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1. INTRODUCTION

This paper is part of a series ([HMM98, HM98] and other work in progress) getting at some
new aspects of the topological approach to elliptic genera. Most of these results were announced
in [Hop95].

In [Och87] Ochanine introduced the elliptic genus—a cobordism invariant of oriented mani-
folds taking its values in the ring of (level 2) modular forms. He conjectured and proved half of
the rigidity theorem—that the elliptic genus is multiplicative in bundles of spin manifolds with
connected structure group.

Ochanine defined his invariant strictly in terms of characteristic classes, and the question of
describing the elliptic genus in more geometric terms naturally arose—especially in connection
with the rigidity theorem.

In [Wit87, Wit88] Witten interpreted Ochanine’s invariant in terms of index theory on loop
spaces and offered a proof of the rigidity theorem. Witten’s proof was made mathematically
rigorous by Bott and Taubes [BT89], and since then there have been several new proofs of the
rigidity theorem [Liu95, Ros98].

In the same papers Witten described a variant of the elliptic genus now known as the Witten
genus. There is a characteristic class A of Spin manifolds, twice which is the first Pontrjagin class,
p1. The Witten genus is a cobordism invariant of Spin-manifolds for which A = 0, and it takes
its values in modular forms (of level 1). It has exhibited a remarkably fecund relationship with
geometry (see [Seg88], and [HBJ92]).

Rich as it is, the theory of the Witten genus is not as developed as are the invariants described by
the index theorem. One thing that is missing is an understanding of the Witten genus of a family.
Let S be a space, and M a family of n-dimensional Spin-manifolds (with A = 0) parameterized
by the points of S. The family M, defines an element in the cobordism group

MO(8)™8,

where MO(8) denotes the cobordism theory of “Spin-manifolds with A = 0.” The Witten genus
of this family should be some kind of “family of modular forms” parameterized by the points of
S. Motivated by the index theorem, we should regard this family of modular forms as an element
in

ETS
for some (generalized) cohomology theory E. From the topological point of view, the Witten genus

of a family is thus a multiplicative map of generalized cohomology theories

MO(8) — E,
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and the question arises as to which E to choose, and how, in this language, to express the modular
invariance of the Witten genus. One candidate for E, elliptic cohomology, was introduced by
Landweber, Ravenel, and Stong in [LRS95].

To keep the technicalities to a minimum, we focus in this paper on the restriction of the Witten
genus to stably almost complex manifolds with a trivialization of the Chern classes ¢; and ¢y of
the tangent bundle. The bordism theory of such manifolds is denoted MU (6). We will consider
generalized cohomology theories (or, more precisely, homotopy commutative ring spectra) F which
are even and periodic. In the language of generalized cohomology, this means that the cohomology
groups

EO (Sn)
are zero for n odd, and that for each pointed space X, the map
EO(SZ) ® EO(X) — ENO(S2 ANX)
E°(pt)
is an isomorphism. In the language of spectra the conditions are that
7ToddE =0

and that moF contains a unit. Our main result is a convenient description of all multiplicative
maps

MU(6) — E.

In another paper in preparation we will give, under more restrictive hypotheses on E, an analogous
description of the multiplicative maps

MO(8) — E.

These results lead to a useful homotopy theoretic explanation of the Witten genus, and to an
expression of the modular invariance of the Witten genus of a family. To describe them it is
necessary to make use of the language of formal groups.

The assumption that E is even and periodic implies that the cohomology ring
E'CP®>.
is the ring of functions on a formal group Pg over moE = E°(pt) [Qui69, Ada74]. From the point

of view of the formal group, the result [Ada74, Part II, Lemma 4.6] can be interpreted as saying
that the set of multiplicative maps

MU — E

is naturally in one to one correspondence with the set of rigid sections of a certain rigid line bundle
©(L) over Pg. Here a line bundle is said to be rigid if it has a specified trivialization at the zero
element, and a section is said to be rigid if it takes the specified value at zero. Our line bundle
L is the one whose sections are functions that vanish at zero, or in other words £ = O(—{0}).
The fiber of ©1(L) at a point a € Pg is defined to be Lo ® L; it is immediate that ©!(L£) has a
canonical rigidification.

Similarly, given a line bundle £ over a commutative group A, let ©3(L£) be the line bundle over
A3 whose fiber at (a,b,c) is
Ea+b£b+c£a+c£0
£a+b+c£a£b£c '
In this expression the symbol “+” refers to the group law of A, and multiplication and division

indicate the tensor product of lines and their duals. A cubical structure on L is a nowhere vanishing
section s of ©3(L) satisfying (after making the appropriate canonical identifications of line bundles)

63(‘6)(11,b,c) =

(rigid) 5(0,0,0) = 1
(symmetry) 5(ac(1), ao(2); Go(3)) = s(ai,az2,as)
(cocycle) s(b,e,d)s(a,b+c,d) = s(a+b,c,d)s(a,b,d).
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(See [Bre83], and Remark 2.42 for comparison of conventions.) Our main result (2.50) asserts that
the set of multiplicative maps

MU({6) — E

is naturally in one to one correspondence with the set of cubical structures on £ = O(—{0}).

We have chosen a computational approach to the proof of this theorem partly because it is
elementary, and partly because it leads to a general result. In [AS98], the first and third authors
give a less computational proof of this result (for formal groups of finite height in positive charac-
teristic), using ideas from [Mum65, Gro72, Bre83] on the algebraic geometry of biextensions and
cubical structures.

On an elliptic curve the line bundle O(—{0}) has a unique cubical structure. Indeed, for fixed x
and y, there is by Abel’s theorem a rational function f(z,y, z) with divisor {—z—y}+{0} —{—z}—
{—y}. Any two such functions have a constant ratio, so the quotient s(z,y, z) = f(z,y,0)/f(z,y, z)
is well-defined and is easily seen to determine a trivialization of ©3(0(—{0})). Since the only
global functions on an elliptic curve are constants, the requirement s(0,0,0) = 1 determines the
section uniquely, and shows that it satisfies the “symmetry” and “cocycle” conditions. In fact the
“theorem of the cube” (see for example [Mum70]) shows more generally that any line bundle over
any abelian variety has a unique cubical structure.

Over the complex numbers, a transcendental formula for f(z,y, z) is

olx+y+2)o(z)
oz +y)o(z+z)

where o is the Weierstrass o function. It follows that the unique cubical structure is given by

o(zt+y)o(x+2)o(y+2)0(0)
o(z+y+z)o(z)o(y)o(z)

(1.1)
Putting all of this together, if the formal group Pg can be identified with the formal completion
of an elliptic curve, then there is a canonical multiplicative map
MU(6) — E
corresponding to the unique cubical structure which extends to the elliptic curve.
Definition 1.2. An elliptic spectrum consists of

i. an even, periodic, homotopy commutative ring spectrum E with formal group Pg over myFE;
ii. a generalized elliptic curve C' over E°(pt);
iii. an isomorphism t: P — C of Pg with the formal completion of C.

For an elliptic spectrum E = (E, C,t), the o-orientation
og: MU(6) — F

is the map corresponding to the unique cubical structure extending to C.

Note that this definition involves generalized elliptic curves over arbitrary rings. The relevant
theory is developed in [KM85, DR73]; we give a summary in Appendix B.

A map of elliptic spectra Eq = (Ey,Cq,t1) — Eo = (E3, Cs,t2) consists of a map f: By — F»
of multiplicative cohomology theories, together with an isomorphism of elliptic curves

(mof)*Cy — Ch,
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extending the induced map of formal groups. Given such a map, the uniqueness of cubical struc-
tures over elliptic curves shows that

MU (6) (1.3)

E1 7 E2

commutes. We will refer to the commutativity of this diagram as the modular invariance of the
o-orientation.

By way of illustration, let’s consider examples derived from elliptic curves over C, and ordinary
cohomology (for which the formal group is the additive group).

An elliptic curve over C is of the form C/A for some lattice A C C. The map of formal groups
derived from

C — C/A

gives an isomorphism ¢4, from the additive formal group to the formal completion of the elliptic
curve. Let Rp be the graded ring Clup,uy'] with |up| = 2, and define an elliptic spectrum
Hp = (Ep,Ch,ta) by taking Ex to be the spectrum representing

H*( -3 RA)a
C the elliptic curve C/A, and t, the isomorphism described above.

The abelian group of cobordism classes of 2n-dimensional stably almost complex manifolds with
a trivialization of ¢; and ¢y is

MU (6)an(pt).

The o-orientation for H, thus associates to each such M, an element of (Ej )2, (pt) which can be
written

®(M;A) - uy,
with
O(M;A) e C.
Suppose that A’ C C is another lattice, and that A is a non-zero complex number for which
A- A =A’. Then multiplication by X gives an isomorphism C/A — C/A’. This extends to a map
Hyr — Hy, of elliptic spectra, which, in order to induce the correct map of formal groups, must

send ups to Aup (this is explained in example 2.3). The modular invariance of the o-orientation
then leads to the equation

O(M;A-A) =XA""D(M;A).
This can be put in a more familiar form by choosing a basis for the lattice A. Given a complex
number 7 with positive imaginary part, let A(7) be the lattice generated by 1 and 7, and set
f(M,7) = (M, A(7)).

Given

<‘i Z) € SLy(Z)

set
A =A(7)
N =A((at+b)/(cT+d))
A=(cT+d) ™"
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The above equation then becomes
f(M;(a+b)/(cT +d)) = (cT+d)" f(M;7),

which is the functional equation satisfied by a modular form of weight n. It can be shown that
f(M, 1) is a holomorphic function of 7 by considering the elliptic spectrum derived from the family
of elliptic curves

HxC/(LT)—9H
parameterized by the points of the upper half plane $, and with underlying homology theory
H,(—; O[u,u‘l]) ,

where O is the ring of holomorphic functions on $. Thus the o-orientation associates a modular
form of weight n to each 2n-dimensional MU (6)-manifold. Using an elliptic spectrum constructed
out of K-theory and the Tate curve, one can also show that the modular forms that arise in this
manner have integral g-expansions (see §2.8).

In fact, it follows from formula (1.1) (for details see §2.7) that the g-expansion of this modular
form is the Witten genus of M. The o-orientation can therefore be viewed as a topological
refinement of the Witten genus, and its modular invariance (1.3), an expression of the modular
invariance of the Witten genus of a family.

All of this makes it clear that one can deduce special properties of the Witten genus by taking
special choices of E. But it also suggests that the really natural thing to do is to consider all
elliptic curves at once. This leads to some new torsion companions to the Witten genus, some new
congruences on the values of the Witten genus, and to the ring of topological modular forms. It
is the subject of the papers [HMM98, HM9S].

1.1. Outline of the paper. In §2, we state our results and the supporting definitions in more
detail. In §2.3 we give a detailed account of our algebraic model for EqgBU (2k). In §2.4 we describe
our algebraic model for Eg MU (2k). We deduce our results about MU (2k) from the results about
BU (2k) and careful interpretation of the Thom isomorphism; the proof of the main result about
EoBU(2k) (Theorem 2.29) is the subject of §4.

In §2.5 we give in more detail the argument sketched in the introduction that there is a unique
cubical structure on any elliptic curve. We give an argument with explicit formulae which works
when the elliptic curves in question are allowed to degenerate to singular cubics (“generalized
elliptic curves”), and also gives some extra insight even in the non-degenerate case. The proof of
the main formula (Proposition 2.55) is given in appendix B.

In §2.6, we give a formula for the cubical structure on the Tate curve, inspired by the tran-
scendental formula involving the o-function that was mentioned in the introduction. In §2.7, we
interpret this formula as describing the o-orientation for the elliptic spectrum Kr,te, and we show
that its effect on homotopy rings is the Witten genus. In §2.8, we deduce the modularity of the
Witten genus from the modular invariance of the g-orientation.

The rest of the main body of the paper assembles a proof of Theorem 2.29. In §3 we study a
set C*(G,, G )(R) of formal power series in k variables over a ring R with certain symmetry and
cocycle properties. This is a representable functor of R, in other words Qk(@a, Gy) is an affine
group scheme. For 0 < k < 3 we will eventually identify Qk(@a, Gy,) with spec(H,BU(2k)). For
k = 3 we use a small fragment of the theory of Weil pairings associated to cubical structures; this
forms the heart of an alternative proof of our results [AS98] which works for p-divisible formal
groups but not for the formal group of an arbitrary generalized elliptic curve.

In §4 we first check that our algebraic model coincides with the usual description of spec(FEoBU).
We then compare our algebraic calculations to the homology of the fibration

BSU — BU — CP®™®
to show that spec(H,BSU) & Qz(@a,Gm).
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We then recall Singer’s analysis of the Serre spectral sequence of the fibration
K(Z,3) — BU(6) — BSU.

By identifying the even homology of K(Z,3) with the scheme of Weil pairings described in §3.7,
we show that spec(H,BU(6)) = C*(Gg, G,,). Finally we deduce Theorem 2.29 for all E from the
case of ordinary homology.

The paper has two appendices. The first proves some results about the group of additive
cocycles C* (@a,@a)(A), which are used in §3. The second gives an exposition of the theory of
generalized elliptic curves, culminating in a proof of Proposition 2.55. We have tried to make
things as explicit as possible rather than relying on the machinery of algebraic geometry, and we
have given a number of examples.

2. MORE DETAILED RESULTS

2.1. The algebraic geometry of even periodic ring spectra. Let BU(2k) — Z x BU be the
(2k — 1)—connected cover, and let MU (2k) be the associated bordism theory. For an even periodic
ring spectrum F and for k£ < 3, the map

RingSpectra(MU(2k), E) — Alg, p(EoMU(2k), moE)

is an isomorphism. In other words, the multiplicative maps MU (2k) — E are in one-to-one
correspondence with mo E-valued points of spec(mgE A MU (2k)). If E is an elliptic spectrum, then
the Theorem of the Cube endows this scheme with a canonical point. In order to connect the
topology to the algebraic geometry, we shall express some facts about even periodic ring spectra
in the language of algebraic geometry.

2.1.1. Formal schemes and formal groups. Following [DG70], we will think of an affine scheme as
a representable covariant functor from rings to sets. The functor (co-)represented by a ring A is
denoted spec A. The ring (co-)representing a functor X will be denoted Ox.

