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—— Abstract

The interleaving distance is arguably the most prominent distance measure in topological data
analysis. In this paper, we provide bounds on the computational complexity of determining the
interleaving distance in several settings. We show that the interleaving distance is NP-hard to
compute for persistence modules valued in the category of vector spaces. In the specific setting
of multidimensional persistent homology we show that the problem is at least as hard as a matrix
invertibility problem. Furthermore, this allows us to conclude that the interleaving distance of
interval decomposable modules depends on the characteristic of the field. Persistence modules
valued in the category of sets are also studied. As a corollary, we obtain that the isomorphism
problem for Reeb graphs is graph isomorphism complete.
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1 Introduction

For a category C and a poset P we define a P-indexed (persistence) module valued in C to a be
a functor M : P — C. We will denote the associated functor category by CF. If M, N € CP
then M and N are of the same type. Such functors appear naturally in applications, and
most commonly when P = R"™, n-tuples of real numbers under the normal product order,
and C = Vecg, the category of vector spaces over the field K, or C = Set, the category of
sets. The field K is assumed to be finite. We suppress notation and simply write Vec when
K is an arbitrary finite field. The notation p € P denotes that p is an object of P.
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» Remark. Throughout the paper we make use of basic concepts from category theory. The
reader unfamiliar to such ideas will find the necessary background material in the first few
pages of [13].

Assume that h : X — R is a continuous function of “Morse type”, a generalization of a
Morse function on a compact manifold. Roughly, a real-valued function is of Morse type if
the homotopy type of the fibers changes at finite set of values; see [16] for a precise definition.
We shall now briefly review four different scenarios in which functors of the aforementioned
form can be associated to h.

Let H, : Top — Veck denote the p-th singular homology functor with coefficients in
K, and let my : Top — Set denote the functor giving the set of path-components. We also
associate the two following functors to h whose actions on morphisms are given by inclusions:

S'(h) : R — Top S(h) : R* — Top
ST(h)(t) ={z € X | h(z) <t} Sh)(=s,t)={x e X | s < h(z) <t}

Persistent Homology studies the evolution of the homology of the sublevel sets of h
and is perhaps the most prominent tool in topological data analysis [16]. Specifically,
the p-th sublevel set persistence module associated to h is the functor H,ST(h) : R —
Vec. Importantly, such a module is completely determined by a collection of intervals
B(H,ST(h)) called the barcode of H,ST(h). This collection of intervals is then in turn
used to extract topological information from the data at hand. In Fig. 1 we show the
associated barcode for p =0 and p = 1 for a function of Morse type.

Upon replacing H,, by 7y in the above construction we get a merge tree. That is, the
merge tree associated to h is the functor 7 : mpST(h) : R — Set. A merge tree captures
the evolution of the path components of the sublevel sets of h and can be, as the name
indicates, be visualized as (a disjoint union of) rooted trees. See Fig. 1 for an example.

The two aforementioned examples used sublevel sets. A richer invariant is obtained by
considering interlevel sets: define the p-th interlevel set persistence of h to be the functor
H,S(h) : R? — Vec. Analogously to above, such a module is completely determined
by a collection B(H,S(h)) of simple regions in R?. However, it is often the collection
of intervals £,(h) obtained by the intersection of these regions with the anti-diagonal
y = —x which are used in data analysis. We refer the reader to [9] for an in-depth
treatment. In Fig. 1 we show an example of the 0-th interlevel set barcode. Observe how
the endpoints of the intervals correspond to different types of features of the Reeb graph.
Just as interlevel set persistence is a richer invariant than sublevel set persistence, the
Reeb graph is richer in structure than the merge tree. Specifically, we define the functor
Reeb” := myS(h) : R? — Set. Just as for Merge trees, Reeb™ admits a visualization of a
graph; see Fig. 1. In particular, this appealing representation has made Reeb graphs a
popular objects of study in computational geometry and topology, and they have found
many applications in data visualization and exploratory data analysis.

