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Abstract. We address the problem of finding high-level explanations
for concept subsumption w.r.t. combinations of £L£ (resp. ££T) CBoxes.
Our goal is to find explanations for concept subsumptions in such combi-
nations of CBoxes which contain only symbols (concept names and role
names) that are common to the CBoxes. For this, we use the encoding
of TBox subsumption as a uniform word problem in classes of semilat-
tices with monotone operators for ££ and the <-interpolation property
in these classes of algebras, as well as extensions to these results in the
presence of role inclusions. For computing the <-interpolating terms we
use a translation to propositional logic and methods for computing Craig
interpolants in propositional logic.

1 Introduction

Description logics are logics for knowledge representation which provide a logical
basis for modeling and reasoning about objects, classes of objects (concepts), and
relationships between them (roles). They are of particular importance in provid-
ing a logical formalism for ontologies. One of the problems arising when creating
ontologies is to ensure that they do not contain mistakes that could allow to
prove subsumptions between concepts that are not supposed to hold. One situa-
tion in which this can happen is when already existing databases (or ontologies)
which can be considered trustworthy are extended or when two databases (or
ontologies) are put together. Even if the new ontology is still consistent, one
needs to make sure that no concept inclusions which are not supposed to be true
can be derived. It is therefore important to provide simple explanations for con-
cept subsumptions in such combined ontologies (containing, for instance, only
symbols that occur both in the original ontology and in the extension). In this
paper we analyze this particular problem for the case in which the two ontologies
consist only of TBoxes resp. CBoxes. We restrict the description logics to ££ and
ELT. We use the encoding of TBox subsumption for ££ as a uniform word prob-
lem in classes of semilattices with monotone operators and the <-interpolation
property in these classes of algebras, as well as extensions to these results in
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the presence of role inclusions. (A subset of the axioms needed for deriving a
concept inclusion can be determined using an unsatisfiable core computation.)
For computing the <-interpolating terms we use a translation to propositional
logic and methods for computing Craig interpolants in propositional logic. We
regard these <-interpolating terms as high-level explanations for the subsump-
tion. If more explanations are needed, they can then be obtained by analyzing
the unsatisfiable cores and the resolution derivation of the <-interpolating terms.

Related work One method for finding justifications in description logics which
has been addressed in previous work is the so-called axiom pinpointing. The idea
is to find a minimal axiom set, which already has the consequence in question.
Similar algorithms for computing minimal axiom sets for ALC-terminologies
were given by Baader and Hollunder [4], and by Schlobach and Cornet [18].
They are extensions of the tableau-like satisfiability algorithm for ALC and the
tableau-like consistency algorithm for ALC, respectively, in which they make use
of labels to keep track of the axioms that were used during the execution of the
algorithms. In contrast to the algorithm in [18], the one in [4] does not com-
pute minimal axiom sets directly, but Boolean formulae from which they can be
derived. Possibilities of explaining ALC-subsumption (again based on tableau
implementations) are described in [9]. In [17], a general approach to produce
axiom pinpointing extensions of consequence-based algorithms is proposed. The
methods we propose in this paper are based on resolution and hierarchical rea-
soning and are restricted to EL£ and ELT.

In [7] and [8] Baader et al. give a similar algorithm for axiom pinpointing in the
description logics ££ and ELT, respectively, in which they modify the subsump-
tion algorithm for £L (respectively ££7). Here again labels are used to keep
track of the axioms needed and the output is a Boolean formula, from which the
axioms can be derived. They show that computing all possible minimal axiom
sets may need exponential time, whereas computing one such set can be done in
polynomial time. In [8] they consider extensions of TBoxes, i.e. unions of a static
TBox (with irrefutable axioms) and a refutable TBox. There are also approaches
to finding and enumerating justifications in £L£-ontologies and extensions thereof
using saturation with respect to a consequence-based calculus [14], using resolu-
tion [11], or using other suitable SAT-tools [2]. The approach we present could
use these methods for axiom pinpointing or justification computation (here we
instead use unsatisfiable core computation).

Possibilities of finding small proofs for description logics have been investigated
in [1]. This is not the direct goal of this paper, but might be considered as a
further step in an incremental way of generating explanations, after having con-
structed intermediate terms. In [10], provenance for variants of the description
logic £L is studied; our approach could be extended with such considerations
for making the explanations more informative.

Possibilities of detecting differences between ontologies have been studied in [12];
this could be seen as a first step of obtaining the concept inclusions on which
our method could be applied.
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Ay Endocardium LC Tissue

Aot Endocardium [C Jpart-of.HeartWall

Az : HeartWall T BodyWall

Ag HeartWall C dpart-of.LeftVentricle
As : HeartWall T dpart-of.RightVentricle
Ag : LeftVentricle C Ventricle

A7 RightVentricle C Ventricle

Asg : Endocarditis T Inflammation

Ag : Endocarditis T Jhas-location.Endocardium
Ao : Inflammation M Jhas-location.Endocardium LC Endocarditis

A1 Inflammation LC Disease

At : Inflammation [C Jacts-on.Tissue

Bi1: Ventricle C dpart-of.Heart

B : HeartDisease [C Disease

Bs: HeartDisease LT Jhas-location.Heart
By : Disease M Jhas-location.Heart T HeartDisease

R : part-of o part-of C part-of

Ro : has-location o part-of C has-location

Fig. 1: Example of an ££T ontology

1.1 TIllustration

We illustrate our ideas on the example CBox in Figure 1. It is based on an
example from [28], which we modified in some points. We changed the CBox in a
way that it only contains general concept inclusions and conjunction only appears
on the left hand side of an axiom. Furthermore we left out some axioms and
concepts, but also added new concepts (LeftVentricle, RightVentricle, Ventricle)
and changed some axioms accordingly. (Note that concept names always start
with capital letters, whereas role names start with small letters.)

