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Abstract: Pilot contamination can bring up a grave impairment in the performance of massive multi鄄
ple鄄input multiple鄄output(MIMO) systems. In this paper, an improved time鄄shifted pilot scheme is
proposed to reduce the pilot contamination, where orthogonal pilots are employed in the same group
to eliminate the residual intra鄄group interference existing in the original time鄄shifted pilot scheme.
Meanwhile, the rigorous closed鄄form expressions of both downlink and uplink transmission rates
with a finite number of antennas are derived, and it is shown that the intra鄄group interference can be
completely eliminated by the proposed scheme. Simulation results demonstrate that both downlink
and uplink transmission rates are significantly improved by employing the proposed scheme.
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摇 摇 Massive multiple鄄input multiple鄄output (MI鄄
MO), which equips cellular base stations (BSs)
with a very large number of antennas, has been
demonstrated to achieve huge gains in spectral
and energy efficiency with simple linear process鄄
ing[1] . However, pilot contamination, caused by
the inevitable reuse of finite pilot sequences
among the cells, leads to a grave impairment to
the system performance and persists even with an
infinite number of antennas[2 -3] . Therefore, effi鄄
cient schemes to reduce pilot contamination are
indispensable for massive MIMO systems.

There have been many studies on pilot con鄄
tamination in massive MIMO systems[4 -12] . In
Refs. [4 -5], BSs use low鄄rate coordination and
additional second鄄order channel statistics to re鄄
duce the pilot contamination, while the complexi鄄
ty is related to the numbers of BSs and users.
Blind pilot decontamination methods are presen鄄

ted in Refs. [6 - 7], which employ a nonlinear
channel estimation based on the array gain. Al鄄
though it is effective when the number of BS an鄄
tennas is sufficiently large, the complexity of the
singular value decomposition for the received sig鄄
nal block is extremely high. In Refs. [8 - 9], a
pilot contamination elimination scheme is pro鄄
posed based on the coordination of all cells.
However, it operates in a complex training proce鄄
dure and requires a long period of estimation time
in proportion to the number of users of all cells,
which is unrealistic in practical systems. Different
from Refs. [8 -9], an efficient time鄄shifted pilot
scheme proposed in Ref. [ 10 ] requires much
shorter estimation time, where all cells are divid鄄
ed into several groups and the pilot intervals at
different groups do not overlap. The performance
is analyzed in Ref. [10] with the assumption of
an infinite number of BS antennas, and the case
of a finite number of antennas is analyzed in Refs.
[11 -12] .

Although the time鄄shifted pilot scheme can
alleviate the damage from pilot contamination,
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the residual interference from the cells in the
same group is still a performance bottleneck for
the case of a finite number of BS antennas[11] . In
order to eliminate the residual intra鄄group inter鄄
ference in the original time鄄shifted pilot scheme,
an improved time鄄shifted pilot scheme, which
employs orthogonal pilot sequences in the same
group, is proposed in this paper. In comparison
with existing elimination schemes in Refs. [8 -
9], a complex training procedure with the coordi鄄
nation of all cells are not required for the pro鄄
posed scheme, and its channel estimation time is
much shorter. Compared with Refs. [10 - 11],
our proposed scheme successfully eliminates the
residual intra鄄group interference and significantly
improves the system data rate. Furthermore, the
rigorous closed鄄form expressions of both down鄄
link and uplink transmission rates are derived.
Simulation results demonstrate that the system
data rate can be significantly improved by emplo鄄
ying the proposed scheme in comparison with the
original time鄄shifted pilot scheme in Ref. [ 11 ]
and the pilot contamination elimination scheme in
Ref. [9] .

1摇 System Model
Consider a cellular network composed of L

hexagonal cells, where each cell is equipped with
a central BS with M antennas and K single鄄anten鄄
na user terminals (UTs) sharing the same band鄄
width. For a given subcarrier, the channel vector
between the l鄄th BS and the k鄄th user in the j鄄th

cell is given by gjkl = 茁jkl hjkl, where the small
scale fading vector hjkl is with the distribution
CN(0,IM), and 茁jkl represents the large scale fa鄄
ding which varies slowly and is assumed to be
known as a priori. It is assumed that the additive
noise at all terminals and BSs follows the distribu鄄
tion CN(0,1) .