These are all examples of topological invariants arising from a single real-valued function.
There are many settings for which it is more fruitful to combine a collection of real-valued
functions into a single function g : X — R™ [14]. By combining them into a single function
we not only learn how the data looks from the point of view of each function (i.e. a type
of measurement) but how the different functions (measurements) interact. One obvious
way to assign a (algebraic) topological invariant to g is to filter it by sublevel sets. That
is, define ST(g) : R® — Top by S'(g)(t) = {x € X | g(x) < t}. The associated functor
H,S™(g) : R™ — Vec is an example of an n-dimensional persistence module. We saw above
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Figure 1 The height function of the solid shape is of Morse type. The associated Reeb graph,
merge tree, sublevel set barcodes, and interlevel set barcode are shown to the right.

that for n = 1 this functor is completely described by a collection of intervals. This is far
from true for n > 2: there exists no way to describe such functors by interval-like regions in
higher-dimensional Euclidean space. Even the task of parameterizing such (indecomposable)
modules is known to be a hopeless problem (so-called wild representation type) [3].

1.1 The interleaving distance

Different types of distances have been proposed on various types of persistence modules
with values in Vec [26, 24, 17, 12, 5]. Of all these, the interleaving distance is arguably
the most prominent for the following reasons: the theory of interleavings lies at the core
of the theoretical foundations of 1-dimensional persistence, notably through the Isometry
Theorem (Theorem 7). Furthermore, it was shown by Lesnick that when K is a prime field,
the interleaving distance is the most discriminative of all stable metrics on such modules. We
refer to [24] for the precise statement. As we shall see, it is also an immediate consequence
of Theorem 7 that the interleaving distance for 1-dimensional persistence modules can be
computed in polynomial time.

Lesnick’s result generalizes to n-dimensional persistence modules, but the computational
complexity of computing the interleaving distance of such modules remains unknown. An
efficient algorithm to compute the interleaving distance could carry a profound impact on
topological data analysis: the standard pipeline for 1-dimensional persistent homology is to
first compute the barcode and then perform analysis on the collection of intervals. However,
for multi-dimensional persistence there is no way of defining the barcode. With an efficient
algorithm for computing the interleaving distance at hand it would still not be clear how
to analyze the persistence modules individually, but we would have a theoretical optimal
way of comparing them. This in turn could be used in clustering, kernel methods, and other
kinds of data analysis widely applied in the 1-dimensional setting.

Complexity

The purpose of this paper is to determine the computational complexity of computing the
interleaving distance. To make this precise, we need to associate a notion of size to the
persistence modules.

» Definition 1. Let P denote a poset category and M : P — C.
For C = Vec, define the total dimension of M to be dim M =3 _p dim M,,.
For M : Z — Set, define the total cardinality of M to be |M|=3_ _p[Mp|.
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The input size will be the total dimension or the total cardinality and for the the remaining
of the paper we shall always assume that those quantities are finite. The following shows
that there exists an algorithm, polynomial in the input size, which determines whether or
not two P-indexed modules valued in Vec are isomorphic.

» Theorem 2 ([10]). Let P be a finite poset and M, M’ : P — Vec. There exists a
deterministic algorithm which decides if M = M’ in O ((dim M + dim M")°).

This result will be important to us in what ensues because the strongest of interleavings,
the O-interleaving, is by definition a pair of inverse isomorphisms. Furthermore, by choosing
an appropriate basis for each vector space, an isomorphism between M and M’ is nothing
more than a collection of matrices with entries in a finite field. Likewise a J-interleaving will
be nothing more than a collection of matrices over a finite field satisfying certain constraints.
When C = Set the morphisms are specified by collections of functions between finite sets.
Hence, the decision problems considered in this paper are trivially in NP.

Furthermore, it is an immediate property of the Morse type of h, that the modules
considered above are discrete. Intuitively, we say that an R"™-indexed persistence module M
is discrete if there exists a Z™-indexed persistence module containing all the information of
M; see [7]. In practice, persistence modules arising from data will be discrete. Hence, when
it comes to algorithmic questions we shall restrict ourselves to the setting in which P = Z"
or a slight generalization thereof. Importantly, the modules considered in this paper can be
d-interleaved only for § € {0,1,2,...}.

