. This distribution may, of
course, depend on the choice of regularization.

Example 2.3. Let £ € R" be a fixed point. The tempered distribution d, defined by

0z, /) = flz),  V[feSR"),

is said to be the d-function at . The J-function at the origin is usually denoted by § or d(y),
where y indicates that ¢ is considered as a functional on the space of functions depending
on the variables y.

Theorem 2.4. A linear functional u on S(R™) is continuous if and only if there exists a
constant C' and a non-negative integer p such that

(u, /)] < C > |f]

|a|+m<p

am VfeSRY).
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Proof. Assume first that there exist constants C' and p for which the above estimate holds.

If f; 5 f then ||f — filla,m — 0 for all &, m and, consequently, (u, f — f;) — 0. This implies
that u is continuous.

Conversely, let us assume that such constants C' and p do not exist. Then there is a
sequence of functions f; € S(R™) such that

[ Sl > 5 D Willam-
la[+m<j
If g;(z) = ((u, f;))" f;(z) then ||gjllam < j~* for all 5 > |a| + m. This implies that

gjlla,m — 0 as j — oo for all & and m or, in other words, that g; 0. On the other hand,
(u,g;) =1 for all j, so u is not a continuous functional on S(R"). O

Exercise 1. Prove that the functional f +— lim._ f|t‘>€ t=1 f(t)dt belongs to S'(R).

Exercise 2. Find all distributions u € S'(R) such that (u, f) = [~ ¢! f(¢)dt for all
functions f € S(R) satisfying the condition f(0) = 0.

2.2. Operators in the space of distributions. Let A be a linear operator acting in the
space S(R™).

Condition 2.5. There exists a continuous operator A” : S(R") — S(R") such that
(2.2) /(Au)(x)v(x) dz = /u(:v) (ATv)(z) dx Vu,v € S(R") .

Remark. It is clear from (2.2) that (AT)T = A

Lemma 2.6. If Condition 2.5 is fulfilled then one can extend A from S(R™) to the space of
distributions S'(R™).

Proof. If u € §'(R"), we define Au by

(2.3) (Au,v) = (u, ATv), VoveSRY).

One can easily see that, under Condition 2.5, Au is a tempered distribution. If u € S(R")
then (2.3) turns into (2.2), so (2.3) defines the same operator A on the space S(R"). O

Lemma 2.6 justifies the following definitions.

Definition 2.7. Let h be an infinitely smooth function on R™ which is polynomially bounded
with all its derivatives. If u € §’'(R™) then hu is the distribution defined by

(hu,f) = (whf),  VfeSR).
Definition 2.8. If v € §'(R") and « is a multi-index then 0%u is the distribution defined
by
(OFu, f) = (=) Nu,00f), VfeSER.
In the same manner one can define other operators in §’(R"), in particular, the change of

variables operator u(z) — v(x) = u(Z(z)) where Z(x) is a smooth vector function satisfying
certain conditions at infinity.
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Example 2.9. Let € R” be a fixed point and A, f(y) := f(x—y). Then A, is a continuous
operator in S(R") and AT = A,. If u(y) is a distribution (y indicates that we apply u to
functions depending on y) then, by (2.3),

(u(x —y), fly)) = (uly), flx—y)), VYfeSR").

In particular, for the J-function (see Example 2.3) we have

that is, 6,(y) = 0(z — y). In a similar way one can show that d,(y) = 6(y — x) which implies
that é(x —y) = d(y — x).

Example 2.10. Let u(t) be the characteristic function of the positive half-line. Then, for
every s € R, the derivative of the function u(t — s) coincides with (¢ — s). For the second
derivative of u(t — s) we have

(Wt =s), f(t)) = (0'(t=29), f(t)) = =f(s), VfeSR").
The distribution §'(t — s) cannot be described in any simpler way. It is called the derivative
of the d-function at the point s.

Exercise 3. Let —oc0o < a1 < ay < -+ < a,, < oo and u be a function on R with the
following properties:

(1) u vanishes outside the interval [ay, a,,];

(2) w is continuously differentiable on every interval (ag, axi1);

(3) w has finite left and right limits at the points ay.

Evaluate the derivative v’ € S'(R) of the function w.

2.3. Supports of distributions. Generally speaking, a distribution does not take any
particular value at one fixed point. However, two distributions may coincide on an open set.

Definition 2.11. We say that the distribution u vanishes on an open set ) and write
ulg = 0if (u, f) = 0 for all f € S(R™) with supp f C Q. We say that u coincides with
another distribution v on Q if (v —v)|, =0.

In particular, the distribution u coincides with a function v on Q if (u, f) = fQ vfda
whenever supp f C €.

Definition 2.12. If v € §'(R") then suppu := R" \ Q,,, where Q, is the union of all open
sets (2 such that u|, = 0.

Example 2.13. The support of any derivative of the J-function at y coincides with the
point .

The support of a continuous function u coincides with the support of the corresponding
distribution (if u is not continuous then this statement is correct modulo a set of Lebesgue’s
measure zero). If h is a function satisfying conditions of Definition 2.7 then

supp(hu) C (supph) N (suppu), Vu e S'(R").

In particular, if A~ = 0 in a neighbourhood of suppwu then hu = 0. This is not necessarily
true if h = 0 only on supp u.
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Example 2.14. If h = 0 at the origin then h(z)d(x) = 0. However,
(h(2) O, 0(x), f(2)) = — Ou (W) ()], = —ha,(0) F(0),
that is, h(z) 0,,6(x) = —(0,,h(0)) 6(x).

The set of distributions with compact supports is denoted by £'(R™). Theorem 2.4 implies
the following result (see [H, Theorem 4.4.7]).

Theorem 2.15. If u € £&'(R™) then there exists a non-negative integer m such that

(2.4) u@) = Y Puale),

laj<m

where u, are some continuous functions on R™.

