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—— Abstract

We consider two algorithmic problems concerning sub-semigroups of Heisenberg groups and, more

generally, two-step nilpotent groups. The first problem is Intersection Emptiness, which asks whether
a finite number of given finitely generated semigroups have empty intersection. This problem was
first studied by Markov in the 1940s. We show that Intersection Emptiness is PTIME decidable
in the Heisenberg groups H,(K) over any algebraic number field K, as well as in direct products
of Heisenberg groups. We also extend our decidability result to arbitrary finitely generated 2-step
nilpotent groups.

The second problem is Orbit Intersection, which asks whether the orbits of two matrices under
multiplication by two semigroups intersect with each other. This problem was first studied by Babai
et al. (1996), who showed its decidability within commutative matrix groups. We show that Orbit
Intersection is decidable within the Heisenberg group H3(Q).
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1 Introduction

The computational theory of matrix groups and semigroups is one of the oldest and most
well-developed parts of computational algebra. Dating back to the work of Markov [31] in the
1940s, the area plays an essential role in analysing system dynamics, with notable applications
in automata theory and program analysis [8, 10, 13, 21]. See [24] for an all-encompassing
survey on this topic. While many computational problems are undecidable even for matrix
groups of dimension three and four [6, 32, 34], various non-trivial algorithms have been
developed for matrix groups satisfying additional constraints, such as commutativity [1],
nilpotency [14], solvability [28], and having dimension two [5, 35].

As most algorithmic problems for commutative groups are well-understood due to their
relatively simple structure, much effort has focused on problems concerning relaxations of
the commutativity requirement, such as nilpotency and solvability. Prominent examples
of widely studied groups include the Heisenberg groups, as well as the more general 2-step
nilpotent groups. The Heisenberg groups H,, (K) play an important role in many branches
of mathematics, physics and computer science. They first arose in the description of one-
dimensional quantum mechanical systems [33, 37], and have now become an important
mathematical object connecting domains like representation theory, theta functions, Fourier
analysis and quantum algorithms [20, 22, 25, 29, 38]. From a computational point of view,
Heisenberg groups are interesting because they are the simplest non-commutative Lie groups.
Heisenberg groups are included in the class of 2-step nilpotent groups: these are groups whose
quotient by their centre is abelian. Despite being the simplest class of non-commutative
groups, 2-step nilpotent groups admit highly non-trivial or even undecidable algorithmic
problems, notably due to their ability to encode quadratic equations [27]. For example,
decades of research has focused on finding a polynomial-time group isomorphism algorithm
for 2-step nilpotent groups, with little success [2, 16].
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Semigroup Intersection Problems in the Heisenberg Groups

For a set G of matrices in some matrix group G, denote by (G) the semigroup generated by
the set G. In this paper, we consider the following two decision problems for the Heisenberg
groups and 2-step nilpotent groups.

i. (Intersection Emptiness) Given M finite sets of matrices Gy, ..., Gy, decide whether
(G1) NN {Gpr) = 0.
ii. (Orbit Intersection) Given two finite sets of matrices G, H and matrices S, T, decide

whether T - (G) N S - (H) = 0.

Intersection Emptiness was one of the first problems studied in algorithmic semigroup
theory. In the seminal work of Markov [31], the undecidability of Intersection Emptiness
was shown for two sets of 4 x 4 integer matrices. More recently, by encoding the Post
Correspondence Problem, Halava and Harju showed its undecidability for two sets of 3 x 3
upper triangular integer matrices [17]. For 2 x 2 integer matrices, the problem is only
known to be NP-hard [7]. In this paper, we show that Intersection Emptiness is decidable in
polynomial time for the Heisenberg groups H,, (K) over an arbitrary algebraic number field
K, as well as for any direct product of such Heisenberg groups. In fact, we will prove the
decidability result in the more general case of (finitely generated) 2-step nilpotent groups.

The Orbit Intersection problem was first considered by Babai et al. [1], who proved its
decidability in commutative matrix groups over an algebraic number field. In this paper, we
prove the decidability of Orbit Intersection for matrices in the Heisenberg group H3(Q).

Let us mention some previous work for semigroup algorithmic problems in the Heisenberg
groups and 2-step nilpotent groups. These have seen significant advance in research in recent
years. Various results have been shown for the following decision problems.

iii. (Identity Problem) Given a finite set of matrices G, decide whether the identity matrix
Ie€(G).

iv. (Membership Problem) Given a finite set of matrices G and a matrix A, decide whether
A€ (G).

v. (Knapsack Problem) Given matrices Aj, Ao, ..., Ax and a matrix A, decide whether
there exist (ny,na...,ng) € N such that A = A7 AL -+ CARE.

The Identity Problem in H, (Q) was shown to be decidable by Ko, Niskanen and Pota-
pov [26]. Dong [14] then introduced tools from Lie algebra and strengthened this result to
PTIME decidability in H, (K) for algebraic number fields K. The Membership Problem in
H, (Q) was shown to be decidable by Colcombet, Ouaknine, Semukhin and Worrell. Their
main idea is to use the Baker-Campbell-Hausdor(f (BCH) formula as well as to incorporate
the Membership Problem in a Parikh automaton. It was left as an open problem whether the
Membership Problem in H, (K) for larger fields K remains decidable. On the other hand, it
is known that there exist 2-step nilpotent groups with undecidable Membership Problem [30].
As for the Knapsack Problem, Kénig, Lohrey and Zetzsche showed its decidability in H,,(Z)
by reducing it to solving a single quadratic equation over the natural numbers [27]. They
also constructed a 2-step nilpotent group (namely, a direct product of H3(Z)) where the
Knapsack Problem is undecidable, using an embedding of Hilbert’s Tenth Problem.

