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Abstract. A two-dimensional model of the plasma- 
sphere has been developed to study the temporal 
evolution of plasma density in the equatorial plane of 
the magnetosphere. This model includes the supply and 
loss of hydrogen ions due to ionosphere-magneto- 
sphere coupling as well as the effects of E x B convec- 
tion. A parametric model describing the required coup- 
ling fluxes has been developed which utilizes empirical 
models of the neutral atmosphere, the ionosphere and 
the saturated plasmasphere. The plasmaspheric model 
has been used to examine the time it takes for the 
plasmasphere to refill after it has been depleted by a 
magnetic storm. The time it takes for the plasmasphere 
to reach 90% of its equilibrium level ranges from 3 
days at L = 3 during solar minimum to as high as 100 
days at L = 5 during solar maximum. Refilling is also 
dependent on the month of the year, with refilling 
requiring a longer period of time at solar maximum 
during June than during December for L > 3.2. 

1. Introduction 

The plasmasphere and, in particular, the shape of the 
plasmapause in the equatorial plane of the magnetosphere 
has been investigated by numerous workers (e.g. Carp- 
enter, 1966; Binsack. 1967 : Taylor et ~1.. 1968 ; Chappell, 
1972: Maynard and Grebowsky, 1977). In general, these 
studies indicate a bulge in the evening sector location of 
the plasmapause and a decrease in plasmapause radius L 
with increasing geomagnetic activity. In addition to this 
general morphology, detailed structures in plasma density 
have also been found. Chappell (1974) noted the for- 
mation of detached regions of high-density plasma, while 
Ho and Carpenter (1976) suggested that these regions 
may actually be plasmaspheric tails or streamers which 
remain connected to the main body of the plasmasphere. 

Plasmaspheric densities and the formation of the 
plasmapause are influenced by two primary effects : (1) a 
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relatively uniform plasma source (the ionosphere) and (2) 
plasma transport which affects both the volume of a flux 
tube element and the amount of time a flux tube remains 
connected to the ionosphere before venting to inter- 
planetary space. Hydrodynamic models of these processes 
have historically solved for plasma density, flow velocity 
and energy along a magnetic flux tube (e.g. Richards and 
Torr, 1985 ; Moffett et al.. 1989). These one-dimensional 
models can be used to follow the motion of several flux 
tubes, starting at varying initial L-values, in order to create 
a three-dimensional picture of the plasmasphere (Ras- 
mussen and Schunk, 1990). However, this is not often 
done, as studies of this type require a significant amount of 
computer resources. For instance, because of the relatively 
long time scales for plasmasphere refilling, we have found 
that several hours of supercomputer time can be required 
just to reach equilibrium at a single L-shell. 

For some types of plasmaspheric studies, including 
those considering plasmapause formation and the detach- 
ment of plasmaspheric tails, complete information along 
a flux tube is not required. Considerable simplification can 
be made by integrating the continuity equation along a 
flux tube from ionosphere to conjugate ionosphere. In this 
manner, a conservation equation for the total content of 
a flux tube can be obtained. This method for modeling the 
transport of thermal plasma in the equatorial plane of the 
magnetosphere was pioneered several years ago by Chen 
and Wolf (1972). but has largely been ignored since that 
time. 

A total tube content model for the plasmasphere is 
particularly useful in studying the changes in plasma- 
spheric density brought about by variations in magneto- 
spheric convection. For instance, as plasma is advected 
away from the Earth in the afternoon sector of the 
magnetosphere, the volume of a flux tube increases, and 
this brings about a corresponding decrease in plasma den- 
sity. In many instances, the convection electric field causes 
a more rapid variation in density than does any other 
process. Time scales for advective changes in density can 
be of the order of 1 h or less. This compares to time scales 
for refilling which are of the order of a few days or longer. 

Fluxes of particles entering (or leaving) the plasma- 
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dipole coordinate system), Equation (I) was originally 
given by Chen and Wolf (1972) and enpficitfy states that 
the total content of a Aux tube is constant, except for the 
contribution of fluxes .I$., and & (positive upward) which 
leak in or out of the tube at the northern and southern 
ionospheres, respectively. 