One can always choose Cg°-functions ¢; such that . 1;(x) =1 (it is called a partition of
unity). Then an arbitrary distribution v € S'(R™) is represented as the sum of distributions
u; = tY;u with compact supports, that is, as a sum of distributions of the form (2.4).

2.4. Fourier transform in S'(R™). By Corollary 1.9, the Fourier transform F and the
inverse Fourier transform F~! = JF are linear continuous operators in S(R™). Obviously,
F and F~! satisfy Condition 2.5 with F¥' = F and (F~1)T = F~!. Therefore, according to
Lemma 2.6, the operators F and F~! can be extended to S'(R").

Definition 2.16. If u € §'(R") then & = Fu and F 'u are the tempered distributions
defined by

(Fu f) = (W Ff), (Fluf) = wF'f), VfeSR").
Lemma 1.8, Theorem 1.13 and Definition 2.16 immediately imply
Lemma 2.17. For all u € §'(R") we have F'Fu=FF ‘u=u and
Foose(Diu) = €a(),  Fonela™u) = (—1)*IDga(g).
Example 2.18. Let u be a ‘nice’ polynomially bounded function (as in Example 2.2). Then

1.0y =ty = 0 [ato) ([ e pierde) ar, vy e s,

If we can change the order of integration then
1.0y =en [ (([ereuwan) foas, v e s,

which implies that @(¢) = (2m)~"/2 [ e~ u(z) dz. In particular, this formula holds for all
functions u from the Lebesgue space L;(R"™) (see Remark 1.7).

Example 2.19. If () is the -function then F, ¢(D2d(x)) = (2m)~™2 &% Indeed,

(Famse(D3(2)), F(€)) = (=1)*N(d(2), DS f(x)) = (2W)_"/2/€af(€)d£-
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2.5. Divergent integrals. We have defined the Fourier transform for all distributions u €
S'(R™), in particular, for all continuous polynomially bounded functions w. This means, in
fact, that we have defined the integral [ e~ u(z)dz for every such a function u. Of course,
this integral may not converge in the classical sense, but can be understood as a distribution
in £. This idea can be generalized as follows.

Definition 2.20. Let z € RY, £ € R" and G(z,€) be a continuous polynomially bounded
function on RY x R™. We shall say that the integral J G(z,£) d§ converges in the sense
of distributions if the consecutive integral [ ( [ G(z,€) f(2) dz) d¢ converges for every f €
S(RY) and the linear functional [ G(z,§) d¢ defined by

(2.5) </G(z,§)d§, ) o= /(/G(z,x)f(z)dz)dx, Vf e S(RY),
belongs to S'(RY).

Considering the integral [ G(z,£)d¢ as a distribution, one can operate with it as with an
absolutely convergent integral: formally integrate by parts, differentiate under the integral

sign, etc. A rigorous justification of all these operations is obtained with the use of Definition
2.20.

Example 2.21. We have (27)" [e ¢ d¢ = §(z). Indeed, if f € S(R™) then

)
e [ (e roar) ac - / fea = 72| = 0.

It may well happen that the distribution [ G(z,£) d€ coincides with a function even if the
integral does not converge in the usual sense.

Example 2.22. For all nonzero z € C with Re z < 0 we have

20)  FaneexpClal/2) = (@m W [eRPEeEar = ool gP ),

-n/2 _ |

where z z| 72 exp(—% arg z) and argz € [—m/2,7/2]. In particular, for z = i,

Fumeexplilal’/2) = (2m) /2 [ hFiroins g — it iz,

Proof. If z =1 then (2m)™™2 [ e 1WP/2 e € dy = exp(—|€]2/2) (see Example 1.10). Chang-
ing variables y = |z|'/? z, we see that (2.6) holds for all real negative 2.

Let us fix an arbitrary complex number z; with Rezy < 0, substitute e
e~ (z=20)lel*/20=20l7*/2 4 d expand the function e~ (=0)I#*/2 into its Taylor series at the point
z = 2. Integrating the obtained series term by term, we see that for each fixed £ € R" the
function F, ¢ exp(—z|z|?/2) is given by an absolutely convergent power series in a neigh-
bourhood of zy. This implies that F,_¢exp(—z|z|?/2) is analytic in the open half-plane
{2 € C: Rez < 0}. The function z~™2exp(—z71£|?/2) is also analytic in this half-plane
and, by the above, coincides with F,_,¢ exp(—z|z|?>/2) on the negative half-line. Now, from
the identity theorem for analytic functions, it follows that (2.6) holds for all z with Re z < 0.

Finally, letting Re z — 0, we obtain (2.6) for all imaginary numbers z # 0. 0

—z|z2/2 _
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3. SCHWARTZ KERNELS, OSCILLATORY INTEGRALS
AND PSEUDODIFFERENTIAL OPERATORS

3.1. Schwartz kernels.

Theorem 3.1. For every linear continuous operator A in the space S(R™) there exists a
family of tempered distributions A(zx,-) depending on the parameter x € R"™ such that

Av(z) = (Alx,y),v(y)), Vo € R".

Proof. For every x € R"™ the map v — Av(z) is a linear continuous functional on S(R"),
that is, a tempered distribution which we denote A(x, -). O

It is clear from the proof that A is uniquely defined by the operator A.

Definition 3.2. The family of distributions A is said to be the Schwartz kernel of the
operator A.

If A is a linear continuous operator in S(R™) then, for every u € S'(R"), the map
v(r) = (u(@), Av(x)) = (u(z), (Alz,y),v(y))),  veSR),
is a tempered distribution.
Definition 3.3. The linear operator AT in S'(R™) defined by
(ATu(z),v(z)) = (u(z), Av(z)), Vu e S'(R"), Vve SR,
is said to be the transposed to A.
Now Condition 2.5 be rewritten as follows.
Condition 3.4. The transposed operator AT continuously maps S(R") into itself.
If Condition 3.4 is fulfilled then AT also has a Schwartz kernel A7 (z,y).

