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We prove a theorem characterizing Gaussian functions and we prove a strict
superaddivity property of the Fisher information. We use these results to determine
the cases of equality in the logarithmic Sobolev inequality on R” equipped with
Lebesgue measure and with Gauss measure. We also prove a strengthened form of
Gross's logarithmic Sobolev inequality with a “remainder term” added to the left
side. Finally we show that the strict form of Gross’s inequality is a direct conse-
quence of an inequality due to Blachman and Stam, and that this in turn is a direct
consequence of strict superadditivity of the Fisher information. 1991 Academic

Press, Inc.

INTRODUCTION

The main theme of this paper is the fact that logarithmic Sobolev
inequalities on R” equipped with either Lebesgue measure or Gauss measure
are direct consequences of strict superadditivity of the Fisher information,
defined in (10), which we prove here. In fact this result not only implies the
sharp inequalities; it also determines the cases of equality in them, and
these results, Theorems 4 and 5, are new.

In order to apply the strict superadditivity of the Fisher information,
Theorem 3, we prove a characterization of Gaussian functions, Theorem 1,
which is interesting in its own right, and generalizes a classic theorem of
Skitovich. Our proof moreover uses only real variable methods, and is sim-
pler than Skitovich’s proof of his theorem. Strict superadditivity of Fisher’s
information is itself a consequence of Theorem 2 which is a Sobolev space
analog of Minkowski’s inequality.

Theorem 6 is a slight digression from the main theme; here we show how
an inequality of Beckner [3] and Hirschman [14] implies Gross’s [12]
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logarithmic Sobolev inequality with a “remainder term” on the left side
which yields another proof of Theorem 5.

Finally we show how the sharp form of an interesting inequality of
Blachman [5] and Stam [23] is an immediate consequence of Theorem 2,
and then we show that Gross’s inequality, together with the statement
about cases of equality, is a simple consequence of the Blachman-Stam
inequality.

We have applied [8] our result concerning cases of equality in the
Lebesgue measure logarithmic Sobolev inequality (4) to prove a conjecture
of Lieb [19] concerning cases of equality in his entropy inequality for
coherent states.

A secondary theme of this paper is the interplay between contrasting
properties of the Gauss measure logarithmic Sobolev inequality (1) and its
Lebesgue measure equivalent (4). In [9], among other things, this inter-
play was exploited to prove (1). This simple equivalence could be used, for
example, to simplify some of the analysis in [24], and deserves to be more
widely known.

I am very grateful to Elliott Lieb for discussing with me his beautiful
work [20] on sharp bounds for operators with Gaussian kernels as it
developed. I learned from him the doubling trick I use to prove Theorem 4.
He combines the doubling trick with Minkowski’s inequality and the
Hadamard factorization theorem to prove that maximizing functions in his
problem must be Gaussian. The main point here about Minkowski’s
inequality is that it is a strict convexity inequality which is saturated only
by functions whose absolute values are product functions. This motivated
our formulation of Theorem 2.

I also thank Leonard Gross, Dan Stroock, and Gerhard Hegerfeldt for
valuable advice and references.

THEOREMS AND PROOFS

Here dm, always denotes the measure ¢~ "2~ "'*7/gd"x on R". We will
simply write dm for dm,.
Gross’ logarithmic Sobolev inequality [9] is

1
[17170g 1 f12dm< [IVr12dm, [ fPam=1. ()

Of course we may state this for />0 without loss of generality. Because
dm is a probability measure, the left side is always well defined, infinity
admitted as a possible value, and is finite with (1) holding whenever the
right side is finite.
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A simple rescaling transforms this into

[iriogisi2am <2 [1Vf12dm,  [iffam=1 @

for all >0, and the same remarks on its interpretation apply.
Now suppose g belongs to Schwartz space on R” and f|g|*d"x=1.
Then if we write f(x)=1"*¢"*"¥g(x) and insert f into (2) we obtain