We divided the CBox into three parts: The A-part is our main CBox, which
is supposed to be consistent. The B-part is an extension of the main CBox and
may introduce some new (and in the worst case even unwanted) consequences.
The R-part contains only role axioms RI (we assume that role symbols are
always among the shared symbols of the two CBoxes). Thus, the A-part is the
CBox T4 U RI and the B-part is the CBox 7p U RI, where 74 and Tp are
TBoxes. We are interested in finding simple explanations for consequences w.r.t.
this extended CBox. One such consequence is Endocarditis C Heartdisease.
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|Construct0r name |Syntax |Semantics |
conjunction cinclctnct
existential restriction|3r.C [{z | Iy((z,y) € r¥ and y € CF)}

Fig. 2: £L constructors and their semantics

Note that T4 U T U RI = Endocarditis = Heartdisease, but T4 U RI ¥
Endocarditis C Heartdisease and T U RI ¥ Endocarditis C Heartdisease, i.e. the
consequence comes from the extension of the ontology and is not a consequence
of one of the parts alone. Our goal now is to find an explanation of the reason
why 74 U 7p U RI = Endocarditis C Heartdisease. Formally this means that we
try to find a concept description C' which contains only shared symbols of T4 and
T such that Ty URI |= Endocarditis C C and T4 UTg URI |= C C Heartdisease.
The common concepts in this example are Disease and Ventricle. We obtain the
concept description C' := Disease 'l Fhas-location.Ventricle, which can be regarded
as a high-level explanation for 74 U Tp U RI |= Endocarditis C Heartdisease. The
details are presented in Section 4.

2 Preliminaries

The central notions in description logics are concepts and roles. In any descrip-
tion logic a set N¢ of concept names and a set Ny of roles is assumed to be given.
Complex concepts are defined starting with the concept names in N¢, with the
help of a set of concept constructors. The available constructors determine the
expressive power of a description logic. The semantics of description logics is
defined in terms of interpretations Z = (AZ,-Z), where AZ is a non-empty set,
and the function -Z maps each concept name C' € N¢ to a set CT C AT and
each role name r € Ng to a binary relation r~ C AT x AT,

The description logics ££, ££1 and some extensions. If we only allow
intersection and existential restriction as concept constructors, we obtain the
description logic £L£ [3], a logic used in terminological reasoning in medicine
[27, 26]. Fig. 2 shows the constructor names used in the description logic £L£
and their semantics. The extension of -7 to concept descriptions is inductively
defined using the semantics of the constructors. In [6, 5], the extension ELT of
EL with role inclusion axioms is studied. Relationships between concepts and
roles are described using TBoxes or, more generally, CBoxes.

Definition 1 (TBox, Model, TBox subsumption). A TBozx (or terminol-
ogy) is a finite set consisting of primitive concept definitions of the form C' = D,
where C' is a concept name and D a concept description; and general concept
inclusions (GCI) of the form C C D, where C and D are concept descriptions.

— An interpretation Z is a model of a TBox T if it satisfies:
o all concept definitions in T, i.e., CT=D? for all definitions C=D € T ;
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o all general concept inclusions in T, i.e., CTCD?T for every CCD € T.
— Let T be a TBoz, and Cy,Cs two concept descriptions. Cy is subsumed by
Co wrt. T (Cy T Cy) if and only if C+ C CZ for every model T of T.

Since definitions can be expressed as double inclusions, in what follows we will
only refer to TBoxes consisting of general concept inclusions (GCI) only.

Definition 2 (CBox, Model, CBox subsumption). A CBox consists of a
TBox T and a set RI of role inclusions of the form ri o---or, C s. Since
terminologies can be expressed as sets of general concept inclusions, we will view
CBozxes as unions GCIURI of a set GCI of general concept inclusions and a
set RI of role inclusions of the formrio---or, C s, with n>1.

— An interpretation T is a model of the CBox C = GCI U RI if it is a model
of GCI and satisfies all role inclusions in C, i.e., r¥ o---orL C s for all
rio---or, Cse€ RI.

— If C is a CBoz, and C1,Cy are concept descriptions then C7 Ce Cy if and
only if C¥ C C¥ for every model T of C.

In [6] it was shown that subsumption w.r.t. CBoxes in E£T can be reduced in
linear time to subsumption w.r.t. normalized CBoxes, in which all GCIs have
one of the forms: CC D,C1 M Cy C D,C C Fr.D,3r.C C D, where C,Cy,Cs, D
are concept names, and all role inclusions are of the form » C s or r{ ory C s,
where 1, 5,71, 72 are role names. Therefore, in what follows, we consider w.l.o.g.
that CBoxes only contain role inclusions of the form r C s and ry o ry C s.

Algebraic semantics for ££, ££7 and extensions thereof. In [20] we stud-
ied the link between TBox subsumption in ££ and uniform word problems in
the corresponding classes of semilattices with monotone functions. In [22, 23],
we showed that these results naturally extend to the description logic E£7.

Let SLO(X) be the class of all A-semilattices with unary operators (S, A, {fs}rex),
such that, for every f € X, fs: S — S is a monotone function, i.e. f satisfies:

Mon(X) = A Va,y (x <y — f(x) < f(y)).
fex
When defining the semantics of ££ or ££T with role names Ny we use a class of
A-semilattices with monotone operators of the form SLO]HVR = (S,A {farfrens)-

Every concept description C' can be represented as a term C; the encoding is
inductively defined:

— Every concept name C' € N¢ is regarded as a variable C=cC.
- Cl |_|02 = Cl /\02 and JrC = ngC.

If RI is a set of role inclusions of the form r C s and r1 oy C s, let RI, be the
set of all axioms of the form

Vo (far(z) < fas(x)) forall rC s e RI
Va (far (far, (2)) < fas(x)) forallryory Cs € RI

We will denote by SLO]EVR (RI,) the class of all semilattices with monotone op-
erators in which all axioms in RI, hold.
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Theorem 3 ([23]). If the only concept constructors are intersection and ex-
istential restriction, then for all concept descriptions Di, Doy and every ELT
CBox C=GCIURI — where RI consists of role inclusions of the form r C s and
r1ory C s — with concept names No = {C1,...,Cy} and set of roles Ni the
following are equivalent:

(1) D1C¢Ds.
(2) SLOY (RI,) EYC, ...C, ( (/\CgDecm Ugﬁ) = D_lgD_g) .

In [23, 24] we showed that the uniform word problem for the class of algebras
SLOR,, (RI,) is decidable in PTIME. For this, we proved that SLOR,, (RI,) can
be seen as a “local” extension (cf. [19]) of the theory SLat of semilattices.

Theorem 4 ([25, 23]). Let G be a set of ground clauses. The following are
equivalent:

(1) SLatUMon(X)UG =L.

(2) SLat U Mon(X)[G] U G has no partial model A such that its {\}-reduct is a
semilattice, and all X-subterms of G are defined.
Here we denoted by Mon(X)[G] the set of all instances of axioms of Mon(X)
containing only (ground) subterms occurring in G.