Lemma 3.5. Let A be a linear continuous operator in S(R™). If its Schwartz kernel A can
be considered as a distribution A(-,y) smoothly depending on y € R", that is, if there exists
a family of distributions A(-,y) such that u— (A(z,y),u(z)) is a continuous mapping from
S(R™) into itself and

(3.1) [ty u@pmdy = [ u) (A, o)
for all u,v € S(R™), then A satisfies Condition 3.4 and A” (z,y) = A(y, ).
Proof. The identity (3.1) implies that

(Bu(z),0(@)) = {u(@), Av@)) = (ATu(w),0(x)),  Vu,0€ SR,

where B is the operator in S(R") given by the Schwartz kernel B(x,y) = A(y, ). Therefore
ATy = Bu € S(R") for all u € S(R™). O
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Example 3.6. The §-function 6(x — y) (see Example 2.9) can be considered either as a
distribution in z depending on the parameter y, or as a distribution in y depending on the
parameter x. We have

(0 —y), fy) = flx), VfeSR"),
that is, d(z — y) is the Schwartz kernel of the identity operator.
3.2. Oscillatory integrals.

Definition 3.7. We say that a function a(z,y, ) on R? x R} x Rg belongs to the class 5™
if a is infinitely smooth and

08070} a(w,y,€)] < constas (1+[€)™ 1.

for all multi-indices «, 3,7y. We define S~ := N,, 5™, where the intersection is taken over
all m € R.

Obviously, 50‘18?28583a € §m-lezltlenl whenever a € S™.
Example 3.8. The polynomial Z|a| <m Ga(T,y) £ with smooth coefficients a, belongs to
S™ if a,, are bounded with all their derivatives.

Definition 3.9. A function a(z,y, &) is said to be positively homogeneous of degree m in &
if a(z,y, &) = \"a(z,y,§) for all A > 0.

Example 3.10. Let a(x,y, &) be a positively homogeneous of degree m function such that
|858;’a(x,y,§)| < constg , Ve €l =1.

Then, for every smooth cut-off function ((§) vanishing in a neighbourhood of zero and equal
to 1 for large &, we have (a € S™.

Definition 3.11. Let my be a sequence of real numbers such that m; — —oc as k — oo,
and let a,,_r € S™ . We say that the function a € S™ admits an asymptotic expansion

o0

(3.2) a(z,y,6) ~ Y am—i(z,y,8), €] = o0,
k=0

if (a— Zig:o am,k) € SPl where py —» —oo0 as | — oo for all [ = 1,2,... We say that a

admits the asymptotic expansion (3.2) with a,,_j positively homogeneous of degree my, in £
if @~ 12y C ami, where ¢ = (&) is the same cut-off function as in Example 3.10.

Lemma 3.12. Let my be as in Definition 3.11, and let m = max{my}. Then for any
sequence of functions a,, € S™ there exists a function a € S™ such that (3.2) holds. This
function is determined uniquely modulo S~ .

Proof. See [H, Proposition 18.1.3]. O
Definition 3.13. The integral
(33 Lis.y) = (20" [ ey, de

with a € S™ is called oscillatory integral and the function a is called its amplitude.
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Remark 3.14. One can replace (z — y) - & in (3.3) with a more general phase function
o(z,y,&) which has to be positively homogeneous in £ of degree 1 and non-degenerate in
some appropriate sense (see, for example, [Sh], [SV] or [T)]).

One can easily see that for every fixed y the integral (3.3) converges in the sense of
distributions in x and, the other way round, for every fixed x it converges in the sense of
distributions in y. Thus, Z, can be considered either as a distribution in x depending on
the parameter y or as a distribution in y depending on the parameter z. If m < —n then
the integral (3.3) is absolutely convergent, so the distribution Z, coincides with a function.
Clearly, this function gets smoother and smoother as m — —oo; if a € S™ then it is
infinitely smooth and bounded with all its derivatives. As a rule, the oscillatory integrals are
used for the study of singularities of functions and distributions, and therefore all calculations
are carried out modulo S™*°.

3.3. Pseudodifferential operators.

Lemma 3.15. Let a(x,y,&) € S™, and let o(x,§) be an arbitrary amplitude from S™ such
that

1
(3.4) o(@,§) ~ Y = Didja(n,y.€)|,_, -

«

Then R(x,y) := La(z,y) — Lo(w,y) is an infinitely differentiable function on R} x R} such
that

(3.5) |8§8;R(35, y)| < constgn (14 |z —y))™N
for all multi-indices 3, and positive integers N .

Proof. By Taylor’s formula, for all [ = 1,2, ..., we have
1 a Qo a ~
a(x7y7£) = Z J(y_'r> aya(xvyag)’y:x—i_ Z (y—(L’) aa(x7y7€)7

laf<t la|=l+1
where

. I+1 [! N
aa<x>y55) = 7 0 (1_t)l 0za<x7za€)|z:z+t(y*w) dt.

If we substitute this expansion into (3.3), replace (y —z)*e" =€ with (—1)l*! Dge'*=)€ and
integrate by parts, then we obtain an oscillatory integral with the amplitude

1 ~
(3.6) > = Dedjalwy.©)],_, + Y Dftalw,y,6)ds.
] < loe|=l+1

One can easily see that the second sum in (3.6) belongs to ™=t
The above arguments show that, for every o satisfying (3.4) and every positive integer [,
the difference R(z,y) = Z,(x,y) — Z,(z,y) can be represented by the oscillatory integral

/ eV (2, y, €) d
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with an amplitude b € S™ =1 If I > |3| + || +m + n then
(87) ;9 ((w - )" / ey (2, y,€) df) = 9,9, / (Dge ™) iy, €) de
= (- )'a/%”( T DEb (e, y, €)) d

and the integral on the right hand side is absolutely convergent and bounded uniformly with
respect to z and y. Since [ can be chosen arbitrarily large, it follows that

‘858"’ —y)*R(x, y))’ < consty g Vo, B, .
This implies (3.5). O
In a similar way one can prove that Z,(x,y) — Z, (z,y) is an infinitely smooth function
satisfying (3.5) if

(39 o= w6 ~ Y (~)IDEaale ),

«

Thus, the distribution Z,(x,y) can be represented, modulo a smooth function satisfying
(3.5), by the oscillatory integral with an amplitude independent either of y or of z.

