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Abstract

Approximate query processinghas emeged as a cost-
effective approachfor dealing with the huge data vol-
umesandstringentresponse-timeequirementsf todays
decision-supporsystems. Most work in this area,how-
ever, hassofar beenlimited in its applicabilityandquery
processingscope. In this paper we proposethe use
of multi-dimensionalwavelets as an effective tool for
general-purposapproximataueryprocessingn modern,
high-dimensionahpplications.Our approachs basedon
building wavelet-codicientsynopsesf thedataandusing
thesesynopseso provide approximatenswerso queries.
We develop novel queryprocessingalgorithmsthat oper
ate directly on the wavelet-coeficient synopsesf rela-
tional tables,allowing us to processarbitrarily comple
queriesentirely in the wavelet-coeficient domain. This,
of course guaranteesxtremelyfastresponsdimessince
our approximateguery executionenginecando the bulk
of its processin@ver compacsetsof waveletcoeficients,
essentiallypostponinghe expansioninto relationaltuples
until the end-resulbf the query An extensve experimen-
tal study with syntheticaswell asreal-life datasetses-
tablisheghe effectivenessf our wavelet-basedpproach
comparedo samplingandhistograms.

1. Intr oduction

Approximate query processinghas recently emeged as
a viable solution for dealingwith the huge amountsof
data, the high query compleities, and the increasingly
stringentresponse-timeequirementghat characterizeo-
day’s Decision-SupporbystemgDSS)applications.Typ-
ically, DSS usersposevery comple< queriesto the un-
derlying DatabaseManagemenSystem(DBMS) that re-
quire complex operationsover Gigabytesor Terabytesof
disk-residentlataand, thus,take a very long time to exe-
cuteto completionandproduceexactanswersDueto the
exploratory nature of mary DSSapplicationstherearea
numberof scenariosn which anexactanswermay not be
required,anda usermayin factprefera fast,approximate
answer For example,during a drill-down querysequence
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in ad-hocdatamining, initial queriesin the sequencédre-

guently have the sole purposeof determiningthe truly in-

terestingqueriesand regions of the databasg5]. Pro-
viding (reasonablyaccurate ppproximateanswergo these
initial queriesgivesusersthe ability to focustheir explo-

rationsquickly and effectively, without consumingnordi-

nateamountof valuablesystenresources.

Prior Work.? The strongincentive for approximatean-
swershasspurreda flurry of researchactiity on approxi-
matequery processingechniquesn recentyears|1, 5, 6,

11, 17, 18]. Themajority of the proposedechniqueshow-

ever, have beensomeavhat limited in their query process-
ing scope typically focusingon specificforms of aggre-
gatequeries.Besidegherangeof queriesanothercrucial
aspecbf anapproximatejueryprocessingechniques the
employed data reductionmedianism thatis, the method
usedto obtainsynopse®f the dataon which the approxi-
matequeryexecutionenginecanthenoperate.The meth-
ods exploredin this context include samplingand, more
recently histagramsandwavelets

e Sampling-basededniquesare basedon the use of
random samplesas synopsedor large data sets. Ran-
dom samplesof a datacollectiontypically provide accu-
rate estimatesfor aggreyate quantities(e.g., count s or
aver ages),aswitnessedy thelong historyof successful
applicationsof randomsamplingin populationsuneys [3]
andselectvity estimation[8]. Sampling,however, suffers
from two inherentlimitations that restrictits applicability
asanapproximate@ueryprocessingool. First,aj oi n op-
eratorappliedon two uniform randomsamplesresultsin
a non-uniformsampleof the join resultthattypically con-
tainsveryfew tuples evenwhenthejoin selectvity is fairly
high [1]. Thus,j oi n operationgypically leadto signifi-
cantdegradationsin the quality of an approximateaggre-
gate. (“Join synopsesT1] provide a solution,but only for
foreign-ley joins that are knownbeforehand thatis, they
cannotsupportarbitrary join queriesover ary schema.)
Second,for a non-gygregate query execution over ran-
dom samplesof the datais guaranteedo always produce
a small subsetof the exact answerwhich is often empty
whenj oi nsareinvolved[1, 6].

¢ Histogram-basedtechniqueshave beenstudied exten-
sively in thecontext of queryselectvity estimatior{12, 13]
and, more recently as a tool for providing approximate
guery answerg6, 11]. The very recentwork of loanni-
dis and Poosalg6] is the first to addresghe issueof ob-

1Due to spaceconstraintswe omit a detaileddiscussionof related
work; it canbefoundin thefull versionof this papeir{2].



taining practical approximationsto non-gggregate query
amswersdemonstratindiow standardelationaloperators
(likej oi n andsel ect) canbe processedlirectly over
histogramsynopse®f the data. The experimentalresults
givenin [6] prove that certainclassesof histogramscan
provide higherquality approximateanswerscomparedo
randomsampling,when consideringsimple queriesover
low-dimensionatlata(oneor two dimensions)lt is awell-
known fact,however, thathistogram-basedpproachebe-
comeproblematiovhendealingwith the high-dimensional
datasetsthataretypical of modernDSSapplications.The
reasonis that, asthe dimensionalityof the dataincreases,
boththestorage overhead(i.e.,numberof buckets)andthe
constructioncost of histogramsthat can achieve reason-
ableerrorratesincreasan anexplosive mannef17]. This
problemis furtherexacerbatedyj oi n operationshatcan
causdahedimensionalityof intermediatejueryresults(and
thecorrespondingdpistograms}o explode.

¢ \\avelet-basededniquesprovide a mathematicatool
for thehierarchicatlecompositiomf functions with along
history of successfuapplicationsn signalandimagepro-
cessind7, 10, 16]. Recentstudieshave alsodemonstrated
the applicability of waveletsto selectvity estimation[9]
and the approximationof range-sunqueriesover OLAP
datacubes[17, 18]. Briefly, the ideais to apply wavelet
decompositiorto the input datacollection (attribute col-
umn(s)or OLAP cube)to obtaina compactdatasynopsis
that comprisesa selectsmall collection of waveletcoef-
ficients The resultsof Vitter et al. [17, 18] have clearly
shavn thatwaveletscanbe very effective in handlingag-
gregatesover high-dimensionaDLAP cubeswhile avoid-
ing the high constructioncostsand storageoverheadsof
histogramingechniques Neverthelessthe focusof these
earlierstudieshasalwaysbeenon a very specificform of
guerieg(i.e.,range-sumsyver a singleOLAP table. Thus,
the problemof whetherwaveletscanprovide a solid foun-
dationfor general-purposapproximateguery processing
hashithertobeenleft unanswered.

Our Contrib utions. In this paper we significantlyextend
the scopeof earlierwork on approximatequery answers,
establishinghe viability and effectivenessof waveletsas
a genericapproximatequery processingool for modern,
high-dimensionalDSS applications. More specifically
we proposea novel approacho general-purposapprox-
imate query processingthat consistsof two basic steps.
First, multi-dimensionaHaarwaveletsareemployedto ef-
ficiently obtaineffective, compactsynopse®f generalre-
lationaltables.Secondusingnovel queryprocessinglgo-
rithms, standardaggrejateandnon-aggrgate)SQL oper
atorsareapplieddirectly over the wavelet-coeficient syn-
opsesof the datato obtainfastandaccurateapproximate
gueryanswers.Thecrucial obsenationhereis that,aswe
demonstrat@ this work, ourapproximategueryexecution
enginecando all of its processingntirely in the wavelet-
coeficientdomain thatis, boththeinput(s)andthe output
of our queryprocessingperatorsarecompactcollections
of wavelet coeficientscapturingthe underlyingrelational
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data.This, of coursejmpliesthatwe candelaythe expan-
sionof our wavelet-coeficient synopseso the very endof
an arbitrarily complex query thusallowing for extremely
fastapproximatequery processing. The contributions of
ourwork aresummarizedsfollows.