2 2 gn Tr n h 2 Jn
J 1817 10g 1g1* a7+ % [ 1212 [gI d"x+ 5 [ 1) d"x log

t 14 2 X
<— - 2 2 o, 2 2 ny
ST((5) e 1a+ 55 g1+ 9 e (3)

Since { |x|?|g|> d"x is finite, we may cancel it from both sides so we have

2 n ! n
[ 161 log g1 d"x <~ [ Vgl ax

—<n+glog t>, .[Iglzd"x=l. 4)

It is known that one has equality in (1) for the functions
fux)y=emex—lai2o . ge R (5)
From this it is easy to see that one has equality in (4) for the functions
g (x) =1 eIl ae R". (6)

We will prove here that these are the only possible cases of equality. Notice
that we have cancelled a second moment in our passage from (3) to (4),
so the two results are not immediately equivalent. We will first settle the
cases of equality in (4), and will then use that to settle the cases of equality
in (1). We will use two results of independent interest. The first is a charac-
terization of Gaussian functions. By a Gaussian function f on R” we mean
any function of the form

{1/ akad) v
f(x)=€ {1:2)x-C Ix+b .\+u’

where C is a positive definite #» x n matrix, here called the covariance of f,
beC”, and aeC.

THEOREM 1. Let f(x,y) be a function on R> which belongs to
LP(R*™, d*x) for some p with 1 < p<oc. Suppose f is a product function
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in the coordinates (x,y) as well as in the coordinates ((x+y)/\/§,
(x— y)/ﬁ). That is, suppose there exist functions ¢, ¢, and Y, ¥, in
LP(R", d"x) so that

Fx )= $1(5) dal ) =, ("j—;) v, (%) ace. ()

Then f, ¢, ¢5, ¥, and \y, are Gaussian functions. Moreover ¢, and ¢, have
the same covariance, and are otherwise unrestricted.

Proof. First suppose that each of the functions in (7) is real and non-
negaive. Let P, denote the heat semigroup on L?(R*") and let Q, denote the
heat semigroup on L?(R"). Let u=(x+ )')/\/5 and v=(x— y)/ﬁ.

Then on account of the Euclidean invariance of the heat semigroup and
its product structure,

P,f(x, = Q1¢l(x) Qr¢2(y) = Qtllll(u) Qﬂpz(l’) (8)

for all 1>0. All of the functions in (8) are continuously differentiable as
often as we like, and sine the heat semigroup is positivity improving, they
are all strictly positive. Thus we may logarithmically differentiate P, f:

2 2
)= l x)+1 ) =0.
.o log P, f(x, y) 5%, (log Q¢ ,(x) +1log Q,¢,(»))
But
& _1(52 82+@2_62>
6xjayk_2 6uj6uk aujavk aukavj aujavk

so rewriting the above equation in terms of ¥, and ¥, we have
Hess(log Q,¥,)(u) = Hess(log Q,¥,)(v),

where Hess denotes the Hessian. Since # and v are independent variables,
both Hessians are equal and constant, and so Q,¥, and Q,¥, are Gaussian
functions with the same covariance. Hence also P, f is Gaussian.

Next, ([ f(x, y)d"xd"y={f P,f(x, y)d"xd"y <o since the second
integrand is Gaussian, and the heat kernel preserves integrals. Therefore 1
is integrable, and so are both ¢, and ¢,. But the heat semigroup is strongly
continuous on L'(R" d"x) so that f=lim,_ , P, f in norm, and the strong
limit of Gaussians is Gaussian. In fact, by a theorem of Cramér [10] which
we will use a bit later, the convolution of two non-negative integrable func-
tions is Gaussian just when both functions are themselves Gaussian, so we
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need only use that P, fis Gaussian. Thus the theorem is proved when f'is
non-negative.