Definition 3.16. We say that an operator A belongs to the class U™ if its Schwartz kernel is
given by an oscillatory integral Z,(z,y) with some amplitude a € S™. The operator A € U™
is said to be a pseudodifferential operator (PDO) of order m, and the functions o and o’
satisfying (3.4) and (3.8) are said to be its symbol and dual symbol respectively.

Lemma 3.15 and (3.8) imply that

1
0"(y7§) ~ Z a (_1)‘Q|D? ;U(y’é) )
(3.9) °
oz, &) ~> — Dgogo’(,6).

«

Clearly, U™ C W' whenever m < I. We shall denote U= := () U™,

Lemma 3.17. An operator R : S(R") — S(R™) belongs to V== if and only if its Schwartz
kernel is an infinitely smooth function satisfying (3.5).

Exercise 4. Prove Lemma 3.17. Hint: the Schwartz kernel of an operator from W= can
be estimated with the use of (3.7).

Lemma 3.18. A PDO A € U™ continuously maps S(R™) into itself.
Proof. According to Definitions 2.20, 3.2 and 3.16, if A € U™ then

Auta) = (2n) [ ([ eratouay ) de

with some a € S™. If u € S(R™) then the integral with respect to y absolutely converges for
each fixed z, ¢ and defines a smooth function of (z, &) rapidly decreasing with respect to &



MICROLOCAL ANALYSIS 15

with all its derivatives. The same is true for all integrals obtained by formal differentiation.
We have

310) Au@)] < [ e alw & ul)dy|dg
:/|/((1—Ay)Ne—iyf) (L+ €)™ ale,y, ) uly) dy | dg
= [1 [ ey Y- 8" alep, &) ul) dy g
< [[1er ™I - 8, (ale &) uly) [y

for all positive integers N, where A, 1=, 8;. The integral on the right hand side converges
and is estimated by a finite linear combination of ||u||, . Differentiating under the integral
sign and integrating by parts, we see that

(3.11) 0, Au(z) = /em'§</e_iy'§(i§k)a(m,y,f) u(y) dy)df
s [ems( [ emon,atep. € uty) dy) e

3.12) mdu(e) = [(Dae=o)( [ oo, uly) dy) e
= [ [emtatmmuta)ac - [ e4( [0 ate. ulv)dy)a.

This implies that 2°9%(Au)(z) coincides with a finite sum of integrals of the same type as
Au(z) and therefore is also estimated by a finite linear combination of ||u|| g O

By Lemma 3.5, if A is a PDO with an amplitude a(z, y, ) then its transposed AT is a PDO
with the amplitude a(y, x, —¢). Therefore, in view of Lemma 2.6, a PDO can be extended
to the space §'(R").

Example 3.19. Every differential operator with smooth coefficients bounded with all their
derivatives is a PDO. Indeed, if the Schwartz kernel of A is given by the oscillatory integral
with an amplitude a(z,y, &) = ngm ao(z,y) £ then, by Lemma 2.17,

Auw) = 3 DS (an(ay)uly)],_
la|<m
In particular, if A is the PDO with symbol o(z,§) = /<, @a(z) £ then

Au(z) = 3 aa(2)D2 ula),

la<m
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and if A is the PDO with dual symbol o(y, &) = >_, <., @a(y) £ then
du(z) = 37 D2 (aalx) ulx))

laj<m
This explains the role of the factor (27)~" appearing in (3.3).

Example 3.20. If A is a PDO with symbol o4(x,&) then, by Lemma 3.15, the symbol o 47
of the transposed operator A7 admits the asymptotic expansion

(3.13) oar(2,8) ~ Z%D? 2o (x, —E) .

Remark 3.21. In the process of proving Lemmas 3.15, we have shown that Z, = 7;, where b is
the amplitude given by (3.6). Thus two different amplitudes may define the same oscillatory
integral. In particular, it may well happen that Z, = 0 but a # 0, and even a € S™°.

On the other hand, the symbol ¢ of the PDO A with Schwartz kernel Z, is defined uniquely
modulo S~. Indeed, if A is the PDO defined by the oscillatory integral Z, then, by Lemmas
3.15 and 3.17, R = A— A is an integral operator with smooth kernel R(z, y) satisfying (3.5).

Let us fix n € R" and consider the smooth function u,(y) = e®¥". Using (3.5), one can
easily show that the function

o) = e Ry () = [ Ry e 0y

lies in S~>°. Thus we have e~ Au, = e~ flun modulo S~>°. It remains to notice that
Auy(z) = (27)™" / TGz, €) eV dy dé

= (27r)_"/6”'50(x,§) eV (=8 dy d¢
= (6(n—&),e"o(x,8)) = e"Mo(x,n),

so that o(z,n) = e~ Au,(x) modulo S~.

3.4. Other classes of PDOs. Lemma 3.15 plays the key role in the theory of PDOs. One
can consider much more general classes of amplitudes and the corresponding classes of PDOs
(see, for example [H]), and usually all classical results remain valid as far as an analogue of
Lemma 3.15 holds. For example, given a ‘weight’ functions g(x,y, ) and two real numbers
p,0 € [0,1], we can consider the classes S’ which consist of amplitudes satisfying the
estimates

(314) |a?afaga(3% Y, £)| S COHStO&ﬁN (g(]?, Y, g))mfp|a\+6\6|+5|'y| .

These classes are more convenient than S™ if we want to control not only the smoothness
properties of functions but also their behaviour at infinity.