A formal scheme is a filtered colimit of affine schemes. For example, the functor Al associating
to a ring R its set of nilpotent elements is the colimit of the schemes spec(Z[z]/x*) and thus is a
formal scheme.

The category of formal schemes has finite products: if X = colim X, and ¥ = colim Y3 then
X xY = colim X, x Yz. The formal schemes in this paper will all be of the form A" x Z =

Al x ... x Al x Z for some affine scheme Z. If X = colim,, X,, is a formal scheme, then we shall
write Ox for lim, Ox,; in particular we have O, = Z[z]. We write ® for the completed tensor
product, so that for example

Oxxy = Ox&0y.

If X — S is a morphism of schemes with a section j: S — X, then X will denote the completion
of X along the section. Explicitly, the section j defines an augmentation

Ox L 0s.
If J denotes the kernel of j*, then
X = cojl\ifmspec(OX/JN).

For example, the zero element defines a section spec(Z) — A!, and the completion of A! along
this section is the formal scheme A!.

A commutative one-dimensional formal group over S is a commutative group G in the category
of formal schemes over S which, locally on S, is isomorphic to S x Alasa pointed formal scheme
over S. We shall often omit “commutative” and “one-dimensional”, and simply refer to G as a
formal group.



8 M. ANDO, M. J. HOPKINS, AND N. P. STRICKLAND

We shall use the notation G, for the additive group, and G,, for the multiplicative group. As
functors we have G,(R) = R and G,,(R) = R*. Thus G, is the additive formal group, and G,(R)
is the additive group of nilpotent elements of R.

If the group scheme G,, acts on a scheme X, we have a map a: G,, x X — X, corresponding
to amap a*: Ox — Og,, xx = Ox[u,u™]. We put (Ox), = {f | a(f) = u™f}. This makes Ox
into a graded ring.

A graded ring R, is said to be of finite type over Z if each R, is a finitely generated abelian
group.

2.1.2. Even ring spectra and schemes. If E is an even periodic ring spectrum, then we write
Sp & spec(moE).

If X is a space, we write E°X and FyX for the unreduced E-(co)homology of X. If A is a
spectrum, we write EYA and EgA for its spectrum (co)homology. These are related by the formula
E°X = E9%>X .

Let X be a CW-complex. If {X,} is the set of finite subcomplexes of X then we write Xg
for the formal scheme colim, spec(E°X,). This gives a covariant functor from spaces to formal
schemes over Sg.

We say that X is even if H, X is a free abelian group, concentrated in even degrees. If X is even
and F is an even periodic ring spectrum, then EyX is a free module over Ey, and E°X is its dual.
The restriction to even spaces of the functor X +— Xpg preserves finite products. For example the

space P L cp> is even, and Pg is (non-canonically) isomorphic to the formal affine line. The
multiplication P x P — P classifying the tensor product of line bundles makes the scheme Pg
into a (one-dimensional commutative) formal group over Sg.

The formal group Pg is not quite the same as the one introduced by Quillen [Qui69]. The ring
of functions on Quillen’s formal group is E*(P), while the ring of functions on Pg is E°(P). The
homogeneous parts of E*(P) can interpreted as sections of line bundles over Pg. For example, let
I be the ideal of functions on Pg which vanish along the identity section. The natural map

I/1* - E°(S?) = mE (2.1)

is an isomorphism. Now I/I? is, by definition, the Zariski cotangent space to the group Pg at the
identity, and defines a line bundle over spec mgE. This line bundle is customarily denoted w, and
can be regarded as the sheaf of invariant 1-forms on Pg. In this way we will identify o E with
invariant 1-forms on Pg. More generally, mo, F can be identified with the module of sections of
w™ (i.e., invariant differentials of degree n on Pg).

Note that for any space X, the map
E%(X) @y T-2n(E) — E*"(X)

is an isomorphism, and so E?"(X) can be identified with the module of sections of the pull-back
of the line bundle w™" to Xg.

Let E be an even ring spectrum, which need not be periodic. Let EP =/, ¥2"E. There is
an evident way to make this into a commutative ring spectrum with the property that 7, EP =
E.[u,u™!] with u € myEP. With this structure, EP becomes an even periodic ring spectrum.
Note that when X is finite we just have EPYX = D, E?X, so the ring EP°X has a natural
even grading. If X is an infinite, even CW-complex then EPYX is the completed direct sum (with
respect to the topology defined by kernels of restrictions to finite subcomplexes) of the groups
E?X and so again has a natural even grading.

We write HP for the 2-periodic integer Eilenberg-MacLane spectrum HZP, and MP for
MUP = MU(0). The formal group of HP is the additive group G,; and we may choose an

additive coordinate z on G, for which u = dz. By Quillen’s theorem [Qui69], the formal group of
M P is Lazard’s universal formal group law.
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If X is an even, homotopy commutative H-space, then Xg is a (commutative but in general
not one-dimensional) formal group. In that case FyX is a Hopf algebra over Ey and we write
XE = spec(FyX) for the corresponding group scheme. It is the Cartier dual of the formal group
Xg. We recall (from [Dem72, §I1.4], for example; see also [Str99a, Section 6.4] for a treatment
adapted to the present situation) that the Cartier dual of a formal group G is the functor from
rings to groups

Hom(G,G,)(A) = {(u, f) | u: spec(4) — S, f € (Formal groups)(uv*G,u*G,)}.
Let b € EgX®E"X be the adjoint of the identity map FoX — EyX. Given a ring homomorphism
g: BoX — A we get a map u: spec(A) — Sg and an element g(b) € (ARE°X)* = (AROx,)*,
which corresponds to a map of schemes
fu'Xp —u' Gy
One shows that it is a group homomorphism, and so gives a map of group schemes
XF — Hom(Xg,G,,), (2.2)

which turns out to be an isomorphism.

2.2. Constructions of elliptic spectra. Recall that an elliptic spectrum is a triple (E,C,t)
consisting of an even, periodic, homotopy commutative ring spectrum FE, a generalized elliptic
curve C over E°(pt), and an isomorphism formal groups

t: Pp — C.
Here are some examples.

Example 2.3. As discussed in the introduction, if A C C is a lattice, then the quotient C/A is
an elliptic curve Cy over C. The covering map C — C/A gives an isomorphism ¢ : éA = @a.
Let EA be the spectrum representing the cohomology theory H*( —;Cluy, uxl}). Define Hy to
be the elliptic spectrum (Ej,Cy,ts). Note that up can be taken to correspond to the invariant
differential dz on C under the isomorphism (2.1).

Given a non-zero complex number A, consider the map
J1 Exy — Ea
UNA )\uA

(i.e. maf scales the invariant differential by A). The induced map of formal groups is simply
multiplication by A, and so extends to the isomorphism

Ca 25 Caa
of elliptic curves. Thus f defines a map of elliptic spectra
f: Hxn — Hy.

Example 2.4. Let Cgp be the cuspidal cubic curve y2z = 23 over spec(Z). In §B.1.4, we give
an isomorphism s: (Cup)reg = G, and so §: Cyp = G, = Pyp. Thus the triple (HP,Cgp, §) is
an elliptic spectrum.

3

Example 2.5. Let C = Ck be the nodal cubic curve y%z + xyz = 2 over spec(Z). In §B.1.4,
we give an isomorphism ¢: (Ck)reg = Gy, 50 Cr =2 Gy, = Px. The triple (K, Ck, ) is an elliptic
spectrum.

Example 2.6. Let C/S be an untwisted generalized elliptic curve (see Definition B.2) with the
property that the formal group C is Landweber exact (For example, this is automatic if Og is a Q-
algebra). Landweber’s exact functor theorem gives an even periodic cohomology theory E*(—),
together with an isomorphism of formal groups t: Pp — C. This is the classical construction
of elliptic cohomology; and gives rise to many examples. In fact, the construction identifies a
representing spectrum E up to canonical isomorphism, since Franke [Fra92] and Strickland [Str99a,
Proposition 8.43] show that there are no phantom maps between Landweber exact elliptic spectra.
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Example 2.7. In §2.6, we describe an elliptic spectrum based on the Tate elliptic curve, with
underlying spectrum K[g].

2.3. The complex-orientable homology of BU(2k) for k < 3. Let E be an even periodic
ring spectrum with a coordinate x € E°P, giving rise to a formal group law F over Ey. Let
p: P3 — BU(6) be the map (see (2.24)) such that the composition

P* 2, BU(6) — BU

classifies the virtual bundle [],(1 — L;). Let f = f(z1,z2,x3) be the power series which is the
adjoint of Fyp in the ring E°P3®FEoBU(6) = EoBU(6)[x1, s, 23]. It is easy to check that f
satisfies the following three conditions.

f(a:l,xg,O) =1 (2.8&)
f(x1, 2, x3) is symmetric in the z; (2.8b)
f(ar, w2, 23) f (w0, 21 +F 22, 23) = f(w0 +F 21, T2, 3) f (20, 71, 73). (2.8¢)

We will eventually prove the following result.
Theorem 2.9. EyBU(6) is the universal example of an Ey-algebra R equipped with a formal

power series f € R[x1,x2,x3] satisfying the conditions (2.8).

In this section we will reformulate this statement (as the case k = 3 of Theorem 2.29) in a way
which avoids the choice of a coordinate.

2.3.1. The functor C*.
Definition 2.10. If A and T are abelian groups, we let C°(A, T) be the group

CO(A, T) & (Sets) (4, T),
and for k > 1 we let C*(A, T) be the subgroup of f € (Sets)(A¥,T) such that
fla1,...,ax-1,0) = 0; (2.11a)
f(ay,...,ax) is symmetric in the a;; (2.11b)
flar,as,as3,... ,ar) + f(ap,a1 + as,as, ... ,ax) = flap + a1,a9,as,... ,ar) + f(ag, a1, as, (2 iclzk))
1le

We refer to (2.11c) as the cocycle condition for f. It really only involves the first two arguments
of f, with the remaining arguments playing a dummy roéle. Of course, because f is symmetric, we
have a similar equation for any pair of arguments of f.

Remark 2.12. We leave it to the reader to verify that the condition (2.11a) can be replaced with
the weaker condition

£(0,...,0)=0 (2.11a")
Remark 2.13. Let Z[A] denote the group ring of A, and let I[A] be its augmentation ideal. For
k>0 let
ef
Cr(4) = Symy 4 I[4]

be the k" symmetric tensor power of I[A], considered as a module over the group ring. One has
Co(A) = Z[A] and C;(A) = I[A]. For k > 1, the abelian group C(A) is the quotient of Sym% I[A]
by the relation

([d = [e+ai]) @ ([0] — [az]) @ ... @ ([0] = [ax]) = ([0] = [a1]) ® ([c] = [c+ az]) ® ... @ ([0] — [ax])

for ¢ € A. After some rearrangement and reindexing, this relation may be expressed in terms of

generators of the form (ay,... ,ax) def ([0] = [a1]) ® ... ® ([0] — [ak]) by the formula

(a1, a9,a3,... ,ar) — {ag + a1,a2,as, ... ,ax) + {ag,a1 + as, as, ... ,ax) — {ag,a1,as,... ,a5) = 0.
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It follows that the map of sets
AP — Ci(A)
(a1y...,ax) — {ay,... ,a)
induces an isomorphism
(Abelian groups)(Cy(A),T) = C*(A,T).

Remark 2.14. Definition 2.10 generalizes to give a subgroup C¥(A, B) of the group of maps
f: A¥ — B, if A and B are abelian groups in any category with finite products.

Definition 2.15. If G and T are formal groups over a scheme S, and we wish to emphasize the
role of S, we will write C%(G, T). For any ring R, we define

CHMG T)(R) = {(u, f) | uz spec(R) — S, [ € Clioe(r) (G u"T)}.

This gives a covariant functor from rings to groups. We shall abbreviate Qk(G, G x S) to

CHG,Gp).

Remark 2.16. It is clear from the definition that, for all maps of schemes S’ — S, the natural
map

CHMG x5 8',Gm) = CHG,Gp) x5 5
is an isomorphism.
Proposition 2.17. Let G be a formal group over a scheme S. For all k, the functor Qk(G,Gm)

is an affine commutative group scheme.

Proof. We assume that k > 0, leaving the modifications for the case k& = 0 to the reader. It
suffices to work locally on S, and so we may choose a coordinate  on G. Let F' be the resulting

formal group law of G. We let A be the set of multi-indices @ = (a1, ..., ), where each «;
is a nonnegative integer. We define R = Og[b, | @ € Alby'], and f(z1,...,25) = 3., baz® €
R[z1,... ,7x]. Thus, f defines a map spec(R) xg G¥ — G,,, and in fact spec(R) is easily seen to

be the universal example of a scheme over S equipped with such a map. We define power series
gos--- 9k by

i=0 f(0,...,0)
gi = i<k f(xl,... s Li— 1, Lit1yLiye - ,xk)f(xl,... ,.’Ek)i
i=k flxi,... k) f(xo+F 21, @2,...)  fl@o, 21 +F @2, ... ) f(z0, 21,23, ... ) !

1

We then let I be the ideal in R generated by all the coefficients of all the power series g; — 1. It
is not hard to check that spec(R/I) has the universal property that defines C*(G,G,,). O

Remark 2.18. A similar argument shows that C*(G,T) is a group scheme when T is a formal
group, or when 7T is the additive group G,.

Remark 2.19. If G is a formal group and k& > 0 then the inclusion Qk(G, @m) — Qk(G,Gm) is
an isomorphism, so we shall not distinguish between these two schemes. Indeed, we can locally
identify C* (G, G,,)(R) with a set of power series f as in the above proof. One of the conditions
on f is that f(0,...,0) =1, so when z1,... ,z} are nilpotent we see that f(z1,...,2,) =1 mod

nilpotents, so f(x1,...,z,) € @m C G,,,. This does not work for £k = 0, as then we have

C%(G,Gm) = Map(G, Gy # Map(G, Gp) = C(G, Gyp).
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2.3.2. The maps 6: C*(G,T) — C*TY(G,T). We now define maps of schemes that will turn out
to correspond to the maps BU(2k + 2) — BU(2k) of spaces.