Besides, a block fading model in time is as鄄
sumed, where the channel stays constant over the
block of T symbols, and varies randomly for each
block. Consider a time鄄division duplexing

scheme, assuming reciprocity between uplink and
downlink channels, i. e. , gjkl is the same for both
directions. Thus, each coherence block can be
organized in three phases. At the first phase,
each UT sends uplink pilots to BSs for channel es鄄
timation. Then, BSs transmit the pre鄄coded
downlink data to their associated UTs at the sec鄄
ond phase. Finally, all UTs transmit their uplink
data to their BSs at the last phase.

Without loss of generality, the time鄄shifted
pilot scheme is taken into consideration as shown
in Fig. 1, where the L cells are partitioned into
four groups, and the pilot intervals at different
groups do not overlap. It is worth noticing that
the time鄄shifted scheme relies on the assumption
that the coherence blocks of different groups are
asynchronous and start with their own first pilot
symbol while cells in the same group operate syn鄄
chronously.

Fig. 1摇 Time鄄shifted pilot scheme with four groups

2摇 Pilot Contamination Elimina鄄
tion Scheme

摇 摇 Since cells in the same group operate syn鄄
chronously as shown in Fig. 1, the data rate with
a finite number of BS antennas is still degraded by
the residual intra鄄group interference[11] . In this
section, an improved time鄄shifted pilot scheme is
proposed, which employs orthogonal pilot se鄄
quences in the same group to eliminate the residu鄄
al intra鄄group interference existing in the original
time鄄shifted pilot scheme. Specifically, if there
are n(n = L / 4 in this paper) cells in one group,
pilot sequences with the length of 子 = nK is used
to ensure that the pilot sequences for UTs in the
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same group are orthogonal to each other. Let 鬃ik

denote the 子 伊1 pilot sequence, where the power
of every pilot symbol is 1 and

鬃H
jk忆鬃ik =

子, if ( j,k忆) = (i,k)
0,{ others

(1)

i. e. , pilot sequences for UTs in the same group
are orthogonal to each other and reused in differ鄄
ent cell groups. Without loss of generality, A1 is
chosen as the group of interest for the following
analysis.

As shown in Fig. 1, during the uplink pilot
phase for A1, the l鄄th BS in group A1 experiences
the interference from other groups, and its re鄄
ceived pilot signal can be expressed as

Yl = 移
i沂A1

移
K

k = 1
籽r鬃ikgikl +

移
i埸A1

移
K

k = 1
籽fcliqikwT

ikBli +Zl (2)

In Eq. (2), 籽r and 籽f represent the transmit
power for uplink training data and downlink trans鄄
mission data. qik is the 子 伊 1 downlink data from
the i鄄th BS with 椰 qik 椰2 = 子, and wik = ĝH

iki /
( K椰ĝH

iki椰) is the M 伊 1 precoding vector from
the i鄄th BS for the k鄄th UT in cell i. cli represents
the large scale fading from BS i to BS l, and Bli in
CM 伊M denotes the small scale fading whose entries
are with the distribution CN(0,1) . Zl is the 子 伊M
additive noise matrix.

Thus, the estimated signal at the l鄄th BS can
be expressed as

寛Yl =
鬃H

jk忆Yl

子 =

籽rgjk忆l + 移
i埸A1

移
K

k = 1

籽fcli

子 鬃H
jk忆qikwT

ikBli +
鬃H

jk忆Zl

子

(3)
Theorem 1摇 In the improved time鄄shifted pi鄄

lot scheme, the linear minimum mean square er鄄
ror (LMMSE) estimate of the channel vector gjk忆l

is given by

ĝjkl =
籽r茁jk忆l

灼jk忆l
寛Yl (4)

where 灼jk忆l = 籽r茁jk忆l + 移
i埸A1

移
K

k = 1

籽fcli

K子 + 1
子 .

Proof摇 The LMMSE estimate of the channel
vector is calculated by[13]

ĝjk忆l = 寛YlR
-1
Y
~
Y
~R Y

~
g (5)

where R Y
~
Y
~ =E[ 寛YH

l
寛Yl], and R Y

~
g =E[ 寛YH

l gjk忆l] .
As hjk忆l, qik, wik, Bli, and zl are random

complex Gaussian and mutually independent[7],
it can be obtained that R Y

~
Y
~ = 灼jk忆l IM and R Y

~
g =

籽r茁jk忆lIM . Thus, the LMMSE estimate of gjk忆l can
be derived as Eq. (4) .