Contributions

The contributions of this paper are summarized in Table 1. Concretely, a cell in Table 1
gives a complexity bound on the decision problem of deciding if two modules of the given
type are d-interleaved. It is an easy consequence of the definition of the interleaving distance
that this is at least as hard as determining the distance itself. The cells with a shaded
background indicate that novel contributions to that complexity bound is provided in this
paper. Recall that we have defined the input size to be n = dim M + dim M’ when the
modules are valued in Vec, and n = | M|+ |M’| when the modules are valued in Set. Observe
that any non-trivial functor M : Z™ — Set must have |M| = co. Hence, when we talk about
interleavings of such functors, we shall assume that they are completely determined by a
restriction to a finite sub-grid. The input size is then the total cardinalities of the restrictions.
We will now give a brief summary of the cells of Table 1.
Z — Vec. [6 > 0] This bound is achieved by first determining the barcodes of the
persistence modules and then using Theorem 7 to obtain the interleaving distance. The
complexity of this is O(FindBarcode + Match) = O(n® + n'%logn) = O(n“) where w
is the matrix multiplication exponent[22]. The details can be found in [7]. In [25], the
complexity is shown to be O(n® + n? log? n) for essentially the same problem, but with a
slightly different input size n.
Z — Set. [0 = 0] Essentially isomorphism of rooted trees; see [7]. [6 > 1] This follows
from arguments in [1].
Z? — Vec. [§ = 0] This is Theorem 2 for P = Z2. [§ > 1] A constrained invertibility
(CI) problem is a triple (P,@,n) where P and @ are subsets of {1,2,...,n}2. We say
that a CI-problem (P, Q,n) is solvable if there exists an invertible n X n matrix M such
that M; ; = 0 for all (4,j) € P and M;;, =0 for all (i',j') € Q. We call (M,M~1) a
solution of (P,Q,n). In Section 4 we show that a Cl-problem is solvable if and only if an
associated pair of Z2-indexed modules is 1-interleaved. Thus, the interleaving problem is
constrained invertibility-hard (CI-hard).
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Table 1 The complexity of checking for é-interleavings between modules M and M’. If the target
category is Vec then n = dim M + dim M’, and if the target category is Set then n = |M| + |M’|.
Here w is the matrix multiplication exponent.

type/d | Z — Vec Z — Set Z? — Vec Z? — Set ZLC Vecy 2z
=0 O(n¥) O(n) O(n®) GI-complete O(nf)
0>1 O(n¥) NP-complete Cl-hard | NP-complete NP-complete

Z? — Set. [6 = 0] Reeb graphs are a particular type of functors Z? — Set and deciding
if two Reeb graphs are isomorphic is graph isomorphism-hard (GI-hard) [20]. In [7] we
strengthen this result by showing that the isomorphism problem for Z? — Set is in fact
GI-complete. This also implies that Reeb graph isomorphism is GI-complete. [0 > 1] This
follows from Z — Set.

7L - Vecyz7. For two sets L and C, define Z'~C to be the poset generated by
the following disjoint union of posets Z*7¢ := | |,c; ..o Z with the added relation
(I,t) < (¢, t) for every l € L, ¢ € C and t > 3. This poset is a mild generalization of a
disjoint union of Z’s. [§ = 0] Immediate from Theorem 2. [6 > 1] Follows from a reduction
from 3-SAT;; see Section 3. This shows that computing the generalized interleaving distance
of [12] for Vec-valued persistence modules is NP-complete in general.

2 Preliminaries

For P a poset and C an arbitrary category, M : P — C a functor, and a,b € P, let M, = M (a),
and let ¢ (a,b) : M, — M, denote the morphism M (a < b).

2.1 Interleavings

In this section we review the theory of interleavings for Z™-indexed modules. For a treatment
of the R™-indexed setting see [24]. For a discussion on interleavings over arbitrary posets see
[12].

For u € Z"™, define the u-shift functor (—)(u) : CZ" — C%" on objects by M(u)q = My 1a,
together with the obvious internal morphisms, and on morphisms f: M — N by f(u), =
flu+a): M(u)g = N(u)q. For u e {0,1,...}", let o% : M — M(u) be the morphism
whose restriction to each M, is the linear map ¢pr(a,a 4+ u). For 6 € {0,1,2...} we will
abuse notation slightly by letting (—)(8) denote the &(1,...,1)-shift functor, and letting ¢9,

denote cp?v(jl"" 1).

» Definition 3. Given ¢ € {0,1,...}, a d-interleaving between M, N : Z™ — C is a pair of
morphisms f: M — N(8) and g : N — M (§) such that g(§) o f = ¢33 and f(5) o g = ¢%.

We call f and g d-interleaving morphisms. If there exists a d-interleaving between M and N,
we say M and N are é-interleaved. The interleaving distance dy : Ob(CZ")xOb(C%") — [0, 00
is given by d;(M,N) = min{d € {0,1,...} | M and N are d-interleaved}. Here we set
dr(M,N) = oo if there does not exist a d-interleaving for any 4.