Expressing the convection velocity as : 

sphere from conjugate ionospheres are the only way in 
which the total tube content can change, The maximum 
Rux of plasma ~~weI~~~g from conjugate ~o~~s~~er~s 
occurs when the ~~asm~sphere is empty. These fluxes are 
relatively well understood, and analytical approximations 
for them have been developed (e.g. Richards and Torr, 
1385). However, as the flux tube reaches saturation, these 
maximum fluxes are greatly reduced. Thus, in order to 
completely specify a total tube content model, a knowI- 
edge of ionospheric-magnetosphere Goupfing fluxes is 
required. One of the principal motivations for this study 
has been to find a way to parameteri2e the ~oupiing fluxes 
in order to reduce the significant computer costs of a first- 
principles model of the Auxes. 

fn this brief note we consider the two-d~rn~~s~o~a~ 
model of Chen and Wolf (3972) and suggest various 
improvements. Tn particular, a parametric model speck- 
fying the required ionosphere-magnetosphere fluxes is 
given. This is done in the next section, where we also 
examine the theoretical basis for the model and compare 
it with a complete field-line model in order to det~~~n~ 
the retatise accuracy of the total tube content model. We 
then use the model to make comparisons with measure- 
ments ~fplasmaspher~ regluing during periods of low mag- 
netic activity. We also model the dependence of refilling 
rates on L-shelf, on solar activity and on the month of the 
year. 

2. Theory 

Tn this section, the theoretical foundation of the two- 
dimensionaf model of the pfasmasphere is given. The 
dominant mechanism for the production and loss 
of thetas H” is the charge exchange reaction, 
O+ + H z$ H+ + 0. This reaction occurs primarily in the 
ionosphere and, thus, local production and loss of H+ in 
the ~~asrna~~here is negligibfe in comparison with the 
transport of ions to and from the ionosphere along field 
fines. Thus, an equation describing the conservation of 
the total number of ions in a flux tube can be derived by 
integrating the continuity equation along a field line and 
assuming that i?B/$r = 0. The conservation equation is : 

where : 

is total ion cuntent per unit magnetic Aux, rz is H+ density, 
t is time and uI is the drift velocity perpendicular to the 
magnetic field. Bi is the magnetic field at the conjugate 
ionospheres and is inversely proportional to the cross- 
sectional area of a flux tube at the ionosphere. A dipole 
system is assumed with curvilinear coordinates (4, 4, s)~ 
where 4 is azimuthal angie, s is aligned with the magnetic 
field and y is perpendiG~]ar to the other two coordinates 
and directed toward the Earth ; h, is the scale factor for s 
(see Appendix for a more complete description of the 

we obtain : 

i?N dL aN d@ &’ I$+& 

Pbi-aL+“;i;dtj,=B,’ (4) 

where & and h, are coordinate scale factors, $ and k+ 
are unit vectors and L is the McIlwain parameter (see 
Appendix for further details). Note that it has been 
assumed that dL/dt and d4/dt are independent of s. 

Total tube content N is not particularly useful if model 
resufts are to be compared with satellite data. Therefore, 
an average density : 

is defined, Finally, an equation for the evolution of aver- 
age plasma density in a flux tube is obtained from equation 

(4) : 

where : 

(7) 

is the volume per unit magnetic flux of a tube of plasma, 
To obtain equation (6)” it has been assumed that B is 
independent of time and azimuthal angle 4. A question 
arises as to the relationship between the average density 
ti and the plasma density, neq. near the equatorial plane 
of the magnetosphere. We show below that n^ = n% to a 
close a~prox~rnat~~~ under most ~~r~urnsta~~es, Thus, it 
is suggested that equation (6) can be used effectively to 
model p~asmaspheric density in the equatorial plane as 
long as ionospheric fluxes supplying the p~asmasphere are 
known or can be approximated. 

Because the tube content model does not solve for density 
variations along a field line, an important question to 
consider is how well piasma densities at the equator are 
ap~ro~~rnat~d by the average density @. Since the voiume 
of a flux tube is dominated by contributions near the 
equatorial plane (here the magnetic field is lower and, 
consequently, the flux tube area is largest), a logical 
assumption is that 5 2: nerl= fn this section we derive a 
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hydrostatic equilibrium solution which pertains to dipole 
field lines in order to consider this question. 

Neglecting collisions, the momentum equation for 
plasma E x B convecting in a strong magnetic field is : 
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either of the ions H” or O+, or for the electrons n,. as 
long as correct parameters such as the constituent charge 
and mass are chosen. Assuming charge neutrality, 
n, = n(H+) +n(O+), neglecting the contribution of elec- 
tron mass, and considering only altitudes high enough SO 
that exp(-IS++{) <<Lo+/LH+ (roughly above 3000 
km). it can be shown that plasmaspheric densities follow : 

where p, and p,. are the parallel and perpendicular com- 
ponents of the pressure tensor. e/m is the charge to mass 
ratio. E,, is the ambipolar electric field, and g is the accel- 
eration due to gravity (Gombosi and Rasmussen, 1991). 
The last term in equation (8) is an inertia1 force due to 
E x B drifts. In a dipole coordinate system this term is : 

“, - i e,, = -3rsinx 

where 0 is colatitude and x is the inclination angle of the 
magnetic field from the horizontal (see Appendix). 