We point out that by taking G; = G, Go = {I}, Intersection Emptiness subsumes the
Identity Problem. Whereas by taking T'=I,S = A,H = {I}, the Orbit Intersection problem
subsumes the Membership Problem. Hence, the tools developed in this paper provide a more
general approach to semigroup problems in 2-step nilpotent groups. Our proofs are based on
the logarithm of matrices and the BCH formula, whose usage in studying matrix semigroup
problems has been introduced in [12] and [14]. However, our approach goes much deeper in
analysing the non-commutative terms of the BCH formula. We show that these terms are
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connected with a word combinatorics problem concerning subwords of length two, and show
a critical result characterizing the behaviour of these terms. This will allow us to reduce
equations containing word combinatorial terms to pure linear Diophantine equations.

2 Main results

In this section we state our main results. Denote by UT(n,Q) the group of n x n upper
triangular rational matrices with ones along the diagonal. Our main result on Intersection
Emptiness is the following. For the formal definition of 2-step nilpotency, see Section 3.

» Theorem 1. Let G be a 2-step nilpotent subgroup of UT(n, Q) for some n. Given finite
subsets G1,...,Gum of G, it is decidable in polynomial time whether (G1) N---N{(Gpr) = 0.

For n > 3, the Heisenberg group H,,(K) over a field or commutative ring K is defined as

1 T

a C
H,(K):=<{ [0 I, b, wherea,bc K" 2, cecK 3,
0 0 1

where we use the notation Iy for the identity matrix of dimension d. Decidability results for
the Heisenberg groups and for 2-step nilpotent groups follow as a corollary of Theorem 1.

» Corollary 2. Intersection Emptiness is decidable:
(i) in PTIME, for the Heisenberg groups H,(K) over any algebraic number field K, and
for any direct product of Heisenberg groups.
(ii) for finitely generated 2-step nilpotent groups'.
Fix a group G. Given an element T' € G and a subset G of G, denote by T - (G) the orbit
of T under right multiplication by the semigroup (G). That is, T - (G) :={T - s | s € (G)}.
Our main result concerning Orbit Intersection is the following.

» Theorem 3. Given elements T, S € H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T - (G)N S - (H) = 0.

3 Preliminaries

Convex geometry

Let V' be a Q-linear space. A subset C C V is called a cone if a € C implies aQ>¢ C C,
and a,b € C implies a + b € C. Given a set of vectors S C V, denote by (S)g., the cone
generated by S, that is, the smallest cone of V' containing §. The dimension of a cone C is
the dimension of the smallest linear space containing C.

The support of a vector £ = ({1,...,0x) € ZE, is defined as the set of indices where the
entry of £ is non-zero: B

supp(£) ={i € {1,...,K} | £; > 0}.
The support of a subset A of Zfz{o is defined as the union of supports of all vectors in A:
supp(A) = U supp(€) = {i | 3(41,...,lx) € A, ¢; > 0}
LeA

In this paper, we will need to compute the support of sets of the form A = Z]Z(O nv,
where V is a Q-linear subspace of Q.

1 We suppose that the structure of the group is given by a finite presentation or a consistent polycyclic
presentation (see [19, Chapter 8]).
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» Lemma 4 ([14, Lemma 2.4]). Given V a Q-linear subspace of Q¥ represented as the
solution set of linear homogeneous equations, one can compute the support of A = ZIZ(O nv
in polynomial time.

The group UT(n, Q) and 2-step nilpotent groups

Denote by UT(n,Q) the group of n x n upper triangular rational matrices with ones along
the diagonal. Let K be an algebraic number field. K can be considered as a linear space
over Q of dimension d := [K : Q]. Let k1,...,kq € K be a Q-basis of this linear space.
Throughout this paper, an element k of K is represented as a tuple (ay,...,aq) € Q% such
that k = a1k + - - - agkq. An element k of K acts on K by multiplication, and can therefore
be considered as an endomorphism of the Q-linear space K. Associate k with the matrix
that represents this endomorphism, then we have an (injective) embedding ¢ : K < Q%*¢, In
particular, ¢(1) = I;. This embedding is effectively computable in polynomial time [11].

The embedding ¢ extends to an embedding H,,(K) — UT(nd, Q), which we also denote
by ¢. Note that for any matrix A € H, (K), the total bit size of entries in ¢(A4) is at most
quadratic in the total bit size of entries in A. Therefore, throughout this paper, we will work
with matrices in ¢(H,(K)) C UT(nd,Q), knowing that any polynomial time algorithm in
UT(nd, Q) will translate to a polynomial time algorithm in H,, (K).

Let G be an arbitrary group. The centre of G is the normal subgroup Z(G) < G consisting
of elements that commute with every element of G (see [15]). We say that G is 2-step nilpotent
if the quotient G/Z(G) is abelian. In particular, the Heisenberg groups H,, (K), as well as
their direct products, are 2-step nilpotent [15, Examples 13.36]. Every finitely generated
2-step nilpotent group can be embedded as a subgroup of the direct product A x G, where
A is finite and G is a 2-step nilpotent subgroup of UT(n, Q) for some n [4, Theorem 2.1] [23,
Theorem 17.2.5].

Logarithm of matrices and Lie algebra

The Lie algebra u(n) is defined as the Q-linear space of n x n upper triangular rational
matrices with zeros on the diagonal. There exist the logarithm map

— (—1)F! k
log: UT(n, Q) —u(n), A > ——(A-D
k=1

and the exponential map
N
exp:u(n) = UT(n,Q), X m— Z EXk
k=0

which are inverse of one another. In particular, log I = 0 and exp(0) = I.

The Lie algebra u(n) is equipped with the Lie bracket [-,-] : u(n) x u(n) — u(n) given by
[X,Y] = XY — YX. For a subset or subsemigroup A of UT(n,Q), we naturally denote by
log A := {loga | a € A} the set of logarithm of matrices in A.

