Inside the eigenvalues of certain Hermitian
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While extreme eigenvalues of large Hermitian Toeplitz matrices have been studied
in detail for a long time, much less is known about individual inner eigenvalues.
This paper explores the behavior of the jth eigenvalue of an n-by-n banded Her-
mitian Toeplitz matrix as n goes to infinity and provides asymptotic formulas
that are uniform in j for 1 < j < n. The real-valued generating function of the
matrices is assumed to increase strictly from its minimum to its maximum and
then to decrease strictly back from the maximum to the minimum, having nonzero
second derivatives at the minimum and the maximum.
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1 Introduction and main results

The n x n Toeplitz matrix T,(a) generated by a function a in L' on the complex
unit circle T is defined by T,,(a) = (a;1)%,—; where a, is the {th Fourier coefficient
of a,
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The asymptotics of the eigenvalues of T,(a) as n — oo has been thoroughly
studied by many authors for now almost a century. See the books [3], [5] for
more about this topic. We here bound ourselves to the case where a is real-
valued, in which case @; = a_, for all £ € Z and hence the matrices T,,(a) are all
Hermitian. The eigenvalues are then real and may be labeled so that

ale™e *dx (L € 7).
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The first Szego limit theorem describes the collective behavior of the eigenvalues.
It says in particular that under certain assumptions,

{5 A" € @B} _ [{teT:a(t) € (o, H)}]

n 27

+o(1) (1)

as n — 00, where |E| denotes the cardinality of £ on the left and the Lebesgue
measure of £ on the right. Much attention has been paid to the extreme eigen-
values, that is, to the behavior of >\§-n) asn — oo and j or n— j remain fixed. The
pioneering work on this problem was done by Kac, Murdock, Szegé [7], Widom
[14], and Parter [9], [10]. This work is also outlined on pages 256 to 259 of [1].
Recent work on and applications of extreme eigenvalues include the papers [2],
[4], [6], [8], [11], [12], [13], [15]. The purpose of this paper is to explore the be-

havior of )\5-") inside the set of the eigenvalues, for example, the asymptotics of

)\5-") asn — oo and j/n — z € (0,1).
Throughout the paper we assume the following. The function a is a Laurent

polynomial

at) =Y att (t=e"€T)

k=—r

withr > 1, a, # 0, and ay = a_y, for all k. The last condition means that a is real-
valued on T. It may be assumed without loss of generality that a(T) = [0, M]
with M > 0 and that a(1) = 0 and a(e*?°) = M for some ¢, € (0,27). We
require that the function g(z) := a(e™) is strictly increasing on (0, ) and strictly
decreasing on (¢, 27) and that the second derivatives of g at = 0 and = = g
are Nonzero.

For A € (0,M) and ¢t € T, we define the argument of a(t) — A to be 0 if
a(t) > X and to be 7 if a(t) < A. Then log(a — \) is a well-defined function in
LY(T). Let (log(a — \)), be its ¢th Fourier coefficient and put

G(a — \) = exp(log(a — \))o,

Bla = X) = exp > £ (log(a — X))i(log(a — 1)+

We will show that there are continuous functions
0:[0,M] —[0,7], 0:]0,M]—R
such that ¢(0) =60(0) =0, p(M) ==, (M) =0, and
Gla—2) = Gla— )™, )
Bla—)\) = % |E(a — A)]i 000, (3)



The function ¢ will turn out to be bijective and to have a well-defined derivative
¢'(A\) € (0,00] forall A € (0, M). In what follows, O estimates are always uniform,
that is, O(b,) denotes a sequence {,} such that |£,| < Cb, for all n with some
constant C' < oo that depends only on the function a. Thus, if &, depends on
parameters such as A, j, k, ..., then C is independent of the parameters.

Here are our main results.

Theorem 1.1 There is a number § > 0 such that for A € (0, M),
det Ty(a — A) = 2|B(a — M| [Ga— NI" (sin((n -+ () +0(A) + O™,

From (2) and (3) we infer that the formula of this theorem may also be written
in the form

detTp(a—A) = E(a—N)Gla—N"+E(a—\) Gla—\)"
+E(a—N||G(a—=N)|"O(e™™).

Theorem 1.2 If n is sufficiently large, then the function
[0, M] = [0,(n+ 1)xw], A— (n+1)p\)+0(N\)
18 bijective and increasing. For 1 < j < n, the eigenvalues )\gn) satisfy
(n+ DA™Y +00\) = ) + O(e™™),
and if Aﬁ) € (0, M) is the uniquely determined solution of the equation
(n+ De(A)) +00)) = 7.

then |\ — A\7| = O(e=).

In Section 4 we will provide an exponentially fast iteration procedure for
solving the equation (n + 1)@(\) + 6(\) = 5. More importantly, in Sections 4

and 5 we will show how Theorem 1.2 can be employed to derive, at least in
principle, an asymptotic expansion of the form

= eld ]
%(nil))k’ dim (4)

for the jth eigenvalue /\5.”). We consider d as a parameter representing 7 and n and

therefore suppress the dependence on j and n in the notation. The coefficients
¢k (d) become more and more complicated as k increases. We limit ourselves to
the first few coefficients. Let ¢ : [0, 7] — [0, M] be the inverse of the bijective
and increasing function . Clearly, ¢ is differentiable in (0, 7).
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Theorem 1.3 We have
AP ) - LD (OUDIRY g (VAID))

n+1 n? n

We emphasize once more that the estimate provided by Theorem 1.3 is uniform
in j €{l,...,n}. Since ¢’ and 0 are bounded on (0, M), we obtain in particular

that
n Y'(d)o(v(d)) !
)\g)zw<d>_n——|—1+0<ﬁ)’ (5)

uniformly in d from compact subsets of (0, 7). For the inner eigenvalues, Theo-
rem 1.3 implies the following.

Theorem 1.4 Let x € (0,1) and let A\, € (0, M) be the solution of the equation
©(A\y) =7mx. If n — 00 and j/n — z, then

' o(\,) 1 j S|
)\(n) _ )\z ™ J . . x - -
) o0 (n+1 )0 et PO\ ) )

uniformly in x from compact subsets of (0,1). This formula may be rewritten
using that

Ae = Y(mx), 1/¢'(N\) = (mx), 0(\:) = 0(¢(mx)).