An equilibrium solution can be found to equation (8) 
by assuming that the parallel velocity u is small compared 
to the ion thermal speed. Defining : 

r- 
‘--- 

and : 

A = s ’ (pi, -PL) FBdr ,,,, prB ss , ’ 

(11) 

(121 

where K is Boltzmann’s constant, it can be shown that : 

(13) 

where s0 is chosen in the region where H’ is in chemical 
equilibrium. The equilibrium value for H+ is : 

n,,(H+ ) = rz,,(O+ ) if:, (14) 
hi+ 

where L o+ = 2.5 x IO- ‘I Td ‘n(H) is the Of loss rate, 
L H’ = 1.3x IO-” T,’ -‘n(O) is the H’ loss rate. both at 
s = So,. and T,, and T, are the neutral and ion temperatures. 
respectively. 

Equation (13) describes the equilibrium solution for 

xe -urn,,, ’ e”“t &’ -u)Ac, ( 

the parameter = ~,~,(~)~[~~i,(~)+ is 
assumed be independent S. In (I5), the 

e denotes quantities while i 
denotes quantities. The taken above simi- 
lar that of et al. except that (15) 
correctly into account anisotropies. Note 

if the electron and temperatures are 
equal, then 2 l/2 saturated plasma- 

densities are to : 

f 
~. 

~,a, rc n,(O+ )&%ILH’ ‘v notO+ )~/~~(H)~~~(O). 

(16) 

An analytical solution for the variation of plasma den- 
sity along a dipole field line can be obtained from equation 
(15) if temperatures are constant and isotropic and inertia1 
forces in equation (IO) are neglected : 

(17) 

where I?,, is the equatorial density (at 19 = n/l?). 
H,, = K(T,+ T,):‘rm~~ and go is the acceleration of gravity 
at Earth’s surface. Equation (17) is the standard hydro- 
static density distribution (e.g. Rishbeth and Garriott, 
1969). except that it is solved for a dipole field geometry. 
Although equation (17) may seem like a considerable 
oversimplification. it is often a very good approximation 
to the variation of plasmaspheric density along the field 
line. For instance, in Fig. I. the hydrostatic distribution 
(solid CWW) is compared with a numerical solution 

0 ,,,),“‘,,““,“‘,I”‘- -60 -40 -20 0 20 40 60 

LATITUDE (deg) 

Fig. 1. A comparison of the hydrostatic equilibrium solution 
(solid mrr-r) to a time”dependent numerical solution for refilling 
conditions. H + density and temperature in the hydrostatic solu- 

tion [equation (17)] were matched to the numerical solution at 
the equator 
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levels at the plasmaspheric equator, corresponding to the 
Northern (N) and Southern (S) Hemispheres, respec- 
tively. Equation (18) is similar to an equation derived by 
Krinberg and Tashchilin (1982). except that it can account 
for seasonal asymmetries and interhemispheric flows. 
Hemispheric saturation levels can be obtained from equa- 
tion (15), or approximated from empirical models [such 
as the one recently developed from ISEE and whistler 
data (Carpenter and Anderson, 1992)]. 

Time scales : 

Fig. 2. The percentage error made by replacing the equator 
density neq with the average density ?i. The error is given as 
a function of L-shell for two different temperatures TP = 
(T,+ T,)/? 

(dashed cume) for similar conditions (constant and iso- 
tropic temperatures). Even for highly nonequilibrium con- 
ditions with shocked refilling flows, the hydrostatic dis- 
tribution compares very favorably with the, numerical 
solution in the equatorial region between -40’ and 40 
latitude. 

We are interested in the ratio rz,,iri. which is obtained 
by numerically integrating equation (I 7) along a field line 
to obtain the average density ii. The error, I -n,,/ti, is 
shown in Fig. 2 as a function of L for two temperature 
values. It is seen that fi is very nearly equal to ?z,~. with a 
maximum error of less than 10%. It should be noted, 
however, that during the early stages of refilling there may 
be a larger discrepancy between ri and IZ,~, particularly if 
shocked flow occurs (see Fig. I ) or if velocity distributions 
deviate significantly from a Maxwellian. Singh (I 991) has 
used a refilling model which includes anisotropic tem- 
peratures to show that shocked flow and temperature 
anisotropies disappear within 5 h after flux tubes become 
severely depleted. Thus, during most of the time that 
refilling occurs. average tube content can be safely com- 
pared with measurements in the vicinity of the equatorial 
plane of the magnetosphere. It is onI> during the very 
early stages of refilling that density dtstributions along 
field lines deviate significantly from hydrostatic solutions 
of the form described by equation (17). 