Let Mon(X)[G]o U Go U Def be obtained from Mon(X)[G] U G by replacing (in
a bottom-up manner) every term t = f(c) starting with functions in X with a
fresh constant c¢, and adding t =~ c¢; to the set Def.

The following are equivalent (and equivalent to (1) and (2) above):

(8) Mon(X)[G]o UGy U Def has no partial model A such that its {A\}-reduct is a
semilattice, and all X'-subterms of G are defined.

(4) Mon(X)[G]o U Go is unsatisfiable in SLat.
(Note that in the presence of Mon(X') the instances Con|[G|o of the con-
gruence awioms for the functions in X, Con[Glo = {g=g" — c(g)=Cy(g) |
f(g9)=csqg), f(g')=cy(y) € Def}, are not necessary.)

This equivalence allows us to hierarchically reduce, in polynomial time, proof
tasks in SLat U Mon(X) to proof tasks in SLat (cf. e.g., [25]) which can then be
solved in polynomial time. In [23; 24] we proved that similar results hold for the
class SLOx(RI) of semilattices with monotone operators in a set X' satisfying
a family RI, axioms of the form:

resp. their flattened version RIft in which (2) is replaced by (3):

Vo y < g(z) = fy) < h(z) (3)
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Theorem 5 ([24]). Let SL be a local aziomatization of the theory of semilat-
tices. The following are equivalent:

(1) SLUMon(£) U RIf =VE N\ 5:(T) < 5(Z) — s(T) < '(T);

(2) SLUMon(X)U RIf®* A G =L, where G = N[, s:(¢)<si(C)As(e) £ s'();

— 1

(3) (SL UMon(X) U RIP) Wk (G)] A G =L where ¥gi(G) = Uz>0 i, with
Q/%Izst(G) and Q/E’}l:{fg(d) | f(d) € WIiU’ (y<fa(x)—=f1(y)<f(x)) € RIﬂat}.

An example that illustrates the way the method for hierarchical reasoning
can be used in this case is given in Appendix A.

3 P-Interpolation Property

Let Pred be a set of predicates. We look at a certain kind of interpolation prop-
erty which we call P-interpolating. In the following we give a definition for
P-interpolation and show that the theory of semilattices has this property.

Definition 6. 7 is P-interpolating with respect to P € Pred, if for all con-
junctions A and B of ground literals, all binary predicates R € P and all terms
a and b such that a contains only constants occurring in A and b contains only
constants occurring in B (or vice versa), if AN B =1, aRb then there exists a
term t containing only constants common to A and B with ANB =7, aRt AtRb.
To is strongly P-interpolating, if there exists such a term t with A =1, aRt and
B =7, tRb.:

Proving P-interpolability is sometimes easier for theories which are P-convex.

Definition 7. A theory 7o is convex with respect to the set Pred of all predicates
(which may include also equality =) if for all conjunctions I" of ground atoms,
relations Ry, ..., R,, € Pred and ground tuples of corresponding arity t1,...,tn,
if ' Vit RZ( i) then there exists j € {1,...,m} such that I" =7, ](fj).

We will prove that the theory of semilattices with monotone operators is <-
interpolating. For this we will use the fact that the theory of semilattices is
<-convex.

Lemma 8. The theory of semilattices is <-convez.

Proof: The convexity of the theory of semilattices w.r.t. = follows from the fact
that this is an equational class; convexity w.r.t. < follows from the fact that
x <y if and only if (z Ay) = z. O

Lemma 9. The theory SLat of semilattices is <-interpolating.

! This definition is equivalent to the definition, sometimes used in the literature, in
which a and b are required to be constants.
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Proof: This is a constructive proof based on the fact that SLat = ISP(S2) (i.e.
every semilattice is isomorphic to a sublattice of a power of S3), where Sy is the
2-element semilattice, or, alternatively, that every semilattice is isomorphic to a
semilattice of sets. We prove that the theory of semilattices is <-interpolating,
i.e. that if A and B are two conjunctions of literals and AA B [=siat a < b, where
a is a term containing only constants which occur in A and b a term containing
only constants occurring in B, then there exists a term containing only common
constants in A and B such that A FEsiar a <t and AA B [Espar t < b. We can
assume without loss of generality that A and B consist only of atoms (otherwise
one moves the negative literals to the right and uses convexity - details are given
in Appendix B). AA B [siat a < b if and only if the following conjunction of
literals in propositional logic is unsatisfiable:

(Ren(/\)) Pel/\62 A P€1 /\Pe2 Pgl/\gg Axs Pgl /\Pg2
(P) P, < P, eg~excA Py & Py, gim=g¢g2€B
Pe1 — P62 e1 < ey € A Pg1 — sz g1 < g2 € B
(N) P, -P,
for all e, e1, e5 subterms in A for all g, g1, g2 subterms in B

We obtain an unsatisfiable set of clauses (Na A P,) A (Np A =By) =L, where
N4 and Np are sets of Horn clauses in which each clause contains a positive
literal. We can saturate N4 U P, under ordered resolution, in which all symbols

occurring in A but not in B are larger than the common symbols. We show that
if AN B Esiat @ < b holds, then for the term

t:= A{e| A EsLat a < e,e common subterm of A and B}
the following hold:

(i) A Eslata <t, and
(ii) ANB 'ZSLat t <b.

This means that for the theory of semilattices we have a property stronger than
<-interpolability, but not quite as strong as strongly <-interpolability.?

Every e € T = {e | A = a < e,e common subterm of A and B} corresponds
to the positive unit clause P, (where P, is a propositional variable common to
N4 and Np) which can be derived from N4 using ordered resolution (with the
ordering described above).

It is clearly the case that A |=siat a < ¢, because NAAP, AP APy < N o Pe) is
unsatisfiable. Thus, (i) holds. For proving (ii), observe that by saturating N4y AP,
under ordered resolution we obtain the following kinds of clauses containing only
shared symbols which can possibly lead to L after inferences with Ng A—P, (and
thus to the consequence a < b together with B).

a) P._ positive unit clauses s.t. e, contains symbols common to A and B.
k
(b) /\?:1 P.,; — Py,, where ¢;; and d; are common symbols, such that for all 4,
j and k we have ¢;; # e, and d; # ey.