One often has to deal with differential operators depending on an additional parameter h
(for instance, the semi-classical parameter). In this case one can introduce a weight function
g depending on this parameter and use the classes of amplitudes defined by (3.14) in order
to study asymptotics with respect to h (see, for example, [DS]).
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4. SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS

Example 4.1. Consider the differential equation ¢*u/(t) = 0 on the real line. Obviously,
this equation does not have any classical solution apart from u = const. However, if we
rewrite this equation as

d ,, B
pr (FPu(t)) —2tu(t) =0

then we see that any function of the form

(4.1) u(t) = {Cl’ £20,

co, t<0,
where ¢1, co are constants, is also a solution.

This example shows that if we are looking only for classical solutions then the class of
solutions may depend on the way we write down the equation. This problem does not arise
if we understand solutions in the sense of distribution. For instance, the derivative of the
function (4.1) is the d-function multiplied by some constant, so tu(t) is equal to 0 as a
distribution.

4.1. Differential equations with constant coefficients. Let a(£) := 3", <, ca” be a
polynomial with constant coefficients co and A = a(D;) = >_ <., Ca Dg be the differential
operator with symbol a(§) (see Example 3.19). Then, by Lemma 2.17,

Au(x) = fgjxa(é)fyﬁgu(y) , Vu € 8'(R™).
Therefore Au = f if and only if
(42) a(§)u() = f(¢).

Thus, in order to solve partial differential equation Au = f with f € S'(R") it is sufficient
to solve the algebraic equation (4.2).

Example 4.2. If (a(£))™! is a polynomially bounded continuous function then the equation
Au = f has the only solution u(x) = F; 1 (a(&))~'f(€) € S'(R") for every f € S(R™).

Y i

Example 4.3. If (a(£))~! is an infinitely differentiable function polynomially bounded with
all its derivatives then the equation Au = f has the only solution u(z) = .Fg_lm (a(6)71f(6) €
S'(R™) for every f € S'(R™).

Example 4.4. If u € §'(R") and Au = 0 then necessarily
suppt C X, :={&:a(§) =0}.

Every distribution v € S'(R™) whose Fourier transform is given by

(43) @O £€) = [ v©F©dEe). VS e SEY.

a
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where dY, is an arbitrary measure and v is an arbitrary integrable function on ¥,, solves
the equation Au = 0. If (4.3) holds true and the function v is ‘sufficiently nice’ then

ule) = (20 [ o) aza(e)
is a function on R™. '

A comprehensive exposition of the theory of partial differential equations with constant
coefficients can be found in [H, Volume IIJ.

4.2. Non-stationary equations with constant coefficients. If the operator includes the
time variable ¢ and we want to solve the Cauchy problem then it is usually more convenient
to consider the Fourier transform only with respect to the spatial variables. If, for example,

A, Da) =0+ Y em1a DI+ ) o DI+ > g0 DS
la|=1 |a|=2 |a|=m
where ¢ o are some constants, then u(x,t) solves the Cauchy problem
A0y, Dy)u(t,x) =0, oFult, x)}tzo =uw(z), k=0,1,...,m,
if and only if 4(t, ) = Fyeu(t, x) is a solution of the ordinary differential equation
A0y, &)u(t,€) =0, ofa(t,&)|,_, = (&), k=0,1,....m,

where A(0;, &) = 0"+, j=1 Cm-1.a gomty.. “+2aj=m C0a & . In this case we understand
u(t, z) as a family of distributions in x depending on the parameter ¢, and 9u is the family
of distributions such that

(Ofu(t,2), f()) = O(ult, @), f(z)),  VfeSR.

Example 4.5. (Heat equation.) Let a(z) be a semibounded from below polynomial on
R™ and A = a(D,). Then, for every v € §'(R™) the distribution
ult,z) = Fle ")
is the only solution of the Cauchy problem
Ou+ Au=0, u(0,z) = v(z).

If v € S(R™) then, obviously, u(t,-) € S(R") for every ¢, and the Schwartz kernel of the
operator exp(—tA) : v(z) — u(t,x) (the so-called heat kernel) is given by the integral

(QW)—n/ei(x—y)fe—ta(f) de¢
which converges in the sense of distributions.
Example 4.6. (Wave equation.) If v € §'(R") then the distribution
ult,x) = Fel, cos(tlg]) 0(¢)

is the only solution of the Cauchy problem
O*u—Au=0, u(0,z) =v(z), Ju(0,x)=0,
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where A =", éﬁk is the Laplacian. As in the previous example, this implies that u(t,-) €
S(R™) for every ¢t whenever v € S(R™).

4.3. Elliptic (pseudo)differential equations.

Lemma 4.7. (Composition of PDOs.) If A € U™ and B € U™ then AB € U+t
and the symbol o ap of the PDO AB is gz’ven by the asymptotic series

(4.4) oap(z,€) Z —Dgoa(x,6) Ojop(,€)

where o4 and op are the symbols of A cmd B respectively.

Proof. If A and B are given by the oscillatory integrals (3.3) with o4(z,&) and o3(y, &)
respectively then

Av(z) = (2m)" / EE g (2,€) uly) dy dE = (2m) 2 / 67 g a(, €) (€) d

and

Bula) = ()" [ €00y, uly) dydg = 72, (20 [ o, ulw) ay).
Therefore
ABu(z) = (2m)™" / e oa(x,8) ( / e as(y, ) uly) dy>d£,

that is, the Schwartz kernel of AB coincides with the oscillatory integral with the amplitude
oa(x,&) oy, €). By (3.4), we have

oap(2,€) Z —Dg (0a(0,€) 020(,€)).

Now (4.4) is obtained by substituting the first expansion (3.9) and rearranging terms in the
asymptotic series. ([l

Definition 4.8. A PDO A € U™ is said to be classical if its symbol admits an asymptotic
expansion into the series (3.2) with a,,_; positively homogeneous in £ of degree m — k. The
spaces of classical PDOs A € U™ and their symbols are denoted by ¥ and S}, respectively.

cl »

Obviously, every differential operator is a classical PDO.