The last theorem reveals in particular that the eigenvalues )\gn) are scaled
according to formula

. 2
m _ym_ T 1 J_ 1
A A ©'(Az) n+1+0<(n+1 x) +n2>

asn — oo and j/n — z € (0,1).

Here is what Theorem 1.3 yields for the extreme eigenvalues.

Theorem 1.5 Ifn — oo and j/n — 0, then

= S (Y (1) )
SR () o) o
A o
where o
we ! / (9; g)) ot gg}(%))) cot £ da. (9)



In this theorem, (6) = (7) = (8). Note that if the number j remains fixed,
then O (j*/n*) = O (1/n*). Our proof will also yield (6) to (9) under the sole
hypothesis that n — oo and j/n < Cj for some Cj independent of n; in that case
the constants hidden in the O terms depend on Cjy and a but on nothing else.
Under the assumption that g(z) = a(e™”) is an even function, Widom [14] proved
that, for each fixed j,

"0) [ 75\’ wo 1
O AUN S AN 1\
J 2 n—+1 Jrn+1+0 n

This is slightly weaker than (7).

A result similar to Theorem 1.5 is also valid for n — oo and j/n — 1. For
instance, the analogue of (8) reads

" . 2 . 3
() _ g — 19" (00)] . 1 J
A 2 T n-+1 +0 n+1 '

In Section 5 we will also show that if 0 < a < < M then

P(8) — pla) , 8(8) ~ bla)

™ ™

G : A" e (o, 8)} = (n+1)

+ kn(a, B)

with |k, (a, 5)| < 2 for all n large enough.

The paper is organized as follows. In Section 2, we phase in the main actors
of our approach, such as the functions ¢(\) and #()\), and prove their basic prop-
erties. In Section 3, we use a formula by Widom to represent the determinant
det T,(a — \) in a form that will be convenient for further analysis. There we
also prove Theorem 1.1. Section 4 is devoted to the proof of Theorem 1.2 and,
in addition, contains a convergence theorem on an iteration method for solving
the equation (n + 1)p(A\) + 6(\) = 7j. Theorems 1.3 to 1.5 are proved in Sec-
tion 5. In that section, we also briefly discuss the asymptotics of )\g-i)l — )\5-") and
improvements of (1). Some examples are provided in Section 6.

2 The main actors

In this section we introduce and study the quantities which occur in our asymp-
totic formulas. Let a be as in Section 1. For each X\ € [0, M], there exist exactly
one p1(N) € [0, ¢o] and exactly one 1(\) € [pg — 27, 0] such that

9(e1 (X)) = g(@2(N)) = X;

recall that g(z) = a(e™). We put



Clearly, ¢(0) = 0, (M) = m, ¢ is a continuous and strictly increasing map of
[0, M] onto [0, 7], the derivative ¢'(X) € (0,00] exists for all A € (0, M) (with
¢'(\) = oo if and only if ¢'(¢1(A)) = 0 or ¢'(¢2(N)) = 0), and

= inf '\ . 1
0= nt PO)>0 (10)

Recall that 1 : [0, 7] — [0, M] is the inverse of the function ¢ : [0, M] — [0, 7].

Lemma 2.1 Let g(x) = gox® + g32® + gax* + ... be the Taylor series of g at
r=0. Then as A — 0+ 0,

1 2 g3 59% - 49294 3/2 2
9o 2 895
1 1/2 g3 59% - 4g2g4 3/2 2
9o 92 87
1 592 — 49294
P(N) = —5 N2 4 2By o(\372),
92 89,
1 3 593 — 49294
SOI(A) _ W/\ 1/2 + 5 SW)\I/Q + O(}\?)/Q),
29, 89

and as x — 0+ 0,

_ 2 . 593 4 6
Vi) = g + (31— 12 ) '+ OG"),
2
2

5
V'(x) = 2gom + <4g4 - %) 2 + O(2”).
2
The series for o1(\) and py(N\) have equal coefficients at even powers of \'/? and
opposite coefficients at odd powers of \'/2. The series for p()\) contains only odd
powers of \'/2, while the series for Y (x) involves only even powers of x.

Proof. The equation g(¢) = A has the two solutions ¢;(A) = ®(A/2) and @y()) =
®(—\'2) where ® is analytic in a neighborhood of the origin. Consequently,

P1(\) =Y B2 ga(A) =D (DR,
k=0 k=0

The coefficients @, and subsequently the series for ¢ and ' can be determined
by standard computations. [J

For A € C, we write a — A in the form

alt) =X = t7 (@t +... 4 (ag— Nt"+ ... Fa_,)
2r

= a,t " [t - 2(N) (11)

k=1



with complex numbers z;(A). We may label the zeros z1(\), ..., 22,(\) so that
each zj, is a continuous function of A € C. Now take A € [0, M]|. Then a — A has
exactly the two zeros €' and e#> on T. We put

Zr(/\) = éi(pl(A)? ZT-H(/\) = ei(m()\)'

For t € T we have (11) on the one hand, and since a(t) — A is real, we get

2r
1
at) =X = a(t)-A=at"[] (; - zk()\)>
k=1
2r 2r 1
= a, Ze(A) |t t— —— 12
on the other. Here and in similar cases that will follow, Zx(A) := 2z,(A). Com-

paring (11) and (12) we see that the zeros in C\ T may be relabeled so that
they appear in pairs zx(\),1/Zx(A\) with |zx(A\)| > 1. Put ug(\) = zx(\) for
1 <k <r—1. We relabel z.;12()),..., 22.(A) to get zo,_x(A) = 1/uR(N) for
1 <k <r—1. Insummary, for A € [0, M] we have

Z = {z(N\), ..z (N), €9 2 o (), 2 (V)]
= {ul()\>7 te 7u7“71()\)7 eism(/\% eiSOQ()\)a 1/ﬂr71()\)7 trt 1/ﬂl(>\>} (13)

Since all u; are continuous, it follows that

do

e”:= min  min |ug(\)| > 1.