Definition 2.20. If G and T are abelian groups, and if f: GF¥ — T is a map of sets, then let
5(f): G**1 — T be the map given by the formula

0(f)(ao, ... ar) = f(ag,ag,... ,ar) + flai,as,... ,ax) — flag + a1,as2, ... ,ax). (2.21)

It is clear that § generalizes to abelian groups in any category with products. We leave it to
the reader to verify the following.

Lemma 2.22. For k > 1, the map ¢ induces a homomorphism of groups
§: C*(@,T) — CF Y@, T).

Moreover, if G and T are formal groups over a scheme S, then § induces a homomorphism of

group schemes §: C*(G,T) — C*1(G, T). O
Remark 2.23. When A and T are discrete abelian groups, the group H?(A;T) e ok(6: CH(A,T) —
C?(A,T)) classifies central extensions of A by T. The next map 6: C%(A,T) — C3(A,T)) can

also be interpreted in terms of biextensions [Mum65, Gro72, Bre83].

2.3.3. Relation to BU(2k). For any space X, we write K*(X) for the periodic complex K-theory
groups of X; in the case of a point we have K* = Z[v,v~!] with v € K=2. We have K?'(X) =
[X,Z x BU] for all t. We also consider the connective K-theory groups bu*(X), so bu* = Z[v] and
bu?t(X) = [X, BU(2t)]. To make this true when ¢ = 0, we adopt the convention that BU(0) = Z x
BU. Multiplication by v*: ¥2'bu — bu gives an identification of the 0-space of X2'bu with BU (2t).
Under this identification, the projection BU (2t 4+ 2) — BU (2t) is derived from multiplication by
v mapping 2%+ 2bu — X2 bu.

For ¢t > 0 we define a map
pi: Pt = (CP>®)' — BU(2t) (2.24)

as follows. The map pg: P — 1 x BU C BU(0) is just the map classifying the tautological line
bundle L. For t > 0, let Ly, ..., Ly be the obvious line bundles over P!. Let z; € bu? (Pt) be the
bu-theory Euler class, given by the formula

ve, =1 — L.
Then we have the isomorphisms
bu*(P) = Zv][x1, ... , 2]
K*(P) =2 Zv, v [z1,... 2]

Il

The class [[; z; € bu®*(P?) gives the map p;. Note that the composition
Pt 24 BU(2t) — BU
classifies the bundle J],(1 — L;).

Since P and BU(2t) are abelian group objects in the homotopy category of topological spaces,
we can define

C'(P, BU(2t)) C [P', BU(2t)] = bu*(P").
Then we have the following.

Proposition 2.25. The map p; is contained in the subgroup C*(P, BU(2t)) of bu?*(P') and sat-
isfies

vepess = 8(pi) € CHV (P, BU(20)).



ELLIPTIC SPECTRA 13

Proof. Tt suffices to check that f; gives an element of C*(P, BU{(0)). As the group structure of P
corresponds to the tensor product of line bundles, while the group structure of BU(0) corresponds
to the Whitney sum of vector bundles, the cocycle condition (2.11c) amounts to the equation

(1= Lg)(1 = Ls) + (1 = L1)(1 — LaLs) = (1 = L1L2)(1 = Ls) + (1 — L1)(1 — L2)

in K°(P3). The other conditions for membership in C? are easily verified. Similarly, the equation
Vepie1 = 0(p;) follows from the equation

(1-=L1)+ (1 —L2) = (1= LiL2) = (1 = L1)(1 = L2).
O
Now let E be an even periodic ring spectrum. Applying E-homology to the map p gives a
homomorphism
Eopr: EoP* — EyBU (2k).

For k < 3, BU(2k) is even ([Sin68] or see §4), and of course the same is true of P, and so we may
consider the adjoint pg of Egpy in EOBU<2I<>®EOP’“. Proposition 2.25 then implies the following.

Corollary 2.26. The element i, € EoBU(2k)@E°P* is an element of C*(Pg, G,,)(EoBU (2k)).
O

Definition 2.27. For k < 3, let fi: BU(2k)® — C*(Pg,G,,) be the map classifying the cocycle
Pr-

Corollary 2.28. The map fi is a map of group schemes. For k < 2, the diagram

BU(2k +2)E —*" s BU(2K)E

fk+1l J{fk

CH 1 (Pg, Gyn) —— C*(Pg, Gyp)

commutes.

Proof. The commutativity of the diagram follows easily from the Proposition. To see that f is
a map of group schemes, note that the group structure on BU(2k)¥ is induced by the diagonal
map A: BU(2k) — BU(2k) x BU(2k). The commutative diagram

pk A P* x Pk

Pk l lpk X Pk

BU(2k) —2— BU(2k) x BU(2k)
shows that

BU(2k)E x BU(2k)¥ — BU(2k)F
pulls the function p; back to the multiplication of pr ® 1 and 1 ® pi as elements of the ring
Eo(BU(2k)?)®E Pk of functions on PE x (BU(2k)E x BU(2k)F). The result follows, since the
group structure of C*(Pg, G,,) is induced by the multiplication of functions in O Pk - O

Our main calculation, and the promised coordinate-free version of Theorem 2.9, is the following.
Theorem 2.29. For k < 3, the map of group schemes
BU(2k)? L% C*(Pg, G,)

is an isomorphism.



14 M. ANDO, M. J. HOPKINS, AND N. P. STRICKLAND

This is proved in §4. The cases kK < 1 are essentially well-known calculations. For k = 2
and k£ = 3 we can reduce to the case £ = MP, using Quillen’s theorem that moM P carries
the universal example of a formal group law. Using connectivity arguments and the Atiyah-
Hirzebruch spectral sequence, we can reduce to the case £ = HP. After these reductions, we
need to compare H,BU(2k) with Ogt (@, 6, We analyze H* (BU{(2k); Q) and H*(BU(2k);F,)
using the Serre spectral sequence, and we analyze OQk (©a.Gom) by direct calculation, one prime
at a time. For the case k = 3 we also give a model for the scheme associated to the polyno-
mial subalgebra of H*(K(Z,3);F,), and by fitting everything together we show that the map
BU(2k)F — Qk(PE,Gm) is an isomorphism.

Remark 2.30. As BU(2k)? = Hom(BU(2k)g,G,,) = C*(Pg,G,,), it is natural to hope that
one could

i. define a formal group scheme C}(Pg) which could be interpreted as the k’th symmetric tensor
power of the augmentation ideal in the group ring of the formal group Pg;
ii. show that Qk(PE, Gym) = Hom(Cy(Pr), G,,); and
ili. prove that BU{(2k)g = Cy(Pg).

This would have advantages over the above theorem, because the construction X +— Xg is functo-
rial for all spaces and maps, whereas the construction X — X% is only functorial for commutative
H-spaces and H-maps. It is in fact possible to carry out this program, at least for £ < 3. It
relies on the apparatus developed in [Str99a], and the full strength of the present paper is required
even to prove that C3(G) (as defined by a suitable universal property) exists. Details will appear
elsewhere.

2.4. The complex-orientable homology of MU (2k) for k < 3. We now turn our attention to
the Thom spectra MU (2k). We first note that when k < 3, the map BU(2k) — BU(0) = Z x BU
is a map of commutative, even H-spaces. The Thom isomorphism theorem as formulated by
[MRS81] implies that EqMU(2k) is an EyBU(2k)-comodule algebra; and a choice of orientation
MU(0) — E gives an isomorphism
EyMU (2k) = EqBU (2k)

of comodule algebras. In geometric language, this means that the scheme MU (2k)¥ is a principal
homogeneous space or “torsor” for the group scheme BU (2k)¥.

In this section, we work through the Thom isomorphism to describe the object which corre-
sponds to MU (2k)¥ under the isomorphism BU (2k)¥ = C*(Pg, G,,) of Theorem 2.29. Whereas
the schemes BU (2k) are related to functions on the formal group Pg of E, the schemes MU (2k)¥
are related to the sections of the ideal sheaf Z(0) on Pr. In §2.4.4, we describe the analogue
C*(G;Z(0)) for the line bundle Z(0) of the functor C*(G, G,,). In §2.4.5, we give the map

gk MU(2k)" — C*(Pp; 2(0))
which is our description of MU (2k)E.

2.4.1. Torsors. We begin with a brief review of torsors in general and the Thom isomorphism in
particular.

Definition 2.31. Let S be a scheme and G a group scheme over S. A (right) G-torsor over S is
an S-scheme X with a right action

XxG& X
of the group G, with the property that there exists a faithfully flat S-scheme T" and an isomorphism
GxT—XxT

of T-schemes, compatible with the action of G x T'. (All the products here are to be interpreted as
fiber products over S.) Any such isomorphism is a trivialization of X over T. A map of G-torsors
is just an equivariant map of schemes. Note that a map of torsors is automatically an isomorphism.
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When G = spec(H) is affine over S = spec(4), a G-torsor works out to consists of an affine

S-scheme T = spec(M) and a right coaction
M2 Mo H
with the property that over some faithfully flat A-algebra B there is an isomorphism
H®rB — M®a B

of rings which is a map of right H ® 4 B-comodules.

For example, consider the relative diagonal

MU(2k) = MU(2k) A BU(2k),..

If E is an even periodic ring spectrum and k& < 3, then by the Kiinneth and universal coefficient
theorems, the map A induces an action

MU (2k)E x BU(2k)E £ MU (2k)E.

of the group scheme BU (2k)¥ on MU (2k)®. The scheme MU (2k)¥ is in fact a torsor for BU (2k)¥.
Indeed, a complex orientation MU(0) — E restricts to an orientation ®: MU(2k) — E which
induces an isomorphism

PABU(2k) 4

EoMU(2k) 25 EgMU (2k) A BU (2k) ,
of EqBU (2k)-comodule algebras.

EoBU (2k) (2.32)

2.4.2. The line bundle Z(0). Another source of torsors is line bundles. If £ is a line bundle
(invertible sheaf of Ox-modules) over X, let I'* (L) be the functor of rings

I*(L)(R) = {(u,s) | u: spec(R) — X , s a trivialization of u*L}.

Then I'* (L) is a Gy,,-torsor over X, and I'* is an equivalence between the category of line bundles
(and isomorphisms) and the category of G, torsors. We will often not distinguish in notation
between £ and the associated G,,-torsor I'*(L).

Let G be a formal group over a scheme S. The ideal sheaf Z(0) associated to the zero section
S C G defines a line bundle over G. Indeed, the set of global sections of Z(0) is the set of
functions f € Og such that f|s = 0. Locally on S, a choice of coordinate x gives an isomorphism
O¢g = Og[z], and the module of sections is the ideal (z), which is free of rank 1.

If C is a generalized elliptic curve over, then we again let Z(0) denote the ideal sheaf of S C C.
Its restriction to the formal completion C' is the same as the line bundle over C' constructed above.

2.4.3. The Thom sheaf. Suppose that X is a finite complex and V is a complex vector bundle over
X. We write X" for its Thom spectrum, with bottom cell in degree equal to the real rank of V.
This is the suspension spectrum of the usual Thom space. Now let E be an even periodic ring
spectrum. The E°X-module E°XVY is the sheaf of sections of a line bundle over Xz. We shall
write (V') for this line bundle, and L defines a functor from vector bundles over X to line bundles
over Xg. If V.and W are two complex vector bundles over X then there is a natural isomorphism

LVeW)2L(V)L(W), (2.33)
and so L extends to the category of virtual complex vector bundles by the formula L(V — W) =
L(V) ® L(W)~L. Moreover, if f: Y — X is a map of spaces, then there is a natural isomorphism
(spec ECf)*IL(V) =2 L(f*V) of line bundles over Yz. This construction extends naturally to infinite
complexes by taking suitable (co)limits.

Example 2.34. For example, if L is the tautological line bundle over P = CP* then the zero
section P — P¥ induces an isomorphism E°PL = EOP = ker(E°P — EY), and thus gives an
isomorphism

L(L) 2 Z(0) (2.35)

of line bundles over Pg.
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2.4.4. The functors ©F (after Breen [Bre83]). We recall that the category of line bundles or G,,,-
torsors is a strict Picard category, or in other words a symmetric monoidal category in which every
object £ has an inverse £7!, and the twist map of £ ® L is the identity. This means that the
procedures we use below to define line bundles give results that are well-defined up to coherent
canonical isomorphism.

Suppose that G is a formal group over a scheme S and L is a line bundle over G.

Definition 2.36. A rigid line bundle over G is a line bundle £ equipped with a specified trivi-
alization of L|g at the identity S — G. A rigid section of such a line bundle is a section s which
extends the specified section at the identity. A rigid isomorphism between two rigid line bundles
is an isomorphism which preserves the specified trivializations.

Definition 2.37. Suppose that k& > 1. Given a subset I C {1,...,k}, we define o;: G& — G by

or(at,...,ax) = Ziel a;, and we write £; = o7 L, which is a line bundle over G’g. We also define
the line bundle ©%(L) over G% by the formula
oL @ (e (2.38)
Ic{1,...,k}

Finally, we define ©°(£) = L.

For example we have

@O(C)a =L,
Lo
1 PR
6 (ﬁ)a - Ea
Lo®L
2 _~0 a+b
O War =757,

Eo ® £a+b & La-i—c & Lb-‘rc
[,a ® ﬁb X ﬁc (9 £a+b+c .

@3 (‘C)a,b,c =

We observe three facts about these bundles.

i. ©F(L) has a natural rigid structure for k > 0.
ii. For each permutation o € X, there is a canonical isomorphism

& 1,08 (L) = O8(L),

where 7, : G’; — G’g permutes the factors. Moreover, these isomorphisms compose in the
obvious way.
iii. There is a canonical identification (of rigid line bundles over GE™)

O%(L)a ay.... @ OF(L) @ OF(L)ag.artas,.. ®OF(L)T ~ 1, (2.39)

aptai,az,.. ap,al,-...

Definition 2.40. A ©F structure on a line bundle £ over a group G is a trivialization s of the
line bundle ©%(£) such that

i. for k> 0, s is a rigid section;
ii. s is symmetric in the sense that for each o € ¥j, we have {,7%s = s;
iii. the section s(ay,as,...)®s(ag+ay,as,...) ' ®s(ag, a1 +as,...)®s(ag,ai,...)" " corresponds
to 1 under the isomorphism (2.39).