To remove the assumption that f is non-negative, first apply the theorem
to [P f1=10,8. 10,6, =1Q,¥,| |Q.¥,| and conclude that each of these
functions is Gaussian, and in particular the functions inside the absolute
value signs are nowhere vanishing, and of course they are smooth. Then
the logarithmic derivatives of the functions inside the absolute value signs
are well defined as ratios, and taking two logarithmic derivatives as above
we get two constant diagonalizable matrices. Diagonalizing these yields »
independent ordinary differential equations uniquely solved by Gaussians.
In this way, we see that the regularized functions are Gaussian with the
same covariances. We take the limit as ¢ vanishes in the same way.

Remarks. There is nothing special about coordinates rotated through
n/4; any angle which is not a multiple of n/2 will do. Also, it is not really
required that f'e L”; one could permit arbitrary exponential growth at
infinity for example. Then P,f, etc., is well defined, and the argument
proceeds as above.

Related results when f is a non-negative integrale function go back to
Bernstein [4] and Kac [17], who both moreover required moment condi-
tions on f. Skitovich [22] treated the problem—in fact a more general
problem—without moment conditions; but his method against works only
for non-negative integrable functions. This limitation is inherent in existing
methods which rely on either analytic properties of the Fourier transform
as in [4, 22], or on the central limit theorem as in [14]. Since the restric-
tion to non-negative integrable f is crucial in Cramér’s characterization of
Gaussian functions [10], it is interesting that it can be dispensed with here.
Moreover, we shall need to apply our result in the case where f is only
assumed to be square integrable.

It is also interesting to note that the proof makes crucial use of the fact
that Gaussian functions have a certain property to prove that this property
actually characterizes them. The application of the mixed partial
derivatives to the logarithm of f is inspired here by Brascamp and Lieb’s
proof [6] that only certain Gaussian functions saturate the sharp Young's
inequality in cases where the constant is less than unity. That proof is an
argument based on analytic properties of the Laplace transform, and the
result does not subsume Theorem 1. The logarithmic derivative argument
in this analytic function setting goes back at least to Paul Lévy; see [18,
p. 338].

We will be able to apply the above result on account of the condition for
equality in the following inequality, for which we now introduce some
notation.
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Let L?(R™, d™x)® W' ?(R") be equipped with the norm

Lp
s = ( [1v. s 017 d"'xd".v) +1 /12

where throughout the following V denotes the distributional gradient, and
V. denotes the partial distributional gradient in the y variables. Given
feL?(R™x R", d"xd"y), define

6= ([ 1t e e

Clearly Ge L?(R”, d"y), and by Minkowski’s inequality the marginal map
M defined by

M:f—G
is continuous from L?(R™ x R", d"xd"y) to L?(R", d"y) forali p= 1.
THEOREM 2. For all p>1, the marginal map M is continuous from

LP(R™, d"x)®@ W"?(R") to W'P(R"), and if G=Mf for any function
f(x, y) in LP(R™, d"x)® W' ?(R"),

VG(3)=G(»)'* [ 110, 9)17 "2 Re(f*V, f(x, y)) d"x.

Moreover,

[ ([ 176 e )"

and whenever there is equality | f(x, v)| = | fi(x) | [o(»)l.

P
d"y < ﬂ IV, f(x, »)| 7 d™xd"y  (9)

Remark. Inequality (9) closely resembles Minkowski’s inequality in
both its form and its proof.

Proof. Let p'= p/(p—1), and let h be an R” valued L? function with
kil ,-= k]| .. Then
VG,(1)=G,(»)' * [ 1,0 )17~ Re(f*V, f(x, y)) dx

holds for any smooth function f; in, say, Schwartz space on R™x R". To
establish this formula for a general f'e L?(R™, d™x)® W' ?(R"), consider a
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sequence {f;} of Schwartz space functions with lim,_ . || f— f;[l =0. Set
G;= Mf; and G = Mf. Finally set

Y(3)=G(r)' 7 [ 1f0x I 2 Re(f*V, f(x, y)) d"x.
Then |VG,- Y| ,<
sup {ﬂ G 1417 RV, £V, f) -hd'"xd"y{ b, = 1}