2 This proof fixes a problem with a claim made in the Appendix of [21] where it is
mentioned that the theory of semilattices is strongly <-interpolating.
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Other types of clauses may appear too, but they can not be used to obtain a < b
(the details are presented in Appendix B).

For the proof of (ii) one needs to consider separately the case in which none
of the clauses of type (b) is needed to derive L together with Np A =P, (and
thus the consequence a < b) and the case when some clauses of type (b) are
needed. In the first case, L is derived already because of a subset {P., | i € S}.
In the second case a careful analysis is needed. The details are presented in
Appendix B. a

We show how to compute an intermediate term in the theory of semilattices on
an example.

Ezample 10. Let A = {a1 < ¢1, ¢c2 < ag, az < c3} and B = {¢; < by, by <
co, c3 < ba}. It is easy to see that AA B = a1 < by. We can find an intermediate
term by using the methods described in the proof: We saturate Na A P,, =
(Pay = Pey)N(Pzy = Pay)AN(Pa, — Pey) AP, under ordered resolution, in which
the symbols P,,, P,, are larger than P, , P.,, P.,. This yields the clauses P, and
P., — P., containing shared propositional variables. (N4 A Py, ) A (N A = Pp,)
is unsatisfiable iff Ng A =Py, A Pe; A (P., = P.,) is unsatisfiable. Indeed t = ¢;
is an intermediate term, as A = a1 < ¢; and AA B E ¢1 < be. Note that
NpA—Py, AP, is satisfiable, so B [~ ¢; < ba. Moreover, we only need P., — P,
in addition to Ng U —Fp, to derive L, thus A A B = ¢; < by and the clause
P., = P., obtained from N4 is really needed for this.

Theorem 11. The theory SLO?VR (RI,) of semilattices with monotone operators
satisfying axioms RI, is <-interpolating.

Proof (Sketch): The operators of SLO?VR (RI,) satisfy the monotonicity con-
dition Mon; the axioms in RI, are in a class we studied in [21]. Let A and B
be two conjunctions of literals (corresponding to two TBoxes), let RI be a set
of role axioms and let Mon be the family of all monotonicity axioms for the
functions {f3, | » € Ngr}. Assume that A A B ':SLOJHVR(RI,I) a < b, where a

is a term containing only constants and X-functions occurring in A and b is a
term containing only constants and Y-functions occurring in B. By Theorem 4,
ANB ):SLO?VR(RLI) a < b if and only if (with the notation used in Theorem 4),

Ao AByAMon[AAB]oARIL[AABlgACong A—(a < b)g FEsLatL. In the presence of
monotonicity, Con is not needed. The set H = Mon[AABlo ARI,[AAB]o A—(a <
b)o contains mixed clauses. Using a result similar to one used in [21] (the proof
is given in Appendix C, cf. Proposition 13) we can “separate” all clauses in H
as well as a < b, i.e. we have Ag AHaABoAHp A —(ag <tog Aty <bo) EsLatL,
where ty contains only constants common to Ay and By. After replacing back

the new constants with the terms they represent, we obtain: AA B ':SLO?V (RI.)
R

(a <t At <b), where t contains symbols common to A and B.3 O

3 As in [21], for function symbols f,g, if f occurs in A and g occurs in B, but they
occur together in one of the axioms in RI, they are considered to be shared.
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4 <-Interpolation for High-Level Explanations

In this section we explain our method in detail and illustrate each step of the
method on the example from Section 1.1. First we give a formal statement of
the problem we are addressing: Let T4 and 7p be two £ LT TBoxes and RI a set
of role inclusions. Let N¢ be the set of all concept names occurring in T4 U 7,
Né‘ and NF be the set of concept names occurring in 74 and 7z, respectively,
and NAB = (N4 N NE) be the common concept names. Let X be a concept
description over Né“ and Y a concept description over Ng such that they do
not contain only shared symbols and such that T4 UTg URI = X C Y, but
TAURI £ X CTY and T URI £ X C Y. The goal is to find a concept
description C, containing only concepts in Né‘B (and possibly also only roles
common to T4 and Tg), such that TAURI = X C C and TAUTgURI =EC CY.
The concept description C' can then be seen as a “high-level explanation” for
X C Y. Using Theorem 3 and Theorem 11, we can always compute such a
concept description. For this we apply the following steps:

1. Translate to the theory of semilattices with monotone operators
2. Flatten, purify and use instantiation

3. Separate all mixed instances of role and monotonicity axioms

4. Compute an intermediate term using P-interpolation

Remark 12. We can make the method more efficient especially for large ontolo-
gies, by modifying Steps 2 and 3. Usually, if we have very large TBoxes, only
some of their axioms are necessary for obtaining a certain consequence. There-
fore it is sufficient to apply Step 2 only on the relevant axioms. Similarly, we can
speed up our method by applying Step 3 only on the instances relevant for our
problem. For determining which axioms/instances are relevant we can compute
a minimal axiom set, for example by using unsatisfiable core computation. We
therefore modify the method by including a Step 2a (before Step 2) and a Step
3a (before Step 3) in which we compute a minimal axiom or instance set.

For the ontology from Section 1 we have the following sets of symbols (we indicate
also the abbreviations used in what follows):

NG = {Endocardium(Em), Tissue(T), HeartWall(HW),
LeftVentricle(LV), RightVentricle(RV), Ventricle(V)
Disease(D), Inflammation(l), Endocarditis(Es)}

NE = {Heart(H), HeartDisease(HD), Disease(D), Ventricle(V)}
N4E = {Disease(D), Ventricle(V)}

Therefore the consequence Endocarditis C Heartdisease indeed belongs to the
problem described above. We show how to apply steps 1 to 4 (including steps
2a and 3a) in detail:

Step 1: Figure 3 shows the ontology after the translation to the theory of
semilattices (SLat). For this we replace C by < and M by A, and write the role
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Ar Em < T

As Em < po(HW) By : V. < po(H)

As : HW < BW By : HD < D

Ag: HW < po(LV) Bs : HD < hi(H)

As HW < po(RV) By DAhKI(H) < HD

Ag : v <V

Aq RV < V Ry VX: po(po(X)) < po(X)

Ag Es < | R, : vX: hi(po(X)) < hI(X)

Ay : Es < hI(Em)

Ao |/\h|(Em) < Es M, : vX)Y: X<Y — po(X) < pO(Y)
A | < D My:  YXY: X<Y = hi(X) < hi(Y)
Ao : I < ao(T) Ms : vX)Y: X<Y — ao(X) <ao(Y)

Fig. 3: Ontology after translation to SLat with monotone operators

axioms as universal formulae. Note that we use abbreviations for role names (e.g.
hl for has-location, po for part-of, ao for acts-on). Also note that we now state
the monotonicity axioms for each role explicitly.