A ©%-structure is known as a cubical structure [Bre83]. We write C*(G; L) for the set of ©F-
structures on £ over G. Note that C°(G; L) is just the set of trivializations of £, and C!(G; L) is
the set of rigid trivializations of ©*(L). We also define a functor from rings to sets by

CH(G;L)(R) = {(u, f) | u: spec(R) — S, f € CfpeC(R)(u*G;u*L’)}.

Remark 2.41. Note that for the trivial line bundle Og, the set C*(G; Og) reduces to that of the
group C*(G, G,,) of cocycles introduced in §2.3.1.
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Remark 2.42. There are some differences between our functors ©F and Breen’s functors A and
O [Bre83]. Let £’ = ©(£)~! be the line bundle £,/Ly. Then there are natural isomorphisms

A(L') =2 6%(L)
oL)y=edL)
Breen also uses the notation ©1(M) for ©(L") [Bre83, Equation 2.8.1]. As the trivializations of

L biject with those of £~! in an obvious way, our definition of cubical structures is equivalent to
Breen’s.

Proposition 2.43. If G is a formal group over S, and L is a trivializable line bundle over G,
then the functor C* (G; L) is a scheme, whose formation commutes with change of base. Moreover,
C*(G; L) is a trivializable torsor for C*(G, G,y).

Proof. There is an evident action of C¥(G, G,,) on C*(G; £), and a trivialization of £ clearly gives
an equivariant isomorphism of C*(G; £) with C*(G; Og) = C*(G,G,,). Given this, the Propo-
sition follows from the corresponding statements for Qk(G, Gyn), which were proved in Proposi-
tion 2.17. O

The following lemmas can easily be checked from Definitions 2.37 and 2.40.

Lemma 2.44. If L is a line bundle over a formal group G, then there is a canonical isomorphism

ek(‘a)amamm ® Gk(‘a)ahaz,m ® Gk(ﬁ);()l-l-al,ag,... = ®k+1(£)a07---7ak' D
Lemma 2.45. There is a natural map 6: C¥(G; L) — C*™Y(G; L), given by
5(s)(ag, ... ,ar) = s(ag, az,...)s(ay,as,...)s(ag + ar,az,...) ",
where the right hand side is regarded as a section of OFF1(L) by the isomorphism of the previous
lemma. O

2.4.5. Relation to MU(2k). For 1 < i <k, let L; be the line bundle over the ¢ factor of P*. Recall
from (2.24) that the map py: P* — BU(2k) pulls the tautological virtual bundle over BU(2k)
back to the bundle

V=)~ L)

Passing to Thom spectra gives a map
(PFYV — MU (2k)
which determines an element sj, of EqMU (2k)QE°((P*)V).

We recall from (2.35) that there is an isomorphism of line bundles L(L) = Z(0) over Pg, where
Z(0) is the ideal sheaf of the zero section; and that the functor I (from virtual vector bundles to
line bundles over Xg) sends direct sums to tensor products. Together these observations give an
isomorphism

L(V) = F(Z(0)) (2.46)

of line bundles over Pg. With this identification, sy, is a section of the pull-back of ©%(Z(0)) along
the projection MU (2k)F — Sg.

Lemma 2.47. The section sj, is a OF -structure.
Proof. This is analogous to Corollary 2.26. O
Let
MU (2k)E 25 C*(Pg; 7(0))

be the map classifying the ©F-structure s;. We note that the isomorphism BU (2k)F = C*(Pg, G,,)
gives C*(Pp;Z(0)) the structure of a torsor for the group scheme BU (2k)F.
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Theorem 2.48. For k < 3, the map gy is a map of torsors for the group BU(2k)F (and so an
isomorphism). Moreover, the map MU (2k + 2) — MU (2k) induces the map &: C*(Pg;Z(0)) —
C*(P; 2(0)).

Proof. Let us write p for the action
C*(Pp;Z(0)) x C*(Pg, Gn) — C*(Pr; Z(0))-
If funiv is the universal element of Qk(PE, Gyn) and Sypip is the universal element of Qk(PE;I(O)),
then p is characterized by the equation
W Suniv = funivSunivs (2.49)
as elements of C* (Pe;Z(0))(Ock (Ppiz(0)) xCF (P Gom))-
Now consider the commutative diagram

(Pk)V#(Pk)V/\(Pk)JF

| |

MU (2k) —— MU(2k) A BU(2k) .

Applying E-homology and then taking the adjoint in Eo(BU (2k)y A MU (2k))QE°(P*)V gives a
section of ©F(Z(0)) over BU(2k)F x MU (2k)F. The counterclockwise composition identifies this
section as the pull-back of the section s, under the action

MUK x BU2K)T 25 MU (2k) P

as in §2.4.1. Via the isomorphism BU (2k)¥ = Qk(PE,(Gm) of Theorem 2.29, the clockwise com-
position i8 funivSk. From the description of u (2.49) it follows that gx is a map of torsors, as
required.

Another diagram chase shows that the map MU(2k + 2) — MU (2k) is compatible with the
map 0: C*(Gg;Z(0)) — C*Y(G g Z(0)). O

Corollary 2.50. For 0 < k < 3, maps of ring spectra MU (2k) — E are in bijective correspon-
dence with ©F-structures on Z(0) over G.

Proof. Since E,MU(2k) is torsion free and concentrated in even degrees, one has
[MU(2k), E] = E°MU (2k) = Hom, g(EoMU (2k), mE).
One checks that maps of ring spectra correspond to ring homomorphisms, so
RingSpectra(MU (2k), E) = Alg, p(EoMU(2k), moE).
This is just the set of global sections of MU (2k)¥ over Sg, which is the set of ©F-structures on
Z(0) over Gg by the theorem. O

Example 2.51. Maps of ring spectra M P = MU(0) — E are in bijective correspondence with
global trivializations of the sheaf Z(0) =& L(L), that is, with generators x of the augmentation
ideal E°P — E°(pt).

Example 2.52. Maps of ring spectra MU = MU(2) — E are in bijective correspondence with
rigid sections of w ® Z(0)~1, or equivalently with rigid sections of w™! ® Z(0). The isomorphism
(2.46) identifies sections of w ™! ®Z(0) with elements of E°(PL~1) and the rigid sections are those
which restrict to the identity under the inclusion

SO N PL—l

of the bottom cell. Tt is equivalent to give a class x € E?(P) whose restriction to E?(S?) is the
suspension of 1 € E°SY; this is the description of maps MU — E in [Ada74].

2.5. The o—orientation of an elliptic spectrum.
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2.5.1. Elliptic spectra and the Theorem of the Cube. Let C be a generalized elliptic curve over
an affine scheme S. To begin, note that the smooth locus Cleg is a group scheme over S, so we
can define ©3(Z(0)) over Cyee. We define a cubical structure on C' to be a cubical structure on
7(0)|c,.,; and we write C3*(C;Z(0)) for C*(Creg; Z(0)).

Theorem 2.53. For any (nonsingular) elliptic curve C' over a normal scheme S, there is a unique
cubical structure s(C/S) € C*(C;Z(0)). It has the following properties:

i. If C'/S" is obtained from C/S by base change along f: S" — S, then
s(C'/8") = f*s(C/S)
ii. Ift: C'" — C is an isomorphism over S, then

s(C'/8) = (£*)"s(C/S).

Proof. The first claim follows from [Gro72, Exposé VIII, Cor. 7.5] (see also [Bre83, Proposition
2.4]); the argument was sketched in the introduction. The other claims are immediate by unique-
ness. O

We would like to extend this to the case where S need not be normal and C is allowed to have
singularities. In this generality there may be many cubical structures (for example when C is
a cuspidal cubic over spec(Z), with Cleg = G,) but nonetheless there will be a canonical choice
of one. To prove this, we will exhibit a formula which gives the unique cubical structure on the
universal elliptic curve over Z[ay, az, as, as, ag][A~1] and give a density argument to show that this
formula works in general.

Definition 2.54. Let C = C(aq, as,as, a4, ag) be a Weierstrass curve (see Appendix B for defi-
nitions and conventions). A typical point of (Cyeg)? will be written as (co, c1,ca). We define s(a)
by the following expression:

-1

ZTo Yo <o
ro Z T oz To Z _
s(a)(co,c1,e2) = | 21 Y1 21 x(l) 2(1] x; z; ﬂfi 2(2) (202122) 1d($/y)0.
T2 Y2 22

(Compare [Bre83, Equation 3.13.4], bearing in mind the isomorphism « — [p(z) : ¢'(z) : 1] from
C/A to &; Breen cites [FS80, Jac] as sources.)

Proposition 2.55. s(a) is a meromorphic section of the line bundle p*wc over (Creg)? (where
p: C3 — S is the projection). It defines a rigid trivialization of

(p*wc) A R S 93(:[(0))
(in the notation of §B.4.2).

The proof is given in §B.4 of the appendix.

Corollary 2.56. There is a unique way to assign to a generalized elliptic curve C over a scheme
S a cubical structure s(C/S) € C*(C;Z(0)), such that the following conditions are satisfied.

i. If C'/S" is obtained from C/S by base change along f: S — S, then
s(C'/8") = f*s(C/S)
ii. Ift: C" — C is an isomorphism over S, then

s(C'/8) = (£3)*s(C/S).

Proof. Over the locus WC C WC where A is invertible, there is only one rigid trivialization of
©3(Z(0)), and it is a cubical structure (by Theorem 2.53). Thus s(a) satisfies the equations for
a cubical structure when restricted to the dense subscheme C’feg Xwe WCe C C’feg, so it must
satisfy them globally. Similarly, the uniqueness clause in the theorem implies that s(a)|wc,, is

invariant under the action of the group W R, and thus s(a) itself is invariant.
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Now suppose we have a generalized elliptic curve C over a general base S. At least locally, we
can choose a Weierstrass parameterization of C' and then use the formula s(a) to get a cubical
structure. Any other Weierstrass parameterization is related to the first one by the action of WR,
so it gives the same cubical structure by the previous paragraph. We can thus patch together
our local cubical structures to get a global one. The stated properties follow easily from the
construction. O

Theorem 2.57. For any elliptic spectrum E = (E,C,t) there is a canonical map of ring spectra
og: MU(6) — E.

This map is natural in the sense that if f: E — E = (E',C",t') is a map of elliptic spectra, then
the diagram

MU(6)

commutes (up to homotopy).

Proof. This is now very easy. Let s(C'/Sg) be the cubical structure constructed in Corollary 2.56,
and let s(C'/Sg) be the restriction of s(C'/S) to Cp. The orientation is the map og : MU(6) — E
corresponding to t*s(é /S) via Corollary 2.50. The functoriality follows from the functoriality of
s in the corollary. O

2.6. The Tate curve. In this section we describe the Tate curve Crate, and give an explicit
formula for the cubical structure $(Crate). For further information about the Tate curve, the
reader may wish to consult for example [Sil94, Chapter V] or [Kat73].

By way of motivation, let’s work over the complex numbers. Elliptic curves over C can be
written in the form

C*/(u~ qu)
for some ¢ with 0 < |¢| < 1. This is the Tate parameterization, and as is customary, we will work
with all ¢ at once by considering the family of elliptic curves
Can/D" = D" x C*/(q,u) ~ (q,qu),
parameterized by the punctured open unit disk
D'={qeC|0<]q| <1}

In this presentation, meromorphic functions on C/, are naturally identified with meromorphic
functions f(q,u) on D’ x C* satisfying the functional equation

fla,qu) = f(q,w). (2.58)

Sections of line bundles on C! admit a similar description, but with (2.58) modified according to
the descent datum of the line bundle.

Let Z(0) be the ideal sheaf of the origin on C! . The pullback of Z(0) to D’ x C* is the line
bundle whose holomorphic sections are functions vanishing at the points (g, ¢"), with n € Z. One
such function is

0g,u) = (1—w) T (1 q"u)(1 - q"u™),
n>0
which has simple zeroes at the powers of ¢, and so gives a trivialization of the pullback of Z(0) to
C*. The function 6(q,u) does not descend to a trivialization of Z(0) on C? , but instead satisfies
the functional equation

0(q, qu) = —u"16(q, w). (2.59)



ELLIPTIC SPECTRA 21

However, as one can easily check,
6°0(q,u)
does descend to a rigid trivialization of ©3(Z(0)), and hence gives the unique cubical structure.

The curve C! has the following presentation as a Weierstrass curve. Set

or(n) = de
d|n
o = Zak(n)q"

n>0
ay = —5(13

ag = —(baz + Tas) /12
(The coeflicients of ag are in fact integers). Consider the Weierstrass cubic
Y2+ oy =% + agr + ag (2.60)
over D’.

Proposition 2.61. The formulae

m:ﬁ—&-Zq"Zd(ud—Z—ku—d)

n>0 d|n
y = v + anzﬁ((d— Dut 42— (d+ 1)u™?)
(1 - U)3 n>0 d|n 2 '

give an analytic isomorphism between the projective plane curve defined by (2.60) and C,,,.
Proof. See for example [Sil94, Chapter V §1]. O

Equation (2.60) makes sense for ¢ = 0 and defines a family Cy, of generalized elliptic curves
over the open unit disk

D={qeC]|lq <1}.

The fiber of C,, over ¢ = 0 is the twisted cubic curve

)

The invariant differential of Cy, is given by
dx du

2tz u
By continuity and Corollary 2.56, the expression 53§(q, u) determines the cubical structure on Cyy,.

Let A C Z[q] be the subring consisting of power series which converge absolutely on the open
unit disk

{geCllql <1}.