Ihj = 1},

where u;(x, y)= G} TPy filx WP 72 f*(x, y) and similarly for u(x, v).
Repeatedly applying Holder’s inequality we obtain |[VG,— Y| , <

+sup {fj (V. f -b)(,— u) ad" xd"

1p
( ([, (0 9) = fix 17 d"’xd”y)

+<” V. f(x, )I” dmxd"y)l'p

1p
x ( [ b7 ( [/ 16, ) = utx, 117 d’"x) d”y)
<I=f+ 70 (J’ g,(,v)d"y) .

where we have set
501 =07 ([ (v )=t 217 a7 ).

We will now show that lim,_, j g;(y)d"y =0. First note that u,(-, y)
and u(-, y) are unit vectors for almost every y, so that ([ |u;(x, y)—
u(x, y)|¥ dmx)"?' <2 almost everywhere in y so that

g; <27 [h”

almost everywhere for all j.

Suppose | g;(y) d"y fails to converge to zero; then there is a subsequence
along which the integral always exceeds some &> 0. But since || f— f;li
tends to zero, so that |G —G;||, also tends to zero, we can select further
subsequence along which u; tend to u almost everywhere. Then along
this subsequence g, tends to zero almost everywhere, and thus along this
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subsequence | g;(y)d"y tends to zero by dominated convergence. This
contradiction establishes that lim,_ . { g;(y)d"y=0, and thus that
lim; , , IVG; — Y| ,=0. Since lim,_, ,, |G;—G| ,=0, it follows from the
fact that the gradient is closed that Y =VG, which is what we set out to
prove.

Having established the asserted formula for VG, the estimates above may
be applied to arbitrary convergent n L?(R™, d"x)® W'?(R"), and we see
that the marginal map is continuous.

We now prove (9).

h , = 1}

(w67 ay) " =sup{[h») V60

and for any h in W7,
z v p—2
[0)-v6(y)d JJG(},IU,‘
x Re(f(x, p)*V, f(x, y))-h(y) d"xd"y

1
SH‘G‘(—}F LG 77V, flx, ) IR(p)] d™xd"y

S (i)

x (f IV, f(x, p)I* d’”x> " h(y)l dy
l/p
=[([19ustx 007 am) " mioray

There is equality in the last inequality just when |V, f(x, y)|? is propor-
tional to |h(y)|#" for almost every x, which implies that [V, f(x, y)| is a
product function. But then for equality to hold in the second inequality, we
must have that | f(x, y)| is itself a product function.

Now let p be a probability density on R’; that is, p is non-negative and
fp(x)d'x=1. For p"?e W"*R’) we define the Fisher information of
p, I(p) by

1(p)=4 [ IVp"(x)|? d'x = [ IV log p(x)|? p(x) d'x. (10)
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For all other p, we set /(p)=oc. This quantity was introduced by R. A.
Fisher [11] in his theory of sufficient statistics. The superadditivity
property we discuss below seems not to be in the literature on this subject;
probably it has no use there.

Corresponding to any orthogonal decomposition R'=R" @ R’, 1 =r +3,
we have the marginal densities

pl(X)=fR\ plx, v)d°y, p:(y)=fkrp(x. y)d'x.

An immediate consequence of the previous theorem is the strict super-
additivity of the information:

THEOREM 3. With p, p,, and p, related as above,
I(p)=1(p,)+1(p,) (11)

with equality just when p(x, y)=p,(x) p,(y) almost everywhere.

Proof. Let f(x, y)=p"*(x, p). Then

1o =4 [[ IV fx, 02 drxd’y +4 [[ IV, f(x. ) d*yd'x

>4 ‘V ([ d»)
+4 j ‘V ( j Fx, y)d’x)m

=1(p,)+ 1(p,).