The total tube content model is simply a statement that 
the number of ions in a flux tube remains constant. except 
for ions which enter or leave the tube at the ionospheric 
boundaries. Thus. much of the physics in the model lies 
in specifying the required ionospheric fluxes. One simple 
approximation is to assume that equilibrium densities are 
approached at a rate which depends on the variation from 
equilibrium and a time scale T. i.e. : 

!?I” = ,>L s “> (L~4”‘;‘!(L4 I (18) 

where II,, and ns are hemispheric equilibrium or saturation 

(19) 

are obtained from equation (18) by assuming that the flux 
tube is completely empty (ii = 0) ; it is at this time when 
the upgoing ionospheric fluxes are at a maximum. These 
limiting fluxes are approximated by the analytical formula 
of Richards and Torr (1985) : 

fi = Lo+n(O+)H(O+). (20) 

where H(O+) is the oxygen ion scale height. The par- 
ameters in equation (20) should be calculated at the height 
z0 where diffusion and loss terms in the continuity equa- 
tion are equal. See Appendix B of Richards and Torr 
(1985) for a derivation of this height. Note that the con- 
stant 2x 10 ” in their formula (B9). should instead be 
7.5 x IO” (P. G. Richards, privatecommunication, 1992). 
Neutral temperatures and densities required to calculate 
z0 and the limiting fluxes are obtained from the MSIS-86 
(Hedin, 1987) empirical model. The international ref- 
erence ionosphere (IRI) model (Bilitza. 1986) is used to 
obtain ion and electron temperatures and O+ density at 
500 km. These parameters are then used to calculate the 
diffusion boundary altitude zO, after which the same par- 
ameters are obtained at z0 and used in equation (20) to 
obtain the limiting fluxes. 

2.3. Satwution tkmsig 

Equation ( 18) implies that upgoing ionospheric fluxes are 
maximized when the flux tubes are empty and decrease as 
the tubes fill with plasma. If the average tube density is 
greater than the equilibrium value, for instance at night, 
then equation ( 18) requires the existence of a downward 
flux which would deplete tube content (note that this 
assumes that refilling time scales are equal to emptying 
time scales). Indications of this process can be seen in Fig. 
3, where 0’ (solid lines). H+ (short-dashed lines) and 
chemical equilibrium H’ (lor!q-dashed lines) profiles are 
shown. The results werecalculated with a numerical model 
which solves the time-dependent continuity, momentum 
and energy equations for O+ and H+ from 200 km in one 
ionosphere to 200 km in the conjugate ionosphere (Guiter 
et al.. 1991). The conditions in Fig. 3a represent the sum- 
mer Northern Hemisphere (L = 2) at 12:OO L.T., and in 
Fig. 3b at 24:00 L.T. Even though H+ levels (short-dashed 
line) in Fig. 3a were calculated for a “full” flux tube (the 
model was run until diurnally reproducible results were 
obtained), the HT valley near 1000 km is the classic sig- 
nature ofsubstantial upgoing fluxes near the limiting level. 
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3ow , , . . 

(b) I 

Fig. 3. Profiles of O+ (-) and (----) during summer at 
L = 2 : (a) 12:OO L.T. and (b) 24:00 L.T. Chemical equilibrium 
levels of H + (- - -_) are also shown 

This implies that “full” plasmaspheric densities during the 
daytime can be substantially smaller than saturation levels 
(the winter daytime profiles also indicate significant up- 
going fluxes). Ionospheric signatures of this have been 
observed by Raitt and Dorling (1976). 

Saturation levels in the ionosphere can be estimated 
from the density. 77,, at the location where the H+ chemical 
equilibrium profile crosses the 0’ profile. Peak saturation 
levels in the ionosphere are somewhat smaller (but of the 
same order) as II,,. Thus. H+ ionospheric densities at 12:OO 
L.T. (Fig. 3a) are roughly a factor of 10 smaller than 
saturation levels. Night-time densities, on the other hand 
(see Fig. 3b), are somewhat larger than saturation levels. 
This is evident from the fact that H+ levels are larger than 
chemical equilibrium values (below 500 km), and is due 
to a downward flux of ions supplied by the plasmasphere. 