Define the estimation error as 寛gjk忆l = gjk忆l -
ĝjk忆l, which is independent of ĝjk忆l . Thus, the co鄄
variance of the channel estimate Rĝĝ can be given
by

Rĝĝ =
籽r茁2

jk忆l

灼jk忆l
IM (6)

and the covariance of the estimation error R g~ g~

can be expressed as
R g~ g~ = 茁jk忆lIM -Rĝĝ (7)

Remark 1摇 It is observed from Eq. (4) that
the estimate ĝjk忆l is independent of all channel vec鄄
tors except for gjk忆l, which confirms that the pilot
contamination is completely eliminated. In fact,
the improved scheme can be treated as the pilot
reuse with the reuse factor n. For the given pilot
period 子, a larger n means fewer users in each
cell, but the residual intra鄄group interference can
be eliminated. Besides, it is more reasonable to
have much shorter estimation time of nK sym鄄
bols, compared with ( L + 1) K symbol in Ref.
[9] . Moreover, the scheme in Ref. [9] operates
in a complex training procedure with the coordi鄄
nation of all cells, while our proposed scheme is
easier to be implemented.

3摇 Transmission Rate Analysis
In order to further verify the elimination of

the residual intra鄄group interference by our pro鄄
posed scheme, in this section, the rigorous
closed鄄form expressions for both downlink and
uplink transmission rates with a finite number of
antennas are derived.
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3郾 1摇 Closed鄄form expression for the downlink
transmission rate

During the first part of the downlink data
transmission phase of group A1 as shown in Fig.
1, UTs in group A2 transmit uplink pilots to BSs
while BSs of the other groups transmit the down鄄
link data to their associated UTs. Thus, the re鄄
ceived signal of the k鄄th UT located at cell j in
group A1 can be expressed as

xjk忆 = 移
l沂A1

移
K

k = 1
籽f茁jk忆lhjk忆lwlkqlk +

移
i沂A2

移
K

k = 1
籽r姿jik忆kujik忆k鬃ik +

移
t沂A3胰A4

移
K

k = 1
籽f茁jk忆thjk忆twtkqtk + zjk忆 (8)

where qlk denotes the data from BS l to the k鄄th

UT with | qlk | 2 = 1. 姿jik忆k and ujik忆k represent the
large and small scale fading with the distribution
CN(0,1) from the k鄄th UTs in cell i to the k鄄th
UTs in cell j, respectively. In order to derive the
achievable downlink rate, Eq. (8) can be treated
as a point鄄to鄄point system with the uncorrelated

input qjk忆 and the additive noise 寛zjk忆, which is re鄄
expressed as

xjk忆 = 籽f茁jk忆jE[hjk忆jwjk忆]qjk忆 + 寛zjk忆 (9)
As the worst鄄case uncorrelated additive noise

寛zjk忆 is independent Gaussian noise with the same
variance[14], the achievable sum rate for the
downlink transmission is derived as follows.

Theorem 2 摇 The achievable sum rate per
cell for the downlink transmission in Eq. (8) is
given by

Rdl
j =

Tdl

T 移
K

k忆 = 1
log

æ

è
çç2 1 +

籽f籽r茁2
jk忆jE2(兹)

(M - 1 - E2(兹))籽f籽r茁2
jk忆j + 灼jk忆j移

l埸A2
移
K

k =1
籽f茁jk忆l + K灼 (jk忆j 移

i沂A2
移
K

k =1
籽r姿jik忆k + )

ö

ø
÷÷

1

(10)

摇 摇 In Eq. (10), Tdl denotes the downlink data

length, and 兹 = 移
M

m = 1
u2
m , where {um} is with the

distribution CN(0,1) . Since 兹 follows the scaled
chi distribution with 2M degrees of freedom, its
expectation can be given by E(兹) =祝(M +1 / 2) /
祝(M), where 祝(·) is the gamma function.

Proof Applying the method in Ref. [3] and
according to Eq. (9), the achievable sum rate
per cell for the downlink transmission can be ex鄄
pressed as

Rdl
j =

Tdl

T 移
K

k忆 = 1
log (2 1 +

Sjk忆

N )
jk忆

(11)

where the effective signal power is given by
Sjk忆 = 籽f茁jk忆j |E[hjk忆jwjk忆] | 2 (12)

and the effective interference and noise power is
calculated by

N = 籽f茁jk忆jE[ |hjk忆jwjk忆 | 2] -Sjk忆 +

移
l沂A1,l屹j

籽f茁jk忆lE[ |hjk忆lwlk忆 | 2] +

移
l沂A1

移
k屹k忆

籽f茁jk忆lE[ |hjk忆lwlk | 2] +

移
i沂A2

移
K

k = 1
籽r姿jik忆kE[ |ujik忆k | 2] +

移
t沂A3胰A4

移
K

k = 1
籽f茁jk忆tE[ |hjk忆twtk | 2] +1 =

n1
jk忆 -Sjk忆 +n2

jk忆 +n3
jk忆 +n4

jk忆 +n5
jk忆 +1 (13)