2

d'x

Py

d’y

The inequality results from two applications of the previous theorem
with p=2; by the conditions for equality there, we must have p(x, y)=
p1(x) po(») to obtain equality here.

Remark. This theorem is a direct analog of the well known theorem
asserting strict subadditivity of the entropy. It is weaker than Theorem 2,
so that it will be convenient to refer to the p=2 case of Theorem 2 as
“superadditivity of Fisher’s information.”

We are now ready to settle the cases of equality in the logarithmic
Sobolev inequalities.

THEOREM 4. Egquality holds in (4) exactly when g is one of the Gaussian
Sfunctions

gu(x) — t——n,4e -~ |x Aa|-,21’ ae R".
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Proof. Suppose g is a function saturating (4). Suppose first that g > 0;
we will remove this restriction below. Define

ron=e()e ()

on R¥. Clearly, by rotation symmetry, f saturates the 2n dimensional
version of (4). On the other hand, making successive applications of the n
dimensional version of (4),

j(J‘fZ(,r, y)log f3(x, y) dnx> d'y
gj GJ IV fe, y)IZdx—n sz(x, ¥) d"x)

+ (ff *(x, ) d”x) log (jf ’(x, ») d"x)) d"y.

But by (4) again and then Theorem 2,

j (sz(x. v) d"x) log (ffz(x, ¥) d"x)

< % v ( [ £ ) d”x) -

1 2 gn n
<7—J V., £(x, ¥)I2 d"xd"y —n.

2

dy—n

Altogether we then have

[ 2, 108 £3(x, y) d7y

s ‘:; ﬂ (IV f(x 22+ |V, f(x, y)|?) d"xd"y — 2n

and we have already observed that we have equality here. Thus all the
inequalities above are actually equalities. In particular, since the inequality
of Theorem 2 is saturated, we must have

£, y)= ( [0 d"x)( [ £ » d"y)
almost everywhere; and so by Theorem 1, f and hence g must be Gaussian.

580/101 1-14
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The inequality (4) is translation invariant, so nothing fixes the center, and
a simple calculation determines the covariance to be that specified above.
Now consider a general saturating function g. Clearly |g| is also a
saturating function, and so it must be one of the Gaussians specified above.
But then |g| is strictly bounded below on every ball in R”. For such func-
tions, | |Vg|?>d"x={|V|g]|* d"x implies that g =x | g| for some aeC.

Remark. An attempt to prove Theorem4 has been published in
Appendix B of [16]. These authors attempt to restrict the search for
saturating functions to translates of radial decreasing functions by means of
a strict rearrangement inequality for the Dirichlet integral. The statement
they make about cases of equality in this rearrangement inequality is
incorrect. Counterexamples are however known and are discussed by
Brothers and Zeimer in [7] where optimal conditions for equality in
[IVf*(x)]> d"x <[ |Vf(x)|*d"x are obtained; here f* is the symmetric
decreasing rearrangement of /. With some further argument though, it may
be possible to use the deep result of [7] to patch the proof in [16]. We
have not pursued this since we already possessed the above clean proof
before encountering [16].

THEOREM 5. Equality holds in (1) exactly when f is one of the exponen-
tial functions

f,,(x) — eﬂ:t(u Sx— Iul-_v'Z)’ ae R,,.

Proof. Suppose [ saturates (1); then define g(x)=e ™"f(x). It is
well known that finiteness of { [V/f|* dm means that f'is in the form domain
of the operator (1/mt)(—d4 +2ntx-V) on L*(R", dm). This is unitarily
equivalent, under multiplication by e ™"*2, to the operator ((1/mt)
(— A4+ |mtx|?)—n)) on L*(R", d"x); the harmonic oscillator Hamiltonian.
Thus g is in the form domain of this operator; and in particular,
{IxI? g*(x)d"x is finite. On this account, the cancellation of second
moments in (3) is valid, and g saturates (4), and then by the previous
theorem, g(x)=1""%e "I~ “*% for some a e R".