13:5
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L[] L] ] ] L[] L] ] L] L] L]
e O o o o e O O O e e ]\/[L A[H-l JWH_Q s
R D
* oo * oo & N; Nija Nijo e
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(a) An interval. (b) Not an interval.  (c) A l-interleaving.

Figure 2 (a) is an interval in Z? whereas (b) is not. (c) The persistence modules M and N are
1l-interleaved if and only if there exist diagonal morphisms such that the diagram in (c) commutes.

2.2 Interval modules and the Isometry Theorem

Let C = Vec. An interval of a poset P is a subset J C P such that

1. J is non-empty.

2. Ifa,ce Janda<b<c, thenbe J.

3. [connectivity] For any a,c € J, there is a sequence a = by, by, ..., b = c of elements of J
with b; and b;41 comparable for 0 <¢ <[ —1.

We refer to a collection of intervals in P as a barcode (over P).

» Definition 4. For J an interval in P, the interval module IV is the P-indexed module
such that

idg fa<bel,

0 otherwise.

17 =

0  otherwise.

K if
{ Hacd, @Ij(aab):{

We say a persistence module M is decomposable if it can be written as M =V @ W for
non-trivial persistence modules V' and W'; otherwise, we say that M is indecomposable.

A P-indexed module M is interval decomposable if there exists a collection B(M) of
intervals in P such that M = @ ;cpup I7. We call B(M) the barcode of M. This is
well-defined by the Azumaya—Krull-Remak—Schmidt theorem [2].

» Theorem 5 (Structure of 1-D Modules [19, 27]). Suppose M : P — Vec for P € {R,Z}
and dim M, < oo for all p € P. Then M is interval decomposable.

» Remark. Such a decomposition theorem exists only for very special choices of P. Two
other scenarios appearing in applications are zigzags [8, 15] and exact bimodules [18]. The
latter is a specific type of R2-indexed persistence modules.

» Corollary 6. Let P = | |, \ Z be the poset given as a disjoint union of Z’s (i.e. elements
in different components are incomparable). If M : P — Vec satisfies dim M,, < oo for all
p € P, then M 1is interval decomposable.

Proof. Apply Theorem 5 to each of the components of P independently. This gives B(M) =
Lliea B(M|(i,z))- <

At the very core of topological data analysis are the isometry theorems. They say that for
certain choices of interval decomposable modules, the interleaving distance coincides with a
completely combinatorial distance on their associated barcodes. This combinatorial distance
dp is called the bottleneck distance and is defined in [7]. Importantly, for any two barcodes,
if the interleaving distance between each pair of interval modules in the barcodes is known,
the associated bottleneck distance can be computed by solving a bipartite matching problem.
This, in turn, implies that the interleaving distance can be efficiently computed whenever an
isometry theorem holds. See [7] for an example.
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» Theorem 7 (Isometry Theorem [24, 17, 4, 6]). Suppose M, N : Z — Vec satisfy dim M; < co
and dim N; < oo for alli € Z. Then d;(M,N) = dg(B(M),B(N)).

» Remark. Continuing on the remark to Theorem 5. An isometry theorem also holds
for zigzags and exact bimodules [9, 6]. Although there might be other classes of interval

decomposable modules for which an isometry theorem holds, the result is not true in general.

See [7] for an example of interval decomposable modules in Z? for which 2d;(M,N) =
dp(B(M),B(N)), and see [9] for a general conjecture. This shows that a matching of the
barcodes will not determine the interleaving distance even in the case of very well-behaved
modules.

3 NP-completeness

—C

In this section we shall prove that it is NP-hard to decide if two modules M, N € VecZ”
are l-interleaved. Recall that for two sets L and C, we define Z*~ to be the disjoint union
|_|l€L’C€C Z with the added relations (I,t) < (c,t) for alll € L,c € C, and t > 3. Define
the u-shift functor (—)(u) : CcZ"7° 502" on objects by M (u) sy = M(p,t+4u), together
with the obvious internal morphisms, and on morphisms f: M — N by f(u)p.e) = fpt4u)
M (u)p,ey = N(u)p,)- That is, the shift functor simply acts on each of the components
independently. With the shift-functor defined, we define a é-interleaving of Z*C-indexed
modules precisely as in Section 2.1. Thus, we see that a d-interleaving is simply a collection
of d-interleavings over each disjoint component of Z which satisfy the added relations. Indeed,
a l-interleaving is equivalent to the existence of dashed morphisms in the following diagram
foralll € L and c € C:

We saw in Theorem 6 that M : Z'>% — Vec is interval decomposable. By applying
Theorem 7 to each disjoint component independently, the following is easy to show. Here
the bottleneck distance is generalized in the obvious way, i.e. matching each component
independently.