Step 2a: Using unsat core computation we get the minimal axiom set miny =
{Ay, Ay, Ag, As, Ag, A11, B1, By, Ro}. This means that for the following instan-
tiation step we only have to consider the role axiom Rs and none of the mono-
tonicity axioms is needed.

Step 2: Let 7o = SLat and T7 = SLatUR5 be the extension of Ty with axiom Rs.
We know that it is a local theory extension, so we can use hierarchical reasoning.
We first flatten the role axiom Ry in the following way:

RE*: WX, Y: X <po(Y) — hi(X) <hi(Y)

We have the following instances of this axiom:

Ii: Em<po(HW) —  hI(Em) < hi(HW) Io: LV<po(RV) — hI(LV) < hi(RV)
I,: Em<po(lV) — hI(Em) < hi(LV) Lio: LV < po(H) —  hI(LV) < hi(H)
Is: Em<po(RV) —  hI(Em) < hi(RV) Li: RV<po(HW) —  hI(RV) < hi(HW)
I.:  Em < po(H) —  hI(Em) < hi(H) La: RV<po(lV) — hI(RV) < hI(LV)
Is: HW<po(lV)  — hI(HW) < hi(LV) Lis: RV < po(H) —  hI(RV) < hi(H)
Is: HW <po(RV) —  hI(HW) < hi(RV) ha: H<po(HW) —  hi(H) < hi(HW)
Iz :  HW < po(H) —  hI(HW) < hi(H) Lis: H<po(lV) —  hi(H) < hi(LV)
Ig: LV <po(HW) —  hi(LV) <hI(HW) Tg: H<po(RV) —  hi(H) < hI(RV)

We purify all formulae by introducing new constants for the terms starting with
a function symbol, i.e. role names. We save the definitions in the following set:

Def = {poyw = po(HW), po,y = po(LV), poy = po(H), hlegm = hI(EM),
hlpw = hl(HW)7 hlpy = hl(LV)7 hlpc = hl(HC), hlg = hl(H)}
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We then have the set AgABgAly, where Ay, By and I are the purified versions of
A= {AQ,A4,A6,A8,A9,A11}, B = {31,34} and I = {Il, ...7110}, respectively.

Step 3a: Computing an unsatisfiable core yields the following set of axioms:
{AQ, A4, A67 Ag, Ag, Alla Bl, B4, Il, 157 110}. SO we have H = {Il, 157 110}. Out
of these instances the first two are pure A (meaning the premise contains only
symbols in N&), but I1p is a mixed instance, since LV € NA\NE and H €
JVCB\]Vé‘7 SO Hmix = {110}.

Step 3: To separate the mixed instance LV < poy — hly < hly one has to find
an intermediate term ¢ in the common signature such that LV < ¢ and ¢ < poy.
t =V is such a term. We get Hsep = {I{3, [5} where

I : V<V - hiv < hly
15 V < poy — hly < hly

Note that I} is an instance of the monotonicity axiom for the has-location role
and I is an instance of axiom Rt

Step 4: Note that w.r.t. SLat the formula Ay A I; A I5 A I{} is equivalent to:
Ay = Em < poyywy AHW < poy ALVSVAEs<IAEs <hlgn A<D
A hlem < hlgw A hlpw < hlpy A hlpy < hly

To obtain an explanation for T4 U Tp U RI | Endocarditis C HeartDisease we
saturate the set Ay A Es under ordered resolution as described in the proof of
Theorem 9, where symbols occurring in A and not in B are larger than common
symbols. Doing this yields two inferences containing only common symbols: D
and hly. By taking the conjunction of these terms and translating the formula
back to description logic, we obtain J = Disease I Jhas-location.Ventricle. Then
Ta U RI = Endocarditis C J and T4 U 7 U RI = J C HeartDisease.

5 Conclusion

We analyzed a possibility of giving high-level justifications for subsumption in
the description logics ££ and £L£T. For this, we used the encoding of TBox
subsumption as a uniform word problem in classes of semilattices with monotone
operators for ££ and the <-interpolation property in these classes of algebras,
as well as extensions to these results in the presence of role inclusions. This
can be seen as a first step towards providing short, high-level explanations for
subsumption. If more explanations are needed, they can then be obtained by
pinpointing and analyzing the resolution derivation of the <-interpolating terms.

There has been work on other forms of interpolation in the family of ££
description logics: a variant of interpolation is proved in [16], possibilities for
uniform interpolation are analyzed in [13] and [15] (it is well known that neither
ALC nor £L allow uniform interpolation). As a plan for future work we would
like to analyze possibilities of symbol elimination and abduction in such logics
— which are strongly related to uniform interpolation.

Acknowledgements: We thank the reviewers for their helpful comments.
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A Example of local reasoning in ELT

We illustrate the ideas on the example from Section 1.1. Consider the CBox C
consisting of the following GCT:

Al — Ay Endocardium C Tissue M Jdpart-of.HeartWall

Ay HeartWall C dpart-of.LeftVentricle

Ag LeftVentricle T Ventricle

Ag — Ag Endocarditis C Inflammation M Jhas-location.Endocardium
Ay Inflammation C Disease

B, Ventricle C dpart-of.Heart

By — By Heartdisease = Disease 'l dhas-location.Heart

and the following role inclusions RI:

part-of o part-of C part-of
has-location o part-of C has-location

We want to check whether Endocarditis C¢ Heartdisease. This is the case iff (with
some abbreviations — e.g. hl stands for Jhas-location and po for Jpart-of, HW for
HeartWall, Em for Endocardium, H for Heart, etc.):

SL U Mon(hl, po) U {Vz y<po(z) — po(y)<po(z),
v y<po(x) — hl(y)<hl(z)}
U {Em < T Apo(HW), HW < po(LV), LV<V, V <po(H), | <D,
Endocarditis < | A hl(Em), Heartdisease = D A hi(H),
Endocarditis € Heartdisease} = L.

Then st(K,G) = {po(HW), po(LV), po(H), hI(Em),hI(H)}. To compute ¥ic(G),
note that ¥, = st(K,G), ¥}, = {po(Em), po(H)}, and ¥%, = ¥,.