We will now prove a stronger result: we will find a non-negative
“remainder term” which can be added to the left side of (1), and which
vanishes only on the exponential functions f,.

Our starting point is the Beckner-Hirschman inequality [3, 14]
concerning entropy and the Fourier transform. Let the Fourier transform
ZF be given by

Ffx)=|e ™ f(y)dy (12)
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for integrable functions f; # is defined on L*(R", d"x) in the usual way. If
{1 f(x)]>d"x = 1, then of course | f(x)|? and |#f(x)|? are both probability
densities. For any probability density p, we define its entropy S(p) by

S(p) = — | p(x) log p(x) d"x (13)

provided at least one of p log p _ or plogp, is integrable. Of course, this
admits both + oo and — oc as possible values. If the integrability condition
is not satisfied, the entropy is undefined. In this respect, the entropy is a
little more delicate than the Fisher information which is always defined.

Let 4 be a normalised square integrable function. Then the Beckner-
Hirschman inequality states that

S(|h1*) + S(|F h|*) = n(1 —log 2) (14)

provided only that the left side is well defined. In particular, if both
entropies are defined, and one is — oo, the other must be +co.

Remark. Suppose h belongs to the form domain of the harmonic
oscillator Hamiltonian; then (1/27) | (|VA(x))* + |2nxh(x)|?) d"x < cc.
Then both |4|? and |# h|? have finite seccond moments. By a well known
equality, their entropies are then bounded above by the entropies of the
Gaussians of the same variances. The entropies are bounded below by (3).
So for this dense set of functions, the Beckner—Hirschman inequality holds
with all terms finite.

The Beckner-Hirschman inequality has the following history. Hirschman
[14] proved that by differentiating the Hausdorf-Young inequality in p at
p=2 where it is an equality, one obtains (14) with the constant 0 on the
right side. The differentiation is unusually delicate for reasons alluded to
above. The sharp constants in the Hausdorf-Young inequality were not
then known, but they were conjectured. Hirschman noted that with the
conjectured sharp constants, one would obtain (14). When Beckner [3]
proved the outstanding conjecture on the sharp constants in the
Hausdorfl-Young inequality, he cited Hirschman and noted that together
the results in [3, 14] proved (14). Bialnicki-Birula and Mycielski gave
this same proof in [15] citing Beckner for his sharp constants in the
Hausdorf-Young inequality, but were unaware Beckner or Hirschman
on (14).

Let 2 denote the form domain of the harmonic oscillator Hamiltonian as
in the remark above; this will arise often in the following considerations.

To state the next result, we need to recall a few facts concerning % and
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its Gauss measure relative, the Wiener transform #” {21]. Suppose f has
the expansion

h(x)=Y a,H,(x)e ™",

where the H, are the normalised Hermite polynomials generated by dm, ,.
It is well known that

Fh(x)=Y i"™a,H,(x)e "I

Let U: L*(R", d"x)+ L*(R", dm, ;) be given by Uh(x) =2 "% " h(x).
Clearly U is unitary. The Wiener transform on L*(R", dm,,) is defined by

W(Zaam,):Zi“'aaHy. (15)
Clearly ' =UZ U*.

THEOREM 6. For arbitrarily normalised f € L*(R", dm,,)

) : 1
[ 1717 10g 1 £ 12 dmys+ [ 1911 log I#7f > dim, < [ IVf I dm,. (16)

Moreover when >0 and [ |%f|*log |#°f|> dm,=0, then f is one of the
Sunctions

fa — eZntu».\‘ — lal‘,‘Z)’ ae Rn'

Proof. Choose any f for which the right side of (16) is finite. Define
g=U*f; then g belongs to 2 by the remark above, and so the
Beckner—Hirschman inequality applies with all terms finite. Simply com-
puting in terms of the definitions, S(|g|*)= —{| /1> (log|f|*>—2x |x|*+
(n/2)log 2) dm,,. A similar computation for S(|# g|?) yields

S(lgl*)+S(1#gl*)

= —[1f12t0g | f 1> dmyo— [ 1# 7 log |71 dm

+27zj|x|2(|g(x)|2+lfglz)d"x—nlogl (17)
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But

2 [ %17 (1g(x)1? + | Fgl?) d"x —n

1 ¢ R
=5~ | (V800 + 12258 (x)]*) d"x —n

1
=5 [ IVf 12 dm, . (18)

Combining (17) and (18) and the Beckner-Hirschman inequality yields
(16) whenever the right side is finite.