Definition 4.9. If A € U7} then the leading homogeneous term a,, in the expansion of o4
is said to be the principal symbol of the operator A. The operator A is said to be elliptic if
A (x, &) # 0 whenever & # 0.

Definition 4.10. The operator B is said to be a left parametriz of A if BA—1 € W™,

If B is a left parametrix of A and Au = f then (I + R)u = Bf where R € ¥~>°. The
‘remainder’ operator R often turns out to be compact in a suitable function space H. In this
case the existence of a parametrix implies that the subspace {u € H : Au = 0} is of finite
dimension, and that the equation Au = f has a solution for all f from a subspace of finite
codimension.
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Theorem 4.11. Every elliptic classical PDO A € U7} has a left parametric B € W _™.

Proof. We shall construct the symbol of B as an asymptotic series of positively homoge-
neous in ¢ functions b_,,_x(z,&) of degree —m — k. If we substitute the formal series
04 = Y peo@m—k and op = Y o by into (4.4), collect together homogeneous terms
of the same degree, equate the first term to 1 and others to zero, then we obtain a recurrent
system of differential equations of the form

amb_y, = 1,
Am b—m—l - Ll (am7 Am—1, b—m) 5
Am b—m—k = Lk(am7 Am—1 -+ Om—k; b—ma b—m—la s ab—m—k—i—l) )
where Lg(am, Gm-1- -+ Gm—gyb—m, b_m—1,...,b_p_g+1) are some polynomials of the functions
Gy G -+ s Gy O, b1, « - -, b1 and their derivatives. If b_, = a;nl,
b—m—k = a;ll Lk(ama~--7am—kab—ma'--ab—m—k-i-l)7 k= 1727"'7
and op ~ > ;- b_ym_k then 045 = 1 modulo S™°, that is, AB — I € U~>. O

Exercise 5. Prove that

(1) A€ U™ if and only if AT € U7 where AT is the transposed operator
(see Definition 3.3);

(2) A is elliptic if and only if AT is elliptic;

(3) if A € U7 is elliptic then there exists an operator B € U™, called a right parametriz
of A, such that AB —1 € —,

Hint: deduce (3) from (1), (2) and Theorem 4.11.

Remark 4.12. Let A € U} be a classical PDO and O C R} x (R¢\{0}) be a conic with respect
to £ subset (the word conic means that (z, A{) € O for all A > 0 whenever (z,¢) € O). If
the principal symbol of A is separated from 0 on the set O N {|¢| = 1} then, exactly in the
same way, one can construct a PDO B € V™ such that op4 = 1 on O. Such an operator
is called a microlocal parametriz of A in O.

4.4. General partial differential equations with variable coefficients. An arbitrary
partial differential operator does not necessarily have a pseudodifferential parametrix. How-
ever, quite often one can construct a parametrix in the form of a general oscillatory integral
(Remark 3.14) or a PDO which belongs to a more general class (Subsection 3.4). The pro-
cedure remains almost the same as in the proof Theorem 4.11: we formally replace the
amplitude with an asymptotic series, substitute the integral into the equation, get rid of the
variable y in the new amplitude (like we did in the proof of Lemma 3.15), collect together
the terms of the same order, equate them to zero and try to solve these equations. Note that
in the general case the equations may also involve the unknown phase function, and that the
terms in the asymptotic expansions may not be homogeneous in £ (in which case the words
‘terms of the same order’ simply mean that these terms satisfy estimates of the form (3.14)
with the same m, p and §).
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5. SINGULARITIES OF FUNCTIONS AND DISTRIBUTIONS

5.1. What is microlocal analysis. Suppose that we want to describe singularities of a
function f(x) on R™. In classical analysis one only deals with the variables x, and the typical
statements look like “the function f has a singularity at the point xo” or “f is smooth in a
neighbourhood of xo”. However, the function may well be smooth in one direction and non-
smooth in another direction, so such statements contain a limited information. More detailed
description of singularities should involve additional variables £ specifying the directions in
which the function is not smooth. In other words, the set of singularities should be a subset
of R} x RY, and then we say that “f is not smooth at the point (z,§) € R} x R 7 if f is not
smooth at the point x in the direction £. This is the main idea of microlocal analysis; the
word ‘microlocal’ simply means that we conduct analysis of functions in the space R} x RE of
dimension 2n, even though the functions themselves are defined on the n-dimensional space.

5.2. Singular supports and wave front sets.

Definition 5.1. If u € §'(R") then the singular support of u is defined by

singsuppu = R"™\ €,
where €, is the union of all open sets €2 such that u|, € C*(€). In other words, Q, is the
maximal open subset of R" such that ul, € C*(€2,).

Definition 5.2. If u € §'(R") then the wave front set of u is defined by
WEFu = (R} x Rg)\ O,

where O, is the maximal open subset of R} x R¢ with following property: for every point
(20, &0) € O, there exist a cut-off function y € C§°(R") equal to 1 in a neighbourhood of z
and a conic neighbourhood €, of & such that the Fourier transform F,_,¢ (x(x)u(x)) decays
faster than any negative power of || in Q¢, as |£] — oo.

If (zo,&) € O, then (z9, \) € O, for all A > 0 because & and A\, have the same conic
neighbourhoods. It follows that the sets O, and WF v are invariant under the transforma-
tions (z, &) — (x, \§) for all A > 0.

Definition 5.2 can be rewritten as follows.

Definition 5.3. Denote by @), , the PDO with dual symbol a(§) x(y). The point (zo, &)
does not belong to WF u if there exist a Cg°-function x equal to 1 in a neighbourhood of z,
and a function a € S} equal to 1 in a conic neighbourhood of &, such that Q,,u € S(R"™).