» Corollary 8 (Isometry Theorem for Disjoint Unions). Let L be any set, and M, N : ZF=% —
Vec such that dim M, < oo and dim N, < oo for all p € Z¥?. Then d;(M,N) =
dp(B(M),B(N)).

13:7
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In particular, the interleaving distance between M and N can be effectively computed
through a bipartite matching. As we shall see, this is not true for C' # ). The remainder of
this section is devoted to proving the following theorem:

» Theorem 9. Unless P=NP, there exists no algorithm, polynomial in n = dim M + dim N,
which decides if M, N : Z*7¢ — Vecyyz are 1-interleaved.

3.1 The proof

We shall prove Theorem 9 by a reduction from 3-SAT. Let ¢ be a boolean formula in 3-CNF
defined on literals L = {1, 22, ..., 2y, } and clauses C' = {¢1, ca, ..., ¢y, . We shall assume
that the literals of each clause are distinct and ordered. That is, the clause ¢; is specified by
the three distinct literals {x;,, ;,, z;, } wherein 41 < i < i3. Determining if ¢ is satisfiable
is well-known to be NP-complete. For the entirety of the proof K = Z/2Z.

Step 1: Defining the representations. Associate to 1 two functors M, N : ZL~¢ —
Vecy 97 in the following way: For all literals x; € L define

Mz, 1) — M, 2) — Mo, 3 — Mg,y =K — K —— K —— K

Nz 1y = N,y — Niays) — Ngyy =K —— K K* 0
and for every clause ¢; in 1 define

M(ci,l) e M(ci,2) e M(Ci73) e M(Ci74) =0 K ! K ! K

Neeiyy = Neei2) = Neeig) — Ny =0 K® —— K° 0

For any other p € ZL2Y M, = N, = 0. Next we specify the remaining non-trivial
morphisms: let ¢; = z;, V 2, V 2, be a clause in 1, where 25, = x; or z; = —z;,, and for
which i < iy < i3. For s = 1,2,3 define Hy : K2 — K3 by e; — u - es and ea — (1 —u) - e,
where u = 11if z;, = x;, and v =0 if z;, = —x;,. Here eq is the d-th standard basis vector of
K3. Given this we define the following for s = 1,2, 3:

1

M, 4y —— M, a) = K——K
T T 1 1
M(xis,3) —_— M(Ci73) = K 41> K

and
New,8) — Niewsy = K2 = K2,

Clearly dim M + dim N = O(n. + n;). Thus, the total dimension is polynomial in the input
size of 3-SAT.

Step 2: Showing the reduction. Observe that M and N are l-interleaved if and only if
there exist dashed morphisms such that the below diagram is commutative for every literal
x;, and for every clause ¢; containing x;,:
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M, 1) =K K= N@,, 1) Mic,;1y =0 0= N,

We shall see there are few degrees of freedom in the choice of interleaving morphisms. Indeed,
consider the left part of the above diagram:

K1+ K-‘13K-—21T3sK-—-150
X X XK
K—53K-—— K2 0 0

1 (D)

M 0

0

We leave it to the reader to verify that if M and N are l-interleaved, then all the solid
diagonal morphisms in the above diagram are completely determined by commutativity. For
the dashed morphism (g, ,p-z; ) : K? — K there are two choices: by commutativity it
must satisfy (g, , -z, ) - (1;1) = 1 and thus g, + ¢-s,, = 1. As K= Z/2Z, this implies
that precisely one of ¢,, and -, is multiplication by 1. This corresponds to a choice
of truth value for z; : ¢,, =1 <= z;, = True and ¢, =1 <= z;, = False. Next,
consider the right part of 1:

K—1+K 13K 0
LT /7(
Ay \\( ><
K3 —— K3 0 0

There are three non-trivial morphisms, out of which two are equal by commutativity. Let
Zi K — K3 and Z3 : K3 — K denote the two unspecified morphisms. Returning to (1), we
see that Z} must satisfy the following for s € {1,2,3}:

M 0

N 0

K—— K

N Zi

N
N
N

.