The series a4 and ag are in fact elements of A, and so (2.60) defines a generalized elliptic curve
C over spec A. The curve C,, is obtained by change of base from A to the ring of holomorphic
functions on D. The Tate curve Crate is the generalized elliptic curve over

DTate = SpeCZ[[Q]]

obtained by change of base along the inclusion A C Z[q]. Since the map from the meromorphic
sections of ©3(Z(0)) on C? to meromorphic sections on C2 is a monomorphism, one can interpret
the expression

5(C2a) = 8%6(g, )

as a formula for the cubical structure on the sheaf Z(0) over C, and thus by base change, for Crate.
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Now the map
D'xC*=D"xG,, —C.,
is a local analytic isomorphism, and restricts to an isomorphism of formal groups
D' X Gy — 6;11
This, in turn, extends to an analytic isomorphism

D x Gy — Con. (2.62)

Although (g, u) does not descend to a meromorphic function on Cyy, it does extend to a function
on the formal completion C,,. In fact it can be taken to be a coordinate on C,,. We have therefore
shown

Proposition 2.63. The pullback of the canonical cube structure s(Cyy) to égn, is given by
s(aan) = 639(% u)>
where 0(q,u) is interpreted as a coordinate on C,y, via (2.62). O

We now have three natural coordinates on C,,

t=xz/y, 0(qg,u), and 1—u.

Of these, only the function ¢ gives an algebraic coordinate on C7, (and in fact on C,y). Let’s write
each of the above as formal power series in ¢:

0(q,u) = 0(t) =t + O(t?)
1—u=1-u(t)=t+ 0.

By definition, the coefficients of the powers of ¢ in the series 6(t) and u(t) are holomorphic functions
on the punctured disc D’. Tt is also easy to check that they in fact extend to holomorphic functions
on D (set ¢ = 0) and have integer coefficients (work over the completion of Z[u®!][q] at (1 — u)).
Thus 6(t) and u(t) actually lie in A[t], and in this way can be interpreted as functions on the
formal completion of Cof C (and hence, after change of base, on the completion C'rate Of C'ate)-
The function 1 — u(t) gives an isomorphism

STate d:lEf 1- u(t) 6 - @m (264)
Moreover, the restriction of the cubical structure s(C') to O3 is given by
s(C) = 8%0(t),

since the map from the ring of formal functions on C to the ring of formal functions on @n is a
monomorphism. Thus we have proved

Proposition 2.65. The canonical cubical structure s(C/A) € C*(C;Z(0)) is given by the formula
s(C/A) = 6°6(t),

where t = x/y, and O(t) is the series defined above. O
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2.7. The elliptic spectrum Kraie and its o-orientation. The multiplicative cohomology
theory underlying Krate is simply K[q], so moKrate = Z[g]. The formal group comes from that
of K-theory via the inclusion

K — Klq],

and is just the multiplicative formal group. The elliptic curve is the Tate elliptic curve C'rage. The
triple (K[q], CTate, STate) is the Tate elliptic spectrum, which we shall denote simply Krase-

By Proposition 2.65 and Theorem 2.48, the o-orientation is the composite
MU(6) — MP % K[q],

with the map labeled 0 corresponding to the coordinate é(t) on GTMC in the isomorphism of
Theorem 2.48. In this section, we express the map

.MU — 7. MP i T K[q]
in terms of characteristic classes, and identify the corresponding bordism invariant with the Witten
genus.
According to Theorem 2.48, maps
MP — FE
are in one-to-one correspondence with coordinates f on the formal group. The restriction
MU —- MP — FE

sends the coordinate f to the rigid section §f of ©1(Z(0)) = Z(0)o ® Z(0)~!. The most straight-
forward formula for § f is

f(0)
0f = ——+
f
which can be misleading, because it is tempting to write f(0) = 0. (The point is that it is not so
when regarded as a section of Z(0)p.) It seems clearer to express df in terms of the isomorphism
Z(0)o ®Z(0) ' 2w Z(0)""

as in §2.1.2. Sections of w can be identified with invariant one-forms on Pg. If = is a coordinate
on Pg, and f(z) is a trivialization of Z(0), then

"(0)D
f(x)
where Dz is the invariant differential with value dz at 0.
The K-theory orientation of complex vector bundles
MP — K (2.66)
constructed by Atiyah-Bott-Shapiro [ABS64] corresponds to the coordinate 1 — w on the formal
completion of G,, = spec Z[u,u~!]. The invariant differential is
du

D(l—u)z—u7

and the restriction of (2.66) to MU — K is classified by the ©!-structure

- = 1 ().

MU — MP % Koo

The map

factors as

S(1—u)A(0")
_

MU — MU/\BU+ KTa.te7
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where ' is the element of BUKTate > ¢ 1(6’Tate, Gy,) given by the formula

o (17‘]”)2
"=l a—aa-sey

n>1

In geometric terms, the homotopy groups
Ty MU A\ BU+

are the bordism groups of pairs (M, V) consisting of a stably almost complex manifold M, and a
virtual complex vector bundle V' over M of virtual dimension 0. The map

MU — m,. MU AN BU
sends a manifold M to the pair (M, v) consisting of M and its reduced stable normal bundle.
The map 7.0(1 — u) sends a manifold M of dimension 2n to
fil € K72 (pt) = K°(S°™),
where
f:M —pt

is the unique map. One has

fil = Td(M) (—d“>

u

where Td(M) is the Todd genus of M, and it is customary to suppress the grading and write
simply

fil = Td(M).

The map ¢’ is the stable exponential characteristic class taking the value

1-q")°
11 (I=¢"L)(1 —q"L™")

n>1

on the reduced class of a line bundle (1 —L). This stable exponential characteristic class can easily
be identified with

V- ® Squyb(fvc),
n>1

where Ve =V ®@g C, Ve = Ve — CH™V and Sym, (W) is defined for (complex) vector bundles W
by

Sym, (W) = €D Sym" (V) ¢" € K(M)[t],

n>0

and extended to virtual bundles using the exponential rule

Sym, (W1 & W2) = Sym, (W1) Sym, (W>).

The effect on homotopy groups of the the o-orientation therefore sends an almost complex
manifold M of dimension 2n to

(Me0Kra) (M) = fi | Q) Symy. (Te) | € K[a]*(5*").

n>1

This is often written as

h ®Squ”(TC) =Td M;®Squn(ﬁc) <_d“>n

n>1 n>1
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or simply as

h ® Symn (Tc) | =Td | M; ® Sym,n (Tc)

n>1 n>1
The o-orientation of Krate determines an invariant of Spin—manifolds, by insisting that the
diagram
MSU —— MU

l l

Mszn E— KTatc

commute. To explain this invariant in classical terms, let M be a spin manifold of dimension 2n,
and, by the splitting principle, write

TM =L+ + L,

for complex line bundles L;. The Spin structure gives a square root of [ [ L;, but it is conventional
to regard each L; as having square root.

Since, for each ¢, the O(2) bundles underlying Lg /% and L, 2 are isomorphic, we can write
T™M =N L+ L7~ L,
which is a sum of SU-bundles.

Using this, one easily checks that the o-orientation of M gives
A M5 Symg. (Tc) du\"
; m,n -
) y q (C u 9
n>1

where the A genus is the push-forward in K O-theory associated to the unique orientation M Spin —
KO making the diagram

MSU MU K
| H
M Spin KO K

commute. As above, it is customary to suppress the grading and write

A M; ® Sym,n (Te) |,
n>0
which is formula (27) in [Wit87].
We have proved

Proposition 2.67. The invariant
M Spin — Z][q]

associated to the o-orientation on Ky is the Witten genus. O]
2.8. Modularity.
Proposition 2.68. For any element [M] € ma, MU(6), the series
du\ "
(200 K 1, ) (M) T € moK rate = Z[q]

is the g-expansion of a modular form.
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Proof. Let us write

D(M) = (Tan0cn, ) (M) (—fj)

The discussion in the preceding section shows that ®(M) defines holomorphic function on D, with
integral g-expansion coefficients. It suffices to show that, if 7: $§ — D is the map

71_(7_) _ 6271'2'7"

then 7*® (M) transforms correctly under the action of SLyZ. This follows from the discussion of
H in the introduction. O

3. CALCULATION OF C*(Gq, Gpm)

In this section, we calculate the structure of the schemes Qk(@a,((}m) for 1 < k < 3, so as to
be able to compare them to BU (2k)H¥ in §4.

3.1. The cases k = 0 and k = 1. The group Qo(@a,Gm)(R) is just the group of invertible
formal power series f € R[z]; and C*(G,,G,,) is the group of formal power series f € R[z] with
f(0) = 1. Let Ry = Z[bg, by *,b1,bg,...], and let Ry = Z[by, ba, b3, ...]. If Fy € C*(G,,G,)(Ry)
are the power series

FO = Z bzl‘l

i>0
F1 =1 + Z bi.’ti,
i>1
then the following is obvious.

Proposition 3.1. For k = 0 and k = 1, the ring Ry represents the functor Qk(@a,Gm), with
universal element Fy,. Lo

Note that Fy has a unique product expansion
Fy = ag H (1—ana™) (3.2)
n>1

The a; give a different polynomial basis for Ry and Rj.

3.2. The strategy for k = 2 and k = 3. For k£ > 2, the group Qk(@a,Gm)(R) is the group of
symmetric formal power series f € R[z1,...,zg] such that f(xy,... ,2x_1,0) =1 and
-1

f(l'l,l‘z, N )f(l'() + L1y--.- )_1f(1'07.’131 + ZIo, .. -)f(warh .. ) =1.

In the light of Remark 2.12, we can replace the normalization f(z1,...,2zx—1,0) = 1 by f(0,...,0) =
1. Alternatively, by symmetry, we can replace it by the condition that f(z1,...,zx) = 1
(mod [T z;).

Similarly, the group Qk(@a, ((A}a)(R) is the group of symmetric formal power series f € R[x1, ..., 2]
such that f(z1,...,25—1,0) = 0 and
f(l‘1,33‘2,...) —f($0+$1,...)+f($0,.131 —|—.Z‘2,...) —f(xo,xl,...) =0.
We write QZ(@G, @a)(R) for the subgroup consisting of polynomials of homogeneous degree d.

Our strategy for constructing the universal 2 and 3-cocycles is based on the following simple
observation.

Lemma 3.3. Suppose that h € Qk(@me)(R), and that h = 1 mod (z1,... ,2;)%. Then there
is a unique cocycle ¢ € QZ(@Q,@G) such that h = 1+ cmod (xq,...,2x)%t. If g and h are
two elements of C*(Ga,Gyp,) of the form 1+ cmod (z1,...,x)%, then g/h is an element of
Qk(@a, Gy) of the form 1 mod (z1, ..., x)*HL. O
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We call ¢ the leading term of h. We first calculate a basis of homogeneous polynomials for the
group of additive cocycles. Then we attempt construct multiplicative cocycles with study with
our homogeneous additive cocycles as leading term. The universal multiplicative cocycle is the
product of these multiplicative cocycles. Much of the work in the case k = 3 is showing how
additive cocycles can occur as leading multiplicative cocycles.

In the cases k = 0 and k = 1, this procedure leads to the product description (3.2) of invertible
power series.

We shall use the notation
0t C* (G, Gm) — C* (G, Gim)
for the map given in Definition 2.20, and reserve  for the map
6: C"1(€a, Ga) — C*(Ga, Go).
Definition 2.20 gives these maps for k > 2; for f € C°(Gy, G )(R) we define
Sy f(@r) = F0)f(a1)"
and similarly for Qo(@a, @a)

3.3. The case k = 2. Although we shall see (Proposition 3.12) that the ring Op2@, ., 18
polynomial over Z, the universal 2-cocycle Fy does not have a product decomposition

Fy =[] 92(d. ba),

d>2

with go(d, bg) having leading term of degree d, until one localizes at a prime p. The analogous
result for H,BSU is due to Adams [Ada76].

Fix a prime p. For d > 2, let ¢(d) € Z[x1, z2] be the polynomial

o(d) = {;(xil + 23 — (x1 + 22)?)  d = p® for some s > 1 (3.4)

¢+ 2¢ — (21 + 22) otherwise

The following calculation of QQ(@Q,@Q) is due to Lazard; it is known as the “symmetric 2-
cocycle lemma”. A proof may be found in [Ada74].

Lemma 3.5. Let A be a Zy-algebra. For d > 2, the group C2(Ga,Go)(A) is the free A-module
on the single generator c(d). O

Let
"
E(t)=exp Y — (3.6)
k>0 P

be the Artin-Hasse exponential (see for example [Haz78]). It is of the form 1 mod (¢), and it has
coefficients in Z,).

For d > 2, let g2(d,b) € QQ(@G,Gm)(Q[bD be the power series

62 (E(ba®)7P) if d is a power of p
= { 6% (E(bz?))  otherwise. (3.7)

Using the formulae for the polynomials ¢(d) and the Artin-Hasse exponential, it is not hard to
check that go(d,b) belongs to the ring Z,)[b][z1, 2], and that it is of the form

g2(d,b) = 1 + be(d) mod (z1, 29) . (3.8)
We give the proof as Corollary 3.22.
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Now let Rs be the ring
R2 = Z(p)[ag, as, .. .],
and Fy € C*(Gq, Gy )(Ry) be the the cocycle

F2 = H gg(d, ad).

d>2

Proposition 3.9. The ring Ry represents C2(Gq, Gy,) X spec(Zy)), with universal element .

Proof. Let A be a Z,)-algebra, and let h € C*(Gy, Gy )(A) be a cocycle. By Lemma 3.5 and the
equation (3.8), there is a unique element as € A such that

h

— = 1mod (z1,22)>
92(2, az) (z1,22)

in C? (@a, Gm)(A). Proceeding by induction yields a unique homomorphism from Ry to A, which
sends the cocycle Fy to h. O

3.4. The case k = 3: statement of results. The analysis of QS(@Q, G.,) is more complicated
than that of of C? (@Q,Gm) for two reasons. First, the structure of Qg(@a,@a) is more compli-
cated; in addition, it is a more delicate matter to prolong some of the additive cocycles ¢ into
multiplicative ones of the form 1+ bc 4 .... This is reflected in the answer: although the ring
representing C (@a, G,n) is polynomial, the ring representing C° (@G,Gm) x spec(Z,)) contains
divided polynomial generators.

Definition 3.10. We write D[z] for the divided-power algebra on x over Z. It has a basis con-
sisting of the elements z[™ for m > 0; the product is given by the formula

!
mln!
If R is a ring then we write Dy[z] for the ring R ® D|x].

lm 7]

We summarize some well-known facts about divided-power algebras in §3.4.1.