Thus, Pk (G) = {po(HW), po(LV), po(Em), po(H), hI(Em), hi(H)}. After com-
puting (RI, U Mon(hl, po) U Con)[¥(G)] we obtain the following conjunction of
(Horn) ground clauses:

|G [(RI. A Mon A Con)[#(G)]ASL[¥(G)] |
Em < T A po(HW) y<po(z) — po(y)<po(z) for z,y € {HW,LV,Em, H}
HW < po(LV), y<po(z) — hl(y) < hl(z) for z,y € {Em,H}

Lv <V

V < po(H) xRy — po(z)Rpo(y) for z,y € {HW,LV,Em, H}
Endocarditis < I A hl(Em) |zRy — hl(z)Rhl(y) for ,y € {Em,H}

I<D R e {§7 >, :}

Heartdisease = D A hl(H)
Endocarditis £ Heartdisease SLY(G)]

By Theorem 5, Endocarditis T Heartdisease iff ¢ = G A (RI, A Mon A
Con)[¥(G)] A SLI¥(G)] is unsatisfiable. Note that ¢ is a set of ground clauses
in first-order logic with equality, containing all instances of the congruence ax-
ioms corresponding to the (ground) terms which occur in ¢. A translation to
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Datalog can easily be obtained by replacing the function symbols with binary
predicate symbols. Alternatively, we can process the instances in ¢ by replac-
ing, in a bottom-up fashion, all the terms starting with function symbols (which
are all ground) with new constants (and adding, separately, the corresponding
definitions). We obtain the following set of clauses:

[Def |Go [(RI. A Mon A Con)[¥(G)]o A SLI¥(G)]o |
po(HW) = ci|[Em < T A1 a < po, — po, < po,
po(LV) = c2 [HW < ¢, aRb — po,Rpo, a,be {HW,LV,H,Em}
po(H)=¢3 |[LVLV
po(Em) =c4 |V <3 a < po, — hly < hly
hi(H) = ¢s  |Endocarditis < | A ¢ aRb — hl,Rhl,  a,b € {H,Em}
hI(Em) = ¢s |1 <D
Heartdisease = D A ¢5 hla, hly constants renaming hl(a), hl(b
Endocarditis £ Heartdisease| po,, po, constants renaming po(a), po(b)
Re{<,>,=}
SLIw(G)]o

The satisfiability of ¢ can therefore be checked automatically in polynomial
time in the size of ¢ which in its turn is polynomial in the size of Ui (G). Hence,
in this case, the size of ¢ is polynomial in the size of G.

Unsatisfiability can also be proved directly: G A (RI, A Mon A Con)[¥(G)]
entails the inequalities:

(1) Endocarditis < (I AhI(Em)) < (D A hl(Em));

2) LV <V <po(H);
3) Em < po(HW), hence also hl(Em) < hl(HW);
4) HW < po(LV), hence also hI(HW) < hi(LV);
5) LV < po(H), hence also hl(LV) < hl(H);
6) (D AhI(Em)) < (D A hl(H)) = Heartdisease
Thus, G A (RI, A Mon A Con)[¥(G)] |= Endocarditis < Heartdisease, which leads
to a contradiction, since Endocarditis £ Heartdisease is in G.

AAAAA

B Proof of Lemma 9

Lemma 9. The theory SLat of semilattices is P-interpolating for P = {~, <}.

Proof: This is a constructive proof based on the fact that SLat = I.SP(S2),
where S5 is the 2-element semilattice. We prove that the theory of semilattices
is <-interpolating, i.e. that if A and B are two conjunctions of literals and
AN B [Esiat @ < b, where a is a term containing only constants which occur in
A and b a term containing only constants occurring in B, then there exists a
term containing only common constants in A and B such that A |=g.: a < t and
AAB Esiat t < b. We can assume without loss of generality that A and B consist
only of atoms: Indeed, assume that AANB = A3 A--- ANA, A—AY AN AN2AL,
where Ay,..., Ay, A, ..., Al are atoms. Then the following are equivalent:

— AANBEsata<b
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— )ZSLatA/\B—>a§b

— Estat "A1 V- VoA, VAV VAL Va<Dd
Estat (A1 A ANA,) = A{V--- VA Va<b
AN NA, Estat AV VAL Va<b

Since the theory of semilattices is convex w.r.t. < and =, it follows that if
AN B [Fsiar a < b then either (a) A1 A---A Ay [=siar A for some j € {1,...,m}
or (b) A1 A--- AN Ay, Esiat a < b. Tt is easy to see that in case (a), AA B =1.
Then the conclusion of the theorem follows immediately. We therefore continue
the proof for the case when A and B consist only of atoms.

As Slat = ISP(S2), in SlLat the same Horn sentences are true as in the
2-element semilattice So. Thus, AA B Esiat a < biff AAB g, a < b, so we
can reduce such a test to entailment in propositional logic.

It follows that A A B Esiat a < b if and only if the following conjunction of
literals in propositional logic is unsatisfiable:

(Ren(A))  Peypey ¢ Pey AP, Pying, < Py NPy,
(P) P, P, egme €A P, < P, q1=g2€B
Pel — P62 e1<es € A Pg1 — Pg2 g1 < g2 € B
(N) P, =P,
for all e, e1, e2 subterms in A for all g, g1, g2 subterms in B

We obtain an unsatisfiable set of clauses (Na A P,) A (Np A =PBy) =L, where
N4 and Np are sets of Horn clauses in which each clause contains a positive
literal. We can saturate N4 U P, under ordered resolution, in which all symbols
occurring in A but not in B are larger than the common symbols. We show that
if AA B Esiat a <b holds, then for the term

t:= e| A st a < e, e common subterm of A and B
Nlel ;

the following hold:

(i) A Eslat a <t, and
(ii) ANB 'ZSLat t <b.

This means that for the theory of semilattices we have a property stronger than
<-interpolability, but not quite as strong as strongly <-interpolability.

Every e € T = {e| A EsLat a < e, e common subterm of A and B} corresponds
to the positive unit clause P, (where P, is a propositional variable common to
N4 and Np) which can be derived from N4 using ordered resolution (with the
ordering described above).

It is clearly the case that A |=si.t @ < t, because NA APy, A=PyA(Py <> Nocp Pe)
is unsatisfiable. Thus, (i) holds.