N

(@wisyﬂo—*wis .
K2 —— K3

Thus, Z4 restricted to its s-th component equals either $Px;, O Pz, , depending on whether
x;, or its negation —x;_ appears in the clause ¢;. This implies that Z& is given by

Z5 = [0z, Pry Pz,
Hence, if M and N are to be 1-interleaved, then there are no degrees of freedom in choosing
Zj after the ¢,, are specified. However, Z{ only needs to satisfy Z§ o Z} = 1. As this is the
sole restriction imposed on Z%, we see that this can be satisfied if and only if Z% # 0, which
is true if and only if z;, = True for at least one s € {1,2,3}.

13:9
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» Theorem 10. Let 1) be a boolean formula as above. Then 1) is satisfiable if and only if the
associated persistence modules M, N : Z-=C — vec are 1-interleaved.

Proof. Summarizing the above: we have that M and N are l-interleaved if and only if we
can choose morphisms (¢, , -z, ) such that Z4 # 0 for all clauses ¢;. This means precisely
that we can choose truth values for each z;, such that every clause ¢; = z;, V z;, V 2,
evaluates to true. This shows that a l-interleaving implies that 1 is satisfiable. Conversely,
if ¢ is satisfiable, then we see that the morphisms defined by ¢, =1 <= x;, = True
and -, =1 <= x; = False satisfy Zi # 0 for every clause ¢;. Thus, M and N are
1-interleaved. <

» Remark. Let i : P < Q be an inclusion of posets and M : P — Vec. There are multiple
functorial ways of extending M to a representation E(M) : Q — Vec, e.g. by means of
left or right Kan extensions. This is a key ingredient in one of the more recent proofs of
Theorem 7; see [11] for details. However, if we impose the condition that E(M) o4 = M then
such an extension need not exist. Indeed, Theorem 10 implies that the associated decision
problem is NP-complete.

4 Interleavings of multidimensional persistence modules

Recall that a constrained invertibility (CI) problem is a triple (P, @, n) where P and @ are
subsets of {1,2,...,n}?, and that a Cl-problem is solvable if there exists an invertible n x n
matrix M such that M; ;y = 0 for all (4,5) € P and M(,_i,ljj,) =0 for all (¢/,5’) € Q. We shall
show that a Cl-problem is solvable if and only if a pair of associated persistence modules
Z? — Vec is l-interleaved. Hence, if deciding solvability is NP-hard, then so is computing
the interleaving distance for multidimensional persistence modules.

» Example 11. Let P = {(2,2),(3,3)},Q = {(2,3),(3,2)} C {1,2,3}2. Then (P,Q,3) is
solvable by

11 1 -1 1 1
M=1|10 1|, M'=]1 -1 o0
1 10 1 0 -1

» Example 12. Let P = {(1,1),(1,3)},Q = {(2,1)} € {1,2,3}2. Then (P,Q,3) is not
solvable, as (MN)(LI) = 0 for all 3 x 3-matrices M, N with M(l,l) = M(1)3) = N(2,1) =0.
Note that it matters that we view P and @ as subsets of {1,2,3}? and not of {1,...,n}? for
some n > 3, in which case (P, Q) would be solvable.

» Example 13. Observe that a CI-problem (P, ), n) reduces to a bipartite matching problem.
Build a graph G on 2n vertices {v1, ..., Un, U1, .., Uy, } With an edge from v; to u; if (3, j) ¢ P.
Then the Cl-problem is solvable if and only if there exists a perfect matching of G.

A ClI-problem can be seen as a problem of choosing weights for the edges in a directed
simple graph: Given (P,Q,n), let G be the bipartite directed simple graph with vertices
{ui, ..., up,v1,...,v,}, an edge from u; to v; if (4,5) ¢ P, and an edge from v; to u; if
(4,i) ¢ Q. Solving (P,Q,n) is then equivalent to weighting the edges in G with elements
from K so that

n

Zw(ui,vj)w(vj,ui) =1

j=1
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for all 4, and

n

Z w(ug, vj)w(vj, ug) =0

j=1

for all i # ¢/, where w(u,v) is the weight of the edge from u to v if there is one, and 0 if not.
If the weights are elements of Z/2Z, this is equivalent to picking a subset of the edges such
that there is an odd number of paths of length two from any vertex to itself and an even
number of paths of length two from any vertex to any other vertex.