While saturation levels [required to obtain the iono- 
sphere-magnetosphere coupling fluxes in equation (1 S)] 
can be estimated from equation (15). this is not done here 
for two reasons. First. plasmaspheric densities tend to 
be overestimated when calculated using 0’ densities 
obtained from the IRI empirical ionosphere. Using a time- 
dependent, hydrodynamic model of the plasmasphere. 
Rasmussen and Schunk (1990) found that the numerical 
model overestimated maximum plasmaspheric densities, 
usually by a factor of approximately 2. Krinberg and 
Tashchilin ( 1982) overestimated plasmaspheric densities 
by a factor of 3-1 using an analytical model similar to 
equation (15). Although their model overestimated 
plasmaspheric densities, they found that it gave the correct 
variation with L-shell. This fact will be exploited below. 

The second reason for not employing equation (15) 
directly is that time scales for refilling the plasmasphere 
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[see equation (19)] are likely to be different from time 
scales for emptying the plasmasphere. Richards and Torr 
(1985) showed that refilling depends primarily on the rate 
at which H+ is produced in the upper ionosphere and not 
on H+ diffusion rates. However, H+ loss rates are very 
low at high altitudes and, in order for H+ to be lost via 
charge exchange with atomic oxygen, it must first diffuse 
through an increasingly dense region of O+. Thus, 
plasmaspheric loss rates must depend on the coefficient of 
diffusion, and time scales for plasmaspheric emptying will 
be, in general. different from time scales for refilling. 

In what follows in the next section, we assume that 
plasmaspheric densities approach equilibrium at a rate 
given by the time scale in equation (19), but where n, is 
no longer the instantaneous saturation density. Instead, 
at low L-shells, we obtain n, from an empirical model of 
the full plasmasphere (Carpenter and Anderson, 1992). 
For L > 3, densities obtained from the empirical model 
at L = 3 are scaled to higher L-shells by assuming that 
ionospheric saturation levels are independent of L and 
using equation (17) to obtain the density distribution 
along B. This is done because the plasmasphere at higher 
L-shells is seldom entirely full, due to the relatively long 
period of time for refilling compared to the frequency of 
substorms (which deplete the plasmasphere). 

How well does the simple model of plasmaspheric den- 
sity we have presented here work? Assuming no per- 
pendicular transport, a constant saturation density, n, 
and a diurnally averaged time constant, ru, equations (6) 
and (18) lead to : 

dri no--fi 
-p 

dt- T” . 
(21) 

Assuming that the plasmasphere is totally depleted at time 
t = 0. equation (31) has the analytical solution : 

E(t) = n,(l -e-“‘0). (22) 

A comparison between this simple model of the plasma- 
sphere and the numerical, first-principles model (Guiter 
et al., 1991) is shown in Fig. 4, where the solid curve 
depicts the results of the numerical model for the first 13 
days of refilling. The numerical model was not run for 
a longer period of time than this because it requires a 

. ..- . . . . . . . .- __,_,.._._..__.......-.. .-..-... . 
p’.,,,.,,,..,,,,.~ 

5 10 15 20 25 30 

TIME (day) 

Fig. 4. A comparison of plasmasphere refilling predicted by two 
different models. The solid curve depicts the results of a numeri- 
cal model and the dashed curve is a solution to equation (22) 
with n, = 920 cm-3 and T" = 6.7 days 
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plasmaspheric model of Carpenter and Anderson (1992), 
assuming a plasma temperature [T, = (T, + T,)/2] of 
5000K to map empirical densities to L-shells greater than 
3, as described above. Additional parameters included 
a sunspot number Rs = 20, Ap = 10 and a geographic 
longitude of 270 ‘. The IRI empirical model was used for 
ionospheric quantities and MSIS-86 for neutral quantities. 

By the eighth day following the end of the storm, the 
plasmasphere had completely filled to an L of about 4. In 
the top panel of Fig. 5, it is seen that the model correctly 
predicts the saturated levels. Beyond L = 4, however, 
the model somewhat overestimates tube content. This 
occurred because average refilling fluxes obtained from 
equation (18) were larger than actual fluxes during the 
first four days of refilling. This can be seen in the bottom 
two panels of the figure. where modeled densities are 
roughly a factor of 3 higher than the observations for 
L > 4. As reported by Park (1974). refilling fluxes 
increased substantially during the fourth day of refilling 
and, thus. the modeled densities in the top two panels are 
much closer to the observations beyond an L of 4 than in 
the lower two panels. 