Fix a prime p. Let Rs be the ring
R3 = Zp)lagld > 3 not of the form 1+ p'] ® ®Dz(p) [a14pt].

t>1

In §3.6.1, we construct an element F3 € C? (@a, Gyn). In Proposition 3.28, we show that the map
classifying F3 gives an isomorphism

Z3 = spec Ry — Q3(@a, Gin) X spec(Zy) ). (3.11)

The plan of the rest of this section is as follows. In §3.5, we describe the scheme Qk(@a, @a)
We calculate C*(G,,G,) x specQ for all k, and we calculate C*(G,, G,) x spec F,. The proofs of
the main results are given in Appendix A.

In §3.6, we construct multiplicative cocycles with our additive cocycles as leading terms. This
will allow us to write a cocycle Z3 over R3 in §3.6.1. For some of our additive cocycles in charac-
teristic p (precisely, those we call ¢/(d)), we are only able to write down a multiplicative cocycle
of the form 1 + ac/(d) by assuming that a? = 0 (mod p); these correspond to the divided-power
generators in Rs.

In §3.7, we show that the condition a? = 0 (mod p) is universal, completing the proof of the
isomorphism (3.11).
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3.4.1. Divided powers. For convenience we recall some facts about divided-power rings.

i.

ii.

iii.

iv.

vi.

vii.

A diwvided power sequence in a ring R is a sequence

(1= al g =all ol o3 . )
such that
|
gl = (M) g
m!n!

for all m,n > 0. Tt follows that a” = m!al™. We write D'(R) for the set of divided power
sequences in R. It is clear that D' = spec D|z].

An exponential series over R is a series a(x) € R[z] such that a(0) = 1 and azx +y) =
a(x)a(y). We write Exp(R) for the set of such series. It is a functor from rings to abelian
groups.

Given a € D'(R), we define exp(a)(z) = 3, o al™az™ € R[z]. By a mild abuse, we allow
ourselves to write exp(az) for this series. It is an exponential series, and the correspondence
a — exp(a)(x) gives an isomorphism of functors D! =2 Exp. In particular both are group
schemes.

The map Q[z] — Dglx] sending = to x has inverse zI™ +— 2™ /m!, and this gives an isomor-
phism

D! x spec(Q) = A x spec(Q).

We write T,[z] for the truncated polynomial ring T,[x] = F,[z]/zP, and we write «, =
specTp[z]. Thus a,(R) is empty unless R is an F,-algebra, and in that case a,,(R) = {a €
R|a? =0}

Given a Z,-algebra R and an element a € R, we define texp(ax) = Zz;é a*x* /k!. Here we
can divide by k! because it is coprime to p.

Over ), the divided power ring decomposes as a tensor product of truncated polynomial rings

Dy, [z] = Q) T[]
r>0

Moreover there is an equation

exp(azx) = H texp(a?1zP")  (mod p).
r>0

Each factor on the right is separately exponential: if a € a,(R) then
texp(a(xz + y)) = texp(azx) texp(ay).

In other words, the map

am (@, o o)
gives an isomorphism

D' x spec(F,) = H o,

m>0

and the resulting isomorphism

H ap = Exp x spec(F,)

m>0
is given by

b— H texp(bpa?").

m>0
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3.4.2. Grading. It will be important to know that the maps Ock(@a Gm) Ry, we construct may
be viewed as maps of connected graded rings of finite type: a graded ring R, is said to be of finite
type over Z if each R, is a finitely generated abelian group.

We let G,,, act on the scheme C* (@a, Gm) by

(u.h)(z1,...,zK) = h(uzy, ... ,uxy),

and give O« ©arGm) the grading associated to this action. Omne checks that the coefficient of

x® =[], «7" in the universal cocycle has degree |a| = Y. ;. If & > 0 then the constant term is
1 and the other coefficients have strictly positive degrees tending to infinity, so the homogeneous
components of Ock(@ Gom) have finite type over Z.

The divided power ring D[] can be made into a graded ring by setting |zI™| = m|z|. We can
then grade our rings Ry by setting the degree of a4 to be d. It is clear that R; is a connected
graded ring of finite type over Z, and Ry is a connected graded ring of finite type over Z, for
k>1.

This can be described in terms of an action of G,, on Z; = spec R;. We have

Zo 2 Gy X HAl
d>1

Zy =[] a'

d>1

Zy = H A" x spec Z
d>2

Z3 = H Z3.q

d>3

where

Al Z d#1+7pt
zg,d:{ xspecZy) 7 14p

D! x specZ(p) d=1 +pt.

We let G,,, act on A! or G,, by u.a = ua, and on D! by (u.a)[k] = u*al*. We then let G,, act on
Zy by

u.(ag, Qgg1y...) = (uk.ak,ukﬂ.akﬂ, S

The resulting grading on Ry is as described. For k < 2, it is easy to check that the map Z; —
c* (Ga, Gy classifying Fy, is Gy,-equivariant.

As an example of the utility of the gradings, we have the following.

Proposition 3.12. The ring (902(@ Gom) is polynomial over Z on countably many homogeneous
generators.

Proof. As O, (©0.Gm) is a connected graded ring of finite type over Z, it suffices by well-known
arguments to check that Z,) @O, (©.Gm) is polynomial on homogeneous generators for all primes
p. By Proposition 3.9, we have an isomorphism of rings Z(P)®OC2(@WGm) >~ Oz, = Lpylaa | d > 2],
and it is easy to check that a4 is homogeneous of degree d. O

3.5. Additive cocycles. In this section we describe the group C*(G,, @a)(A) for various k and
A. The results provide the list of candidates for leading terms of multiplicative cocycles. Proofs
are given in the appendix A.

Fix an integer k > 1. We write C*(A) for C* (@a, @a)(A), and we write C%(A) for the subgroup
Qlj (Ga, Gy,) of series which are homogeneous of degree d. Note that C¥(A) = 0 for d < k.
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Given a set I C {1,... ,k} we write z1 =
CY(A) we have

ser Ti- One can easily check that for g € AJz] =

(8 9) (@1, a) = Y (=1)g(ar).

7
For example, if g(z) = 2 then
(6%9)(z,y) = (x +y) — 2" —y"
(B3)(z,y,2) = —(+y+2)T+ @+ )i+ (@+2)T+ (y+2)? —a?—y? - 24

3.5.1. The rational case. Rationally, the cocycles §*x¢ for d > k are a basis for the additive
cocycles.

Proposition 3.13 (A.1). If A is a Q-algebra, then for d > k the group C¥(A) is the free abelian
group on the single generator §*x?.
3.5.2. Divisibility. Now we fix an integer k£ > 2 and a prime p.

Definition 3.14. For all n let v,(n) denote the p-adic valuation of n. For d > k we let u(d) be
the greatest common divisor of the coefficients of the polynomial §%(z¢). We write v(d) for the
p-adic valuation v,(u(d)). Let ¢(d) be the polynomial c(d) = ((—8)*(z?))/p*D € Z[zy,... ,xx]
(We have put a sign in the definition to ensure that ¢(d) has positive coefficients). It is clear that

c(d) € C¥(7).
If we wish to emphasize the dependence on k, we write ug(d), ck(d), and vg(d).
We will need to understand the integers v(d) more explicitly.

Definition 3.15. For any nonnegative integer d and any prime p, we write o,(d) for the sum of
the digits in the base p expansion of d. In more detail, there is a unique sequence of integers d;
with 0 < d; < p and >, d;p" = d, and we write o,(d) = >, d;.

The necessary information is given by the following result, which will be proved in Appendix A.

Proposition 3.16 (A.10). For any d > k we have

o) = o, [E= 221

The important examples of Proposition 3.16 for the present paper are k =2 and k = 3:

Corollary 3.17.
1 o,(d)=1
Ug(d) = { p( )

0 otherwise

2 o9(d)=1andp=2
va(d) = 1 op(d)=1andp>2
1 op(d)=2
0 op(d)>2.

In other words, vo(d) = 1 if d is a power of p, and 0 otherwise. We have vs(d) =2 if p =2 and
d has the form 2t with t > 1, and v3(d) = 1 if p=2 and d has the form 25(1 + 2%). On the other
hand, when p > 2 we have v3(d) = 1 if d has the form p* or 2pt or p*(1 + pt) (with s > 0 and
t > 0). In all other cases we have vs(d) = 0. O

In particular, the calculation of v(d) shows that the cocycle cz(d) in Definition 3.14 coincides
with the cocycle ¢(d) in the formula (3.4).
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3.5.3. The modular case. We continue to fix an integer kK > 2 and a prime p, and we analyze
Ck(A) when p =0 in A.

For any ring A we define an endomorphism ¢ of Az, ... ,zx] by ¢(z;) = 2¥. If p=0in A one
checks that this sends C*(A4) to C*(A) and Ck(A) to C’C]l“p(A). Moreover, if A =IF, then a”? = a
for all @ € F,, and thus ¢(h) = hP.

In particular, we can consider the element ¢/c(d) € Z[z1,... ,zx], whose reduction mod p lies
in C’;fj 4(Fp). The following proposition shows that this rarely gives anything new.

Proposition 3.18. If v,(d) > v(d) then

e(pPd) = e(d)?’ = ¢e(d) (mod prr v+l

It is clear from Proposition 3.16 that v(pd) = v(d), so even if the above proposition does not
apply to d, it does apply to p’d for large .

Proof. We can reduce easily to the case j = 1. Write v = v(pd) = v(d), so that ¢(d) =
(=8)*(z?)/p¥ and c(pd) = (=6)*(zP4)/p®. Write w = v,(d), so the claim is equivalent to the
assertion that

¢(=0)"(z?) = (=0)*(2™) (mod p**1).

The left hand side is Y, £¢(29) = 3", £¢(21)? It is well-known that ¢(z;) = (z7)? (mod p), and
that whenever we have a = b (mod p) we also have a? = b*" (mod p't!). It follows easily that
d(zr)? = (z7)P? (mod p“*1). As the right hand side of the displayed equation is just >, £(z )P,
the claim follows. 0

3.5.4. The case k = 3. In this section we set kK = 3, and we give basis for the group of additive
three-cocycles over an F,-algebra. In order to describe the combinatorics of the situation, it will
be convenient to use the following terminology.

Definition 3.19. We say that an integer d > 3 has type

I if d is of the form 1 + p* with ¢ > 0.
II if d is of the form p*(1 + p') with s,t > 0.
IIT otherwise.

If d = p*(1 + p*) has type I or II we define ¢/(d) = ¢°c(1 + p') € C3(F,). Note that d has type I
precisely when o,(d — 1) = 1, and in that case we have ¢/(d) = ¢(d).

Proposition 3.20 (A.12). If A is an Fy-algebra then C3(A) is a free module over A generated
by the elements ¢(d) for d > 3 and the elements ¢'(d) for d of type II.

3.6. Multiplicative cocycles. We fix a prime p and an integer k > 1. In this section we write
down the basic multiplicative cocycles. We need the following integrality lemma; many similar
results are known (such as [Haz78, Lemma 2.3.3]) and this one may well also be in the literature
but we have not found it.

Lemma 3.21. Let A be a torsion-free p-local ring, and ¢: A — A a ring map such that ¢(a) = a?
(mod p) for all a € A. If (by)r>o is a sequence of elements such that ¢(bx) = bry1 (mod p*+1)

for all k, then the series exp(}_, bpa?” /p*) € (Q® A)[z] actually lies in Afz].

Proof. Write f(x) = exp(d_, bea?" /pk). Clearly f(0) = 1, so there are unique elements a; €EQA
such that f(z) =[];. E(ajz’), and it is enough to show that a; € A for all j. By taking logs we

find that
k P
> ba? [pt =) af A ',
k %,
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It follows that a; = 0 unless j is a power of p, and that b, = Zk:iﬂ piaZ:. We may assume

inductively that ay,a,,...,ay-1 are integral. It follows that for i < j we have ¢(a,i) = aﬁi
(mod p), and thus (by a well-known lemma) that
o) =olap)” T =al " (mod p7).
It follows that
j—1
play =b; — Zpiaijii
-
=b; — Zpicé(api)pjfifl (mod p’)
i=0
=b; — ¢(bj-1)
=0 (mod p’),
or in other words that a,; is integral. O

Recall from (3.6) that E(t) € Z(,)[t] denotes the Artin-Hasse exponential.

Corollary 3.22. If d is such that vy(d) > v(d), then 68 E(ba®)?™"" € Qb|[z1, ... 1] actually
lies in C* (G, G )(Zpy[b]) € Zpy ][4, - - . s zk]. It has leading term be(d).

Proof. The symmetric cocycle conditions are clear, so we need only check that the series is integral.
Using the exp in the Artin-Hasse exponential gives the formula

e pi k dpi pi 7
5§E(bxd)p <d) = exp Z L(x) = exp Z M

i+v(d @
i>o P oD i>0
In view of Lemma 3.21, it suffices to check that ¢(c(dp)) = c(dp*!) (mod p*!), where ¢ is the
endomorphism of Z,)[z1,. .. ,z] given by ¢(x;) = . This follows from Proposition 3.18. O

Definition 3.23. If R is a Z,)-algebra, b is an element of R, and if d is such that v,(d) > v(d),
we define

B(k,d,b) %

p*v(d)

5k B(bz?)
to be the element of C* (@a, Gy, )(R) given by the corollary.

In order to analyze the map d,, we need the following calculation.
Lemma 3.24. If v,(d) > v(d) we have
E(k,d,b)? = E(k,pd, 1) (mod p).

Proof. We can work in the universal case, where A = Z,[b] is torsion-free, so it makes sense to
use exponentials. We have

E(k,d,b) = exp(>_ " e(p*d) /p"),
k

and it follows easily that E(k,d,b)?/E(k,pd,a?) = exp(pac(d)). One checks easily that the series
exp(pt) — 1 has coefficients in pZ,), and the claim follows. O
We need one other family of cocycles, given by the following result.