Fix a CI-problem (P,Q,n) and let m = |P| + |Q]. We
will construct Z2-indexed modules M and N that are 1-
interleaved if and only if (P, @, n) is solvable, and that are
zero outside a grid of size (2m + 3) x (2m + 3) in Z2. The
dimension of each vector space M(q ) or N(q,p) is bounded
by n, so the total dimensions of M and N are polynomial

S N W ks o

: Ty
in n.
ForpeZ? let (p) ={q€Z?|p<q<(2m+2,2m+ .
2)}. Let W be the interval |J;-,((2m — 2k, 2k)), and for 1
i€{1,2,...,m}, let x; = (2m — 2i + 1,2i — 1); see Fig. 3. 0123456
Wiite P = {(pr,q1),---(priar)} and Q@ = Figure 3 The interval W for

{(Pr+1:¢041), -+ (P gm)}. We define M = @, % m = 2 along with 1 = (3,1) and
and N = @:L:l 17, where Z; and J; are constructed as z2 = (1,3).

follows: let Z = J0 = W for all i. For k= 1,2,...,r, let

oo [T 0@ ), ifi=p N if i = g
T U ), if i # pj, P T U ), i i e

and for k=r+1,...,m, let

Tk Izkila if i = qi Tk = \Z’kilu@k—(l»l»a if i =py

! If_1U<l‘k>, if 1 £ q ! Zk_l U(mk>, if 7 £ py
and let Z; = 7" and J; = J;™. This way, we ensure that there is no nonzero morphism from
I*i to I9i(1) when (i,5) € P, and no nonzero morphism from I to I7i(1) when (j,7) € Q.
In all other cases, there exist nonzero morphisms.

» Lemma 14. Suppose (i,j) ¢ P. Then there is an isomorphism Hom(I':, [7i(1)) 2 K. In
particular, any morphism f € Hom(I%:, I95(1)) is completely determined by Jem+1,2myn): if

Ip is nonzero, then f, = fom+1,2m+1)-
The same holds if (j,4) ¢ @ instead of (i,j) ¢ P, and Z; and J; are interchanged. As f, is a

K-endomorphism, this implies that any f can be identified with an element of K.

Proof. Let f : I% — I7i(1) be nonzero. If p ¢ Z; or p £ (2m + 1,2m + 1), f, = 0. For
(2m+1,2m+1) > p € Z;, we have p+ (1,1) € J; by construction and the fact that (¢, ) ¢ P,
so @7, (p+ (1,1), (2m + 2,2m + 2)) is nonzero and hence the identity. We get

fp = 90[‘7;'(1)(177 (2m +1,2m + 1)) o fp
= fem+1,2m+1) © 21z (P, 2m +1,2m + 1)) = fam41,2m+1)- <

13:11
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Describing a morphism from M = @], I% to N(1) = D_, I7i(1) is the same as describing
morphisms from IZi to I7i(1) for all i and j2. We have just proved that these can be
identified with elements of K, so we conclude that any f: M — N(1) is uniquely defined
by an n x n-matrix Ay where the entry (i,7) is the element in K corresponding to the
morphism % — [7i(1) given by f. Note that we get the same result by writing femem) =
Jem+1,2m+1) : K* — K" as a matrix, where each copy of K in the domain and codomain
comes from one of the interval modules IZ¢ or 177 (1), respectively.

If we also have a morphism g : N — M (1), we can define a matrix A, symmetrically, and
similarly Ay i8 g2m.2m) = 9@m+1,2m+1) : K* = K" in matrix form.

» Theorem 15. With f and g as above, (f,g) is a 1-interleaving if and only if Ay and A,
are inverse matrices.

Proof. Suppose (f, g) is a 1-interleaving. The internal morphism s ((2m, 2m), (2m+2,2m+
2)) is the identity on K", and is by definition of interleaving the same as

9(1)(2m,2m) © f(2m,2m) = 9(2m+1,2m+1) ° f(2m,2m) = AgAf~

Thus A4 Ay is the identity matrix, and so Ay and A, are inverses of each other, as both are
n X n-matrices.

Suppose Ay and A, are inverse matrices. We must check that at every point p € Z2,
om(p,p+ (2,2)) = g(1)po fp. I p £ (2m,2m) or M(p) = 0, both sides are zero. If
p < (2m,2m) and M (p) # 0,

9(Wpo fp=0pmp+(2,2), 2m+2,2m +2)) o g(1), o fp,

since opr(p + (2,2), (2m + 2,2m + 2)) must be the identity by construction of M and the
fact that M (p) # 0. This is equal to

om(p+(2,2),(2m+2,2m + 2)) o Ip+(1,1) © fp

= gem+12m+1) o NP+ (1,1),(2m + 1,2m + 1)) o f,,

= g(2m+1,2m+1) © fam,2m) © ©r (P, (2m, 2m))