Now suppose f>0 and | |#7f|*log |#7f|*>dm,,=0. Then g=U*f>0
also, and |#7f(x)|*=1 ae. which means |ZFg(x)|>=e¢"% " ae. But
then Fg(x) Fg(—x)=2"% """ ae, and since everything in sight is
integrable, the Fourier inversion theorem yields

[ a0 glxt yyary=2-m2e - mieve, (19)

Since g >0, and the right side is integrable, g itself is integrable. We can
now appeal to Cramér’s theorem [10] which asserts that whenever the
convolution of two non-negative integrable functions is Gaussian, each of
the factors is Gaussian. Therefore g, and hence Fg is Gaussian. Since
|UZgl=1, #f(x)=e"* and this determines f to be of the asserted form.

Remarks. This result independently implies Theorem 5. To see this,
consider any function saturating the dm,,, version of (2) with the right side
finite. Then f must be real, and | /| also saturates (2). By Theorem (6), | f]
must be an exponential function. Since such a function never vanishes,
f=iflorf=—I|fl

A weaker relation—which does not provide the extra term on the left
in (16)—between (14) and (4) has been found by Bialnicki-Birula and
Mycielski [15].

Next, the proof shows that (16) is equivalent to the Beckner—Hirschman
inequality restricted to functions in 2. Elliott Lieb has shown me his proof
that only Gaussian functions saturate (14) (they all do; the inequality is
invariant under all manner of dilations, translations, etc.) provided certain
formal cancellations can be justified a priori for saturating functions. The
method is similar to that which he used to show that only Gaussians
saturate Beckner’s sharp form of the Haussdorf-Young-Titchmarsh
inequality: subadditivity of the entropy replaces the use of Minkowski’s
inequality, but things are complicated by the fact that in general the
entropy can take on both the values plus and minus infinity.



208 ERIC A. CARLEN

Using Theorem 2 and a remark above, one can control this problem,
and show that the formal cancellations are legitimate whenever e 2. But
again, the right side of (16) is finite just when U*f'€ 2. Thus the saturating
functions for (16) are precisely the functions Ug, g any normalised
Gaussian.

Finally, as a byproduct of our argument, we have proved that when
g20 and |#g| is Gaussian, then g itself is Gaussian. We proved this for
a particular Gaussian, but the conditions are invariant under translation
and changes of scale. This result is an interesting complement to a result
of Hardy [13] which implies the same if f satisfies a decay condition
instead of our positivity condition.

We close this paper by showing how an interesting inequality due to
Blachman and Stamm follows immediately from Theorem 3, and how it in
turn implies both the inequality (1) and Theorem 5. We first establish some
notation which will be convenient for this purpose.

Let X be any R"” valued random variable on some probability space
(22, 8, Pr). If X has a density py, ie, if Pr{XeA4} :jA p.{x)d"x for all
Borel sets A, we define I(X)=1I(py). Otherwise we put /(X)=oc. In the
same manner, we define the entropy S(X) of X in terms of p,. Also let E
denote the expectation, let M ,(X) denote the nth moment E |X|"; and let
cov(X) denote the covariance matrix of X, cov, (X)=E(XX,)—
E(X)) E(X,).