©ae[0,M] 1<k<r—1

Put

ha(z) = 1:[ <1 - ij)) . o\ = M’

k=1
r—1
do(N) = (=1)"ape”™ T ur(N). (14)
k=1
For t € T we then may write
r—1 r—1
a(t) = A =apt™"(t — P V)t — 2O Tt — we(N) [J (2 = 1/:(N))

k=1 k=1

r—1

y i t 6“02()\)
=a,t (—6 S01(/\)) (1 — m) t (1 — : ) H(_Uk()\>) X

k=1

- ﬁ (1 - ukiM) tr_l;H:j <1 - mj)\)>

k=1

— dp(\)ee (1 - eiﬁi (A)) (1 - ei@;(k)) I ()T (D). (15)




Let

OV )

B ha(e1 ™) B =l 1) /14 (\)
H 1 — e [y (N)
1

Clearly, ©(0) = ©(M) = 1. The function © is continuous and nonzero on [0, M].
Since |ug(A)| > 1, the real parts of 1 — 1™ /uy(X) and 1 — €2 Ju (N) are
positive and hence the closed curve

1— ei“’l(’\)/uk()\)

[0, M] = CA\ {0}, A e?2(N) fuy,(N)

(16)

has winding number zero. The winding number of the closed curve
0,M] — C\ {0}, A— O(N)

is therefore also zero. We define () as the continuous argument of ©(\) that
assumes the value 0 at A =0 and A = M.

Lemma 2.2 The function 0(\) can be expanded into a power series in VA in
some neighborhood of 0, and this decomposition contains only odd powers of v/ .
In particular,

O(N\) = bo N2+ ON2),  0'(\) :

A2 O(N?)

as A — 0+ 0. Here

Wo — 1
bo=————  wy=4Re — .
’ 29°(0) (Z w(0) — 1)

v=1

Proof. We write A = pu? and thus have §(\) = Im () where the function ¢ is

defined as o ()
2 (e #))
=log .

g(lﬁ) 0g h;ﬂ (61@2(/12))
To prove the lemma we will show that £ is analytic in some neighborhood of 0,
that its Taylor expansion contains only odd powers of i, and that

4i 1
V) =m0 T

Fix some positive number § such that § < J, and denote by A the unital
Banach algebra consisting of all functions f € C(T) such that || f||4 < co where

1 lla = 3 fule .

neZ

¢'(0) = (17)
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For every A € [0, M], consider the function vy defined by

a(t) — A
(t — elet (A))(t — ei<P2(>\)> ’

It follows from our assumptions on a that vy is a Laurent polynomial whose zeros
are outside the annulus 1 — §y < |z| < 1+ dy. Moreover, the coefficients of
odd powers of \/2 in ¥ and > are opposite to each other. Hence the
coefficients of the polynomials " (a(t) — \) and (t — eV (t — ¢2(V) are analytic
functions of A in a neighborhood of 0. Consequently, the Fourier coefficients of
vy are analytic functions of A in a neighborhood of 0. Hence v, € A and the
A-valued function \ — v, is analytic in a neighborhood of 0.

We know that vy has a logarithm for each A € [0, M]. Denote by logwv, the
logarithm of vy which is real-valued at ¢ = 1. For each A, the function logw,
is analytic in the annulus 1 — dy < |2| < 1 + Jp and therefore belongs to A.
Moreover, the function A\ +— logw, is analytic in a neighborhood of 0 because
log is analytic on exp(A). Let P,: A — A be the operator acting by the rule
Py (Y cz fat™) = 3,50 f[ot". This is a bounded linear operator and PyA is a
closed subalgebra of A with the same identity element. Since loghy is nothing
but P, (logv,), we conclude that A\ — logh, is a P, A-valued analytic function
in a neighborhood of 0. Thus,

U)\(t) =

logha(t) = > cxlt (18)
k=0

with ¢, € A and ||c]|oe < ||ck]|la < 7§ where 1 is some positive number.

Putting A = z2 and ¢t = e(*) or t = ¢#2(+*) in (18), we obtain a series of
analytic functions on the right-hand side. The inequality ||ci||co < 75 guarantees
that the series Converge absolutely in some neighborhood of 0. Therefore the
functions i — hy (€18 and p By (et %)) are analytic in some neighbor-
hood of 0. Further, the common Value of these functions at p = 0 is ho(1). It
follows that £ is analytic in some neighborhood of 0 and £(0) = 0.

By virtue of (18), the function log hy(t) may be expanded into a double series
converging for [t| <1+ 0 and 0 < A < 1/(2r),

log hy () ZZAM)\% = log ho(t) ii A NtE,
j=1 k=0

7=0 k=0
Accordingly,
= 5°S Ay <€kiso1(u2) _ ekw2(u2)> _
=0 k=0

From Lemma 2.1 we infer that the expansions of e¥#1(+*) and e*#2(+*) have the
same coefficients at even powers of . Thus the expansion of (i) contains only
odd powers of p.



We finally calculate ¢'(0), that is, the coefficient of p in the series for ().
Lemma 2.1 yields

eiso1,2(u2) -1+ 12/2 92 +2Z93,u2 + O(MS)-
9 93
Therefore
B (ei1 (79 ho(ei#r (MZ)) ) o1 (12) ioa ()
E(p) = logW—IOgW+u -O(e —e )

1 1 6i§01(/1’2) 1 1 6“02(#2) O( 3)
ogll—— | —-log|1l——+ + O(p
1 1, (0) u, (0)
-1 . 2 . 2
eler(w?) _ 1 etr2(w”) _ 1
- log {[1-——— | —log |1 - —— ’
(g< u,,<o>—1> Og( 00— 1 )) Hou)
0o (eiwl(ﬁﬂ) — 1>k — (e’m(‘ﬂ) — 1>k
o 3
B D D

. r—1
43
= (Y o),
29"(0) (; ,(0) - 1)
which implies (17). O
The following lemma shows that the constant wy from Lemma 2.2 is just the
constant (9). We remark that our integral formula (9) is a little simpler than

the original integral formula established by Widom [14] in the case of symmetric
matrices.