Parikh Image and length two subwords

Given a finite alphabet G = {44,..., Ak}, the Parikh Image of a word w = My --- My,
over the alphabet G is the vector P19 (w) == (PI{ (w),...,PI%(w)) € Z%,, where PI{ (w)
is the number of times A; appears in w. That is, PI{ (w) == card({j | M; = A;}). When
the alphabet G is clear from the context, we sometimes write PI(w), PI;(w) instead of
P19 (w), PI¢ (w).
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For 1 <i< j < K, let w be a word over the alphabet G, denote by (53(11}) the number of
occurrences of the subword ---A;---A;--- minus the number of occurrences of the subword
-+ Aj---A;--- inw. That is, writing w = MMy - - - My, we have

g — §G,+ g,—
67 (w) =677 (w) — 07 (w),
where

69 (w) = {(u,v) |1 <u<wv<s, M, =A;, M, = A},
59-’_(10) ={(u,v) |1<u<v<sM,=A4; M,=A4;}

Again, if the alphabet G is clear from the context, we write d;;(w) instead of (5Z-gj (w). Obviously,
we have the parity constraint

dij(w) = 5;]_'(10) + 6;;(w) = PLi(w) - PI;j(w) mod 2. (1)

The Baker-Campbell-Hausdorff formula

Let G be a 2-step nilpotent subgroup of UT(n,Q). The Baker-Campbell-Hausdorff (BCH)

formula [3, 9, 18] states that, given a sequence of matrices By, Bs, ..., Bs in G, we have
- 1
log(B1 By Byn) = 2; log B; + 5 1<;< [log B;, log Bj]. (2)
i= <i<j<s

Fix a finite alphabet G = {A1,..., Ak} in G. For an arbitrary word w with Parikh Image
L= ({y,...,0k), applying Equation (2) to the sequence of matrices in w yields

K
1
logw = Zfi log A; + B Z d;j(w)[log A;,log Aj]. (3)
i=1 1<i<j<K

Here, log w is understood to be the result of multiplying all matrices appearing in w in order,
then taking the logarithm. We will adopt this notation throughout this paper.

4 A combinatorial problem for length two subwords

First let us describe the general strategy for solving intersection-type decision problems.

Consider a simple example: given two alphabets G = {4;,..., Ax}, H ={B1,..., By} ina
2-step nilpotent subgroup of UT(n,Q), we want to decide whether (G) N (H) # 0. This boils

down to finding two words v, w respectively in the alphabet G and H, such that logv = log w.

Denote by @ = (x1,...,2x) the Parikh Image of v, and by y = (y1,...,ys) the Parikh
Image of w, then the BCH formula (3) yields the equivalence between logv = log w and

K 3%(v) M 7 (w)
in logAl-qLZ 5 [log A;,log A;] = Zyl logBiJrZT[logBi,logBj],
i=1 1<j i=1 i<j

x ez, yezl, Pl9uv) ==z PI"(w)=y. (4

Hence, deciding whether (G) N (H) # 0 boils down to solving Equation (4) in the numerical
variables @,y and the word variables v, w over alphabets G, H.

25:5
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Consider a “relaxed” version of this problem. That is, we replace (5% (v) and 6?} (w) by
new variables c;;, d;; over integers, without imposing any constraint. This gives the equation

K M
s dos
in log A; + Z %[log A log Aj] = Zyi log B; + Z %[log B;,log Bjl,
i=1 1<i<j<K i=1 1<i<j<M

wez,, yezl, «cj.dijeZforalij (5

Obviously, if Equation (4) has a solution, then the relaxed version (5) will also admit a
solution. The converse is not necessarily true. The implicit constraints imposed by the word
combinatorial variables 6% (v), 57¢
one should at least have \6% (v)| < @;z; for all ¢,j). However, these constraints are not

(w) in Equation (4) are highly non-trivial. (For example,

reflected by the numerical variables ¢;; and d;; in Equation (5).

The key idea of this paper is the following surprising fact. For the two problems we
consider (Semigroup Intersection and Orbit Intersection), it is sufficient to solve the relaxed
version of the equation, plus several simple constraints (such as the modulo 2 constraint in
Equation (1)). In particular, given a “suitable” solution to the relaxed Equation (5), we
can always construct a solution to Equation (4). A priori, the values of (5% (v) cannot reach
all integers like the free variables c;;; nevertheless, when z1,...,zx tend towards infinity,
the vector (6igj(v))1gi<ng
satisfying modulo 2 constraints. This will suffice to construct a suitable word v, as the
quadratic radius will eventually dominate the linear term Zfil x;log A;.

This section aims to formalize this idea. The main result of this section will be Proposi-
tion 6. First, we prove a simple case where the alphabet consists of two letters.

can in fact reach every value within a ball of radius size O(|z|?),

» Lemma 5. Given an alphabet G = {A;, A;} and non-negative integers s;,s; € Z>o, then
for every C' € Z satisfying

|IC] < s;s; and C=s;s; mod 2, (6)

there exists a permutation w of the word Aj* A7 such that &;;(w) = C.

55
j I
which satisfies d;;(w) = s;s;. We gradually swap pairs of consecutive letters in w: each time

Proof. For an illustration of the proof, see Figure 1. We start with the word w = Aj*A

we replace an occurrence of consecutive 4;A; with A;A;. An occurrence of A;A; can always
be found unless we have reached the “final” permutation A;j A" Tt is easy to see that each
swap reduces the value of ¢;;(w) by 2. Therefore, by swapping consecutive A;A; one by one,
d;j(w) can reach every value between d;;(A;* A7) = s;s; and 0;5(A}’ A]') = —s;s; that has
the same parity with s;s;. This proves the lemma. <

We then prove the main result of this section, which generalizes Lemma 5 to alphabets of
more than two letters.