Indeed, if F,_,¢ (x u) decays faster than any negative power of || in €2, then

Quxu(r) = Fii, (a(€) Fose (x 1)) € S(R™)
for any a € SJ} with suppa € Qg,. Conversely, if @), ,u € S(R") then the function
«Fx—>£ (Qa,xu) = CL(S) «/T:c—>§ (X u)

is rapidly decreasing, which implies that F,_,¢ (x u) decays faster than any negative power
of [£] in the conic neighbourhood €2, where a = 1.
Note that
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(S) a compactly supported distribution u coincides with an infinitely smooth function if
and only if its Fourier transform () decays faster than any negative power of |£| as
|€] — oo everywhere.

Indeed, if u € C>*(R") N E'(R™) then u € S(R") and @ € S(R"); if u(&) satisfies the above
condition then

u(r) = (QW)_”/Q/eiw'gﬁ(f) d¢ € C*([R")

since we can differentiate under the integral sign infinitely many times. From (S) it follows
that the projection of WF u onto R coincides with sing supp u.

5.3. Operators R € Y~*° in the space of distributions.
Lemma 5.4. Let R € ¥V~ and R(x,y) be the Schwartz kernel of R. Then
(5.1) Ru(z) = (u(y).R(x.y)), Vue SR,

Note that, in view of Lemma 3.17, we have R(z,-) € S(R™) for each fixed x € R".
Therefore the expression on the right hand side of (5.1) makes sense.

Proof. Recall that the Schwartz kernel of the transposed operator RT is R(y,x), so that
R™(y) = [ R(x,y) v(z)dz for all v € S(R™).
Assume first that u € £'(R™). Then, applying Theorem 2.15, we see that for all v € S(R")

(Ru,v) = (u,R™v) = Y (=1)"ua(y), 9 (R"v)(y))

|| <,
- T [ wato) (3 [ Rtz ) ay
= X 0 ([ w R ) vlo)ar = [l Rl ot ar,

laf<m

where u,, are the continuous compactly supported functions given by Theorem 2.15. Thus
(5.1) holds true whenever u € £'(R").

If w ¢ E'(R™), let us choose a function xy € C§°(R™) which is equal to 1 on the ball
{Jz| < 1} and consider the family of distributions u;(z) := x(tz)u(z). Since x(tz) —1 =10
for |x| < t7!, we have

sup |m58§(x(tm)v(x) — v(:zc))| = sup |x’38§(x(tz)v(x) — v(a:))| — 0

z€ER™ x|z >t t=0

for all v € S(R™) and all multi-indices «, 5. It follows that x(tx)v(zx) RN v(x) and, conse-
quently, (u;,v) — (u,v) for all f € S(R") as t — 0. Now the lemma is proved by applying
(5.1) to the distribution u; € &'(R™) for each fixed t and letting ¢ — 0 in the identity
(ug, RTv) = [(us(y), R(z, y))v(z) dz. -

Corollary 5.5. If R € U= then R : S'(R") — C*(R") and R : &'(R") — S(R™).



MICROLOCAL ANALYSIS 23

Proof. By Taylor’s formula
e (R, e+ 2,0, 20, y) — R(2,y)) — 0u, R(z,y)

1
= 5/ 3£k72(x1,...,xk +ite, .., xp,y) (1 —1)dt.
0
If the Schwartz kernel R(z,y) satisfies (3.5) then the above identity implies that

e (R(wy,...,0p+&,... 20, y) — R(2,9)) RN O, R(2,y) , e—0,

for every fixed © = (21,...,2,) € R*and all k = 1,2, ..., n. Therefore, for every u € S'(R"),
the function (u(y), R(x,y)) of variable x is differentiable and

O (u(y), R(z,y)) = (u(y), 0., R(z,y))

forallk =1,2,...,n. Since the derivatives of R also satisfy (3.5), the function (u(y), R(z,y))
is infinitely differentiable and 0% (u(y), R(z,y)) = (u(y), 03R(z,y)) for all multi-indices .
If, in addition, u € &'(R™) then, applying Theorem 2.15, one can easily show that this
function and all its derivatives vanish faster than any power of |z| as |z| — oc. O

5.4. Wave front sets and PDOs. The following lemma shows that @), in Definition 5.3
can be replaced by a much more general PDO.

Lemma 5.6. The point (xq,&y) does not belong to WF w if and only if there exists a classical
PDO Q such that Qu € C*(R™) and the principal symbol of Q does not vanish at (xq,&p).

Proof. If (z9,&) ¢ WF u then we can take () = Qg , where @), is the classical PDO from
Definition 5.3.

Conversely, assume that Qu € C*(R") for some classical PDO @ € U7} whose principal
symbol does not vanish at (zg,&). Let us fix arbitrary functions xi,x2 € C§°(R"™) such
that x; = 1 in a neighbourhood of zy and x5 = 1 in a neighbourhood of supp x;. Denote
Qo = x1@Qx2. Lemma 4.7 implies that x1Q—Qo € ¥~>°. Since Qu € C*°(R™), from Corollary
5.5 it follows that Qou € C§°(R™).

As x1(zo) = x2(xo) = 1, the principal symbols of @ and @y coincide at (xq, &y). Therefore,
there exist a neighbourhood €1,, and a conic neighbourhood (2, such that the principal
symbol of Q) is separated from zero on O N {|{| = 1}, where O := Q,, X . Let P be a
microlocal parametrix of )y in O (see Remark 4.12), and let R, , = QuPQo — Qa, Where
X € C3°(R") and a € S are such that supp x C €, and suppa C Og,. Then, by Lemma
4.7, Ry, € U™, Also, R,, = R,,X for any function x € C5°(R") equal to 1 on supp x
and supp x2. In view of Corollary 5.5, this implies that R,, : S'(R") — S(R"). Since
Qou € S(R") and, consequently Q,,PQou € S(R"), we have ), ,u € S(R"). By Definition
5.3, it follows that (zo, &) & WF w. O

Corollary 5.7. If P is a classical PDO whose symbol vanishes in a conic (with respect to
€ ) neighbourhood O of (xg,&) then (zo,&) € WF(Pu).