Lemma 2.3 We have

1 (" (g(z) z  g"(0) x
== —cot = — t = dr.
Wo - /;W ( g(,ﬁl}) CO 9 3g//(0> CO 9 X

Proof. By Lemma 2.2, wy = 4 Re a where

r—1 1 r—1 1
o = —_— = — S ———
21 =T w0

Recall that {u;(0): 1 < j <r — 1} is the complete set of the roots of a outside
the closed unit disk, counted with multiplicities. If for some j the root u;(0) has
multiplicity m then its contribution to the sum may be written as

m a'(z)

T w(0) % alo) (1= 2)

10



Thus, « is the sum of the residues of a’(z)/(a(z)(1 — z)) outside the closed unit
disk. The residue theorem therefore implies that

o 1 a'(z)dz 1 a'(z)dz
omi ena()(1—2) | 2ni /| Jaz)(1—2)

where R > max(|ui(0)[,...,|u,—1(0)] and 1 < p < min(Juy(0)], ..., |u-—1(0)]).
The first integral goes to 0 as R — oo and hence
1 a'(z)dz

"7 i s a0 o

The integrand in (19) has a double pole at z = 1. It is easy to see that, for z

near 1,
a'(z) 2 a”(1)

— O(z —1).
a(z) z-1 i 3a(1) +0-1)
Since
1 dz 1 dz
_— = _— — —17
211 |z]=p (1 — Z) 211 |z|=p 1—=2

we may write

o ad"(1) N 1 / a'(z) 2 a” (1) dz

- 3a”(1)  2mi i, \a(z)  z—1 3a’(1)) 1—2
The integrand is now regular at z = 1. Deforming the integration contour to the
unit circle we get

a” (1 1 a'(z 2 a”(1 dz
ST Ny CC T 1)
3a”(1)  2mi Jiyo \a(z)  z2—1 3a’(1)) 1-=2
To transform the contour integral into a real integral we make the change of
variables z = €. Taking into account the formula

we obtain

+L/’T< g(x) 2 _a”’(l))ie”dm
3a(1) (x)ie®r e*—1 3a’(l)) 1—e™

g (x)e™/2  2ie/2 @ (1)ie™/?\ 2ie™/?
/_W( glz)  er—1  3a"(1) )eiw—l

B a’”(l) N /7r g/(x)e—ia:/Q 1 a///(1>z~ez‘m/2 dx
~ 3a”(1)  4m ), g(z) sin § 3a”(1) sin §-

X

11



Finally, using the formulas a"”(1)/a”(1) = —1 —ig"(0)/3¢"(0) and

s A /) -
_te” a”l) =i (cot S +1) (1+Zg (O))
sin § 3a”(1) 2 39"(0)

" 0 tZ "
_ 900t T 9"0)
39"(0) 2 3¢"(0)

and taking the real part, we arrive at

™ (g (z)cot § 1 g"(0) cot g)
9(@) s

1
Rea — 1 + — 1
e * 4 J_ in® % 39"(0)

L [T (d@) oz g"0)\ @
= — — cot = — t=de. O
i _W(g<x> 2 T 3gr)) 2™

In addition to the function do(A) given by (14) we need the function d;(\)
defined by

1 r—1 1 -1
di(\) = lx (621 iy (€122 H (1 B m) ' 2

k,s=1

Lemma 2.4 The functions dy and dy are real-valued, bounded and bounded away
from zero on [0, M].

In what follows we frequently suppress the dependence on \.

Proof. For d;, the assertion follows from the equality

I (1 o5) ~TT(- i)

k,s=1 |uk| s<k

1 2

ukﬂs

As for dy, it is evident that dj is bounded and bounded away from zero on [0, M].
To see that dy > 0, note first that comparison of (11) and (12) gives

2r r—1 _
_ — R Uk
Qr = Gy =a,e” e ' )
H Zr = are e ”
k=1 k=1
whence
r—1
2 arga, + 2 argo + QZarguk =0 (mod2m).
k=1
Consequently,
r—1
argdy = rm + arga, + argo + Zarguk =0 (modm),
k=1

12



which shows that do()) is real. By (15),
a(t) = do(0)|1 — t|* [ho(t)[?

and thus do(0) > 0. As dy(A) is never zero and depends continuously on A on
[0, M], it results that dy(A\) > 0 for all A € [0, M]. O

We finally relate ¢(A) and () to the terms G(a — A) and E(a — A).
Proposition 2.5 For every A € (0, M),
[Gla =N =do(A), Gla—A)=do(A)e*™,

Ba— ) = 2

BV Bla—\) = ﬂewu)wu))_
2 sin ()

2i sin ()

Proof. We start with the Fourier series

eiQDQ e ei&PZ
log (1 ewl) ZMW log (1— . ) = _;_&f :

tf
log h(t) log (1——) = — —,
- (1-0) =S X
r—1 1 r—1 oo 1
logh(t) =S log (1 - — | = — .
ogh(t) =) Og( tﬂk) 2 it
k=1 k=1 ¢=1

From (15) we therefore obtain that
(log(a — A))o = logdy + i + 2umi  (p € Z)
and hence |G(a — \)| = dy (by Lemma 2.4) and G(a — \) = doe'?. Furthermore,

from (15) we also infer that

ZE log(a — A))¢(log(a — X))y

(=1 k=1 k=1
fe’e) —2ilp r—1 oo 11 1 r—1 oo 1 6“"02 r—1 r—1 oo 1 1
:Z +ZZ_7 o T Z_ T Z_ P,
=1 ¢ k=1 ¢=1 ¢ u, €7 k=1 ¢=1 ¢ U, k=1 s=1 ¢=1 ¢ UgUs
r—1 o—ie1
= —log(l — e %) =) log <1 - — )
Uf;

r—1 r—1
1
—log(e~" 2isin @) — log h(e™') — log h(e"") log (1 — —) )



Thus,

z ) el 1 T_l . 1 \!
(a=A) = 2¢ sin h(eie1)h(eie2) kHI ( B ukﬂs> '

7s:

Since
, i1 )
W h(e's) = O oo
h(ei#?)
o | (™) . » . ,
0 ipa\[2 0 ip1 ip2
= e [ e = e e e (22)
we get from (21) that
E(a—\) = ,d,l el t0)
2isin g

Lemma 2.4 tells us that d; > 0, and we know that ¢ € (0,7). This gives the
asserted formula for the modulus of E(a — A). O