» Proposition 6. Fix a finite alphabet G of size K > 2. Then for any tuples £ = (¢1,...,0k) €

75y and {Cijh<icj<k € ZgéK_l)m satisfying
il .
|Cyj] < TKJZ—QK(&MJ-)—MQ, forall 1<i<j<K, (7)
and
Cij=40:t; mod?2, forall 1<i<j<K, (8)

there exists a word w with Parikh Image £ such that

bij(w) = Cyj, forall 1<i<j<K. )
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Figure 1 Illustration for the proof of Lemma 5.

Proof. For an illustration of the proof, see Figure 2. For all 4, write ¢; = 2(K — 1)s; +r;
with 0 <r; < 2(K — 1). Consider the word Wiyt = Wyes - W - Wi, where

Wies = ATYAR? -+ ATE,

W = (AP A5?) (AT AZ?) - (AT ARE) (AFPAS?) - (AS2ARE) (A A - (A1 AYE),

Wiew i (A ALY (AR ASER) o (A3 AT (A AE2) (A AT ) o (AR AT
In particular, W is the concatenation of all words of the form AfiAjj where ¢ < j, and W,
is the reverse of W. It is easy to verify that W;,;; contains ¢; occurrences of the letter A;, so
its Parikh Image is exactly £.

We now compute §;;(Wiynit) for ¢ < j. Since W - W, is a palindrome, we have 6;; (W -
Wiev) =0, so

6ij (Wznlt) = 5ij (Wres) + PIi(Wres) PI](W : Wrev) - PIj(Wres) PIz (W : Wrev)

=mrr;+r;- 2(K — 1)8j - 2<K — 1)81 (10)

In particular, since 0 < r; < 2(K — 1), we have

1055 (Winat)| < 4(K — 1)? 4 2(K — 1)2(8j +5;) < AK? +2(K —1)(4; + 4;) (11)

By Condition 7, we have

163§ (Winit) — Cijl < [05;(Winat)| + [Cij

<4K2+2a(—nwr+@)+fﬁg—2K@r+@)—4K2

(o) (a5 )

< 8i8j. (12)

Since Equation (10) yields 6;;(Winit) = ¢;¢; mod 2, Condition (8) then gives
(Sij (Wznzt) = Ci' mod 2. (13)

We now show how to construct the word w. Starting with the word W, for every pair
1 < j perform the following:

25:7
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. = A . = A = Az
S1 452 S1 4 S3 S2 453 83 452 s3 , 51 Sy 451
Al Ay Al A, Ay Az Az A, A A Ay Ay
| o N N\ N\ | e N
Winit eeococ/ececcsccceee ecco00 Y eeo0000cc00e
[Lemma 5] [Lemma 5] Lemma 5
w12 w13 W32
e | N /_—/\—
W eeeecjeeccccessececcceesssse ecocooe eeo/00c00c00e
e v ~
WV"S W Wieo

Figure 2 Illustration for the proof of Proposition 6.

1. If 6;j(Winit) > C;j. By Lemma 5 there exists a permutation w;; of the word Af"A‘;-j such
that 6;5(wij) = 8585 + Cij — 8;5(Winit). Indeed, Equations (12) and (13) guarantee that
the conditions (6) in Lemma 5 are satisfied. We then replace the subword AfiA‘;-j in the
W-part of Wiy with the word w;;. The resulting new word W' will satisfy

8ii (W) = 6:;(Wini) — 5ij(A?iA;j) + 65 (wij) = Cyj.

This replacement does not change dy, (Winit) for (u,v) # (4, 7).

2. If 6;;(Winit) < Ci;. By Lemma 5 there exists a permutation w;; of the word Ajj A" such
that 0;;(w;;) = —s;8; + Cij — 6;5(Winit). Again, Equations (12) and (13) guarantee that
the conditions (6) in Lemma 5 are satisfied. We then replace the subword Ajj A" in the
Wyev-part of Wiy with the word wj;. The resulting new word W' will satisfy

85 (W) = 855 (Winae) — 035 (A7 A7) + 835 (wji) = Ciy.

This replacement does not change ., (Wipit) for (u,v) # (4,7).
3. If §;;(Winit) = Cij, do not perform any change.
Performing all these replacements on W;,;; for all pairs ¢ < j simultaneously, the resulting
word w then satisfies 0;;(w) = Cy; forall 1 <i < j < K. <

5 A polynomial time algorithm for Intersection Emptiness
We prove Theorem 1 in this section. Let G be a 2-step nilpotent subgroup of UT(n, Q). Let

G ={A11,A12,.. ., Ak b, G = {Am, Anre, - Aniky

be M sets of matrices in G. The following proposition shows that Intersection Emptiness can
be reduced to solving linear Diophantine equations with extra constraints on supports. The
key to obtaining a PTIME algorithm is the fact that these equations are all homogeneous.
Hence one can actually solve them over Q, then scale them to obtain integer solutions.
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» Proposition 7. We have (G1) N--- N (Gu) # 0 if and only if there exist non-zero vectors
4 € Zg(l) \{0}, - €y € Zgg’ \ {0} as well as rational numbers c,,;; for 1 <m < M,i,j €
supp(€r,), such that

Ky
Zglj IOgAlj + Z clij[logAu,logAlj] =
j=1 i<j

i,j€supp(£1)

Y bylogAs;+ Y cajllog Ay log Agj] = -
i jesupp(ls)
Kn
= ZKMJ- log Anrj + Z CMij [log Apzi, log AMj] (14)
j=1 i<j

i,j€supp(£m )

Proof. If (G1)N---N{(Gpr) # B, let g be an element in the intersection. There exist non-empty
words w1, ..., Wy, over the alphabets Gy,...,Gy such that logg = logw; = -+ = log wy,.
By the BCH formula (3),

dij (wm)

K;
logg = ZPIi(wm) log A + Z
j=1 i<j
i,j€supp(£ym)

[log A, log Ayyjl, form=1,..., M.