The empirical model of Carpenter and Anderson ( 1992) 
predicts plasmaspheric density as a function of L-shell, 
day of the year and solar activity. In Fig. 6, we vary these 
parameters in order to estimate refilling times for solar 
minimum and maximum conditions, as well as for June 
(solid I&s) and December (tlush~~n’ &es) solstices. The 
refilling times plotted in the figure assume that magneto- 

significant amount of computer resources to run. The 
dashed curve in the figure was obtained from equation 
(22) with a saturation density of rzO = 920 cm-3 and a 
time constant of rU = 6.7 days. The saturation density was 
obtained by first estimating its value and then using the 
numerical model to refine the estimate. n, was chosen at 
a local time of 24:O0. The value of the refilling time con- 
stant was chosen to best fit the results of the numerical 
model. 

There is a very close correspondence between the two 
curves in Fig. 4, although there is a diurnal variation in 
the numerical results which is not seen in the simple model. 
As the sun rises and heats the plasmasphere, density levels 
predicted by the numerical model increase above those 
predicted by the simple model, but by 24:00 L.T. each 
day, the equatorial plasma density has fallen again and 
the predictions of the two models are very similar. The 
close agreement between the two models implies that 
equation (18) is a good approximation for the time depen- 
dence of the refilling fluxes. 

In summary, the plasmaspheric model is conceptually 
very simple. At any given time. the average density in a 
flux tube depends on only three things: (1) the average 
density at a previous time; (2) the effects of a change in 
flux tube volume as a plasma element drifts across L- 
shells: and (3) the contribution of flux flowing into or out 
of conjugate ionospheres. The major assumptions of this 
model are that the average density in a flux tube is approxi- 
mately equal to the plasma density near the equatorial 
plane. and that the contribution of the ionosphere behaves 
according to equation t 18). We believe that modeled den- 
sities are accurate to ‘within roughly a factor of 2. We 
test this assumption by comparing with measurements of 
plasmaspheric density during extended periods of refilling 
in the next section. 

3. Application 

Park (1974) has reported plasmaspheric densities during 
an extended period of time following a magnetic storm 
which began on 15 June. 1965. Ah a result of increased 
magnetospheric con\,ection. the plasmapause moved 
inward to L 1 2.4 on 16 June (Carpenter <‘r ul.. 1971) and 
refilling began on 17 June as the main phase of the storm 
ended. The measurements included an eight day period 
following the end of the storm during which magnetic 
activity was extremely quiet. 

A comparison with these measurements is shown in Fig. 
5. where tube content is plotted 1:s L for selected days 
during the quiet period following the storm. The solid 
lines are modeled values and the discrete points are data 
obtained from whistlers recorded at Eights and at Argen- 
tine Islands. Antarctica (Park. 1974). In this figure, N-, is 
defined as the total number 01‘ clcctrons in a flux tube 
having 1 cm’ cross-sectional area at 1000 km altitude 
and extending to the magnetic equator. Note that this 
definition differs somewhat from equation (5). par- 
ticularly in that the integration only extends to the mag- 
netic equator rather than between conjugate ionospheres. 
The model results were obtained using the empirical 

1o14 

10’3 

5 10'4 
I ” I ’ ” I ” 

i 
F Day4 

10’4f , / , , / , , , , 

f 
Day 2 

2 3 4 5 6 

L 

Fig. 5. Recovery of the plasmasphere following a geomagnetic 
storm. Tube content predicted by the model (-_) is compared 
with the observations of Park (1974) (0) as a function of L, for 
selected days following the beginning of the quiet period 
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spheric convection is such that the plasmapause will form 
beyond L = 6. This obviously will not occur under all 
circumstances. The most striking point suggested by these 
results is the very long time it takes to refill the plasma- 
sphere at higher L-shells. This is due to the L4 dependence 
of flux tube volume. By comparison, saturation densities 
decrease relatively slowly with L, while refilling fluxes are 
nearly constant. 

Long refilling times are especially evident during solar 
maximum, when the plasmasphere takes over 150 days to 
refill at L = 6. The long refilling times imply that during 
solar maximum, the plasmasphere is never likely to be 
entirely filled beyond an L of about 3. By comparison, 
during solar minimum the plasmasphere may at times 
become saturated up to an L of approximately 4 (as was 
seen in Fig. 5). The dependence of refilling time on solar 
activity is primarily due to a decrease in atomic hydrogen 
in the upper ionosphere as solar activity increases. As 
pointed out by Richards and Torr (1985), the limiting H+ 
flux F, [see equation (20)] depends sensitively on atomic 
hydrogen levels. During solar maximum, lower levels of 
atomic hydrogen imply lower rates of H+ production. 
lower limiting fluxes and, ultimately, longer refilling times. 