Proposition 3.25. Let B be the divided-power algebra on one generator b over Zy). Then the
series 6% exp(bx? /p* D) = exp((—=1)*be(d)) lies in C*(Gq,Gm)(B) C By, ... ,x]. O
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3.6.1. The case k = 3. Suppose that d > 3 is not of the form 1 + p’. Then Corollary 3.17 shows
that v,(d) > v(d), and so Definition 3.23 gives cocycles

gg(d7 ad) : (3 d, de) S C (Ga,G )( p)[ad]) (3.26)
Ford=1+p'and t>1, let

ga(d, aa) = exp(—aqe(d)) € C*(Ga, Gm)(Dz, [aa))
be the cocycle given by Proposition 3.25.
Note that if d = 1+ p' then in F, ® Dz, [aq] we have an equation

3(d, aq) Htexp ad le '(dp®)) (3.27)

s>0

as in §3.4.1, and each factor on the right is separately an element of C*(Gq, Gy, )(T, [a([f ]])
Let F5 be the cocycle

FS = H 93(d7 Cld)

d>3
over

Zs3 =specZgylaq | d #1+p' ®®DZ@) a14pt].
t>1

Proposition 3.28. The map Zs — Q?’(@me) x spec(Zy)) classifying Fs is an isomorphism.

Proof. Let h denote this map. It is easy to check that it is compatible with the G,,-actions
described in §3.4.2, so the induced map of rings preserves the gradings.

We will show that the map h(R): Z3(R) — C*(Ga, G )(R) is an isomorphism when R is a
Q-algebra or an F,-algebra. This means that the map h*: (’)Qg(@me) ® Zpy — Oz, becomes an
isomorphism after tensoring with @ or F,,. As both sides are connected graded rings of finite type
over Zy), it follows that h is itself an isomorphism.

Suppose that R is a Q-algebra. In this case we get divided powers for free, and an element
of Z3(R) is just a list of elements (a3, aq,...). According to Proposition 3.13, the additive co-
cycle c(d) generates C3(Gq,G,)(R). Since gq has leading term agc(d), the process of successive
approximation suggested by Lemma 3.3 shows that hA(R) is an isomorphism.

We now suppose instead that R is an F,-algebra. As D, [z] = T), [zlP') | i > 0], we see that a

point of Z3(R) is just a sequence of elements aq € R for d > 3, with additional elements a4, = aElp 1

when d has type I, such that a40 = aq and az’i = 0. We write a’dpi = aq,;- With this reindexing,
an element of Z3(R) is a system of elements ag4 (where d has type IT or III) together with a system
of elements a; (where d has type I or II) subject only to the condition (a/;)? = 0.

On the other hand, suppose that f € 03(@a, Gm)(R) is a cocycle with leading term c of degree
d. If d has type III, then Proposition 3.20 shows that ¢ = aqc(d) for a unique ¢ in R. If d has type
L, then ¢ = aj, (¢'(d) for some unique a;; , in R. Finally, if d has type I1, then ¢ = a4c(d) + ayc’(d)
for some unique aq and a/, in R. We shall show in Proposition 3.29 that in fact (a/,)? = 0. The

process of successive approximation gives a point of Z3(R) which clearly maps to f under the map
h(R). O

In the course of the proof, we used the following result, whose proof will be given in §3.7.

Proposition 3.29. Suppose that R is an Fy-algebra and that f € 03(@Q,Gm)(R) has leading
term ac’(d) (so that d has type I or II). Then a? = 0.

Corollary 3.30. The ring (903(@ Gom) is a graded free abelian group of finite type.
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Proof. Proposition 3.28 shows that this is true p-locally for every prime p, so it is true integrally.
O

3.7. The Weil pairing: cokernel of 4, : QQ(@Q,Gm) — Qg(@a,Gm). The first result of this
section is a proof of Proposition 3.29, which completes the calculation in Proposition 3.28. The
analysis which leads to this result also gives a description of the cokernel of the map
25 O 3@
Q (Gama) — Q (Ga7 G’m)v
which we shall use to compare C(Gq, Gy ) to BU(6)HF.
More precisely, the scheme Z3 decomposes as a product of schemes
s =74 x 1l
where
Zy = spec Dz, [a1pe |t > 1]
7y = spec Zplaq | d not of the form 1+ p'].

We shall show that ¢, maps C? (@a, Gn) X speclF, surjectively onto Z4 x specF,, and that the

~

cokernel Zf x speclF, has a natural description as the scheme Weil(G,) of Weil pairings. In
§4.5.1, we shall see that this scheme is isomorphic to the scheme associated to the even homol-
ogy of K(Z,3). In this paper we give a bare-bones account of Weil pairings. The reader can
consult [Bre83, Mum65, AS98] for a more complete treatment.

Definition 3.31. Let R be any ring, and h an element of Q3(@G,Gm)(R). We define a series
e(h) € R[z,y] by the formula

" h(z, k)

ee) =TT fig s

In §3.7.1, e will be interpreted as giving a map of group schemes
C*(Ga, Gy x spec F, — Weil(Gy).
Proposition 3.32. We have
h(pz,y, z
() ) elh)o,2) = ey +2) et
=e(h)(z,y +2) (mod p),
and e(h)(z,y)? =1 (mod p).

Proof. Recall the cocycle relation R(w,z,y,z) = 1, where
h(z,y,z)h(w, z +y,z)
h(w + 2,9, Z)h(w7 Z, Z) .

R(w7 z? y7 Z) =
By brutally expanding the relation

R(y, 2, k(y + z), ) R(ky, (k + 1)z, y, ) R((k + 1)z, y, ky, x)
R(ky, kz, z,x)R(kx,x,y, 2) R(x,y, 2, kx) = 1,

and using the symmetry of h, we find that

h(z, kz,y) h(z, kz,z) h(z, kz,y + z) h(z, ky, kz) h((k+ Dz, y,2)

h(z, ky,y) h(z,kz,2) - hx,ky + kz,y + 2) h(z,(k+ 1)y, (k+1)z)"  h(kz,y, 2)
We now take the product from k =1 to p — 1. We note that the second term on the right has the
form f(k)/f(k+ 1), so the product gives f(1)/f(p). After dealing with the last term in a similar
way and doing some cancellation, we find that

e(h)(w,y) e(h)(x, 2) = e(h)(z,y + 2) h(pz, y, 2) h(z, py, pz) ",
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as claimed. For any cocycle h we have h = 1 (mod xyz), so our expression reduces to e(h)(x,y+2)
modulo p. This means that e(h) behaves exponentially in the second argument, so e(h)(z,y)? =
e(h)(z,py) =1 (mod p). O

We can also consider an additive analogue of the above construction. Given ¢ € C?’(@a, @a)(R)
we write

p—1

e+(c)(x,y) = Z(C(Z‘,kl‘,y) - C(kayvy))'

k=1

By applying the definitions and canceling in a simple-minded manner we find that

er (8 f)(z,y) = f(x) = f(x+py) — fy) + [y + px) = f(pr) + f(py).
Thus e4 (62f) =0 (mod p).
The following calculation is the key to the proof of Proposition 3.29, and it also permits the

identification of Z5 with the scheme of Weil pairings.

Lemma 3.33. Let d = p*(1 + p') with s >0 and t > 1. Then

s s+t

er(d(d) =aP y?" — 2P yP"  (mod p).

Proof. As ¢ (p*(1 + p))P = c(1 + p)P""", it suffices to calculate ey (c(l + pt)) (mod p). Let
n =1+ p'. By Corollary 3.17, we have c(n) = §3(z")/p, so that

pei(c(n)) =z" — (z +py)" —y" + (y +px)" —p 2" + p"y"

n—1

= —pnz" "y +pnay™ ' (mod p?)
t t
=p(zy” —a’y) (mod p?).

Thus e, (c(1 +p*)) = zy?" — ya?" (mod p) as required. O
We can now give the

Proof of Proposition 3.29. Suppose that R is an Fp,-algebra and that h € C?’(@m((}m)(R) has
leading term ac’(d) (so that d has type I or II).

It is easy to see that e(h) = 1+ ae,(c/(d)) (mod (x,y,2)%*1), and thus that e(h)? = 1 +
aPe (¢'(d))? (mod (z,y,z)P?*1). On the other hand, we know from Proposition 3.32 that e(h)P =
1. Lemma 3.33 shows that e (¢/(d))? is a nonzero polynomial over F, which is homogeneous of
degree pd. It follows that a? = 0. O

3.7.1. The scheme of Weil pairings. In this section we work implicitly over spec(F,). We note
that a faithfully flat map of schemes is an epimorphism.

We also recall [DG70, 111,§3,n. 7] that the category of affine commutative group schemes over
F, is an abelian category, in which spec f: spec A — spec B is an epimorphism if and only if
f: B — A is injective.

Let R be an Fj-algebra. We write Weil(@a)(R) for the group (under multiplication) of formal
power series f(z,y) € R[z,y] such that

[y f(z,2) = f(z,y+ 2) (3.34)

Note that this implies f(z,y)f(y,x) = 1 by a polarization argument. We write Weil(G,)(R) = 0
if R is not an [Fp-algebra.
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Proposition 3.32 shows that, if R is an F,-algebra and h € Qg(@a, Gy) is a three-cocycle, then
e(h) is a Weil pairing. In other words, e may be viewed as a natural transformation

e: C*(Gq, Gm) — Weil(Gy).

In this section, we show that there is a commutative diagram

~ 5>< ~ e ~
C?(Ga, ) —— C*(Ca, Gy) —— Weil(G,) (3.35)

2 ST X T ——» 7

of group schemes over spec Fj,, with exact rows and with epi, mono, and isomorphisms as indicated.
In §4.5, we compare the top row to a sequence arising from the fibration K(Z,3) — BU(6) — BSU.

~

To begin, we note that Weil(G,) is an affine group scheme over F,. The representing ring
(’)Weﬂ(@a) is~ the quotient 0f~the ring F,, [a~kl | &, l~ > 0] by thei ideal genera’ged by ~the coefﬁcients~ of
the series f(z,2) — 1 and f(z +y,2) — f(z,2)f(y,2) and f(x,y + 2) — f(z,y)f(z, z), where f is

the power series
JF(%?J) = Zaklmkyl'

We let G,, act on Weil(G,) by (u.f)(x,y) = f(uz,uy), and this gives a grading on Oweil(@.)
making it into a graded connected Hopf algebra over F),. If

f(z,y) = Z aiﬂiyj
.7

is the universal Weil pairing, then the degree of a;; is i + j.

Lemma 3.36. The ring (’)Weﬂ(@a) is a tensor product of rings of the form Fplal/a?. If f =

Zaijxiyj is the universal Weil pairing, then elements of the form apm pn with m < n are a basis

for Ind((’)weil(@a)).

Proof. Let us temporarily write A for Oy, - Note that if flz,y) € Weil(G,)(R) we have

flx,y)P = f(z,py) = f(x,0) =1, and it follows that the Frobenius map for A is trivial. It follows
from the structure theory of connected graded Hopf algebras over F, that A is a tensor product
of rings of the form Fp[a]/a?.

The dual of the group of indecomposables in A is easily identified with the kernel of the map
Weil(Go) (Fple]/e2) — Weil(G,)(F,)

that is induced by the augmentation map F,[e]/e* — F,. This kernel is the set of power series of
the form 1+e€g(z,y) (with g € Fp[z,y]) such that 1+eg(z,z) = 0 and (1+eg(z,y))(1+e€g(z, 2)) =
1+ eg(z,y+2) and (1+eg(z,2))(1+€g(y,2)) = 1+ €eg(x 4y, z). This reduces to the requirement
that g(x,y) be additive in both arguments, with g(z,x) = 0. The additivity means that g(x,y)

must have the form > bpna? yP" . Because g(z,z) = 0 we must have by,,,, = 0 (even if p = 2)
and b, = —bpy if m > n. O

Let j denote the splitting map
25 — C*(Ga, Gm).
Note that Z4 is a group scheme, because
Zh =~ 1_[]]])1 x spec(Zy)) = HExp x spec(Zp))-

It is easy to check that j is a map of group schemes (even over spec(Z))). The first step in the
analysis of the diagram 3.35 is the following.
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Proposition 3.37. The map of group schemes
ej: Z — Weil(G,)

is an isomorphism.

Proof. First, when R is an Fj-algebra we can identify Z3(R) with [[,{a € R | a? = 0}, where d
runs over integers d > 3 of type I or II, and according to (3.27), j(a) is the cocycle

a) = H texp(—aqc'(d)).
d

Lemma 3.33 shows that if d = p5(1 + p') then

e(texp(—agd'(d)) = 1 - aa(a?’y”"" —?"y?")  (mod (z,y)"*").
It follows that ej induces an isomorphism of indecomposables. Moreover, ej induces a map of
graded rings if Oy, is given the grading with a/; in dimension d. We thus a map of connected graded
algebras, both of which are tensor products of polynomial algebras truncated at height p, and our
map gives an isomorphism on indecomposables. It follows that the map is an isomorphism. O

To show that ZZ is the kernel of e, we first observe that C%(Gq, G,,) maps to the kernel.

Lemma 3.38. If R is an F,-algebra and g € Qz(@a, Gu)(R) then e(d.g) = 1.

Proof. By definition we have d, g(z, kz,y) = g(a: y)g(kz,y)/g((k+ 1)x,y). As d, g is symmetric,
we have 0, g(x, ky,y) = g(x,y)g(x, ky)/g(x, (k + 1)y). By substituting these equations into the
definition of e(d, g) and canceling, we obtam e(0,9)(x,y) = g(z,py)/g(px,y), which is 1 because
p=0in R. O

Next we show that d, actually factors through the inclusion Z§ — Qg(@a, Gyn). Let w and 6
be given by the formulae

3(d) — v2(d) d>3
0(d) = p* 4.

By Corollary 3.17, it is equivalent to set w(d) = 1 if d is of the form p*(1 + p”) with r > 0,
and w(d) = 0 otherwise. It follows also that 6 gives a bijection from {d | d > 2} to {d | d >
3 and d is not of the form 1+ p'}.

Let r: Zy = spec Ry — Z¥ be given by the formula
. w(d)
r ag(d) = ad
It is clear that r is faithfully flat.

Lemma 3.39. The diagram

~ ) ~
QZ(ch Gm) —X) Q3(Ga7 Gm)

| 1

r "
Z —r A

commutes over spec(F,). In particular, over spec(F,), 6, factors through a faithfully flat map
C*(Ga,Gm) — Z4.