THEOREM 7 (Blachman [5] and Stam [23]). Let X and Y be inde-
pendent random variables with values in R". Let 0 <a < 1. Then

I(aX+ 1—aV)<al(X)+ (1 —a) KY) (20)
and equality holds just when X and Y have Gaussian densities with
cov(X)=cov(Y). (21)

Proof. Define
—
1—ay)

plx, ¥)=pxly/ax—y pr1-ax+/ay)

on R*. Then clearly the marginal { p(x, ) d"x is the density of \/Z X+
/1—aY. Also clearly

j j IV, 0" 2(x, y)|? d"xd"y = al(X) + (1 —a) K(Y).

But by Theorem 2,

2

1/
v, (f olx. ) d"x)

2

119,020 0P drsanes | -
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with equality implying that p is a product of densities in x and y. Thus by
Theorem | (and the first remark following it) equality in (20) holds just
when X and Y are Gaussian with the same covariance.

Remark. The proofs in [5] and [23] involve formal manipulations
with distributional derivatives; this might be serious as far as the deter-
mination of cases of equality is concerned.

The present proof is easily extends to more that two random variables.

Finally, let us show how the Blachman-Stam inequality implies (1) and
Theorem 5. We will only sketch the argumant, but the differentiations and
limits can all be easily justified. In fact, our original proof of Theorem 4
proceeded by first proving Theorem S this way, and then reversing the
argument in the proof that Theorem 4 implies Theorem 5.

Proof of Theorem 5 via Theorem 7. Let p be any probability density on
R" with p'? e 2. Then p has a finite second moment, and I(p) <. Let X
be any random variable with this density, and let ¥ be any independent
random variable with the density p,(x)=e """, For every ¢ >0 define

Z,=e 'X+(1—e )Y

Then Z, has a density p, at each #, and p, is evolved from p under the
action of the adjoint Ornstein—Uhlenbeck semigroup. Therefore p, satisfies

0 1
EP[—EV'(V+2M)Pr

which can of course be checked directly from the definition.
Next, the relative entropy of Z, with respect to Y, S(Z,| Y) is defined by

S(Z V)= = [ (p./py) 108(p /) pyd".
It is easy to see [2] that lim,_, . S(Z,| Y)=0, and that
= d
-S(X|Y)= — .
(XI1)=| 2 Sz 1)
But

d 1 o d
=8z = - j (ZV (V + 27x) p,> log p,d"x — 7 = My(Z,)

After integrations by parts on the first term on the right, it becomes

1 "
—Ile ' X+(1—e )2 Y)—n. (22)
2n
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Now we can apply the last theorem and an explicit calculation of I(Y) to
dominate this by

1
—e YIX)—e ¥ n. (23)
2

Integration in ¢ now yields

t
—S(XIY)SEI(X)+7rE|X|2—n (24)

which is equivalent to Gross’s inequality as explained at the beginning of
the paper.

Equality holds just when equality holds in the passage from (22) to (23)
for each 7. This means that X has a Gaussian density with the same
covariance as Y, and so p'” has the form claimed in Theorem 5.

Remark. Blachman [5] made a very similar application of Theorem 7,
using the heat semigroup where we have used the Ornstein—Uhlenbeck
semigroup, to prove Shannon’s entropy power inequality. See also the
paper of Barron [2].

This proof of Gross’s inequality is closely related to a proof of Bakry and
Emery [1]; however, they use a different method for obtaining the
exponential decrease of I(Z,) which does not yield the cases of equality.

The inequality (24) can of course be rewritten as

—S(X)s—l—I(X)—n. (25)
4r

Then since for all >0, S(aX)= S(X) + nlna and I(aX)=a *I(X), we can
insert aX into (25) and optimize over a. This yields

1
o PN I(X). (26)

Clearly the argument can be reversed so that (26) is equivalent to (25) and
in turn to Gross’s inequality—in finite dimension of course.

The quantity on the left in (26) is called Shannon’s entropy power. Stam
[23] proved (26) by displacing it as a differentiated form of Shannon’s
entropy power inequality which Stam has just proved. This proof yields no
information on cases of equality.
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