o New, I/O-Efficient Wavelet DecompositionAlgorithm
for Relational Tables. Themethodologydevelopedin this
papelis basedn a differentform of the multi-dimensional
Haartransformthanthatemployedby Vitter etal. [17, 18].
As aconsequencehe decompositioralgorithmsproposed
by Vitter and Wang[17] are not applicable. We address
this problemby developinga novel, I/O-efficientalgorithm
for building the wavelet-coeficientsynopsiof arelational
table. The worst-casel/O compleity of our algorithm
matcheghatof the bestalgorithmsof Vitter andWang,re-
quiring only alogarithmicallysmallnumberof passesver
thedata.Furthermorethereexist scenarioge.g.,whenthe
tableis storedin chunks[4, 15]) underwhich our decom-
positionalgorithmcanwork in asinglepassovertheinput.

e Novel Query Processing Algebra for Wavelet-
Coefficient Data SynopsesWe proposeanew algebrafor

approximatequery processinghat operatesdirectly over
thewavelet-codicientsynopsesf relations while guaran-
teeingthe correctrelationaloperatorsemantics Our alge-
bra operatorsncludethe corventionalaggreyateandnon-
aggrejateSQL operatorsljike sel ect , j oi n, sum and
aver age. Basedon the semanticof Haarwavelet coef-
ficients,we developnovel queryprocessinglgorithmsfor

theseoperatorghatwork entirelyin thewavelet-coeficient
domain. This allows for extremely fast responsdimes,
sinceour approximatequery executionenginecando the
bulk of its processingover compactwavelet-coeficient
synopsesgssentiallypostponingthe expansioninto rela-
tional tuplesuntil theend-resulbf thequery

o Extensive Experiments Validating our Approach. We
have conductedan extensie experimentalstudywith syn-
theticaswell asreal-life datasetsto determinethe effec-
tivenesf our wavelet-basedpproachcomparedo sam-
pling andhistograms.Our resultsdemonstrat¢hat (1) the
quality of approximateanswer®obtainedrom ourwavelet-
basedquery processois, in general,betterthanthat ob-
tainedby eithersamplingor histogramsor a wide range
of sel ect, proj ect,j oi n, andaggrejatequeries,(2)
guery execution-timespeedupf more than two orders
of magnitudeare madepossibleby our approximatequery
processinglgorithms;and(3) our waveletdecomposition
algorithmis extremelyfastandscaledinearly with thesize
of thedata.

2. Building Synopsesf Relational Data Using
Multi-Dimensional Wavelets

2.1 Background: The Wavelet Decomposition

Waveletsare a usefulmathematicatool for hierarchically
decomposindunctionsin waysthatareboth efficient and
theoreticallysound.Broadly speakingthewaveletdecom-



positionof a function consistsof a coarseoverall approx-
imation togethemwith detail coeficientsthatinfluencethe
functionatvariousscale416]. Thewaveletdecomposition
hasexcellentenegy compactionand de-correlatiorprop-
erties,which canbe usedto effectively generatecompact
representationthatexploit the structureof data.

Theworkin this paperis basednthemulti-dimensional
Haar waveletdecompositionHaarwaveletsareconceptu-
ally simple,very fastto compute andhave beenfoundto
performwell in practicefor a variety of applicationgang-
ing from imageeditingandquerying[10, 16] to selectvity
estimationandOLAP approximationg9, 17]. In this sec-
tion, we discussHaarwaveletsin both one and multiple
dimensions.

One-DimensionalHaar Wavelets. Supposeave aregiven
a one-dimensionallatavector A containingthe following

four valuesA = [2,2,5,7]. The Haarwavelettransform
of A canbe computedas follows. We first averagethe
valuestogetherpairwiseto get a new “lower-resolution”
representatiof the datawith the following averageval-

ues|2,6]. In otherwords,the averageof thefirst two val-

ues(thatis, 2 and2) is 2 andthat of the next two values
(thatis, 5 and7) is 6. Obviously, someinformationhas
beenlost in this averagingprocess.To be ableto restore
the original four valuesof the dataarray we needto store
somedetail coeficients that capturethe missinginforma-
tion. In Haarwavelets,thesedetail coeficientsaresimply
thedifferenceof the (secondf the) averagedraluesfrom

the computedpairwiseaverage. Thus, in our simple ex-

ample,for the first pair of averagedvalues,the detail co-

efficient is 0 since2-2 =0, while for the secondwe need
to store—1 since6 — 7 = —1. Notethatit is possibleto

reconstructhe four valuesof the original dataarrayfrom

thelowerresolutionarraycontainingthetwo averagesand
thetwo detailcoeficients. Recursiely applyingtheabove
pairwiseaveraginganddifferencingprocesson the lower

resolutionarraycontainingheaverageswe getthefollow-

ing full decomposition.

Resolution| Averages| Detail Coeficients
2 [2,2,5,7] -
1 [2, 6] [0, -1]
0 [4] [-2]

We define the wavelettransform (also known as the
waveletdecompositiopof A to be the single coeficient
representingheoverallaverageof thedatavaluesfollowed
by the detail coeficientsin the orderof increasingesolu-
tion. Thus,the one-dimensionaHaarwavelettransformof
Ais givenby W4 = [4,—2,0,—1]. Eachentryin W4 is
calleda waveletcoeficient The main advantageof using
W 4 insteadof the original datavector A is that for vec-
torscontainingsimilarvaluesmostof thedetailcoeficients
tend to have very small values. Thus, eliminating such
smallcoeficientsfrom thewavelettransform(i.e., treating
them as zeros)introducesonly small errorswhen recon-
structingthe original data,giving a very effective form of
lossydatacompression.

Note that, intuitively, wavelet coeficientscarry differ-
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entweightswith respecto their importancein rekuilding
the original datavalues. For example, the overall aver-
ageis ohbviously moreimportantthanany detailcoeficient
sinceit affectsthe reconstructiorof all entriesin the data
array In orderto equalizethe importanceof all wavelet
coeficients,we needto normalizethefinal entriesof W4
appropriately This is achieved by dividing eachwavelet
coeficientby v/2!, wherel denoteshe level of resolution
at which the coeficient appearqwith [ = 0 correspond-
ing to the “coarsest’resolutionlevel). Thus,the normal-
izedwavelettransformfor our exampledataarraybecomes
Wa = [47 _27 07 _1/\/5]

Multi-Dimensional Haar Wavelets. Therearetwo com-
mon methodsin which Haar wavelets can be extended
to transformthe datavaluesin a multi-dimensionabrray
Each of thesetransformationss a generalizationof the
one-dimensionatiecompositiomprocessdescribedabove.
To simplify the exposition to the basic ideas of multi-
dimensionalvavelets,we assumall dimension®f thein-
putarrayto beof equalsize.

The first methodis known as standad decomposition
In this method, we first fix an orderingfor the datadi-
mensiongsay 1,2, ... ,d) andthenproceedo apply the
completeone-dimensionakavelettransformfor eachone-
dimensionalrow” of arraycellsalongdimensiork, for all
k =1,...,d. ThestandardHaardecompositioformsthe
basisof the recentresultsof Vitter et al. on OLAP data
cubeapproximation$l7, 1§].

The work presentedn this paperis basedon the sec-
ondmethodof extendingHaarwaveletsto multiple dimen-
sions,namelythe nonstandadl decompositionAbstractly
thenonstandartiaardecompositiorlternatebetweerdi-
mensiongluringsuccessie stepsof pairwiseaveragingand
differencing: given an orderingfor the datadimensions
(1,2,...,d), we performone stepof pairwise aveiaging
and differencing for each one-dimensionatow of array
cellsalongdimensionk, for eachk = 1,... ,d. (There-
sultsof earlieraveraginganddifferencingstepsaretreated
asdatavaluesfor largervaluesof k.) This processs then
repeatedecursvely only on the quadrantcontainingav-
eragesacrossall dimensions. One way of conceptualiz-
ing (andimplementing[10]) this procedures to think of
a2 x2x---x 2(= 2% hyperbox being shifted across
the dataarray performingpairwiseaveragingand differ-
encing,distributing the resultsto the appropriatdocations
of the wavelettransformarray W4 (with the averagedor
eachbox going to the “lowerleft” quadrantof W4) and,
finally, recursingthe computationon the lower-left quad-
rantof W 4. This procedurds demonstrategictorially for
a2™ x 2™ dataarray A in Figurel(a). More specifically
Figure1(a) shows the pairwiseaveraginganddifferencing
stepfor onepositioningof the2 x 2 boxwith its “root”(i.e.,
lower-left corner)locatedat the coordinate$2i, , 2i] of A
followed by the distribution of the resultsin the wavelet
transformarray This stepis repeatedor every possible
combinatiorof i;'s,i; € {0,...,2™~ — 1}. Finally , the
procesds recursednly on the lowerleft quadranof Wy