From the derivation in Ref. [3, Eq. (13)]
and Eq. (6), the expectation term in Eq. (10)
can be derived as

E[hjk忆jwjk忆] =
籽r茁jk忆j

K灼jk忆j
E(兹) (14)

Similar to the derivation in Ref. [ 3, Eq.
(14)], the expectation term of n1

jk忆 with a normal鄄
ization factor 1 / K turns out to be

E[ |hjk忆jwjk忆 | 2] = 1 (K 1 +
(M -1)籽r茁jk忆j

灼 )
jk忆j

(15)

As the precoding matrix wlk only depends on
the corresponding channel vector g lkl, considering
the expectation terms in n2

jk忆, n3
jk忆 and n5

jk忆 where
the precoding vector is independent of the multi鄄
plied channel vector, it can be obtained as

E[ |hjk忆lwlk | 2] = 1
K (16)
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Since ujik忆k is with the distribution CN(0,1),
the expectation term in n4

jk忆 is given by

E[ |ujik忆k | 2] =1 (17)

Finally, substituting the above results into
Eq. (12) and Eq. (13), the conclusion in Theo鄄
rem 2 can be proved.

Remark 2摇 Different from the result in Ref.
[11, Eq. (17)], the residual intra鄄group interfer鄄
ence vanishes as shown in Eq. (10) . Therefore,
when M寅肄 , it can be obtained that the signal to
interference and noise ratio (SINR) for downlink
data transmission turns out to be infinite, i. e. ,
lim
M寅肄

Sjk忆 / Njk忆 =肄 .

3郾 2摇 Closed鄄form expression for the uplink
transmission rate

For the uplink transmission, UTs from all
cells synchronously transmit uplink data. BS j in
group A1 is assumed to be the cell of interest,
whose received signal can be expressed as

yBj = 移
l沂A1

移
K

k = 1
籽uqlkg lkj + 移

i埸A1
移
K

k = 1
籽uqikgikj +zj

(18)
where 籽u represents the uplink data transmission
power, qik denotes the transmitted uplink data
from the k鄄th UT in cell i, and zj is the 1 伊M ad鄄
ditive noise vector. Then, BS j applies the maxi鄄
mum ratio combination and the equalized signal
can be obtained as q̂jk忆 =yBjajk忆, where ajk忆 = ĝH

jk忆j /
椰ĝH

jk忆j椰.
Since the channel information is available at

the BS during the uplink transmission, the equal鄄
ized signal can be expanded as

q̂jk忆 = 寛sjk忆 + 寛njk忆 (19)

where 寛sjk忆 = 籽u ĝjk忆jajk忆qjk忆 represents the effective

signal, and 寛njk忆 = q̂jk忆 - 寛sjk忆 denotes the effective
noise.

Theorem 3 摇 The lower bound of sum rate
per cell for the uplink transmission is given by

Rul
j =

Tul

T 移
K

k忆 = 1
log

æ

è
çç2 1 +

(M - 1)籽u籽r茁2
jk忆j

灼 (jjk忆 移
l沂A1

移
K

k =1
籽u茁lkj + 移

i埸A1
移
K

k =1
籽u茁ikj + )1 - 籽u籽r茁2

ö

ø
÷÷

jk忆j

(20)

where Tul denotes the uplink data length.
Proof摇 Following the method in Ref. [15],

the lower bound of sum rate can be denoted as

Rul
j =

Tul

T 移
K

k忆 = 1
log (2 (1 + E(Njk忆) (E 1

S ) )
jk忆

)
-1

(21)
By using the property of a central Wishart

matrix in Ref. [16,Eq. (2. 9)], the following e鄄
quation can be obtained

[E 1
S ]

jk忆
= 摇 摇 摇 摇 摇 摇 摇 摇 摇

摇 摇摇摇摇摇摇摇摇摇
摇

1
籽uE[ | ĝjk忆jajk忆 | 2]

=
灼jk忆j

(M -1)籽u籽r茁2
jk忆j

(22)
and the effective noise power is

E[Njk忆] = 籽uE[ | 寛gjk忆jajk忆 | 2] +

移
l沂A1,l屹j

籽uE[ |g lk忆jajk忆 | 2] +

移
l沂A1

移
k屹k忆

籽uE[ |g lkjajk忆 | 2] +

移
i埸A1

移
K

k = 1
籽uE[ |gikjajk忆 | 2] +1 (23)

Similar to the derivation of Theorem 2, the
first expectation term in Eq. (23) is

E[ | 寛gjk忆jajk忆 | 2] = 茁 (jk忆j 1 -
籽r茁jk忆j

灼 )
jk忆j

(24)

and the other expectation terms in Eq. (23) can
be derived as

E[ |gikjajk忆 | 2] = 茁ikj (25)
Substituting the above results into Eq. (21),

the simplified result in Theorem 3 can be obtained
as shown in Eq. (20) .