3 Determinants

Widom [14] proved that if A € C and the points z1(\), ..., 22.(\) are pairwise
distinct, then the determinant of T, (a — \) is

detTp(a—X) = Y  C,W} (23)
JCZ,|J|=r

where the sum is over all subsets J of cardinality r of the set Z given by (13)
and, with J := Z'\ J,

C’J:HZT‘ H z—lw’ WJ:(—l)”aTHz.

zeJ  zeJwed zeJ

Lemma 3.1 Let A € (0, M) and put

Ji=Aur, . w9 Ty =g, ueg, €7)
Then
, d. et(e+0)
WJl = doe’LSﬁ’ CJl = 1.6—.7
20 sin

. dlefi(90+9)

W, =de ™. (O =——
S 2i sin ¢

14



Proof. We henceforth abbreviate H;j to [[,. Obviously,
Wy =(-1)"a, ( H uk> e = (—1)"a, ( H uk) e = dye'?.
k k
Further, C';, equals

(Hk uZ) e
(900 = e#) T, T, (e = &) Tl — @) T, (e = )
eimpl
(e — =) ILIL (1 - 5 ) T - g2t va T, (1 - 52
el

2 sing [, ILL (1- L) h(ete)hle=)

which in conjunction with (21) and (22) gives the asserted formula for C';,. The
proof for Jy is analogous. [J

Theorem 3.2 For every A € (0, M) and every 6 < dy,

_ (Mg (V)

det T,,(a — \) = [sin <(n + (N + 9()\)> + 0(6_5")} :

sin p(\)
Proof. Fix sufficiently small numbers a > 0 and g > 0. Given a neighbor-
hood U C C of [0,M] and A € U, we denote by z;(A),...,2.(\) the zeros
defined by (11). If A € [0, M], the zeros are listed in (13). Since the zeros de-
pend continuously on A, we conclude that if U is sufficiently small, then r — 1

zeros 21(N), ..., zr_1(A) satisfy |zx(A\)] > €%, two zeros z,(\) and z,,1()\) are
located in the annulus {z € C : e™? < |z| < €7}, while for the remaining zeros
Zria(N), oo, 22, (A) we have |z,()\)] < e®~%.

We denote by D,(z) the disk {z € C : |z — 2| < r} and by 9D,(z) the
boundary circle. A point Ay € C is called a branch point if two of the zeros
21(No), -+, 22r(Ao) coincide. Pick Ay € [0, M]. If A\g is not a branch point, then
the zeros are all analytic functions of A in a neighborhood of A\g. In case )\ is a
branch point, there are a natural number m > 2, an £ > 0, and a uniformization
parameter ¢ such that for ¢ € Dy(2¢) we may write A = A\g+(™ and z,(A) = ()
(1 < k < 2r) with analytic functions ®; in Dy(2¢). The case where )¢ is not a
branch point can be included into this setting by choosing m = 1. As the number
of branch points in all of C is finite, we may assume that V), = {\g + (" :
|| < 2¢} does not contain a branch point different from A itself and that V),
is contained in U. If ¢ € dDy(e), then z1(\), ..., z2,(\) are pairwise distinct and
we can employ Widom’s formula. Let

T= {2V, 2N Jo= (Vs 201 (), 2o (W)

15



Suppose J C Z2 = Z(\), |J| =r, J # J1, J # Jo. If J contains both z,(\) and
Zr1+1(A), then one of the numbers 2, (A) with 1 < k <r — 1 is missing and hence

W7 < Zep1(N) " < e’ _ o (Go—a—B)n
Wi~ | 2(A) edo—«

In the case where neither z,.(\) nor z.,1(\) belong to J, the set J contains a
number z;(A) with » +2 <'s < 2r. This implies that

Wyl _ =MW" (6“_6°)n _ o~Go—a—p)n,
(Wil — 1) — \e?
Obviously,
L IMERTT JRES
Wil |z |~
Since z1(A), ..., z2,(\) are pairwise distinct, we have

inmin [2;(A) — z(\)] > 0.
minmin [25(A) = z(A)]

Thus, max{|Cy| : |¢| = €} < co. In summary, there is a constant Ky < oo such
that |g,(¢)] < Koe=(®0—a=38n for all ¢ € Dy(c) where

(€)= g7 (et Tula = 2) = Co W5 () = LWL W)

A=Ao+¢m

The function g, is obviously analytic in Dy(2¢) \ {0}. However, due to the term
2-(C™) — 2z;41(¢"™) in the denominators of C}, (¢"™) and C},({™), it need not be
analytic at ( = 0. So let us consider

Gn(C) = (2(C™) = 2:41(C™)) gn ()

This is an analytic function in Dy(2¢) that results from g, by multiplication by
a bounded function. Hence

|Ga(Q)] < Ke(®mamon (24)

with some constant K < oo for all ( € 9Dy(g). The maximum modulus principle
now guarantees (24) for all ¢ € Dy(e). We may choose o > 0 and 3 > 0 so that
0o —a— 33 = 0. It follows that

[det T (a = A) = Cr (MW (A) = Cp(MWE (V)]
(W (W["
20 (A) = 212 (A)]

for all A € Uy, := { X+ (" : [¢| < €}

<K e o (25)
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Since [0, M] is compact, we get (25) for all A € [0, M]. But if A € (0, M),
then, by Lemmas 3.1 and 2.4, |W,,|"* = d,
1 n

didl .
CpyWji +CL,Wh = ﬁ sin((n + 1)¢ +0),

2 — Zpyp1| = |7 — €2 :QSin(pl_gp2
* 2

= 2 sinp.

Thus, again by Lemma 2.4 and for A € (0, M),

mn

mwnm—xp—dM09mm+1w+ﬂﬂ

sin ¢
=0 dg 67571 -0 Mefén 0
sin sin '

Theorem 1.1 is now almost immediate. Indeed, from Proposition 2.5 we know
that

mn

Ama—mG@—Aw+Em—A)Gm—m”:dJOm«n+m¢+m,

sin @
_ dudy
 sing’

2[E(a = N |G(a = N)["

and hence Theorem 1.1 is nothing but Theorem 3.2 in other terms.