(containingthe averagescollectedfrom all boxes). A de-
tailed descriptionof the nonstandarddaardecomposition
canbefoundin ary standardeferenceonthesubject(e.qg.,

[2i1,)25]
T
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1.Data Array A 2.After averaging 3.After distributing  4.Final Wavelet
& differencing results in W Transform Array

Figurel. Non-standardecompositiorn two dimensions.
(a) Computinganddistributing pairwiseaveragesanddif-
ferences(b) Exampledecompositiorof a4 x 4 array

Example2.1: Considerthe4 x 4 array A shawvn in Fig-

ure1(b.1). Figure1(b.2) shavs theresultof thefirst hori-

zontalandvertical pairwiseaveraginganddifferencingon

the2 x 2 hyperboxesof the original array The averages
of the valuesfor eachpositioningof the hyperbox areas-
signedto the2 x 2 lower-left quadranbf thewavelettrans-
form arrayW 4, while the detail coeficientsaredistributed

in the threeremaining2 x 2 quadrantof W4, asshovn

in Figure1(b.3). Theprocesss thenrecursvely performed
onthelowerleft quadranpf W4, resultingin detail coef-

ficientsof 0 and an averagevalue of 2.5 which is stored
in thelowerleft entryof W4. Thefinal wavelettransform
arrayW 4 is depictedn Figurel(b.4).1

As notedin the waveletliterature,bothmethod<or ex-
tendingone-dimensionaHaar waveletsto higher dimen-
sionalitieshave beenusedin a wide variety of application
domainsand,to the bestof our knowledge,nonehasbeen
shavn to be uniformly superior Our choiceof the non-
standardnethodwasmostlymotivatedby our earlierexpe-
riencewith nonstandardwo-dimensionaHaarwaveletsin
the contet of effectiveimageretrieval [10]. An adwvantage
of usingthe nonstandardransformis that, aswe explain
later in the paper it allows for an efficient representation
of the sign informationfor wavelet coeficients. This ef-
ficient representatiostemsdirectly from the construction
procesdor anonstandardHaarbasis[16]. (We oftenomit
the“nonstandardfualificationin whatfollows.)

Multi-Dimensional Haar Coefficients: Semanticsand
Representation. Considera waveletcoeficient W gener
atedduring the multi-dimensionaHaar decompositiorof
ad-dimensionabataarray A. Fromamathematicastand-
point, this coeficient is essentiallya multiplicative factor
for anappropriatéHaar basisfunctionwhenthedatain A
is expressedisingthe d-dimensionaHaarbasis[16]. The
d-dimensionaHaarbasisfunction correspondingo W is
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definedby (1) a d-dimensionatectangularsupportregion
in A thatessentiallycapturegheregionof A’scellsthatiV
contritutesto during reconstructionand(2) the quadant
signinformationthatdefineshesign(+ or —) of W’scon-
tribution (i.e.,+W or —W) to ary cell containedn agiven
guadrantof its supportrectangle. (Note that the wavelet
decompositiorprocessguaranteeshat this sign canonly
changeacrosqquadrant®of the supportregion.) As anex-
ample,Figure2(a) depictsthe supportregionsandsignsof
the sixteennonstandardwo-dimensionaHaarbasisfunc-
tions for coeficientsin the correspondindocationsof a
4 x 4 wavelet transformarray W4. The blank areasfor
eachcoeficient correspondo regionsof A whoserecon-
structionis independenbf the coeficient, i.e., the coefi-
cient’s contritutionis 0. Thus,W4[0, 0] is the overall av-
eragethat contritutespositively (i.e.,“+W4[0,0]") to the
reconstructiorof all valuesin A, whereasW4[3,3] is a
detail coeficient that contributes(with the signsshawvn in
Fig. 2(a)) only to valuesin A’s upperright quadrant.Fig-
ure 2(a) alsodepictsthe two levelsof resolution(l = 0, 1)
for our exampletwo-dimensionaHaar coeficients; asin
theone-dimensionatase theselevels definethe appropri-
ateconstantgor normalizingcoeficientvalues[16].

Example 2.2 In light of Figure2(a),let usnow revisit Ex-
ample2.1 and considerhow the entriesof W4 contribute
to the reconstructiorof valuesin A. As we have already
obsered, coeficient W4[0,0] = 2.5 is the overall aver-
agethat contritutes+2.5 to the reconstructiorof all six-
teendatavaluesin A. On the other hand,the detail co-
efficient 4]0, 2] = —1 affectsthereconstructiorof only
thefour valuesin thelower-left quadrantf A, contributing
—1to A[0,0] and A[1,0], and—(—1) = +1 to A[0, 1] and
A[1,1]. Similarly, the detail coeficient W4[2,0] = —.5
contributes—.5 to A[0,0] and A[0, 1], and +.5 to A[1,0]
and A[1,1]. For example,basedon Figure2(a), the data
value A[0, 1] canbereconstructedisingthe formula:
A[0,1] = +Wa4[0,0] + Wal0,1] + Wa[1,0] + Wa[l,1] —
Wal0,2] + Wa[2,0] — Wa[2,2] = 2.5 — (—1)+(—.5) = 3. 1
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Figure 2. (a) Supportregions and signsfor the sixteen
nonstandardwo-dimensionalHaar basisfunctions. (b)
Representinguadransigninformationfor coeficientsus-
ing “per-dimension”signvectors.

To simplify the discussionin this paper we abstract
away the distinction betweena coeficient and its corre-



spondingoasisfunctionby representing Haarwaveletco-
efficientwith thetriple W = (R, S, v), where:

(1) W.R is the d-dimensionakupporthyperrectangleof

W enclosingall the cells in the dataarray A to which

W contritutes(i.e., the supportof the correspondingda-
sisfunction). We representhis hyperrectangleby its low

and high boundaryvalues(i.e., startingand endingarray
cells) alongeachdimensionj, 1 < j < d; thesearede-
notedby W.R.bound|[j].lo and W.R.bound[j].hi, respec-
tively. Thus,thecoeficienti¥ contributesto eachdatacell

Aliq, ... ,iq4) satisfyingthe conditionW. R.bound][j].lo <

i; < W.R.bound[j].hi for all dimensionsgj, 1 < j < d.

Thespaceequiredo storethesupporthyperrectangleof a
coeficientis 2log N bits,where N denoteghe total num-
berof cellsof A.

(2) W.S storesthe signinformationfor all d-dimensional
guadrantsof WR. Storingthequadransigninformationdi-
rectly would meana spacerequiremenbf O(24), i.e., pro-
portional to the numberof quadrantof a d-dimensional
hyperrectangle. Instead,we use a more space-dfcient
representatioonf thequadransigninformation(usingonly
2d bits) thatexploitstheregularity of the nonstandartiaar
transform. The basicobsenation hereis that a nonstan-
dard d-dimensionalHaar basisis formed by scaledand
translatedoroductsof d one-dimensionataarbasisfunc-
tions [16]. Thus, our ideais to storea 2-bit sign vector
for eachdimensiory, thatcaptureshesignvariationof the
correspondingne-dimensiondasisfunction. Thetwo el-
ementsof the sign vector of coeficient W alongdimen-
sionj aredenotedby W.S.sign[j].lo andW.S.sign[j].hi,
andcontainthe signthatcorrespondso the lower andup-
per half of W.R’s extentalongdimensionj, respectiely.
Given the sign vectorsalongeachdimensionandtreating
asignof + (-) asbeingequivalentto +1 (resp.,—1), the
signfor eachd-dimensionalquadrantcanbe computedas
the productof the d sign-vector entriesthat map to that
guadrantithatis, following exactly the basisconstruction
process. (We will continueto make useof this “+1/-1"
interpretationof signsthroughoutthe paper) Our sign-
computationmethodologyis depictedin Figure 2(b) for
two examplecoeficienthyperrectanglesrom Figure2(a).

(3) W.v is the (scalar) magnitudeof coeficientW. Thisis
exactlythequantitythatW contritutes(eitherpositively or
negatively, dependingon W.S) to all dataarray cells en-
closedin W.R.

