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Vibrations of Ideal Circular Membranes (e.g. Drums) and Circular Plates: 
 

     Solution(s) to the wave equation in 2 dimensions – this problem has cylindrical symmetry  
Bessel function solutions for the radial (r) wave equation, harmonic {sine/cosine-type} solutions 
for the azimuthal () portion of wave equation. Please see/read “Mathematical Musical Physics 
of Wave Equation – Part II” p. 16-20 for further details… 
 

Boundary condition: Ideal circular membrane (drum head) is clamped at radius a   must have 
transverse displacement node at r = a. 

     The 2-D wave equation for transverse waves on a drum head – approximated as a cylindrical 
membrane has Bessel function solutions in the radial (r) direction and cosine-type functions in 
the azimuthal () direction (see P406 Lect. Notes “Mathematical Musical Physics of the Wave 

Equation – Part II”, p. 16-20):         , , , ,, , cos cosdisp
m n m n m m n m nr t A J k r m t     where Jm(xmn) = 

Jm(kmnr), xmn = kmnr (n.b. dimensionless quantity), kmn = wavenumber = 2/nm. The integer index 
m = 0,1,2,3... refers both to the order # of the {ordinary} Bessel function (in the radial, r-
direction) and also the azimuthal (-direction) node #. The index n  = 1,2,3,4... refers to the nth 
non-trivial zero of the Bessel function Jm(xmn), i.e. when xmn = kmna = 0.0. The boundary 
condition that the circular membrane is rigidly attached at its outer radius r = a requires that 

there be a transverse displacement node at r = a, i.e.  , , , 0.disp
m n r a t    This gives rise to 

distinct modes of vibration of the drum head (see 2-D and 3-D pix on next page): 
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     Thus, we need two indices (m, n) to fully specify the 2-D modal vibration harmonics of the 
circular membrane because it is a 2-dimensional object. Low-lying eigenmodes of 2-D 
transverse displacement amplitudes are shown in the figures below:  
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     The modal frequencies of a circular membrane are , , ,2 2m n m n m nf vk    , but we also 

have the relation , ,m n m nk x a  where ,m nx  is the value of the nth non-trivial zero of the mth–order 

Bessel function    , , 0m m n m m nJ x J k a  , e.g. for m = 0 and n = 1,2,3,4,5… then 

   0 0, 0 0, 0n nJ x J k a   when 0, 0, 2.405, 5.520, 8.654, 11.793, 14.931, ...n nx k a   respectively. 
 

     The speed of propagation of transverse waves on a (perfectly-compliant) circular membrane 

clamped at its outer edge is v T    where  T N m  is the surface tension (per unit length) 

of the membrane and  2 kg m  is the areal mass density of the membrane/drum head. Thus:  
 

 , , , , ,
,   

2 2 2 2 2
m n m n m n m n m n

m n

vk k k a xT T T
f Hz

a a


       

        
 

Example: A frequency scan of the resonances associated with the modal vibrations of a Phattie 
12” single-head tom drum using the UIUC Physics 193/406POM modal vibrations PC-based 
data acquisition system is shown in the figures below: 
 

 
 

Data vs. Theory Comparison of Phattie 12” Tom Drum Jnm Modal Frequencies: 
 

 
 

n.b. The clear mylar drum head on the Phattie 12” tom drum does have finite stiffness, i.e. it is 
not perfectly compliant, as for an ideal circular membrane… which affects/alters the resonance 
frequencies of modes of vibration of drum head…. 
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Vibrations of Circular Plates - clamped vs. free vs. simply supported edges: 
 

 

 

 
 
Vibrations of  a Circular Plate: 
               Free Edge 
 

 
 

Mode # (n, m) are (, r) integers  
     (e.g. = 0,1,2,3, … etc.) 
 
For        flat circular plates: p = 2 
For non-flat circular plates: p < 2 
(e.g. cymbals) 
 

Chladni’s Law (1802): 

( ), 2 p
m nf v m n= +  
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Modal Vibrations of Cymbals: (continued) 

  
 

Theory: 
 

 
 

Data: 
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Modal Vibrations of Flat 2-D Rectangular Plates 
& Stretched 2-D Rectangular Membranes: 

 
B.C.’s: Edges of a flat rectangular plate can be fixed or free, or simply supported…  
       different boundary conditions for 2-D wave equation on rectangular plate… 
       different allowed solutions for vibrational modes – again, two indices m, n 
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Chladni Patterns of {Real} 2-D Vibrating Plates: 

 
 



UIUC Physics 406 Acoustical Physics of Music 

-29- 
Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois  

2002 - 2017. All rights reserved. 
 
 

 Modal Vibrations of Handbells & Church Bells 
 

 
     The two integers (m, n) respectively denote the number of complete nodal (m) 
azimuthal meridians extending over the top of bell (n.b. = ½ of such nodes along 
a circumference) and n = number of nodal circles. Note that since have two 
integers, the handbell/churchbell effectively vibrates as a 2-D object – it is simply 
bent/deformed into a 3-D spatial object… 
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Modal Vibrations of Handbells/Churchbells: (continued) 
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Vibrational Modes of an Acoustic Guitar: 
Top surface, all by itself: 
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Modal Vibrations of Acoustic/Classical Guitars: 
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Example: Frequency scan comparison of the mechanical resonances associated 
with the modal vibrations of a Martin D16 vs. a Martin 000C16 guitar using the 
UIUC Physics 193/406 POM modal vibrations PC-based data acquisition system: 
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Modal Vibrations of Violins/Violas/Cellos, etc. 
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