An annual variation in the time it takes for the plasma- 
sphere to refill is also noted in Fig. 6. Below L = 3 at solar 
maximum, refilling takes longer during December (dashed 
line) than during June (solid line). This is due primarily to 
higher plasmaspheric levels predicted by the empirical 
model during December. For instance, at L = 2.25, satu- 
rated densities are a factor of 1.8 times higher during 
December than during June. At higher L-values this ratio 
decreases, so the annual variation in refilling times seen in 
Fig. 6 for L > 4 is primarily due to annual variations in 
parameters affecting limiting H+ fluxes. It should be noted 
that observations of annual variations in plasmaspheric 
density have been discussed previously by Park et al. 
(1978) and more recently by Clilverd et al. (1991 and 
references therein). 

Refilling times beyond L = 3 in Fig. 6 should probably 
be regarded as an upper limit. Recall that saturation den- 
sities for L > 3 were scaled according to the L-dependence 
in equation (17). This implies a constant (with L) satu- 
ration density at the ionosphere, with variations in 
plasmasphere equatorial density occurring only as a result 
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Fig. 6. Modeled refilling times as a function of L for solar 
maximum and minimum conditions and for June (-) and 
December (- - - -) solstices 

2 3 4 5 6 

Fig. 7. Modeled refilling times as a function of L for solar 
maximum and minimum conditions and for June ( -) and 
December (- - - -) solstices. Similar to Fig. 5 except that plas- 
maspheric equilibrium densities were obtained from Carpenter 
and Anderson (1992) to an L of 5.2, with an Ld3 variation 
assumed thereafter 

of an increase in equatorial altitude with increasing L. 
However, H+ saturation levels are proportional to the 
ionospheric 0’ density [see equation (16)]. Thus, as iono- 
spheric O+ varies, so must plasmaspheric saturation 
levels. For instance, substantially reduced O+ levels occur 
in the main midlatitude trough at night-time (e.g. 
Muldrew. 1965). The location of the ionospheric trough 
varies with magnetic activity, but it is nominally located 
between 60” and 65” invariant latitude. It is expected that 
plasmaspheric saturation levels would be substantially 
reduced in the vicinity of the midlatitude trough and that 
refilling times would be correspondingly smaller. 

A lower limit for refilling times has been obtained by 
assuming that the empirical model of Carpenter and And- 
erson (1992) represents a completely full plasmasphere 
out to an L of 5.2; beyond L = 5.2, a density variation of 
Lm~ ’ was assumed. Refilling times for this full plasma- 
sphere model are shown in Fig. 7. For L > 4, refilling 
times are substantially reduced from those in Fig. 6. At 
L = 5, for instance, refilling times are roughly a factor of 
3 smaller. However. during solar maximum, predicted 
refilling times are still substantial, with refilling taking 
approximately 30 days during June at an L of 5. It is 
emphasized that these values should be regarded as a 
lower limit, because empirical models are likely to under- 
estimate full plasmaspheric densities at higher L-shells. 
Refilling times are simply too long at higher L-shells for 
the plasmasphere ever to be measured in a full state. 

4. Summary 

The total tube content model of Chen and Wolf (1972) 
has been extended to model average tube density. It was 
shown that average tube density is nearly equal to plasma- 
spheric densities near the equatorial plane of the magneto- 
sphere. 

A parametric model of ionosphere-magnetosphere 
coupling has also been developed. This model is useful in 
situations where the need for a precise knowledge of the 
fluxes coupling the ionosphere and magnetosphere is not 
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sufficient to justify the significant computer costs of a 
first-principles model. One example where the parametric 
model can be fruitfully applied is to studies of the evol- 
ution of the plasmasphere and the plasmapause during 
magnetic storms. The reason why the parametric model 
is particularly useful in plasmaspheric studies is that the 
time scale for changes in plasmaspheric density as a result 
of magnetospheric convection is much smaller than the 
time scale for plasmasphere refilling. Time scales due to 
convection are of the order of a few hours, while refilling 
typically takes several days. The philosophy is to accu- 
rately track the shorter time scales while approximating 
the effects of the longer time scales. 