Remark 3 摇 Compared with Ref. [ 11, Eq.
(28 )], Njk忆 in Eq. ( 23 ) is independent of the
number of BS antennas, which demonstrates that
the residual intra鄄group interference is eliminated
by the proposed scheme. When the number of BS
antennas M寅肄 , the SINR for uplink data trans鄄
mission also tends to infinity.

4摇 Simulation Results
In the simulations, our proposed scheme is
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compared with the original time鄄shifted pilot
scheme in Ref. [11] and the pilot contamination
elimination scheme in Ref. [9] . The cell radius is
set to be rc =1郾 0 km, and UTs are uniformly dis鄄
tributed in each cell except for a circle of 100 m
around each BS. The default number of BS anten鄄
nas is M =300. As the impact of pilot contamina鄄
tion can be significant if cross gains are of the
same order of direct gains[3], we set all the direct
gains to be 1 and all cross gains to 0郾 8, i. e. ,
茁jkl =1 if j = l, and 茁jkl =0郾 8 if j屹l. Moreover, the
transmit power is 籽f =100 W, and 籽r = 籽u = 10 W.
For a fair comparison, the coherence block length
is assumed to be T = 105, and there are L = 12
cells, and K =5 users in each cell for all the com鄄
pared schemes. The length for pilot and downlink
data transmission is

子 =
nK, proposed
K, for Ref. [11]
(L +1)K, for Ref. [9

ì

î

í

ïï

ïï ]
(26)

and

Tdl =
3子, proposed
3子, for Ref. [11]
(T - 子) / 2, for Ref. [9

ì

î

í

ïï

ïï ]
(27)

Besides, the uplink data length is Tul = T -
子 -Tdl for all the schemes.

First numerical simulations are conducted to
verify the tightness of our theoretical derivations.
As shown in Fig. 2 and Fig. 3, both downlink and
uplink achievable rates are tight. Then, in com鄄
parison with the original time鄄shifted pilot scheme
in Ref. [11], both downlink and uplink sum rates
per cell are significantly improved by our pro鄄
posed scheme, due to the elimination of the re鄄
sidual intra鄄group interference. In addition, since
longer estimation time is consumed by the pilot
contamination elimination scheme in Ref. [9 ],
the time for data transmission of their scheme is
much shorter than our proposed scheme, leading
to significant performance loss. Moreover, as the
number of antennas increases, the data rate of
the proposed scheme increases faster than the
scheme in Ref. [9], while the original time鄄shif鄄

ted pilot scheme is bounded by the residual intra鄄
group interference.

Fig. 2摇 Downlink sum rate per cell vs. number of BS antennas
摇

Fig. 3摇 Uplink sum rate per cell vs. number of BS antennas
摇

Furthermore, the system performance is in鄄
vestigated for different numbers of users per cell
in terms of downlink rate, uplink rate and total
sum rate, where the total sum rate means the
sum of downlink and uplink data transmission
rate. It can be observed in Fig. 4 that the down鄄
link rate increases while the uplink rate first in鄄
creases and then degrades with the increase of K
for both the proposed scheme and the original
scheme in Ref. [11] . The reason is that when K
goes up, both the length of pilot 子 and the down鄄
link data Tdl increase, while the uplink period Tul

decreases. More importantly, the proposed
scheme always significantly outperforms the origi鄄
nal scheme in Ref. [11] in terms of total sum
rate.
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Fig. 4摇 Sum rate per cell vs. number of users

5摇 Conclusion
In this paper, an improved time鄄shifted pilot

scheme is proposed to eliminate the residual intra鄄
group interference of the original time鄄shifted pi鄄
lot scheme, where orthogonal pilots are employed
in the same group of cells. Both the rigorous
closed鄄form expressions of uplink and downlink
transmission rates are derived, and simulation re鄄
sults verify that the significant performance im鄄
provement is achieved by employing the proposed
scheme compared with Refs. [9 -11] .
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