Thus,our view of a d-dimensionaHaarwaveletcoefi-
cientis thatof ad-dimensionahyperrectanglevith amag-
nitudeanda signthatmay changeacrossquadrants Note
that,by the propertiesof the nonstandaréHaardecomposi-
tion, givenany pair of coeficients,their hyperrectangles
are either completelydisjoint or one is completelycon-
tained in the other; that is, coeficient hyperrectangles
cannotpartially overlap. It is preciselythesecontainment
propertiescoupledwith our sign-vector representatiorof
guadrantignsthat enableus to efficiently performj oi n
operationglirectly over wavelet-coeficientsynopses.
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2.2 Building Wavelet-CoefficientSynopses

Consider a relational table R with d attributes
X1,X2,...X4. The information in R can be accu-
rately capturedas a d-dimensionalarray A, whose j**
dimensionis indexed by the valuesof attribute X; and
whosecells containthe count of tuplesin R having the
correspondingombinationof attribute values. (Ag is es-
sentiallythejoint frequencydistribution of all theattributes
of R.) We have developeda novel, 1/0O-efficient algo-
rithm for constructingthe nonstandardanulti-dimensional
wavelet decompositiorof Ar (denotediWg). Note that,
even though our algorithm computesthe decomposition
of Ag, it in fact works off the “set-of-tuples” (ROLAP)
representationof R. (As notedby Vitter and Wang[17],
thisis arequirementfor computationaéfficiency sincethe
joint frequeng array Ag is typically extremely sparse.)
The worst-casd/O compleity of our algorithm matches
that of the best algorithms of Vitter and Wang [17],
requiring only a logarithmic numberof passesover the
data. Furthermorethereexist scenarioge.g.,whenR is
storedin chunks[4, 15]) underwhich our decomposition
algorithmcanwork in asinglepassover R.

In a nutshell, our algorithm is basedon the recur
sive applicationof the following key property the non-
standardHaar decomposition:The decompositiorof a d-
dimensionakrray Ag canbecomputedy independently

computing the decompositionfor ead of the 27 d-
dimensionalsubarrys correspondingto Ar’s quadmnts
and then performingpairwise averaging and differencing
on the computed2? averages of Ar’'s quadmants. Ab-
stractly ourdecompositiolgorithmexploitsthis obsena-
tion by workingin a“depth-first”’fashionon d-dimensional
chunksof Ay —all thecomputatiorrequiredfor decompos-
ing a chunkis executedthe first time that chunkis loaded
into memory

The size of the wavelet-coeficient synopsisof R is
controlledby a thresholdingschemethat retainsonly the
largest coeficients in absolutenormalizedvalue. (This
thresholdinguleis in factprovablyoptimalwith respecto
minimizingthe overallmeansquarecerrorin thedatacom-
pression16].) We have alsoproposeda time- andspace-
efficient algorithm for rendering(i.e., expanding)a syn-
opsisinto an approximatée‘set-of tuples”relation. Dueto
spaceconstraintsyve have choserto omit the presentation
of ourwavelet-decompositioandcoeficient-renderingl-
gorithms;thedetailscanbefoundin thefull versionof this
paper[2]. In theremainderof this section,we summarize
thenotationalcorventionsusedthroughouthe paper

Notation. Let D = {D;,D,,..., D4} denotethe setof
dimension®f Ag, wheredimensionD; correspondto the
valuedomainof attribute X;. Without lossof generality
we assumehateachdimensionD; is indexedby the setof
integers{0,1,---,|D;| — 1}, where|D,| denoteshesize
of dimensionD;. Tablel outlinesthe notationusedin this
paperwith abrief descriptiornof its semantics.

Most of the notation pertaining to wavelet coefi-



Symbol Semantics

d Dimensionalityof inputrelation

R, Ar Relationandcorrespondingpint
frequeng array

X; ,D; 4* attribute of R andcorresponding
domainof values(l < j < d)

D ={D1,...,D4} Setof datadimensionof Ar

W.R.bound[j].{lo, hi} | Support-rectanglboundarieglong

dimensionD; for W (1 < j < d)

W.S.sign[j].-{lo, hi} Sign-\ectorinformationalong

dimensionD; for W (1 < j < d)

W.S.schglj] Sign-chang&aluealongdimension
D; for coeficient W (1 < j < d)
W Scalamagnitudeof coeficient W

Tablel. Notation

cients W has already been describedin Section 2.1.
The only exception is the sign-change value vector
W.S.schg[j] that capturesthe value along dimension
j (betweenW.R.bound[j].lo and W.R.bound][j].hi) at
which a transition in the value of the sign vector
W.S.sign[j] occurs, for eachl < j < d. That
is, the sign W.S.sign[j].lo (W.S.sign[j].hi) appliesto
therange[W.R.bound][j].lo, ... ,W.S.schg[j] — 1] (resp.,
[W.S.schg[j], ..., W.R.bound[j].hi]). As a corven-
tion, we setW.S.schg[j] equalto W.R.bound[j].lo when
thereis no “true” sign changealong dimensionj, i.e.,
W.S.sign[j] contains[+,+] or [—,—]. Note that, for
baseHaar coeficients with a true sign changealong di-
mensionj, W.S.schg[j] is simply the midpoint between
W.R.bound[j].lo and W.R.bound][j].hi (Figure2). This
property however, no longer holds when arbitrary selec-
tions andjoins are executedover the wavelet coeficients.
As aconsequencaye needto storesign-changealuesex-
plicitly in orderto supportgeneraljueryprocessingpera-
tionsin anefficientmanner

Fortheremaindenof thepaperwe usethesymboliWg to
denotethe setof coeficientsretained(after thresholding)
from the decompositiorof R (i.e., the wavelet-codicient
synopsiof R).

3 Processing Relational Queries in the

Wavelet-CoefficientDomain

In this section, we proposea novel query algebrafor
wavelet-coeficient synopses.The basicoperatorsof our
algebracorrespondirectly to corventionalrelationalal-
gebraand SQL operators,including the (non-aggrgate)
sel ect, proj ect,andj oi n,aswell asaggrejateoper
atorslikecount , sum andaver age. Thereis, however,
one crucial difference:our operatorsare definedover the
wavelet-codicientdomain thatis, their input(s)andout-
put are setsof waveletcoeficients(ratherthan relational
tables). The motivation for defining a query algebrafor
waveletcoeficientscomesdirectly from the needfor effi-
cientapproximatequeryprocessing.To seethis, consider
ann-ary relationalquery@ over Ry, ... , R, andassume
thateachrelation R; hasbeenreducedo a (truncated)set

116

of waveletcoeficientsWg,. A simplisticway of process-
ing @ would beto rendereachsynopsid¥g, into the cor-

respondingpproximateaelation(denoted ender (Wg,))

andprocesgherelationaloperatorsn () overtheresulting
setsof tuples.This strategy, however, is clearlyinefficient:
the approximaterelationr ender (WWg,) may containjust
asmary tuplesasthe original R; itself, whichimpliesthat
gueryexecutioncostsmay alsobe just ashigh asthoseof

theoriginalquery Thereforesucha“renderthen-process
stratgy essentiallydefeatoneof the mainmotivationsbe-
hind approximategueryprocessing.

On the other hand, the synopsisWg, is a highly-
compressedepresentatiof r ender (Wg,) thatis typ-
ically ordersof magnitudesmallerthan R;. Executing
Q@ in the compressedvavelet-coeficient domaincan of-
fer tremendousspeedupsn query execution cost. We
thereforedefine the operatorsop of our query process-
ing algebraover wavelet-coeficient synopseswhile guar
anteeingthe valid semanticsdepictedpictorially in the
transitiondiagramof Figure 3. (Thesesemanticsanbe
translatedo the equivalencer ender (op(71, ... ,Tx)) =
op(r ender (T4, ... ,T})), for eachoperatorop.) Oural-
gebraallows the fastexecutionof ary relationalquery @
entirely overthewavelet-coeficientdomain while guaran-
teeingthatthefinal (renderedyesultis identicalto thatob-
tainedby executing(@ ontheapproximatenputrelations.

Wavelet-Coefficient| ~ render (W) . . Approximate
Synopses - Relations
WE W, W render (W) T, R, .k
ORIV W, - - W) op(h,B,. . K
Result Set of Result Approximate|
Wavelet Coefficients - Relation
W render(v\é) s

Figure 3. valid semanticgor processingjueryoperators
over the wavelet-coeficient domain. (T, ... , Tk canbe
baserelationsor intermediatejueryresults.)