For proving (ii), observe that by saturating N4 A P, under ordered resolution we

obtain the following kinds of clauses which can possibly lead to L after inferences
with N A =P, (and thus to the consequence a < b together with B):
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(a) P., positive unit clauses s.t. e, contains symbols common to A and B, for
ked{l,...,1}.

(b) /\;1:1 P.,;, — Py, where ¢;; and d; are common symbols, such that for all 7,
j and k we have ¢;; # ey, and d; # ey, for ¢ € {1,...,p}.

Other types of clauses may appear too, but they can not be used to obtain a < b:

To see that clauses where some c¢;; = e are not necessary to derive the
consequence a < b, note that if P, is a positive unit literal and we have the clause
(Pep, NN\ Pe;;) — Pa,, then by resolution we get as an inference A P.,; — Pq,.
It is easy to see that (P, A APe,) — Pa, is redundant in the presence of
A P.;; — Pa,. In the same way, clauses of the form A P.,, — P, (i.e. clauses of
type (b) where d; = ey) are redundant in the presence of P, ..., P.,. For the
proof of (ii) one needs to consider separately the case in which none of the Py,
is needed to derive L together with Np (and thus the consequence a < b) and
the case when some P, are needed.

Case 1: None of the Py, is needed to derive L together with Np (and thus the
consequence a < b). We know that Ny E P, — /\2:1 P, . From this it follows
that A Ea < /\;:1 e

For AA B = a <) to be true, /\2:1 P., AN Np A =P, must be unsatisfiable, so
there has to be a subset S C {1,...,l} such that A, g P, A Np A ~P,. This
means that B |= /\ g es < b. But then, since /\L:1 er < Nyeg s, it follows that
BE /\2:1 er < b, and therefore also AA B = /\;:1 er <b.

Case 2: Some Py, are needed to derive L from Np A —F,. Again, we know that
Nak P, = Ni_, P, (hence Al=a < Ni_ ex).
For AA B = a <bto be true, i.e. (Na A P,) A (N A—Fy) to be unsatisfiable,
there have to be subsets S; C {1,...,i} and Sz C {1,...,p} such that Ng A
Nies, Per N Nies, (N, Pei;) = Pa;) A —Fy is unsatisfiable. Let Nap := Np A
Nies, Per N Nies, (N Pei;) — Pa;). We know that Np A Acg P, AP is
satisfiable. Assume that there is no ¢;; such that Ng A /\kes1 P, N-F = P,;.
Then for every ¢;;, Ng A\ pes, Pex NPy NP, is satisfiable. Since all clauses
in Ny /\/\kes1 P., N—Py are Horn clauses, it follows that Np /\/\kes1 P, N—=Py A
/\i,j —P,,; is satisfiable. Every model of Np A A\, cg, Pe, A =Py A /\” —P.,; is a
model of Nag A =P,. It would therefore follow that Nap A =P, is satisfiable,
which is a contradiction. Thus, there exists at least one ¢;; such that Np A
Aies, Per NPy = Pe,;. We can add P,; to this set of clauses and repeat the
reasoning for the set of clauses obtained this way as long as we still have one
clause of the form ((A; Pe,;) — Pa;) in Nap such that there exists at least one
cij such that P, was not added to Nag.

Then there has to be a sequence (di, ;) jeJ, s (diyj)jedss ---s (di, ;) jes, such that:

— Py, ,; can be derived from NapA A Pe,, for all j € Ji,
— Py, can be derived from NapA /\Pek/\/\ke]1 di,k, for all j € Jo,
— Py,,; can be derived from NagANPe A /\keJl di, kN /\ker di,, for all j € Js,
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— Py,,; can be derived from NapA Ay PeuA Nies, diskN - Nies,, din 1k, for
all j € J,,
— Py can be derived from NapA A Po, A Ny, disiN - - /\/\keJn, d; -

But then AA B = Aep <d;y, foralll € Jy, hence AANB = Aeg < /\le.h diyi,
hence AN B = Nex A N\jgy, diyi = Nex. Therefore, as AN B = (Aex A
Nie s, dint) < diyj, for all j € Jo, we have AN B | \ep < \;di,;. Similarly it
can be proved that AN B = Aer < \;d;,;, and finally that AAB = Aex <.

O

C A separation result

Proposition 13. Let Ty be a theory with signature Iy = (Xo,Pred). Assume
that < € Pred is such that < is a transitive relation in all models of Ty and that
To is convex with respect to < and <-interpolating.

Let Ay and By be conjunctions of ground literals in the signature II§ (the
extension of Iy with a set of constants) such that Ag AN By A'H E7, a < b,
where a contains only symbols occurring in Ag and b only symbols occurring
i Bo and H is a set of Horn clauses of the form ¢1 < di — ¢ < d in the
signature II§ which are instances of flattened and purified clauses of the form
Mon[A A Blo A RI,[A A Blo as explained in Theorem 11, i.e. of axioms of the
following type:

{wég@)+ﬂ@
r<y—f

4)

(y) (4)

Then the following hold:

(1) There exists a set T of II§-terms containing only constants common to Ag
and By and a term t € T such that

Ao A By A (H\Hmix) A Hsep =70 @ <t AL <D,
where

Hmix = {a1 < by = a2 < by € H | a1,as constants in A, by, ba constants in B}U
{b1 < a1 = b <as € H|b1,by constants in B,ay,as constants in A}
Hsep = {(a1 < ti—raz < cppyy) A (E1 S bi—cpy) < b2) | a1<bi—a2<by € Humix,
b1 ~ g(e1), bz h(er) € Defp, agz = f(a1) € Defy or vice versa,
and t1, f(tl) S T} = ,Hsjip A\ ,Hs]ip
where cg(4,) are new constants in Y. (considered to be common,) introduced for
the corresponding terms f(t1).

(2) Ao A By A (H\Hmix) A Heep A (@ < t At < b) is logically equivalent w.r.t.
To with the separated conjunction of literals Ag AN Bo A —(a < t At < b) =
Ay AN By A /\{CS d | I'—»c<de H\Hmix} N /\{CS cf(t)/\cf(t) < d|
(F —c< Cf(t)) A (F — Cf(1) < d) S Hsep} AN ﬁ(a <tAt < b).
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Proof: We prove (1) and (2) by induction on the number of clauses in H.

If H = () then the initial problem is already separated into an A and a B
part so we are done: We have Ag A By =7, a < b and since we assumed that 7y
is <-interpolating, there exists a term ¢ containing only constants common to
Ap and By such that Ao A By =7, a <t At <b (we can choose T = {t}).