4 Approximations for the eigenvalues

In this section we prove Theorem 1.2 and prepare the proofs of Theorems 1.4
and 1.5.

Lemma 4.1 There is a natural number ny = ng(a) such that if n > ng, then the
function

fa 1[0, M] = [0, (n+ D)), fu(A) = (n+1)p(A) +60(})
18 bijective and increasing.

Proof. We have

R0 =0 (n+1- 255

for A € (0, M). From Lemmas 2.1 and 2.2 we infer that [#'(\)/¢’(A\)| has a finite
limit as A — 0 4 0. The analogs of Lemmas 2.1 and 2.2 for A — M — 0 are also
true. Thus, |#'(\)/¢’(\)| approaches a finite limit as A — M — 0. It follows that

17



|0/(X\) /' (N)] is bounded on (0,M). This in conjunction with (10) shows that
there is an ng such that

LN Z e N5 = T >0 (26)

for all n > ng and all A € (0, M). Since ¢(0) = 6(0) = 0, (M) = 7, and
(M) = 0, we arrive at the assertion. [

We are now in a position to prove Theorem 1.2. The first part is just
Lemma 4.1, which also implies that there are uniquely determined )\ € (0, M)

such that f, (A j,*) = 7mj. We have 0 < )\j < M for the elgenvalues of T,,(a).
Since dy, dy,sin ¢ do not vanish on (0, M), we deduce from Theorem 3.2 that

sin f,, (A (")) = O(e™™). Again using Lemma 4.1, we conclude that f()\E»")) =
7j + O(e™"). Clearly,

125" = FaO5) = £(& ) (5 = A7)
with some §;,, between )\5-") and )\ﬁ). Taking into account (26) and the estimate
2O57) = FAG = [ + O™ = mj] = O(e™™),

)| = O(e"), which completes the proof of Theorem 1.2.

we obtain that ])\En) -\ |

Here is an iteration procedure for approximating the numbers )\ﬁ) and thus

the eigenvalues )\gn). We know that ¢ : [0, M] — [0, 7] is bijective and increasing.
Let ¢ : [0, 7] — [0, M] be the inverse function. The equation

(n+1)p(A) +0(\) =mj

oo ().

We define )\J 0 )\j 7 )\5712 ,... iteratively by

. 77"—(9)\(.”)
Agjg):z/;(ﬂ), A§j2+1:¢<‘7—(““)> for k=0,1,2,....

is equivalent to the equation

n+1 n+1

Recall that g is defined by (10) and put

0'(\) ‘

Y= sup .
©'(N)

A€E(0,M)

18



Theorem 4.2 Ifn >~ and 1 < j <n, then )\ﬁ) — )\ﬁ) as k — oo and

k (n)
|>\(n) _ )\(,n)| < 1 n+1 Y |9<>‘j,0)|
gk T on+1—-y\n+1 n+1

for all k > 0.

Proof. Fix n and j and put ¢ = 4,0(/\57;3) Then

. 0
Yo = n7:—71’ Prt+1 = 1 niwl((pk)) for k=0,1,2,....
We have O H(E)Y ()
Pk+1 — Pk = nk+ 1 ‘ (¢r — Pr-1)
with some & between ¢, and . Since
6/
WO =| S <

for £ € (0,7), we get

e — o] < Lk| = (2 o]
Pht1 = Pkl = n+1 Y17 %o n+1 n+1

and thus, by summing up a geometric series,

nt1 (fv)kWO%H

n+l—vy \n+1 n+1

|§0k+m - (Pk" <

for all m > 1. It follows that ¢ converges to the solution of the equation

_ =00 ()

J n+1
and that

lor — yj] <

nt1 v \F 1))
n+1l—v \n+1 n+1 -

Because y; = gp()\(n)) and ¢y = cp()\ﬂ)), we obtain that

]7*

ok — 5] = [ ) AT = A

(27)

(28)

with some 7 between )\ﬁ) and )\5-7;). Combining (27) and (28) we arrive at the

assertion. [

To establish asymptotic formulas for the eigenvalues, we need the following

modification of Theorem 4.2.

19



Theorem 4.3 There is a constant vy depending only on a such that if n is suf-
ficiently large, then

)k 1 10v)]

J J n-+1 SOI()\E,O))

n—+1
foralll1 <73 <mnandall k> 0.

Proof. Let n+1 > 2v. Then ((n+1)/(n+1—+) < 2. Combining (27) and (28)

we get
k ()
A® _/\(n)| < 2 Y 10(X0)]
T T ) \n+1) n+1

(

where 7 is the point in the segment between /\j?k) and )\ﬂ) at which ¢'(n) attains

its minimum. Thus, we have to show that

1
< Yo

#'(m) ~ (A1)

Suppose j/(n + 1) < 1/2. The case where j/(n + 1) > 1/2 can be disposed of
analogously. We have

] 2T
A () < (Z) <o =),
o =V <n +1) ¥ 2 4 3
Theorem 4.2 tells us that

2 10059)|

A )
|],* ],0|—Q n+1

2
S_ ) 29
. (29)

n—+1

where [|0]o is the maximum of § on [0, M]. Consequently, /\ﬁ) < (2m/3) for all
n > ny. Since, again by Theorem 4.2,

101/
n+1’

(n)
|/\(72) _ /\(n)| < 2 10(A0)]
Js

2
< < -
o n+1 0

(30)

it follows that A§’“;j < Y(3n/4) =1 M, for all n > ny > n; and all & > 0. By
Lemma 2.1, there are constants 0 < v; < 75 < oo such that

NATE <P <At
for all A € (0, My). We have

1 1 g

¢ () gp’()\%)) ' (no)

20



and as A%) < My and ng < My, we conclude that

1/2
/ )\(n) 1/2 )\('n) /\(”)
7o) <22 o < 2 max | Z2* i:) : (31)

#'(m) (A2 T m AT Al

There exist constants 0 < 3 < 74 < 0o such that
2 2
Y32” < p(x) < Yz

for all 2 € [0, 71]. Lemma 2.2 shows that #(\) < sA'/2 for all A € [0, M]. Thus,

PN S0 @i/ ek D) e
n+1 =" n+1 ° n+1 = P ()2
2 2 -
12 T°J 1/2 1 T _ 1/2_ 1 y(n)
< Y5Va CESE <Y s Y (n—i— 1> = V54 V3 )‘j,O‘