This shows that (14) is satisfied by £, == P19 (wy,) and ¢yij = 0i5(wy)/2 for 1 < m <
M,i,j € supp(£y,).

For the other implication, suppose such non-zero vectors £1,...,£€y; and the rational
numbers ¢,,;; exist. Then there exists g € G such that

K1
2

Zémj log Ay + Z %[log Apislog Al =logg, form=1,...,M. (15)
=1 i<j
! i, jEsupb(lm)
Note that if 7, j € supp(£,y,) then £p,;0,,; # 0.

By homogeneity, for any N € Zq, the vectors N¥£i,..., N&ys and Ncy,;; also satisfy
Condition (14). Hence, multiplying all 4;;, ¢;n;; and log g by a common denominator, we can
suppose all 4;; and cp,i; to be integers. Denote K = maxi<m<m K, then there exists a

large enough even integer N € Z~ such that

NZlyil

|N . 2Cmij| S 4K2

—2NK(4; +{;) — AK? (16)
for 1 < m < M,i,j € supp(€m,). This is because l,il; > 0, so the right hand side of
(16) is quadratic and dominates the linear term on the left for large enough N. Replace all
¢;; with N{;j, all ¢pi; with Nepgj, and log g with N log g, then the new variables satisfy
2¢mij =0 = €pily,; mod 2, and

12¢mij| < 4K2] — 2K (l; + £;) —4AK? < WQJ — 2K, (6 + €;) — AK2, (17)
for all 4, j,m. Equation (15) is still satisfied after the variable replacements. Therefore,
by Proposition 6, there exist words wy,...,wys over the alphabets Gy,...,Gys such that
Pl(wy,) = £, and 6 (W) = 2¢m;; for all 1 < m < M,4,j € supp(€y,). These words are
non-empty since £, # 0. Plugging into the BCH formula (3), we have

25:9
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K
= 2 mij
logmeZijlogAmj—&— Z %[logAmi,logAmj]zlogg form=1,...,M.
=1 i<i
! i,jESUEP(em)

This shows that logg € ﬂf\il log(G;) # 0. <

Using Proposition 7, we devise Algorithm 1 that decides Intersection Emptiness.

Algorithm 1 Algorithm for Intersection Emptiness.

Input: M finite sets of matrices gl = {All,A127 ey A1K1}7 ey gM = {14]\417 Aj\/[27 N 7Aj\/[KM}
in the group G.
Output: True (intersection is empty) or False (intersection is not empty).

Step 1: Initialization. Set Sy = {1,2,...,K1},..., Sy ={1,2,...,Kn}.
Step 2: Main loop. Repeat the following
. SM Kt DM card(Sm)(card(Sm)—1)/2
a. Represent the Q-linear subspace of V := QZ4um=1"" m=1 m m :

W= {((fmj)lsmSM,lgngm»(Cmij)lgmszw,z‘,jesm) ev ‘

K;
Z&j log Ay; + Z cijlog Avz, log Agj] = - -

J=1 L i<g
i,jES1

Kn
= Z é]\,{j log A]uj + Z CAMj [log Aj\,{i7 log AMJ}} (18)
Jj=1 i<j
1,J€SM
as the solution set of homogeneous linear equations.
b. Compute the projection of W onto the coordinates (£ )1<m<mi<j<i,,:

M
Km

(W) = {(fmj)ngM,ls]‘sKm € QY

A(Emij)1<m<M,i,j€Sm

((bmj)1<m<MA<j<Kn> (Cmij)1<m<M.ijeS,) € W} (19)

represented as the solution set of homogeneous linear equations.
M

c. Define A == Z;{”:l o N me(W) and compute supp(A) using Lemma 4.
d. If supp(A) N S,, = S, for all 1 < m < M, terminate the loop and go to Step 3.
Otherwise, let Sy, := supp(A) N S,, for every m, and continue with Step 2.
Step 3: Output.
a. If S,, = 0 for any 1 < m < M, return True.
b. Otherwise return False.

» Theorem 1. Let G be a 2-step nilpotent subgroup of UT(n,Q) for some n. Given finite
subsets G1,...,Gn of G, it is decidable in polynomial time whether (G1) N---N{(Gpr) = 0.

Proof. Theorem 1 follows from the correctness and polynomial time complexity of Al-
gorithm 1. Their proofs are given in Appendix A, Proposition 10. <
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6 Decidability of Orbit Intersection in H3(Q)

We prove Theorem 3 in this section. Let G and H be finite sets of matrices in the group H3(Q),
and T, S be matrices in H3(Q). Our goal is to decide whether T-(G)NS-(H) = (. Multiplying

both T-(G) and S - (H) on the left by T—!, one can without loss of generality suppose T' = I.

That is, it suffices to consider the problem of deciding whether (G) NS - (H) = (. Denote by
©: logH3(Q) — Q? the projection onto the superdiagonal, and by 7: log H3(Q) — Q the
projection onto the upper right entry:

0 a ¢ 0 a ¢
w: 10 0 b —(ab); ™ |0 0 b|—c
0 0 O 0 0 O

One easily verifies that for matrices X,Y € H3(Q), we have [log X,logY] = 0 if and only if
v(log X) and ¢(logY") are linearly dependent. Define the cones

Cg = (p(log g)>onv Cy = <§0(10gH)>Q20'

6.1 Easy case: The cone Cg N Cy4 has dimension zero or one
The situation in this case is similar to the one discussed in [12, Section 3, Case I].

» Proposition 8. Suppose the cone Cg N Cy has dimension zero or one. Deciding whether
(G)YNS - (H) £ can be done by solving finitely many linear Diophantine equations.