In the following subsectionswe describeour algo-
rithmsfor processingel ect, pr oj ect, andj oi n op-
eratorsin the wavelet-coeficient domain. (Our algorithms
for processingaggreyate operatorscan be found in [2].)
Eachoperatortakes asinput one or more set(s)of multi-
dimensionalwavelet coeficients and appropriatelycom-
binesand/orupdateshe componentsi.e., hyperrectangle,
sign information, and magnitude)of thesecoeficientsto
producea“valid” setof outputcoeficients(Figure3). Note
that, while the wavelet coeficients (generatedy our de-
compositionalgorithm) for baserelationaltableshave a
very regular structure the sameis not necessariltrue for
the setof coeficients outputby an arbitrarysel ect or
j oi n operator Neverthelesswe loosely continueto re-
fer to the intermediateresultsof our algebraoperatorsas
“wavelet coeficients” sincethey are characterizedy the
exact samecomponentasbase-relatiorcoeficients(e.qg.,
hyperrectanglesign-wvectorsyandmaintainthe exactsame
semanticsvith respecto theunderlyingintermediateela-
tion (i.e., therenderingprocessemainsunchanged).




3.1 SelectionOperator (sel ect)

Our selection operator has the general form

sel ect prea(Wr), Wherepred represents: genericcon-

junctive predicateon a subsebf the d attributesin T'; that
is,pred = (I;; < Xi; < hg)A...A (lzk <X, < hik),

wherel;; and h;; denotethe low andhigh boundariesof

the selectedrange along each selectiondimensionD;,

ji=1,2,--- k, k <d. Thisis essentiallya k-dimensional
range selection, where the queried range is specified
along k¥ dimensionsD’ = {D,,,D;,,...,D;, } andleft

unspecifiedalong the remaining (d — k) dimensions
(D -7D'"). (D ={D;,D,,...,Dy} denoteghesetof all

dimensionsof T'.) Thus,for eachunspecifieddimension
D, the selectionrangespansthe full index domainalong
thedimensionthatis, I; = 0 andh; = |D,| — 1, for each
D;e(D-D').

Thesel ect operatoreffectivelyfilters outtheportions
of thewavelet coeficientsin the synopsisi¥r thatdo not
overlapwith thek-dimensionatelectiorrange andthusdo
not contrituteto cellsin the selectechyperrectangleThis
processs illustratedpictorially in Figure4(a). More for-
mally, let W € Wr denoteary wavelet coeficientin the
inputsetof oursel ect operator Our approximateguery
executionengineprocesseshe selectionover W as fol-
lows. If W’s supporthyperrectanglé¥. R overlapsthe -
dimensionakelectionhyperrectanglethatis, if for every
dimensionD;, € D', thefollowing conditionis satisfied:
l;; < W.R.bound[ij].lo < h;; or W.R.bound[i;].lo <
l;; < W.R.bound][i;].hi, then

1. Forall dimensionsD;; € D’ do

1.1. Set W.R.bound][i;].lo = max{l;;,
W.R.bound[ij].lo} and W.R.bound[i;].hi :=
min{h;; , W.R.bound][i;].hi}.

1.2. If W.R.bound[ij].hi < W.S.schgli;] then
set W.S.schgli;] = W.R.bound]i;].lo
and W.S.signli;] = [W.S.signlij].lo,
W.S.sign[ij].lo].

1.3. Else if  W.R.bound[ij]l.lo > W.S.schgli ]
then set W.S.schgli;] := W.R.bound[i;].lo
and W.S.sign[i;] = [W.S.signl[i;].hi,

W.S.sign[i;].hi].

2. Add the (updated) to the setof outputcoeficients;that
is,set Wg := Ws U {W}, whereS = sel ect ,,cqa(T).

Project
D2 W ) 7] D2 W  on D1
Selection +
Rectangle W i
Lo = R
5\’\’2 B W.v = Wy * (r1-r2)
Dy Dy Dy tt oD

(@) (b)
Figure4. Processinga) selectionand(b) projectionoper
ationsin thewavelet-coeficientdomain.
Oursel ect processinglgorithmchoosegandappro-
priately updates)only the coeficientsin Wr that over
lap with the k-dimensionakelectionhyperrectangle.For

eachsuchcoeficient, our algorithm(a) updateghe hyper
rectangleboundariesaccordingto the specifiedselection
range(Step1.1), and (b) updatesthe sign information, if
suchan updateis necessarySteps1.2-1.3). Briefly, the
signinformationalongthe querieddimensionD;; needdo
be updatedonly if the selectionrangealong D;; is com-
pletely containedin eitherthe low (1.2) or the high (1.3)
sign-\vector rangeof the coeficient along D;;. In both
casesthe sign-vectorof the coeficientis updatedo con-
tain only the singlesign presenin the selectiorrangeand
the coeficient’s sign-changés setto its leftmostboundary
value(sincethereis no changeof signalong D;; afterthe
selection). The sign-vectorand sign-changeof the result
coeficientremainuntouchedi.e., identicalto thoseof the
input coeficient) if the selectionrangespansthe original
sign-changealue.

3.2 Projection Operator (pr oj ect)

Our projection operator has the general form
projecty, . x, (Wr), where the k projection at-
tributesX;, , ... , X;, form asubsetf thed attributesof
T. LettingD' = {D;,,...,D;,} denotethek < d pro-
jectiondimensionsywe areinterestedn projectingout the
d — k dimensionsn (D — D'). We give ageneralmethod
for projectingouta singledimensionD; € D — D'. This
methodcan then be appliedrepeatediyto projectout all
thedimensionsn (D — D'), onedimensioratatime.

ConsiderT’s correspondingmulti-dimensionalarray
Ar. ProjectingadimensionD; outof Ar is equivalentto
summingup the countsfor all the arraycellsin eachone-
dimensionarow of A7 alongdimensionD; andthenas-
signingthis aggreyatedcountto thesinglecell correspond-
ing to thatrow in the remainingdimensiongD — {D;,}).
Considerary d-dimensionalwavelet coeficient W in the
pr oj ect operators input set Wr. Remembetthat W
contritutesavalueof W.v to everycellin its supporhyper
rectangle.R. Furthermorethe sign of this contritution
for every one-dimensionalow alongdimensionD; is de-
terminedas either W.S.sign[j].hi (if the cell lies above
W.S.schg[j]) or W.S.sign[j].lo (otherwise).Thus,we can
work directlyonthecoeficientW to projectoutdimension
D; by simplyadjustingthecoeficient's magnitudewith an
appropriatenultiplicative constani¥.v := W.v*p;, where
pj is definedas:

(W.R.bound|[j].hi — W.S.schg[j] + 1) * W.S.sign[j].hi +
(W.S.schg[j] — W.R.bound[j].lo) * W.S.sign[j].lo. (1)

A two-dimensionaéxampleof projectingoutadimension
in thewavelet-coeficientdomainis depictedn Figure4(b).
Multiplying W.v with p; (Equation(1)) effectively projects
outdimensionD; from W by summingup W’s contritu-
tion on eachone-dimensionalow alongdimensionD ;. Of
course besidesadjustingi¥.v, we alsoneedto discarddi-
mensionD; from the hyperrectangleandsigninformation
for W, sinceit is now a(d — 1)-dimensionatoeficient(on
dimensionsD — {D,}). Notethatif the coeficient’s sign-
changdiesin themiddle of its supportrangealongdimen-
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sionD; (e.g.,seeFigure2(a)),thenits adjustednagnitude
will be0, whichmeanghatit cansafelybediscardedrom
theoutputsetof the projectionoperation.

Repeatingthe above processfor eachwavelet coefi-
cientW € Wr andeachdimensionD; € D — D' gives
the set of output wavelet coeficients Wg, where S =
proj ect . (T). Equivalently, givena coeficient W, we
cansimply setW.v := W.v [ p. cp_p pj (Wherep; is
asdefinedn Equation(1)) anddiscarddimension® — D'
from W’'srepresentation.