Proof. By Lemma 4.7, we have QP € W~ for every classical PDO @ whose symbol vanishes
outside a smaller conic set @' C O. In view of Corollary 5.5, this implies that Q(Pu) €
C>*(R™) for every such a PDO Q. O
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The following is a version of the famous elliptic regularity theorem.

Corollary 5.8. Let A be a classical PDO whose principal symbol does not vanish at (xg,&p).
Then (xq, &) € WFE u if and only if (x¢,&) € WF(Au).

Proof. If (z0,&) ¢ WF(Au) then there exists a classical PDO @) whose principal symbol
does not vanish at (zg,&p), such that QAu € C*°(R™). Since the principal symbol of QA
does not vanish at (x¢, &), it follows that (z¢,&)) & WF u.

Let us now assume that (zg,&,) € WF(Au) and let B be a microlocal parametrix of A in
a neighbourhood of (zg,&y). Then, applying Corollary 5.7 with P = BA — I, we see that
(x0,&0) &€ WE(BAu—u). At the same time, by the above, (zo,&)) € WF(BAu). This implies
that (zo, &) € WF w. O

Remark. PDOs play the same role in microlocal analysis as smooth cut-off functions in
classical analysis. One can construct, for example, a microlocal partition of unity using the
classical PDOs and represent an arbitrary function as the sum of functions with small wave
front sets which are often easier to deal with (this procedure is called microlocalization).

5.5. Propagation of singularities. If A is an elliptic PDO then, by Corollary 5.8, we
have WF(Au) = WF u and, consequently, singsupp (Au) = singsuppu. In other words, a
solution u of an elliptic (pseudo)differential equation Au = f has the same singularities as
the function f. This is usually not true if the operator A is not elliptic: the solutions u of a
non-elliptic equation Au = f may have additional singularities.

Corollary 5.8 immediately implies that WFu C WF(Au) U Char A, where Char A is the
set of zeros of the principal symbol of A. A more interesting question is what happens with
the singularities inside the set Char A. The following theorem answers this question (see, for
example, [Sh, Appendix 1]).

Theorem 5.9. Let B be a classical PDO with a real principal symbol b,,(x,&) and let
(x(t),£&(t)) be a solution of the Hamiltonian system

(5:2) B(t) = Oebm(z(t).£(1)), () = —Oubum(a(t),£(1)).
Assume that by, (z(t),£(t)) = 0 and (x(t),£(t)) & WF(Bu) for all t € (t1,t2). Then either
(x(t),&(t)) € WEw or (z(t),£(t)) € WFEw for all t € (ty,1s).

Remark 5.10. One can easily see that b, (x(t),£(t)) is constant, so by, (x(t),£(t)) = 0 for all
t € (t1,t2) provided that by, (z(to),£(to)) = 0 for some fixed ¢y € (t1,12).

The Hamiltonian trajectories (z(t),£(t)) satisfying b,,(z(t),&(¢)) = 0 are said to be the
bicharacteristics of the operator B. By Theorem 5.9, if a solution u of the equation Bu = 0
has at least one singularity on a bicharacteristic (x(t),£(¢)) then the whole trajectory lies in
WF u. This effect is called propagation of singularities.
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Solutions to exercises
Solution 1. If € < 1 then

=L f(t)dt = t=L f() dt + tLf(t)dt.
/Mx 0 /| 0 /| 1)

The first integral is estimated by

/ 2t f))dt < 2sup|sf(s)|/oot_2dt = 2sup|s f(s)].
1|1 s€R 1

seR

Since [f(t) — f(—1t)] < 2tsup,e;_ 4 |f'(s)], the second integral is estimated as follows

seR

| /1>|t|>6t1f(t)dt| oy / L (F() — f(—1)dt] < 2sup|f(s)].

Thus |f|t‘>6 L f()dt| < 2supyeg | f(s)| + 2supyeg | f/(s)| for all € € (0,1] and f € S(R).
This implies that ug : f — lim._ flt|>€ t=1 f(¢)dt is a continuous functional on S(R), that
is, up € S'(R).

Solution 2. Clearly, the distribution wug from Exercise 2 satisfies this condition. If u is
another distribution with the same property then (u — wug, f) depends only on the value of
f at the origin. The map f(0) — (u — ug, f) is a linear functional on C, and therefore
(u — ug, f) = ¢f(0) with some constant c¢. This implies that u = uy + ¢d, where ¢ is the
o-function at the origin. Conversely, every distribution u = uy+cd has the required property.

Solution 3. Let ¢ = u(ar +0) — u(ar — 0) be the jumps of u at the points ax, and let

o(z) = {u’(w), r € (ak, agy1) k=1,...,m—1,
0, T < a; Or T > Q.

Integrating by parts we obtain — (u, f') = — [w f'de = [v fdz+>" ", ¢ f(ax). Therefore
W =v+ Y ", 04, where 0, are the o-functions at the points ay.

Solution 4 (proof of Lemma 3.17). Let R(z,y) be the Schwartz kernel of R. If R € ¥~°
then R(x,y) is infinitely smooth (since we can differentiate under the integral sign), and the
required estimates follow from (3.7).

Conversely, if R is smooth and satisfies (3.5) then it is represented by the oscillatory
integral with the amplitude a(z, &) = (27)"/2F,_¢R(x, z), where R is defined by the equality

,R’(:U7$ - y) = R(JT,y)
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Solution 5. Let A € U™ and let o be the symbol of A, so that

Alz,y) = (@m0 / o, €) de

modulo a function R(z,y) defining an operator from ¥~>° (see Lemma 3.17). Lemma 3.5
implies that AT is a PDO whose dual symbol coincides with o . Now (1) and (2) follow from
(3.9).

By (2), A is elliptic if and only if AT is elliptic. Applying Theorem 4.11, let us find a
PDO B; € U™ such that ByAT — I € U=, In view of Lemmas 3.5 and 3.17, we have
ABT — I = (B;AT — I)T € U=, It remains to notice that, by (1), Bf € U™