Inserting this in (29) and (30) we get

n n 2 1/2 — n n n 2 1/2 _— n
)‘g,*) < )\;70) + 575’7’4/ V3 ! /\5',0)7 /\gk) < )\;0) +2- 57574/ V3 ! )\é,o)-

This proves that (31) does not exceed

~ 2 1/2

2 1/2 —

%:=—<1+2~—m/731> . O
71 0

5 Asymptotics of the eigenvalues

We begin by proving Theorem 1.3. From Theorem 1.2 we know that )\gn)
)\ﬁ) + O(e"). Theorem 4.3 gives

(n)
’ o (A n?

with )\%) = 1(d). Since 1/¢'((d)) = ¢'(d), we obtain that

AW = A 4 0 (@Z/(d)@(w(d))> .

2

Finally,
- 0(y(d)\ G (d)O(d) | ") (0((d))
)‘jﬂl_w(d_ n+1>_w(d>_ ntl 2 <n+1)
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and 1" is bounded on (0, 7). This completes the proof of Theorem 1.3.
Here is the proof of Theorem 1.4. If j/n — x, then d — wz. Consequently,

U(d) = ¥(rz) + ¢/ (w2)(d — 72) + O((d — 7z)?),
U(d) = ¢'(rz) + O(d — mx),
0((d)) = 0(¢(r2)) + 0 (Y (r2))¢/ (r2)(d — wz) + O((d — 72)%).

These expansions in conjunction with (5) imply that

Y (mz)6 (¢ (ra))
n+1

+O((d - 72) )+0<1)+o<<d—m)%>.

Because |d — 7z|(1/n) < 2(d — mx)* +2/n? (7z) = N\, and ¥/ (7x) = 1/¢'(\2),
this completes the proof of Theorem 1.4.

We now turn to the proof of Theorem 1.5. Again )\gn) = )\ﬁ) + O(e™") due
to Theorem 1.2. From Theorem 4.3 we therefore get

(n) ’
NOEC I ( 605 ) 040 <w <d>|i<¢<d>>|) |
¥

/()\%)) n2 2

AV = )+ (wx) (d — ) -

recall that )\%) = 9(d) and ¢'(¢(d))y'(d) = 1. Since

= (- ) = S T () o ()

k=0

we obtain (6). By Lemmas 2.1 and 2.2,

wid) = 0 e 1 o) = o),

V'(d) = ¢"(0) d+ O(d*) = O(d),
6((d)) = = d+O(d") = O(d).

Clearly, ¥*)(d) = O(1) for k > 0. Hence for k > 2,

0 (B () -0(£) -o(£) -0 (2)

The terms with £ =0 and k = 1 give

s - VDD

= Wy oy~ (") + o) (- 2a + o))

O (VL) (5w (4
2 n—{—l 2 n+1) n+1 nt )’
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This is (7). Formula (8) is an immediate consequence of (7). Thus, the proof of
Theorem 1.5 is complete.

Remark 5.1 As already noted in the paragraph after Theorem 1.5, the preceding
proof also works under the sole assumption that j/n < Cp, yielding that the
constants in the O terms depend on Cjy and a but on nothing else.

Remark 5.2 Proceeding as in the previous proofs but starting with )\5-7’12), )\gg), .

instead of )\5-71) one can get as many terms of the expansion (4) as desired. For
example, Theorem 4.3 gives

M _ "(d)8((d . 1
A 2\ 40 (w ) gzb( ))) _A 40 ($>

n

with
oY)
() _ _
W = (e 53)
_ OOND) ) (608D (1
= V@V S S +O($)
and

wsp - ofs(1-15)
_ (M V@A) | () <€(w(d)))2 » (L))

n+1 2 n+1

L0 <w'<d>e<¢<d>>)2 +o().

2 n+1 n3
which is more complicated but by one order better than (5). O
Finally, here are a few simple consequences of our main results.
Corollary 5.3 Let n — oo. Then /\ﬁ)1 — )\gn) is
2" (0) 25 +1 0 ( 53
2 (n+1)? (n+1)3

> as j/n — 0,

T 1 j S| ,
90’()\)71+1+O<(n—|—1_x) +ﬁ) as j/n —z € (0,1),
2 " o . . 2
()] 2n + 1 2‘7—I—O<(1——‘7 )) as j/n — 1.

2 (n+1)2 n+1
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Proof. This is immediate from Theorem 1.4 and (8). O

Corollary 5.4 Given ¢ > 0, there is an ng = ng(a,e) such that if n > ny and
0<a<pB <M, then
p(B) —pla)  0(8) —0(a)

A € (@} = (n+ )T A8 - S-S0 e

Proof. From Theorem 1.2 we know that if n is sufficiently large, then a < )\gn) <p
if and only if
A< (n+ W) +o0") < B

where A = (n+1)p(a)+60(a) and B = (n+1)p(5)+6(5). By the same theorem,

(n 4+ DA™Y +000) = 75 + o7

where |g§n)| < C'e™" with some constant C' < oo independent of j. Thus,

A 4" B
Ji =<7+ —< =7
™ ™ ™

We may assume that Ce™®" < we/2. Then

15 : 2\ e (o, 8)}] =

and

In [15] it is shown that

A7 € mH - (4 2= <

where 7 is the degree of the trigonometric polynomial g(x) = a(e™®). As the
increment of the argument of function (16) is at most 2w, the maximal value
of # on (0, M) cannot exceed 27(r — 1). Thus, §(5) — 0(a) < 4nw(r — 1) and
Corollary 5.4 therefore implies that

M <4(r—1)+1+¢

\ A € (@, 8] = (n+ )%

for all sufficiently large n. Note that, however, our assumptions on a are stronger
than those required in [15].
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6 Examples

We consider T),(a), denote by )\g»n) the jth eigenvalue, by )\gﬁ) the approximation

to )\gn) given by Theorem 1.2, and by )\ﬁ) the kth approximation to )\5-") delivered
by the iteration introduced in Section 4. We put

n (n) (n) (n) (n) (n)
Ai ) = ggjg |/\j - )\j,* |, A7 = 11%?2% |)‘j - )‘j,k .