6.2 Hard case: The cone Cg N Cy has dimension two

We have (G) N S - (H) # 0 if and only if there exist words v in the alphabet G and w in the
alphabet H such that logv = log Sw. Let © = (z1,...,zx) be the Parikh Image of v, and
y = (y1,...,yn) be the Parikh Image of w. By the BCH formula (2) and (3), logv = log Sw
is equivalent to

K
1
;xi log A; + 3 Z 519]-(1))[10g A log Aj] =

1<i<j<K
M 1 1
H
log S + ;:1 y;(log B; + i[log S, log B;]) + 3 1<i<§j<M 6,5 (w)[log B;,log B;]  (20)

The following proposition shows that it suffices to solve a relaxed version of Equation (20).

» Proposition 9. Suppose the cone Cg N Cy has dimension two. We have (G)NS - (H) # 0
if and only if there exists integers x;,1 <t < K and y;,1 <j < M andc;;,1 <i<j< K
and d;;,1 <1i < j < M, satisfying

K M
intp(logAi) = ¢(log ) + > _yip(log By), (21)

i=1

K
1
izzlxiﬂ'(log A+ 5 Z cijm([log A;,log Aj]) =

1<i<j<K
X 1 1
7(log S) + Zyﬁr(log B; + §[log S, log B;]) + 3 Z d;jm([log B;,log B;]) (22)
i=1 1<i<j<M

25:11
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and
Cij = TiTj mod 2, 1<i1<j<K; d”Eylyj mod 2, 1<i<j <M. (23)

Proof. If (G) Ns- (H) # 0, then let v, w be non-empty words over the respectively alphabets
G and H, such that logv = log Sw. Let ¢;; = 5% (v) and d;; = (5;94(11)) for all 4,j. Since
Equation (20) is satisfied, projecting it under ¢ and 7 gives respectively (21) and (22). The
parity condition (23) is obviously due to Equation (1). Hence we have found the integers
Ti, Yj, Cij, d;j satisfying Equations (21), (22) and (23).

On the other hand, let x;,y;, ¢;j, d;; be integers that satisfy Equations (21), (22) and (23).
Since Cg and Cy have dimension two, the commutators [log A;,log A;] and [log B;, log B;]
are not all zero (since ¢(A;) are not all linearly dependant, same for ¢(B;)). Hence, there
exist integers C;, D;; such that

D= Z Cijm([log A;,log A;]) + Z D;jn([log B;,log B;]) € Q.
1<i<j<K 1<i<j<M

Denote by E the common denominator of all the entries of the matrices log A;, log B;, log S,
1llog S,log B;], [log A;,log A;] and i[log B;,log B;]. In particular, DE is an integer.

Since the cone Cg NCyy has dlmensmn two, there exist strictly positive integers Xi,..., Xk
and Y7,..., Y, such that

K M
> Xip(log Ai) = > Yip(log By). (24)

i=1 =1

This is because, taking v to be a vector in the interior of Cg N Cy (i.e. v admits an open
neighbourhood contained in Cg N Cy), then v is in the interior of both Cg and Cz. Hence,
there exist strictly positive rational numbers X7, ..., X} and Y{,...,Y],, such that

ZX (log A;) —’U—ZY/ (log B;).

i=1

Multiplying X1, ..., X} and Y/, ..., Y}, by their common denominator gives positive integers
satisfying Equation (24).
For any N € Z~, the integers x;,y;, ¢;;,d;; can be replaced by the integers

y; == yi + 2NDEY;

K M
1
c;j =¢;; —ANEC;; (Z Xpm(log Ax) — Z Yim(log By, + i[log S, log Bk])>
k=1 k=1

K M
1
d}; = dij + ANED;; (kz—l Xpm(log Ay) — kz_:l Yy (log By, + 5 [log S, log Bk])>

for all 4, j, while still satisfying Equations (21), (22) and (23). Furthermore, when N is large
enough, we have

;>0,9;>0, 1<i<K1<j<M, (25)

/ /

<
|C ‘ 4K2

2 —2K(z;+a}) —4K*, 1<i<j<K, (26)
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and

YiY;
e

|d};| < —2M(y; +y)) —4M? 1<i<j<M. (27)

This is because the right hand sides of the inequalities (26) and (27) are quadratic in N,
whereas the left hand sides grow linearly in N.

Fix an N such that the inequalities (25), (26) and (27) are satisfied. Then, by Proposi-
tion 6, there exist non-empty words v, w over the alphabets G and H, such that

P19 (v) = (2}, ..., 2%), 87 (v) =cjy,  for1<i<j<K,

PI(w) = (4, .. k), 61(v) =dj;, forl1<i<j<M.
(Note that Condition (8) is guaranteed by Equation (23).) For these words v,w, we have

M

p(logv) = Zﬂw (log 4;) = ¢(log S) + Y _ yie(log B;) = p(log Sw),
i=1

as well as

1<i<j<K

K
m(logv) = Z m(log A;) % Y ciym(llog Ailog A;]) =
M

N

m(log S) + Zygﬂ(log B; + %[log S,log B;]) + Z d;;m([log Bi,log B;]) = 7(log Sw).
i=1 1<i<j<M

This shows logv = log Sw, hence (G) N's- (H) # 0. <

Combining the two cases in Subsections 6.1 and 6.2, we are able to solve the Orbit
Intersection problem for H3(Q).

» Theorem 3. Given elements T,S € H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T - (G)N S - (H) = 0.

Proof. See Appendix A. <
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A  Omitted proofs and remarks

» Corollary 2. Intersection Emptiness is decidable:
(i) in PTIME, for the Heisenberg groups H, (K) over any algebraic number field K, and
for any direct product of Heisenberg groups.
(ii) for finitely generated 2-step nilpotent groups.