Assume that H contains at least one clause, and that for every H; with fewer
clauses and every conjunction of literals Af, B}, with Aj A Bj A H1 =7, a < b,
(1) and (2) hold.

Let D be the set of all atoms ¢ < d occurring in premises of clauses in H.
As every model of Ag A By A A\ (.<gyep ~(¢ < d) A=(a < b) is also a model for
H/\Ao/\Bo/\_‘(a < b) and H/\Ao/\Bo/\_‘(a < b) ':7’0J_, AO/\BO/\/\(CSd)E’D _‘(C <
d)AN=(a <b) =7, L. Let (Ao A Bo)™ be the conjunction of all positive literals in
Ao A By, and (Ap A Bg)~ be the set of all negative literals in Ag A Bg. Then

(AgABo)" =, \/ (e<a)v \V/  Lv(a<b)
(e<d)eD ~Le(AgABp)~

7o is convex with respect to < and (AgABp)* is a conjunction of positive literals.
Therefore, either

(i) (Ao A Bo)* = L for some L € (Ag A Byg)~ (then Ag A By is unsatisfiable and
hence entails any atom ¢; < d;), or
(ii) (Ao A Bg)T E=a <b, or
(iii) there exists (¢; < dy) € D such that Ag A By 7y 1 < dj.

Case 1: Ay A By is unsatisfiable. In this case (1) and (2) hold for T' = {¢}, where
t is an arbitrary term over the common symbols of Ay and By.

Case 2: Ag A By is satisfiable and (Ao A Bg)™ = a < b. Then we can use the
fact that 7Ty is <-interpolating and we are done.

Case 3: Ay A By is satisfiable and there exists (¢; < di) € D such that Ag A
By =7, ¢1 < dy. Then AgA By is logically equivalent in Ty with AgABgAcy < dj.
Let C =¢; <dy — ¢ <d € H such that Ag A By |E 1 < d;.

Case 3a. Assume that C' contains only constants occurring in A or only con-
stants occurring in B. Then Ag A By A H is equivalent w.r.t. 7o with Ag A By A
(H\C) A ¢ < d. By the induction hypothesis for Ay A Bj = Ag A Bg A ¢ <
d and H; = H\{C}, we know that there exists T’ and ¢t € T’ such that
Ay A By A (Hi\Himix) A Hisep Fa <t AL <D, and (2) holds too.

Then, for T' =T, Ay A By A (H1\ Himix) A Hisep A (a < AL < b) is logically
equivalent to Ag ABo A(H\ Hmix) AHsep A(a < tAL < D), 50 AgABo A(H\Hmix) A
Heep = (a <t At <)), ie. (1) holds.

In order to prove (2), note that, by definition, Himix = Hmix and and Hisp, =
Hsep- By the induction hypothesis, AjAByA(H1\Himix) UH1sepA(a < AL < D)
is logically equivalent to a corresponding conjunction Zg A Eg A=(a <tAt<D)
containing as conjuncts all literals in Af, and B, and all conclusions of rules in
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M1\ Himix and Higep. On the other hand, Aj A By A —(a <t At <b) is logically
equivalent to Ag A By A (¢ < d)A—(a < tAt <b), where (¢ < d) is the conclusion
of the rule C' € H\Hmix. This proves (2).
Case 3b. Assume now that C' := ¢; < d; — ¢ < d is mixed, for instance that
c1, ¢ are constants in A and d;, d are constants in B.

(a) Assume that C is obtained from an instance of a clause of the form
x < g(y) — f(z) < h(y). This means that there exist ¢ ~ f(c;) € Def4 and
dy =~ g(e),d ~ h(e) € Defg. We know that Ag A By =7, ¢1 < dy and that Ty is
<-interpolating. Thus, there exists a term ¢; containing only constants common
to Ap and By such that

AgNBy ):To 1 <ti1 At <dj. (5)
Let cf(,) be a new constant, denoting the term f(¢;), and let
Ca=c1 <t1—c< Cf(ty) and Cp=t; < dl_>cf(t1) <d.

Thus, C4 corresponds to the instance ¢; < t1—f(c1) < f(¢1) of the monotonicity
axiom for f, whereas Cp corresponds to the rule t; < g(e)—f(t1) < h(e).
As Ag AN By =1 <t1 Aty <e¢p and as < is transitive, by (5):

Ao/\Bo/\CA/\CB ':'7’0 Ao/\Bo/\(Cl Stl/\CA)/\(tl Sdl/\CB)
':'7’0 AgANBgANe< Cf(ty) A\ Cf(ty) <d
):To Ao AN Bg N e <d,
(where H7, stands for logical equivalence w.r.t. Tp.)
Hence, Ag A By ACa ACp A (H\C) E75 Ao A Bo Ac < dA(H\C). On the other
hand, since AgA By =7, ¢1 < dy it follows that Ag A Bo AH is logically equivalent
with Ag A BoAe < dA(H\C), s0 AgABg ACa ACp A (H\C)A—(a <b) =7, L.
By the induction hypothesis for AgABoAc < i) Acyr,) < dand Hy = H\C
we know that there exists a set T of terms such that AgABgAc < CrenNCrt) <
AN (H1\Himix) AN Hisep A(a < tAE <) =L, and also (2) holds. Then (1) holds
for T = T/U{f(tl), tl}.
(b) Assume that C corresponds to an instance of a monotonicity axiom x <
y — f(z) < f(y). This means that there exist ¢ = f(c;) € Def4 and d =~ f(d;) €
Def 5. We know that Ag A By =71, ¢1 < d; and that 7y is <-interpolating. Thus,
there exists a term 1 containing only constants common to Ay and By such that

AgN\By ):To 1 <ti1 At <dj. (6)
Let cf(,) be a new constant, denoting the term f(¢;), and let
Ca=c1 <t1—c< Cf(ty) and Cp=1t; < dl_>cf(t1) <d.

Thus, C4 corresponds to the instance ¢; < t1—f(c1) < f(¢1) of the monotonicity
axiom for f, whereas Cg corresponds to the instance 1 < di—f(t1) < f(d1) of
the monotonicity axiom for f. The proof can then continue as the proof of case
(a); also in this case we can choose T = T"U{f(t1),t1}.

(2) can be proved similarly using the induction hypothesis. a