= AgAs oo (p, (2m,2m)) = o (p, (2m,2m)) = o (p,p + (2,2)). <

We have proved that defining morphisms f: M — N(1) and g : N — M (1) is the same as
choosing n x n-matrices Ay and A, such that the entries corresponding to the elements of
P and @ are zero, and that (f, g) is a l-interleaving if and only if Ay and A, are inverse
matrices. Thus M and N are l-interleaved if and only if the CI-problem (P, @, n) is solvable.
We constructed M and N by setting all the interval modules comprising M and N equal
to IV, then modifying them in m steps each, where the complexity of each step is clearly
polynomial in n. Thus the complexity of constructing M and N is polynomial in n, and
so are the total dimensions of M and N. Taking n? as the input complexity of solving a
Cl-problem (P, Q,n), we have proved a reduction implying the following theorem:

» Theorem 16. Determining the interleaving distance for modules Z? — Vec is Cl-hard.

» Remark. We give an example in [7] of a CI-problem whose associated matrices M and
N satisfy dj(M,N) = 1 and dg(B(M),B(N)) = 2. This shows that it is not enough to
find the bottleneck distance of the barcodes of M and N to decide whether M and N are
l-interleaved and thus whether the CI-problem is solvable. In fact, recent work shows that
dp can be efficiently computed [21].

2 HOHl(@iMi,@ij) =@, @D Hom(Mi,Nj)‘
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We end this paper with the somewhat surprising observation that the interleaving
distance of the above interval decomposable modules depends the characteristic char(K) of
the underlying field K. That is, let M, N : Z?> — Veck, M', N’ : Z? — Vecg/, K # K/, and
for which B(M) = B(M') and B(N) = B(N’). Clearly, any matching distance d would satisfy
d(B(M),B(N)) = d(B(M"), B(N")), but it is not always true that d;(M,N) = d;(M', N").

For a fixed n > 2, let Q = {(2,2),...,(n+2,n+2)} and P = {(1,1)}U{2,...,n+2}%\Q.
Then the Cl-problem (P, @, n + 2) is solvable if and only if the characteristic of K divides n.
We will only prove this for n = 2 for clarity, but the argument easily generalizes to all n.

Assume that (M, M~1) is a solution to (P, Q,4):

o o4 O
S O v
O v O v
v O O N

3

—

|
EUREEC RSN
o O QL
DO YO
O V0 =

Here we have put the entries corresponding to the elements of P and @ equal to 0, and
left the rest as unknown. The entries we will use in the calculations that follow are labeled
a,b,c,d, e, f. We see that (MM_l)(g’g) = ad, (MM_l)(g’g) = be, (MM_l)(4,4) = cf, that
is, ad = be = ¢f = 1. At the same time, (M ~'M) 1) = ad+be+cf, so we get 1 =14+1+1,
or 2 = 0. Thus char(K) = 2, and in this case we can put all the unknowns in M and M !
above equal to 1 to obtain a solution. (For n > 2, we put the nonzero elements on the
diagonal of M equal to —1.)

Our motivation for introducing CI-problems was working towards determining the com-
putational complexity of calculating the interleaving distance. While the last examples
say little about complexity, they illustrate the underlying philosophy of our approach: By
considering CI-problems, we can avoid the confusing geometric aspects of persistence modules
and interleavings. E.g., in the case above, working with persistence modules over a 23 x 23
size grid is reduced to looking at a pair of 4 x 4-matrices.

5 Discussion

The problem of determining the computational complexity of computing the interleaving
distance for multidimensional persistence modules (valued in Vec) was first brought up in
Lesnick’s thesis [23]. Although it has been an important open question for several years, a
non-trivial lower bound on the complexity class has not yet been given. In light of Theorem 2,
one might hope that tools from computational algebra can be efficiently extended to the
setting of interleavings. Theorem 9 is an argument against this, as it shows that the problem
of computing the interleaving distance is NP-hard in general. This leads us to conjecture
that the problem of computing the interleaving distance for multidimensional persistence
modules is also NP-hard. Unfortunately, writing down the conditions for an interleaving
becomes intractable already for small grids. To make the decision problem more accessible
to researchers in other fields of mathematics and computer science, we have shown that the
problem is at least as hard as an easy to state matrix invertibility problem. We speculate
that this problem is also NP-hard. If that is not the case, then an algorithm would provide
valuable insight into the interleaving problem for interval decomposable modules.
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