3.3 Join Operator (j oi n)

Our join operator has the general form

j 0i Nypeq(Wr,,Wr,), where Ty and T, are (approx-
imate) relations of arity d; and d», respectiely, and
pred is a conjunctve k-ary equi-join predicateof the

form (X{ = X7) A ... A (X} = X}), whereX! (Dj)

(j =1,...,d;) denotesghe j** attribute(resp. dimension)
of T; (i = 1,2). (Without lossof generality we assume
that the join attributes are the first & < min{d;,d2}

attributesof eachjoining relation.) Note that the resultof

thejoin operationi¥g is asetof (d; + ds — k)-dimensional
wavelet coeficients; that is, the join operationreturns
coeficients of (possibly) different arity than ary of its

inputs.

To seehow our join processingalgorithmworks, con-
sider the multi-dimensionalarrays Ay, and Ar, corre-
spondingto the join operators input arguments. Let
(i1,... ,iy,) and(if,... ,i3,) denotethe coordinatesof
two cells belongingto Ar, and Ar,, respectiely. If the
indexesof thetwo cellsmatchon thejoin dimensionsi.e.,
it = i3,... i} = iz, thenthecell in thejoin resultarray
As with coordinateq(is, . .. ,iy ,i3,q,.-- ,i3,) iS POpU-
latedwith the productof the countvaluescontainedn the
two joinedcells. Sincethe cell countsfor Az, arederived
by appropriatelysummingthe contritutionsof the wavelet
coeficientsin Wr, and,of courseanumericproductcan
alwaysbe distributedover summationwe canprocesshe
j oi n operatorentirely in the wavelet-coeficient domain
by consideringall pairsof coeficientsfrom W, andWr,.
Briefly, for ary two coeficientsfrom W, and Wr, that
overlapin the join dimensionsand, therefore,contritute
to joining datacells, we definean output coeficient with
magnitudeequalto the productof the two joining coefi-
cientsanda supporthyperrectanglewith rangesthat are
(a) equalto the overlap of the two coeficientsfor the &
(common)join dimensionsand (b) equalto the original
coeficientrangesalongary of thed; + d» — 2k remaining
dimensionsThesigninformationfor anoutputcoeficient
alongary of the k£ join dimensionsis derived by appro-
priately multiplying the sign-vectorsof the joining coefi-
cientsalongthatdimensiontaking careto ensurghatonly
signsalongthe overlappingportionaretakeninto account.
(The signinformationalongnon-join dimensiongemains
unchanged.fn exampleof this processn two dimensions
(dr = ds = 2, k = 1) is depictedn Figure5(a).

More formally, our approximatequery executionstrat-
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Figure5. (a) Processing oi n operationsn the wavelet-
coeficient domain. (b) Computingsign information for
j oi n outputcoeficients.

egy for joins can be describedas follows. (To simplify

the notation,we ignorethe “1/2” superscriptand denote
the join dimensionsas Dy, ..., Dy, and the remaining
di + d2 — 2k dimensions®as D1, ... ,Dg,44,—k-) FOr
eachpair of wavelet coeficients W, € Wr, andW, €

Wr,, if the coeficients’ supporthyperrectanglesoverlap
in thek join dimensionsthatis, if for everydimensionD;,

i =1...,k, thefollowing conditionis satisfied:

Wi1.R.bound.lo[i] < Wa.R.bound.lo[i] < W1.R.bound.hi[i]
Wa.R.bound.lo[i] < Wi.R.bound.lo[i] < Wa.R.bound.hi[i],

thenthe correspondingutputcoeficientiW € Wy is de-
finedin thefollowing steps.

1. Forall join dimensiondD;, i =1,... ,k do

1.1. Set W.R.bound[i].lo := max{Wi.R.bound][i].lo,
Wa.R.bound[i].lo} and W.R.bound[i].hi =
min{Wi.R.bound|[i].hi, Wa.R.bound[:].hi}.

1.2. Forj =1,2

I* let s; beatemporarysign-\ectorvariable*/
1.2.1. If W.R.bound[i].hi < W;.S.schg[i] thenset
sj := [W;.S.sign[i].lo, W;.S.sign[i].lo].
1.2.2. Elseif W.R.bound[i].lo > W;.S.schg[i] then
set s; := [W;.S.sign[i].hi, W;.S.sign[i].hi].
1.2.3. Elsesets; := W;.S.sign|i].
1.3. Set W.S.sign[i] := [s1.lo * s2.lo, s1.hi* s2.hi].

1.4.1f W.S.sign[il.lo == W.S.sign[i].hi
W.S.schgli] := W.R.bound]i].lo.

1.5 Elseset W.S.schgli] := max;—1,2 {W;.S.schg[i] :
W;.S.schg[i] € [W.R.bound|i].lo,
W.R.bound[i].hi]}.

2. For each(non-join)dimensionD;, i = k + 1,... ,d; do:
Set W.R.bound|[i] := Wi.R.bound[i], W.S.sign[i] :=
Wi1.S.sign[i], and W.S.schg[i] := W1.S.schgli].

3. For each(non-join)dimensionD;, ¢ = d1 + 1,... ,d1 +
d» — k do: Set W.R.bound[:] := Was.R.bound[i —
di + k], W.S.sign[i] := W>.S.sign[i — d1 + k], and

W.S.schgli] := W2.S.schg[i — d1 + k].

4. Set W := Wiw* Waw and Ws := Ws U {W},
where S =j 0i n,,.,(T1,T2).

then set

Notethatthebulk of ourjoin processinglgorithmcon-
centrateon the correctsettingsfor the output coeficient
W alongthe % join dimensiongStep1l), sincethe problem
becomedrivial for thed; + d> — k remainingdimensions
(Steps2-3). Givena pair of joining input coeficientsand

or



ajoin dimensionD;, our algorithmstartsout by settingthe
hyperrectangleangeof theoutputcoeficientW alongD;
equalto the overlapof thetwo input coeficientsalong D;
(Stepl1.1). We then proceedto computel’s sign infor-
mation along join dimensionD; (Stepsl1.2-1.3), which
is slightly moreinvolved. (Remembethat7; andT; are
(possibly)theresultsof earliersel ect and/orj oi n op-
erators,which meansthat their rectangleboundariesand
signsalong D; canbearbitrary) Thebasicideais to deter
mine, for eachof the two input coeficients W, and W5,
where the boundariesof the join rangelie with respect
to thecoeficient’s sign-changealuealongdimensionD;.
Givenaninput coeficientW; (j = 1,2), if thejoin range
along D; is completelycontainedn eitherthe low (1.2.1)
or thehigh (1.2.2)sign-vectorrangeof W; alongD;, then
a temporarysign-vector s; is appropriatelyset (with the
samesignin bothentries).Otherwisej.e.,if thejoin range
spansWW;’s sign-changg1.2.3), then s; is simply setto
W;’s sign-vectoralong D;. Thus,s; captureshe sign of
coeficientW; in thejoining range andmultiplying s; and
s2 (element-wiseyieldsthe sign-wvectorfor the outputco-
efficient W alongdimensionD; (Stepl.3). If the result-
ing signvectorfor W doesnot containa true sign change
(i.e.,thelow andhigh component®f W.S.sign[i] arethe
same)thenW’s sign-change&aluealongdimensionD; is
setequalto thelow boundaryof W.R alongD;, according
to our corvention(Stepl.4). Otherwise,the sign-change
valuefor the outputcoeficient W alongD; is setequalto
themaximumof theinput coeficients’ sign-changealues
thatarecontainedn thejoin range(i.e.,W.R’'sboundaries)
alongD; (Stepl.5).