Proof. (i) By the remark in Section 3, the Heisenberg group H,,(K) can be embedded as a
subgroup of the group UT(n’, Q) for some n', such that the input size only changes at most
polynomially. A direct product of Heisenberg groups H,, (K;) x - -+ x H,,_(K;) can hence be
embedded as a subgroup of some direct product UT(n}, Q) x - -+ x UT(n, Q), which is itself
a subgroup of UT(n} + - -+ +nl, Q). Again, the input size only changes polynomially during
these embeddings. The Heisenberg groups H,,(K) as well as their direct products are 2-step
nilpotent [15, Examples 13.36], and the property of being 2-step nilpotent is preserved under
isomorphism. Therefore, Theorem 1 shows that Intersection Emptiness for H, (K) as well as
for their direct products is decidable in PTIME.

(ii) Given a finite presentation or a consistent polycyclic presentation of G, there exists an
embedding ¢ : G < A x GGy where A is finite and Gy is a 2-step nilpotent subgroup of some
UT(n,Q). Denote by 7y : A X Gg — G the projection onto Gp. The composition g o ¢ can
be effectively computed (see proof of [14, Corollary 1.8]).

We claim that (G1) N---N{(Gar) # 0 if and only if (mo(&(G1))) N -+ N (mo(d(Gar))) # 0.
Suppose g € (G)1-- 1 (Gar), then obviously m0(6(g)) € (mo(6(G1)) NN (mo(é(Gar)). O
the other hand, suppose h € (mo(¢(G1))) N - -N(mo(d(Gar))) = 7o(¢ (<g1>))m Nmo(¢((Gur))),
then there exist ay,...,ay € A, such that (a;,h) € (G;) for all i. Then (1, hord(4)) =
(a;, b)) € (G;) for all 4, hence (G1) N ---N (Gar) # 0.
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Since Gy is a 2-step nilpotent subgroup of UT(n, Q), one can decide whether (m(4(G1))) N
N {mo(¢(Grr))) = O by Theorem 1. Thus, we conclude that it is decidable whether
(G) NN (Gar) # 0. <

We did not attempt to analyse the exact complexity of deciding Intersection Emptiness
for arbitrary finitely generated 2-step nilpotent groups. This is because this complexity
depends on the computation and representation of the embedding ¢, as well as the size of
the finite group A.

» Theorem 3. Given elements T, S € H3(Q) and two finite subsets G, H of H3(Q), it is
decidable whether T - (G) NS - (H) = 0.

Proof. As mentioned in the beginning of Section 6, one can without loss of generality suppose
T = I, and decide whether (G) NS - (H) # 0. Given G and H, one can effectively compute
Cg N Cy and its dimension using linear programming [36].

If Cg N Cy has dimension zero or one, then Proposition 8 shows we can decide whether
(G)NS - (H) # 0 by solving a finite number of linear Diophantine equations of the form (29).

If Cg N Cx has dimension two, then Proposition 9 shows we can decide whether (G) N S -
(H) # 0 by solving Equations (21), (22) and (23). Equation (23) can be replaced by a boolean
combination of conditions of the form “z; =0 mod 2”, “z; =1 mod 2”7, “y; =0 mod 27,
..., or “d;; =1 mod 2”. Each of these conditions can be expressed as a linear equation over
integers, for example “x; = 1 mod 2” is equivalent to “z; = 2z} + 1,2, € Z”. Therefore,
solving Equations (21), (22) and (23) is equivalent to solving a boolean combination of linear
equations over integers, which is decidable by integer programming. |

» Proposition 8. Suppose the cone Cg N Cy has dimension zero or one. Deciding whether
(G)NS - (H) # D can be done by solving finitely many linear Diophantine equations.

Proof. Let £ C Q? be a linear space of dimension one that contains Cg N Cy. Then we
decompose G and H into disjoint subsets: G = Gy U Gy, H = Ho U H, where

Go = {4 € G| pllogA) € £}, Gy =0\ Go;
Ho:={B; € H| p(logB;) € L}, Hy =H\Ho.

The key observation is that all matrices in Gy and in Hy commute with each other (all
¢(log A;) and ¢(log B;) are linearly dependant, so [log A;,log A;] = [log B;,log B;] = 0).

Suppose (G) N S - (H) # B, that is, there exist words v in the alphabet G and w in the
alphabet H such that logv = log Sw. We show that the number of occurrences of letters of
G+ in v is bounded; similarly, the number of occurrences of letters of H, in w is bounded.

Let n be a non-zero vector orthogonal to £, then & — n '« is the projection parallel
to L. Since Cg NCy C L, the values n' ¢(log A;), A; € G have signs opposite to that of
n'¢(log B;), B; € H. Without loss of generality, suppose n' ¢(log A4;) > 0 for all A; € G
and n' p(log B;) < 0 for all B; € H. Since n is orthogonal to £, we have furthermore
n'p(logA;) > 0 for all A; € G and n'p(logB;) < 0 for all B; € Hy; as well as
n'p(log X) =0 for all X € Gy U Ho.

Now, logv = log Sw yields p(logv) = p(log S) 4+ p(logw). Projecting onto n, this shows

> PIi(w)-nTp(logAi) =nTo(S)+ > PI¥(w) nTe(logB;).
i,Ai€g+ i, B;€H 4
This yields

T T
Pré(y) < P PU8S)  pp,y o m ollogS)

S nTetosa) TS aTolog By .
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for all A; € G and B; € H4. This gives bounds fg = >, 4.cg, % and By =
T

> i BieH, %, such that if logv = log Sw, then the number of letters of G in v is
bounded by fg; and similarly the number of letters of H, in w is bounded by By .