It has been assumed that thermal ion fluxes coupling 
the magnetosphere and the ionosphere decay expo- 
nentially with a time scale which depends on ionospheric 
saturation levels and on the limiting ionospheric flux (i.e. 
the flux which flows from the ionosphere to the magneto- 
sphere when plasmaspheric levels are near vacuum). The 
ionosphere becomes saturated when H+ in the upper iono- 
sphere is in hydrostatic equilibrium with chemical equi- 
librium levels in the middle ionosphere. It was shown that 
the H+ saturation density is proportional to ionospheric 
O+ and roughly to the square root of the ratio of atomic 
hydrogen to atomic oxygen. As O+ varies during the 
diurnal cycle, so does the H’ saturation density. Neither 
the plasmasphere nor the ionosphere can immediately 
respond to changes in the saturation level, but the two 
regions attempt to do so via coupling fluxes. Even at an 
L of 2, the plasmasphere is never in equilibrium with 
ionospheric saturation levels, because the plasmasphere 
cannot fill enough during the day to compensate for the 
reduction in density that occurs during the night. 

The parametric model of ionosphere-magnetosphere 
coupling fluxes has been compared with whistler measure- 
ments of plasmaspheric density, observed during an 
extended period of time following a magnetic storm (Park, 
1974). The model predicted refilling fluxes somewhat 
higher than observed fluxes during the first few days’ 
refilling. On the fourth day of the magnetically quiet 
period, observed fluxes were higher than the predicted 
values, while on subsequent days the observed and pre- 
dicted fluxes were comparable. Predicted densities were 
within a factor of 3 of the observed values at all times. 

The length of time it takes to refill the plasmasphere 
has also been examined. Substantial differences (a factor 
of 3-4) in refilling times were noted between solar mini- 
mum and solar maximum conditions. Refilling at solar 
maximum requires a longer period of time. primarily 
because of lower values of atomic hydrogen in the upper 
ionosphere. although plasmasphcric equilibrium levels are 
also somewhat higher during solar maximum. Predicted 
refilling times depend on the cquilihrium plasmaspheric 
model used. with refilling times varying from a lower limit 
of the order of 30 days to as high as 100 days at L = 5 
during June. solar maximum. Refilling time scales also 
depend on the month of the year. At June solstice and 
solar maximum, refilling is predicted to require a shorter 
period of time for L < 3.1 and a longer period for L > 3.3. 
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Scale factors are : 

h, = r sin (e), (A101 

h, = rL cos (x) = 
RE P 2 

sin (@Jr + 3 coti2 e 0 A;, 
(Al I) 
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An element of arc length along a field Iine is : 

ds, = h, ds = -&!-- dr = - ReL sin (e&/l + 3 cost d d@, 

Appendix : Dipole coordinate system 

Useful parameters associated with a dipole coordinate system 
are provided. The coordinate system considered here is similar 
to that of Murphy et al. (1980). First, a description of some of 
the symbols used is given : 

radius, colatjtude. azimuthal angle 

dipole coordinates (right-handed system) 

coordinate scale factors 

magnetic field 

angle of magnetic field from horizontal 

tube volume per unit magnetic flux 

Earth radius 

McIlwain parameter 

The magnetic field is : 

B== -&v~~+3cos~o, 
5 

iAl1 

where B, is the equatorial value of the ma~netjc field at the 
reference altitude Y,. The volume of a flux tube is: 

Orthogonal curvilinear coordinates are: 

azimuthal angle. 4. 

R, 
Y Z= ! ) -;- sm3 (0) 

I 

and : 

(A41 

where s is afipned with, and y is perpendicufar to, the magnrtic 
fietd. 

Unit vectors are : 

and 

where : 

t, = -sin ($)e, +cos ($)e,, (A5) 

ey = -cos (KG, +sin (x)6,,, (A6) 

e, = -sin (xji, - cos (x)& iA71 

where : 
(Al31 

de 

dr (Ai4 

and : 

(At51 

Useful transformations : 

and : 

sin B 
cos (xi = ---yp 

J1+3cos’B 
(A17) 

sin (x) = -,_ 
2 COS e 

Jl+3cosV’ 

tan (x) = 2 cot (61). 

(Al81 

(At9) 

.- -_ ..____ -_- --- 
J’1$-3cos’f)=?,Jl+!sin’O-c2 I-- 

J’ 
$$, (A2W 

r 

do -sin (x) cos (x) dL 

27 = ----l___ - L dt ’ (A21) 

dr I’ cos’ (~1 dt _ = ----- - 
dt L dr ’ 

(A22) 

(A23) 

where I’,~ is the magnetospheric convection velocity in the equa- 
torial plane. 

Derivatives : 

i! 
I 

. _ 
dq 

= -h, c sin(x) a cos&--- 
r > dO (~24) 

and : 

c _) 

=a fxf a -_ 
2s 

= -h, 
i 

sin (x) i + __- - 
1 a 

. rIA25) 
r 