In Figure5(b), weillustratethreecommonscenario$or
the computatiorof W’s signinformationalongthejoin di-
mensionD;. The left-handside of the figure shavs three
possibilitiesfor the sign information of the input coefi-
cientsW; andW, alongthe join rangeof dimensionD;
(with crosseslenotingsign changes).Theright-handside
depictsthe resultingsign informationfor the outputcoef-
ficient W along the samerange. The importantthing to
obsene with respecto our sign-informationcomputation
in Stepsl.3-1.5sthatthejoin rangealongary join dimen-
sion D; cancontainat mostonetrue signchange By this,
we meanthatif the signfor input coeficient W; actually
changesn thejoin rangealong D;, thenthis sign-change
valueis unique;thatis, the two input coeficients cannot
have true sign changesat distinct pointsof the join range.
Thisfollowsfromthecompletecontainmenpropertyof the
basecoeficient rangesalongdimensionD; (Section2.1).
(Notethatouralgorithmfor sel ect retainsthevalueof a
true sign changefor a basecoeficientif it is containedn
theselectiorrange andsetsit equalto the valueof theleft
boundaryotherwise.)ThisrangecontainmengalongD; en-
suregthatif W; andW, bothcontainatruesignchangen
thejoin range(i.e., their overlap)along D;, thenthat will
occurat exactly the samevaluefor both (asillustratedin
Figure5(b.1)). Thus,in Stepl.3,W;'sandW>,’s signvec-
torsin thejoin rangecanbe multiplied to derive W's sign-
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vector If, ontheotherhand,oneof W; andW, hasatrue
sign changen thejoin range(asshawn in Figure5(b.2)),
thenthemax operatiorof Stepl.5will alwayssetthesign
changeof W along D; correctlyto the true sign-change
value(sincethe othersign changewill eitherbe attheleft
boundaryor outsidethe join range).Finally, if neitheriV;
nor W5 have atrue signchangen thejoin range thenthe
high andlow component®f W’s signvectorwill beiden-
tical andStepl.4will setWW’s sign-chang&aluecorrectly

Example3.1: Considerthe wavelet coeficientsW; and
W, in Figure 5. Let the boundariesand sign informa-
tion of W, and W, along the join dimensionD; be as
follows: Wi.R.bound[1] = [4,15], Wa.R.bound[l] =

[8,15], W1.S.sign[l] = [—,+], Wa.S.sign[l] = [—,+],

W;.S.schg[1] = 8, andW,.S.schg[1] = 12. In thefollow-

ing, we illustrate the computationof the hyperrectangle
andsigninformationfor join dimensionD; for the coefi-

cientW thatis outputby our algorithmwhenW; andW,

are“joined”. Notethatfor thenon-joindimensionsD, and
D3, thisinformationfor W is identicalto thatof W; and
W, (respectiely), sowefocussolelyonthejoin dimension
D;.

First,in Stepl.1,W.R.bound][1] is setto 8, 15], i.e.,the
overlaprangebetweeri¥; andWW, alongD; . In Stepl.2.2,
since W.R.bound[1].lo = 8 is greaterthan or equalto
Wi.S.schg[l] = 8, wesets; = [+,+]. In Stepl.2.3,
sinceW,.S.schg[1] = 12 liesin betweenW.R'’s bound-
aries,we setsy = [—, +]. Thus,in Step1.3, W.S.sign[1]
is setto the productof s; and s, whichis [—,+]. Fi-
nally, in Step1.5, W.S.schg[1] is setto the maximumof
the sign changevaluesfor W; and W, along dimension
D,, or W.S.schg[1] :== max{8,12} = 12.11

4 Experimental Study

In this section,we presenthe resultsof an extensve em-
pirical studythatwe have conductedisingthe novel query
processingools developedin this paper The objective of
this studyis twofold: (1) to establishthe effectivenessof
ourwavelet-base@pproacho approximatejueryprocess-
ing, and(2) to demonstratéhe benefitsof ourmethodology
comparedo earlierapproachebasedn samplingandhis-
tograms.Our experimentxonsideawide rangeof queries
executedon bothsyntheticandreal-life datasets. The ma-
jor findingsof our studycanbe summarizedsfollows.

e Improved Answer Quality. The quality/accurag of
the approximateanswersbtainedfrom our wavelet-based
gueryprocessois, in general betterthanthat obtainedby
eithersamplingor histogramdor awide rangeof datasets
andsel ect , pr oj ect,j oi n, andaggreatequeries.

e Low SynopsisConstruction Costs. Our I/O-efficient
wavelet decompositionalgorithm is extremely fast and
scaleslinearly with the size of the data(i.e., the number
of cellsin the MOLAP array). In contrasthistogramcon-
structioncostsincreasexplosively with thedimensionality
of thedata.



¢ Fast Query Execution. Queryexecution-timespeedups
of morethantwo ordersof magnitudeare madepossible
by our approximatequeryprocessinglgorithms.Further
more,our queryexecutiontimesarecompetitve with those
obtainedby the histogram-basethethodsf loannidisand
Poosalg[6], and sometimessignificantly faster(e.g., for

j oi ns).

Thus,our experimentatesultsvalidatethe thesisof this
paperthatwaveletsarea viable, effective tool for general-
purposeapproximatequery processingin DSS erviron-
ments. All experimentsreportedin this sectionwere per
formed on a Sun Ultra-2/200 machinewith 512 MB of
mainmemory runningSolaris2.5.

Dueto spaceconstraintsthe presentatiorin this paper
focuseson the resultsof our experimentalevaluationwith
real-life datasets,which are indicative of the overall set
of experimentatesults.Thedetailsof our experimentation
with syntheticdatasetscanbe foundin the full versionof
this paper2].

4.1 Experimental Testbedand Methodology

Techniques.We consideithreeapproximatejueryanswer
ing techniquesn our study

e Sampling A randomsampleof the non-zeracellsin the
multi-dimensionahrrayrepresentatiofior eachbaserela-
tion is selected andthe countsfor the cells areappropri-
atelyscaled.Thus,if thetotal countof all cellsin thearray
is t andthe sumof the countsof cellsin the sampleis s,

thenthe countof every cell in the sampleis multiplied by
t*T“ . Thesescaledcountsgive thetuple countsfor the cor-

respondingapproximateelation.

e Histograms. Eachbaserelationis approximatecby a
multi-dimensionalMaxDiff(V,A) histogram. Our choice
of this histogramclassis motivatedby the recentwork of

loannidisand Poosald6], whereit is shavn that MaxD-

iff(V,A) histogramsresultin higherquality approximate
guery answerscomparedo other histogramclasses.We

processel ect s,j oi ns,andaggreateoperatorn his-

togramsasdescribedn [6]. For instancewhile sel ect s

areapplieddirectly to the histogranmfor arelation,aj oi n

betweentwo relationsis doneby first partially expanding
their histogramgo generatehe tuple-valuedistribution of

the eachrelation. An indexed nested-loog oi n is then
performedontheresultingtuples.

¢ Wavelets. Wavelet-coeficient synopsesare constructed
on the baserelations(usingour decompositioralgorithm)
andqueryprocessings performedentirelyin the wavelet-
coeficientdomain,asdescribedn Section3. In ourj oi n
implementationpverlappingpairsof coeficientsaredeter
minedusinga simplenested-loogoin. Further duringthe
renderingstepfor non-aggrgatequeries cells with nega-
tive countsarenotincludedin thefinal answeto thequery

Sincewe assumel dimensionsn themulti-dimensional
arrayfor a d-attribute relation, ¢ randomsamplesrequire
¢ * (d + 1) units of spaceid units areneededo storethe
index of the cell and 1 unit is requiredto storethe cell
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count. Storinge waveletcoeficientsalsorequiregshesame
amountof space sincewe needd unitsto specifythe po-
sition of the coeficientin thewavelettransformarrayand
1 unit to specifythe valuefor the coeficient. (Note that
the hyperrectangleandsigninformationfor a basecoefi-
cientcaneasilybe derivedfrom its locationin the wavelet
transformarray) Ontheotherhand eachhistogrambucket
requires3 x d + 1 unitsof space? * d unitsto specifythe
low andhigh boundariedor the bucket alongeachof the
d dimensionsd unitsto specifythenumberof distinctval-
uesalongeachdimensionandl unit to specifytheaverage
frequeng for thebucket[12]. Thus,for agivenamountof
spacecorrespondindgo ¢ samples/avelet coeficients,we
storeb ~ £ histogrambucketsto ensurea fair comparison
betweerthe methods.

Queries. The workload usedto evaluatethe variousap-
proximationtechniquegonsistsof four main querytypes:
(1) SELECT Queries rangesarespecifiedfor (a subsenf)
theattributesin arelationandall tuplesthatsatisfythecon-
junctive rangepredicateare returnedas part of the query
result,(2) SELECT- SUMQueries the total sumof a par
ticular attribute’s valuesis computedor all tuplesthatsat-
isfy aconjunctverangepredicateover (a subsebf) theat-
tributes,(3) SELECT- JO N Queries afterperformingse-
lectionsontwo inputrelationsanequi-joinonasinglejoin
dimensionis performedandtheresultingtuplesareoutput;
and, (4) SELECT- JO N- SUMQueries thetotal sumof
anattribute’s valuesis computedover all the tuplesresult-
ing fromaSELECT- JO N.