Write v = v9C1v1Cy - - - v5_1Csvs, where C, ..., Cy are matrices in G4, and vy, ..., vs are
words in the alphabet Gy. Similarly, write w = wgDiwy D3 - - - wy—1 Dywy, where Dy, ..., Dy
are matrices in 4, and wo, ..., w; are words in the alphabet Ho. Write Go = {A4},..., A%/}

and Ho = {Bj,..., B} }. Define z;; = PI?O(vi) for 0 <i<s,1<j<K' andy; =
PI;'[O (w;) for 0 <i<t,1 <j <M. Then logv = log Sw is equivalent to

s s K’ K’
Zlog C; + sz” log A} + % Z inj [log A, log Cy]
i=1 i=0 j=1 0<i<k<s j=1

K/
1

t3 Z Z:Eij[log C, log A]

1<k<i<s j=1

t 1 1 t M
=log S + ;(log D; + i[log S,log D;]) + 3 ; ; yijllog S,log Bj]
1 o 1 M

+t3 > > uiillog Bj,log D] + 3 > > wijllog Di,log B)] (29)

0<i<k<t j=1 1<k<i<t j=1

All other terms contain [log A7, log A’] or [log B;, log B}] and hence vanish by the commut-
ativity of Gy and Hy. Note that Equation (29) is a linear Diophantine equation in the
variables x;;, ;. Therefore, log v = log Sw has a solution if and only if there exist matrices
Cy,...,Cs in G and matrices Dy, ..., D; in Hy, such that Equation (29) has a solution in
non-negative integers, with the additional constraint that, if s = 0, then (g1, ..., Zox’) # 0;
and if ¢ = 0, then (yo1,...,%on’) # 0. This additional constraint comes from the condition
that v,w are not empty words. Recall the bounds s < g and t < 4. Hence, deciding
whether logv = log Sw has a solution amounts to solving finitely many linear Diophantine
equations of the form (29). <

In theory, it is possible to give a bound on the complexity of the procedure described in
Proposition 8. The size of the each bound in Equation (28) is exponential in the bit size
of the entries S, G, H. Hence the procedure consists of solving exponentially many linear
Diophantine equations.

» Proposition 10. Algorithm 1 is correct and terminates in polynomial time.

Proof. We prove that Algorithm 1 outputs False if and only if (G1) N--- N (Gar) # 0.

After each iteration of Step 2, card(S1) + - - - + card(Sys) strictly decreases. Therefore,
the algorithm terminates after at most Ky + - -+ + K iterations of Step 2.

We now show correctness of the algorithm. We first show that when Algorithm 1 returns
False, then ﬂf\il (G;) # 0. Suppose the algorithm terminates with output False, the condition
in Step 2(d) shows that supp(A) NS, = S, for all 1 < m < M. By the additivity of A
(that is, a,b € A = a + b € A), there exists a vector £ = (£1,...,€5) € A such
that supp(€) = supp(A). This yields supp(£,,) = supp(A) NS, = S, for all m. Since
supp(€,) = Sy # 0, we have £, # 0 for all 1 < m < M. By the definition (19) of 7g(W),
there exist rational numbers (¢nij)1<m<nm.i jes,, such that
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K1 K2
Z&j log Ay; + Z ciij[log A1;,log Ayj] = Z£2j log Agj + Z caij[log Ag;, log Aoyl

Jj=1 i<j Jj=1 i<j

1,j€S1 1,j €S2
Kn
== ZZMJ IOgAMj + Z CMij[IOgAMi,IOgAMj] (30)
=1 i<j
! 1.7€5u

Since S, = supp(€,,) for all m, Equation (30) is identical to Equation (14) in Proposition 7.
Therefore Proposition 7 shows ﬂ?g(gi) # (.

Next, we show that if ﬂf\il (G;) # 0, then Algorithm 1 returns False. Suppose ﬂgl (Gi) #
0. By Proposition 7, there exist £; = (flj)lgngl S Zi% \ {0}, N = (gMj)lﬁjSKM S
Zgé” \ {0}, and rational numbers (Cmij)1<m<n,i,jesupp(e,,) that satisfies Equation (14) in
Proposition 7. We show that “supp(£,,) C Sy, for all 1 < m < M” is an invariant of the
algorithm.

At initialization, we obviously have supp(£,,) C S,, = {1,...,K,,}. Before each iter-
ation of 2(d), suppose we have supp(£,,) C Sy, for all m, then Equation (14) shows that
(bmj)i<m<mi<j<k,, € me(W). Consequently, supp(€:,) C supp(A), meaning supp(£n) C
Sp, still holds after 2(d).

This invariant shows that supp(£,,) C S, for all m by the start of Step 3. Since
L, € Zf’g‘ \ {0}, supp(¥,,) is non-empty for every m. We conclude that S,, # @ for all m by
the start of Step 3. Therefore, Algorithm 1 returns False.

Finally, we show that Algorithm 1 terminates in polynomial time. Recall that the
algorithm terminates after at most Ky + - - - + K, iterations of Step 2. At each iteration of
Step 2(b), the projection can be computed in polynomial time by eliminating the variables
(Cmij)1<m<M, jes,, from the equations defining W. Then, at each iteration of Step 2(c) the
support supp(A) is computed by Lemma 4. The total input size of the linear programming
instances is polynomial with respect to the total bit length of the matrix entries in Gy, ...,Ga;.
Indeed, the total bit length of log A,,; and [log A,;,log A,,;] is at most of quadratic size
in G,,; and the projection performed in Step 2(b) can only alter the total entry bit size at
most polynomially. From this, one can express mp(W) as the solution set of a system of
homogeneous linear equations whose total llajit length is polynomial in Gy,...,Gy;. Hence
Lemma 4 computes the support of A := Z>ZO"":1 " Nme(W) in polynomial time. Therefore,
each iteration of Step 2 takes polynomial time, and thus the overall complexity of Algorithm 1
is polynomial with respect to the input Gi,...,Gyy. <
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