We let wqy be the constant (9), denote by

. 2
m _ 9"0) [ mj wWo
)\]’W 2 n+1 + n+1

Widom’s approximation for the jth extreme eigenvalue given by (7), and put

w _ +D w

Example 6.1 (a symmetric pentadiagonal matriz) Let a(t) = 8 — 5t — 5t~ +
t? 4+ ¢t~2. In that case

g(x) =8 —10cosz + 2cos 2z = 4sin2g+ 163jm4g7

a(T) = [0,20], and for A € [0,20], the roots of a(z) — A are e N 4 ()),
1/u(X) with

5— 1+ 4\ CVVI+AN—1
©(\) = arccos ————— = 2arcsin ,
4 2\/§
54+vVI+4AN /542X +5V1+ 4N
u(A) = +
4 22
and we have 4
"(0) = 2 = =2%/5-2.
PO =2 wo= 5 vh

The errors A™ are

n=10 [n=20 |[n=50 |[n=100 [n=150
A [54-10771.1-10[5.2-107% [ 1.7-107%6 [ 9.6 - 108

and for A,(Cn) and Agnv)v we have

n=10 |[n=100 |n=1000 |n=10000
A" 190.102[1.1-10%[1.1-10°¢ [ 1.1-10°%
A 122.1074[2.8-10772.9-10710 | 2.9. 1013
A 111-1075[1.5-107° [ 1.5-10713 | 1.5 107
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|n=10|n=100|n=1000 | n = 10000 | n = 100000

A 11462 [1.400 [ 1.383 1.381 1.381
Al 10,997 | 1.046 |1.034 | 1.033 1.033
Al 10840 [0.979 | 0.970 | 0.968 0.968

Example 6.2 (a symmetric heptadiagonal matriz) Consider

a(t) =34 — 21t — 211 + 8% + 8t 72 — 4¢3 — 473,
g(z) = 100sin’ g — 256 sin’ g + 256 sin® g

We have ¢”(0) = 50 and the two roots of the polynomial z3a(z) that lie outside

the unit disk are u;(0) = 2¢ and uy(0) = —2i, which gives wg = —8/5. The tables

show AP, AV, Al
n=10 |[n=20 [n=50 |[n=100 |[n=150

AW [76-107%]2.7-107° [4.6-107% 80102 | 1.7- 107

[n=10 |n=100 |n=1000 |n=10000
A" 44.1071]52.1072[53-107° [53-1077
A 139.1072|7.5-1075 | 7.6-1078 | 7.6- 1011
A 82.107% 271076 | 2.8-10710 | 2.8 - 10~

| n =10 | n =100 | n = 1000 | n = 10000 | n = 100000

A [851 [1265 [13.16  [13.21 13.22
A, 110.83 1624 | 16.81 16.86 16.87
A, 1992 |16.88 | 1748 | 17.54 17.54

Example 6.3 (a Hermitian pentadiagonal matriz) Let

a(t) = 8+ (—4 — 20t + (—4 — 2i)t~ +it? — it~
e

g(x) =8 —8cosz +4sinx — 2sin2z = 16sin23—|— 16SiHSgCOS§.

Here ¢y & 2.527, M ~ 18.73, ¢"(0) = 8. The polynomial z?a(z) has the roots 1,
1, u(0), 1/7(0) with u(0) = —(v/3 + 2)i. It follows that

1

Numerical results are in the tables.

(n=10 |n=20 |n=50 |n=100 |n=150
A [38-107%]2.8-107]2.9-10%[5.9-10% [ 1.5-10°%
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n=10 |[n=100 |n=1000 |n = 10000
AW [72.103|82-1075[84-1077 |8.4-10~°
A 1351074 | 4.8-1077 | 5.0-1071° | 5.0 - 10712
A 171075 (3.1-107° (3210713 3.2. 107

|n=10|n=100|n=1000 | n = 10000 | n = 100000

A 11287 [1.533 [ 1.559 1.561 1.561
Al), | 1216 |1.548 | 1.575 | 1578 1.578
Al | 1.055 |1.549 | 1.578 1.581 1.581

Let us also use this example to demonstrate that wy may not only be computed
via (32) but also with the help of the integral formula (9). In the case at hand,
g"(0) =8, ¢""(0) = 12, and the function under the integral equals

! 1

g(m)—cotz—— Co’cE
g(x) 2 2 2

OO x 2 x 4 x

_ 16s1n§cos§+24sm 500s2§—8sm 5

16 sin? % + 16 sin® %cos%

_(2t(1+t2)+3t2—t4 1 1\1

B +

(1 +12)+ 23 ¢ 2
142t
1+t 12

where ¢ = tan . Making the change ¢ = tan  in the integral we come to

L[t —(1+2t)dt
== =3 -2
w0 w/oo (EE[(EEwn e

Example 6.4 (a Hermitian heptadiagonal matriz) Let finally

a(t) =24 + (=12 = 3i)t + (=12 + 3i)t ' +it® — it 2,
g(x) = 48sin? g + 8sin® 2.

To obtain wy, we applied a numerical rootfinder to the polynomial z3a(z) on the
one hand and numerically computed the first of the integrals in Remark 2.3 with
g"(0) = 24 and ¢”(0) = 48 on the other. Both methods give the same value
wo ~ —0.2919. The tables contain more numerical results.

(n=10 |n=20 |n=50 |n=100 |n=150
A [6.6-1076]1.2-1070 [ 7.6-1072* [ 1.4- 107 [ 3.3 107

n=10 |[n=100 |n=1000 |n=10000
A" 110.102]14-104]15-10% [1.5-10°8
A 132.1074 581077 [5.9-107° | 5.9 1013
A 114-1075[24-107° 2510713 | 2.6 1077
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|n=10|n=100|n=1000 | n = 10000 | n = 100000
A 15149 [ 7344 [7.565 | 7.587 7.589
Al), | 4106 | 7.386 | 7.623 | T7.645 7.647
Al | 2606 | 7.370 | 7.633 | 7.656 7.658
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