For each of the above query types, we have con-
ductedexperimentswith multiple differentchoicesfor (a)
sel ect ranges,and (b) sel ect, j oi n, and sum at-
tributes. The resultspresentedn the next sectionarein-
dicative of the overall obsened behaior of the schemes.
Furthermorethe queriespresentedn this paperarefairly
representatie of typical queriesover our datasets.

Answer-Quality Metrics. In our experimentswith aggre-
gatequeries(e.g.,SELECT- SUMqueries) we usethe ab-
soluterelativeerror in theaggreyatevalueasa measuref

the accurag of the approximategqueryanswer Whende-
cidingonanerrormetricfor non-aggrgateresultswe con-
sideredboththeMatch AndCompae (MAC) errorof loan-
nidis and Poosala[6] and the network-flow-basedEarth
Mover's Distance(EMD) error of Rubneret al. [14]. We
eventuallychosea variantof the EMD error metric, since
it offers a numberof advantagesover MAC error (e.g.,
computationakfficiengy, naturalhandlingof non-integral
counts)and, furthermore,we found that MAC error can
shav unstablebehaior under certain circumstances.A

moredetaileddiscussioron MAC andEMD errorsaswell

asthe actualEMD error calculationformulasusedin this
papercanbefoundin thefull paperf2].

4.2 Query ExecutionTimes

In orderto comparehe queryprocessindgimesfor thevar-
ious approachesywe measuredhe time (in seconds)or



executinga SELECT- JO N- SUMqueryover synopse®f
two-dimensionakyntheticdatasetsusing eachapproach.
We do notconsidetthetime for randomsamplingsincethe
join resultswith sampleddid not generateary tuples, ex-
ceptfor very large samplesizes. The runningtime of the
join queryon the original baserelations(usinganindexed
nested-loogoin) to producean exactanswemwas 3.6 sec-
onds. In practice,we expectthat this time will be much
higher sincein our case,the entire relationsfit in main
memory As is evident from Table 2, our wavelet-based
techniqudas morethantwo ordersof magnituddastercom-
paredto runningthe querieson theentirebaserelations.

Technique | Number of Coefficients
500 | 1000 | 2000 | 5000
Wavelets | 0.01| 0.02 | 0.04 | 0.08
Histograms | 9.8 | 1.48 | 0.43 | 1.26

Table2. SELECT- JO N- SUMQueryExecutionTimes

Also, notethatthe performanceof histogramss much
worsethanthatof wavelets.Theexplanationliesin thefact
thatthej oi n processinglgorithmof loannidisandPoos-
ala[6] requiregoining histogramgo bepartially expanded
to generatehetuple-valuedistribution for the correspond-
ing approximateelations.Theproblemwith this approach
is that the intermediaterelationscan becomefairly large
and may even containmore tuplesthanthe original rela-
tions. For example, with 500 coeficients, the expanded
histogramcontainsalmost5 times as mary tuplesasthe
baserelations. The sizesof the approximaterelationsde-
creaseasthe numberof bucketsincreaseandthusexecu-
tion timesfor histogramsiropfor largernumbersof buck-
ets. In contrast,in our waveletapproachjoin processing
is carriedout exclusively in the compressediomain,that
is, joins areperformeddirectly on the waveletcoeficients
without ever materializingintermediateelations. The tu-
plesin thefinal queryansweraregeneratedtthevery end
aspartof therenderingstepandthis is the primaryreason
for the superiomperformancef thewaveletapproach.

4.3 Experimental Results— Real-life Data Sets

We obtainedour real-life data set from the US Census
Bureau(www. census. gov). We employedthe Current
PopulationSurwey (CPS)datasourceandwithin it the Per
sonDataFilesof theMarchQuestionnair&upplementWe
usedthe1992datafile for theselectandselectsumqueries,
andthe 1992and1994datafiles for the join andjoin sum
gueries For bothfiles, we projectedhedataonthefollow-
ing four attributeswhosedomainvalueswere previously
coded: age (with valuedomainO to 17), educationalat-
tainment(with valuedomainO to 46), income(with value
domainO to 41) andhours per week(with valuedomainQ
to 13). Along with eachtuplein the projection,we stored
a countwhich is the numberof timesit appearsn thefile.
We roundedhe maximumdomainvaluesoff to thenearest
power of 2 resultingin domainsizesof 32, 64, 64 and16
for thefour dimensionsandatotal of 2 million cellsin the
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Figure7. SELECT- JO N- SUMquerieson real-life data.

array The 1992andthe 1994 collectionshad 16271and
16024cellswith non-zerocounts respectiely, resultingin
a densityof =~ 0.001. However, even thoughthe density
is very low, we did obsenre large denseregionswithin the
arrayswhenwe visualizedthe data— thesedenseregions
spannedhe entiredomainsof the age andincomedimen-
sions.

For all the querieswe usedthe following selectrange:
5 < age < 10 and10 < income < 15 thatwe foundto be
representatie of several selectrangesthat we considered
(theremainingtwo dimensionsvereleft unspecified)The
selectvity of the querywas 1056/1627% 6%. For sum
gueries,the sumoperationwas performedon the age di-
mension.For j oi n queriesthej oi n wasperformedon
theage dimensiorbetweerthe 1992and1994datafiles.

SELECT Queries. In Figures6(a) and 6(b), we plot

the EMD error and relatve error for SELECT and
SELECT- SUMqueriesrespectiely, asthe spaceallocated
for the approximationss increasedrom 3% to 25%of the
relation. Fromthe graphsijt follows thatwaveletsresultin

the leastvaluefor the EMD error, while samplinghasthe
highestEMD error. For SELECT- SUMqueries,wavelets
exhibit morethanan orderof magnitudeimprovementin

relative error comparedo both histogramsand sampling
(therelative error for waveletsis between0.5% and 3%).

Thus,theresultsfor theseleciqueriesndicatethatwavelets
areeffective at accuratelycapturingboththevalueaswell

asthefrequeng distribution of theunderlyingreal-life data
set.

It is interestingto note that the relative error for sam-
pling is betterthanthat of histograms.We conjecturethat
oneof the reasondor this is the higherdimensionalityof
thereal-life datasets wherehistogramsarelesseffective.

JOIN Queries. We only plot the results of the
SELECT- JA N- SUMqueriesin Figure7, sincethe EMD
error graphsfor SELECT- JO N querieswere similar.
Over the entirerangeof coeficients,waveletsoutperform
samplingandhistogramsin mostcasedy morethananor-
derof magnitude With thereal-life dataset,evenafterthe
j oi n, the relative aggreyateerror using waveletsis very
low andrangedetweernl%to 6%. Therelative errorof all
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Figure6. (a) SELECT and(b) SELECT- SUMqueryerrorson real-life data.

the techniquesmprove as the amountof allocatedspace
is increased.Comparedo the syntheticdatasets,where
the resultof aj oi n over samplescontainedzero tuples
in mostcasesfor thereal-life datasets samplingperforms
quitewell. Thisis becaus¢hesizeof thedomainof theage

attribute on which thejoin is performedis only 18, which

is quitesmall. Consequentlytheresultof thej oi n query
overthesampless nolongerempty

5 Conclusions

In this paper we have proposedthe use of multi-
dimensionalwavelets as an effective tool for general-
purposeapproximatequery processingn modern, high-
dimensionabkpplications.Our approachis basedon build-
ing wavelet-coeficientsynopsesf thedataandusingthese
synopsego provide approximateanswergo queries. We
have developednovel queryprocessinglgorithmsthatop-
eratedirectly on the wavelet-coeficient synopse®f rela-
tional data,thusallowing for very fastprocessingf arbi-
trarily complex queriesentirely in the wavelet-coeficient
domain. We have also proposeda novel 1/0-efficient
waveletdecompositioralgorithmfor building the synopses
of relationaldata.Finally, we have conductedanextensive
experimentalstudywith syntheticaswell asreal-life data
setsthatverifiesthe effectivenessf our wavelet-baseap-
proachcomparedo bothsamplingandhistograms.
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