Proof. This follows from the equations

8.92(d,a) = 6% E(az®)? """ = E(3,d,a)”

w(d) w(d) w(d)

— E(3,0(d), a”

) = g3(6(d),a” ).
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The only equation which is not a tautology is the third, which is Lemma 3.24. Actually the lemma
does not apply in the case d = 2, but the result is valid anyway. One can see this directly from
the definitions, using the fact that 63(z%) = 0. O

Proposition 3.40. The kernel of the map
e: C*(Gq, Gyp) — Weil(G,)

is ZY (which is thus a subgroup scheme). Moreover, we have C*(Gq,Gy) = Z4 x ZY as group
schemes.

Proof. We know from Lemma 3.38 that ed, = 1, and faithfully flat maps are epimorphisms
of schemes, so Lemma 3.39 implies that Z” < ker(e). As the map (f’, f”) — f'f” gives an
isomorphism Z’ x Z" — C* and e: Z' — Weil(@a) is an isomorphism, it follows that Z”" = ker(e).
This means that Z” is a subgroup scheme, and we have already observed before Proposition 3.37
that the same is true of Z’. It follows that C° = Z’ x Z" as group schemes. O

We summarize the discussion in this section as the following.

Corollary 3.41. If we work over spec(F,) then the following sequence of group schemes is exact:

C2(Ga,Gr) 2 C¥ (G, G) % Weil(Gy) — 0.
O

3.8. Themap 6§, : C'(Gq,G,,) — C*(Gq, Gpn). In the course of comparing BSUHF to C?(Gq, Gyp)
in §4, we shall use the following analogue of Corollary 3.41.

Proposition 3.42. For each prime p, the map

. s N
Ql(Ga,Gm) x spec(F,) = C’Q(Ga,@m) x spec(F,)

is faithfully flat.

Proof. In order to calculate d,, it is useful to use the model for C! which is analogous to our
model Z5 for C%. Let Z; be the scheme

Z1 = specZ(p) [ad | d > 1],

and let

P E ] B d, ag)
d>1

= H E(aqz?)
a>1

be the resulting cocycle over Oy, . It is clear that the map
Zy — Ql (@m Gm) X SpeC(Z(p))

classifying F} is an isomorphism. Thus if & = 1 or 2, and if R is a Z,)-algebra, then Z;(R) is the
set of sequences (ay, ag41,-..) of elements of R.

For d > 1 let 6(d) = p">(9d, with the convention that vs(1) = 1. The calculation of vy(d) in
Corollary 3.17 shows that 8 induces a bijection from the set {d | d > 1} to the set {d | d > 2}. Let
r: Zy — Zs be the map which sends a sequence a = (a1, as,...) € Z1(R) to the sequence

va (d)
r(a)o(a) = af)

Thus r is a product of copies of the identity map A — A! (indexed by {d | v(d) = 0}), together
with some copies of the Frobenius map A — A! (indexed by {d | v(d) = 1}). These maps are
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faithfully flat, and so r is faithfully flat. The Proposition then follows once we know that the
diagram

Ql(@a,(}m) x spec(Fp) LT Qz(@a,Gm) x spec(Fp)

Zy x spec(Fp) — Zy x spec(Fp)

commutes. The commutativity of the diagram follows from the equations (modulo p)

va(d)

0 E(ax?) = E(2,d,a)?
= B(2,0(d),a”*"")
= g2(0(d), a?"* ).

The first and last equations are tautologies; the middle equation follows from Lemma 3.24. O

3.9. Rational multiplicative cocycles. Given k > 0, let Y;(R) be the set of formal power
series f(z) € R[z] such that f(x) = 1 (mod z¥). This clearly defines a closed subscheme Y, C
C%(Ga, Gm)

Proposition 3.43. Over spec(Q), the map 6% : YV}, — Qk(@a, Gyn) is an isomorphism.

Proof. Let R be a Q-algebra, and let g € R[z1,...,zx] be an element of Qk(@a,Gm)(R). We
need to show that g = 6% (f) for a unique element f € Yi(R). If I = (z1,... ,7%) then g = 1
(mod I) so the series log(g) = —>,,-0(1 — g)™/m is I-adically convergent. One checks that it
defines an element of Qk(@a, Ga)(R), so Proposition 3.13 tells us that there is a unique h € R[x]
with h = 0 (mod z*) and 6*(h) = log(g). The series exp(h) =Y., h™/m!is z-adically convergent
to an element of Y} (R), which is easily seen to be the required f. O

4. TOPOLOGICAL CALCULATIONS

In this section we will compare our algebraic calculations with known topological calculations of
E.BU, H,BSU, and H,BU(6), and we deduce that BU(k)¥ = C*(Pg,G,,) for k < 3. We start
with the cases kK = 0 and k& = 1, which are merely translations of very well-known results. We then
prove the result for all k¥ when E = HPQ (the rational periodic Eilenberg-MacLane spectrum);
this is an easy calculation.

Next, we prove the case k = 2 with £ = HP. It suffices to do this with coefficients in the
field IF,,, and then it is easy to compare our analysis of the scheme QQ(@G, Gyn) to the short exact
sequence

PHP _, BUHP _, BSUHP.

For BU(6) we recall Singer’s calculation of H*(BU (6);F,), which is based on the fibration
K(Z,3) — BU(6) — BSU.

Most of the work in this section is to produce the topological analogue of the exact sequence

. 5y . . R
C?(Ga, Gpy) —— C* (G, Gpy) —— Weil(Gy) —— 0

of Corollary 3.41; see (4.9). Having done so, we can easily prove the isomorphism BU(6)F =
Q?’(PE,Gm) for £ = HPF,. The isomorphism for integral homology follows from the cases
E = HPQ and £ = HPF,. Using a collapsing Atiyah-Hirzebruch spectral sequence and its
algebraic analogue, we deduce the case F = M P, and we find that M PyBU(6) is free over M Fy.
It is then easy to deduce the isomorphism for arbitrary F.



ELLIPTIC SPECTRA 41

4.1. Ordinary cohomology. We begin with a brief recollection of the ordinary cohomology of
BU, in order to fix notation.

It is well-known that H*BU is a formal power series algebra generated by the Chern classes.
It follows easily that the corresponding thing is true for HP°BU: we can define Chern classes
ck € HP°BU for k > 0 and we find that HP°BU = Z[cy | k > 0]. We also put ¢g = 1. We
define a series c(t) € HPO[t] by c(t) = Y~ ckt”. We then define elements g; by the equation

tc'(t)/e(t) = 3. qxt®. The group of primitives is

Prim HP'BU = {> nq; | n; € Z} = [ ] Z.
i >0

There is an inclusion S! = U(1) % U and a determinant map U -2 S! with det oj = 1. These

give maps P —% BU 29 P with BdetoBj = 1, and the fiber of Bdet is BU(4) = BSU. In

fact, if i: BSU — BU is the inclusion then one sees easily that ¢ + j: BSU x P — BU induces
an isomorphism of homotopy groups, so it is an equivalence.

We have HP°P = Z[z] with Bdet*x = ¢; and Bj*c; = x and Bj*c; = 0 for k > 1. It
follows (as is well-known) that the inclusion BSU — BU gives an isomorphism HP°BSU =
HP'BU/cy = Zlex | k > 1].

In particular, both BU and BSU are even spaces.

The Hopf algebra H PyBU is again a polynomial algebra, with generators by for & > 0. We also
put by = 1. The pairing between this ring and HP°BU satisfies

. 1 if J[ b =bF
<ck,Hb?1>={ IL 5" =br

0 otherwise.

The group of primitives in HPyBU is generated by elements ry, which are characterized by the
equation

tdlog(b(t))/dt =tV (t)/b(t) = > rth.
k

4.2. The isomorphism for BU(0) and BU(2).

Proposition 4.1. For k =0 and k = 1 and for any even periodic ring spectrum E, the natural
map

BU(2k)F — C*(Pg,G,,)

is an isomorphism.

Proof. We treat the case k = 1, leaving the case k = 0 for the reader. A coordinate x on Py gives
isomorphisms

Op, = E°P = E°[]

O}, = EoP = Ey{f1, B2, ... }

Eo(BU) = E°[by, ba, ... ]

Ocl(PE,Gm) = EO[ /1, /2, .. ]
Here the §3; € EoP are defined so (z¢, Bj) = 65, and b; = (Epp1)(8;), where p1: P — BU classifies
the virtual bundle 1 — L. The b, are defined by writing the universal element of Ql(PE, Gn) as
L4375, bt

By Definition 2.27, the map BU? — C'(Pg,G,,) classifies the element b € EqBURE'P =

EyBU|[z] which is the adjoint of the map Egp;. It is easy to see that b=, b;z". O
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Recall that Cartier duality (2.2) gives an isomorphism
P¥ =~ Hom(Pg, G,,).
The construction f +— 1/f gives a map
Hom(Pp, Gn) = C'(Pp, Gum).
Corollary 4.2. The diagram

(Bdet)?
PP —— BUF

Hom(Pp, Gyn) —— C'(Pg, Gyn)

commutes.
Proof. 1t will be enough to show that the dual diagram of rings commutes. As EoBU is generated
over Eg by (Eop1)(EoP), it suffices to check commutativity after composing with Egp;. It is then
clear, because B detop; classifies det(1 — L) = L1, and so has degree —1. O
4.3. The isomorphism for rational homology and all k.
Proposition 4.3. For any k > 0 we have

HP°(BU(2k); Q) = HP°(BU;Q)/(c1,... ,ck—1) = Q[e, | n > K.
We also have an isomorphism

BU(2k)HP = CH(Gy, Gpn) x spec(Q).

Proof. We have fibrations BU (2k + 2) — BU(2k) — K(Z,2k). It is well-known that
H*(K(Z,2k); Q) = Q[ua]

with |ugg| = 2k. We know that the map BU(2k) — K (Z,2k) induces an isomorphism on o (—)
and we may assume inductively that H*(BU (2k); Q) = Q[c, | n > k], so the Hurewicz theorem
tells us that usgy hits a nontrivial multiple of ci. It now follows from the Serre spectral sequence
that

H*(BU(2k +2);Q) = Qlen | 1> k+1] = H*(BU;Q)/(c1, .-, cx).

Dually, we know that H,(BU;Q) is generated by primitive elements r; such that r; is dual to ¢;,
and we find that H.(BU(2k); Q) = Q[r; | i > k]. These are precisely the functions on C (@a, Gm)
that are unchanged when we replace f € Cl(@a,Gm)(R) by fexp(g) for some polynomial g of
degree less than k, as we see from the definition of the r;. We see from the proof of Proposition 3.43
that these are the same as the functions that depend only on 6571 (f), and thus that BU (2k)#FQ

can be identified with C*(Gg, Gyn) x spec(Q), as claimed. O

4.4. The ordinary homology of BSU.
Proposition 4.4. The natural map
BSU"P — C?(G,,Gyn)

is an isomorphism.
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Proof. 1t is enough to prove this modulo p for all primes p, so fix one. Consider the diagram of
affine commutative group schemes (in which everything is taken implicitly over F))

PHP - BUHP N BSUHP

T

Hom(Ga,Gp) — CH(Ga, Gp) — C*(Go, Gy).

The diagram commutes by Corollaries 2.28 and 4.2. The splitting BU = BSU x P implies that
the top row is a short exact sequence. It is clear that Hom(G,,G,,) is the kernel of J,, so it
remains to show that d, is an epimorphism. That is precisely the content of Proposition 3.42. [

4.5. The ordinary homology of BU{6). The mod p cohomology of BU(2k) was computed (for
all k > 0) by Singer [Sin68]. We next recall the calculation for k¥ = 3. Note that BU(6) is the
fiber of a map BSU — K (Z,4) and QK (Z,4) = K(Z, 3) so we have a fibration

K(z,3) 4 BU(6) = BSU.
In this section we give an algebraic model for the ordinary homology of this fibration, in terms of
the theory of symmetric cocycles and Weil pairings.

Classical calculations show that for p > 2 we have
H*(K(Z,-?)),Fp) = E[Uo, Uy - } & Fp[ﬂu1,6u2, .. .],

where |ug| = 2p* +1 and ug,; = PP uy and Bug = 0. We write A* for the polynomial subalgebra
generated by the elements fuy for & > 0. We also write A = [], -, A%k which is an ungraded
formal power series algebra over F,,. In the case p = 2 we have B

H*(K(Z73)7F2) = FQ[UO,U17 . .],

with |uy| = 251 + 1 and upyy = SqQkHuk, and we let A* be the subalgebra generated by the
elements u;. We write A for the vector space dual Hom(A4*,F,,).

Lemma 4.5. In the Serre spectral sequence
H*(BSU; H*(K(Z,3);Fp)) = H*(BU(6); F;)
the class u; survives to Eopt 1o, and then there is a differential dopt1o(us) = qiqpt, up to a unit in

F,.

Proof. We treat the case p > 2 and leave the (small) modifications for p = 2 to the reader. As
BU(6) is 5-connected, we must have a transgressive differential d4(up) = c2 (up to a unit in
F,). We can think of H*(BU;F,) as a ring of symmetric functions in the usual way, so we have
Cco = ZZ <j Tij. One checks by induction that

t—1 t 1 t
PP Pppl(CQ) = Z xzxf = q1+p — qi4pt
i

for t > 0. We also have ¢; = ¢; (which vanishes on BSU) and thus pr't . prpl (c2) = —qr4pt
in H*(BSU;F,). It follows from the Kudo transgression theorem and our knowledge of the action
of the Steenrod algebra that u; survives to Eopt o and dopt42(ut) = qrypt- O

Proposition 4.6. We have a short exact sequence of Hopf algebras
H*(BSU;Fp)/(c2, q14pt | t > 0) — H*(BU(6);F,) - A".

Moreover, H*(BU(6);F,) is a polynomial ring over Fp, concentrated in even degrees, with the
same Poincaré series as Fylcy | k > 3].
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Proof. Note that ¢ = kci modulo decomposables, so we can take qi4,: as a generator of
H2(+2)(BSU) p-locally when ¢ > 0. Thus

H*(BSU;F,) =Fplqiipe | t > 0] @ Fpler | k> 2 is not of the form 1+ p']

Using this, one can check that Lemma 4.5 gives all the differentials in the spectral sequence, and
that

Fso = H*(BU;F,)/(c2, quspt | £ > 0) @ A*
=T,[ck | k> 2 is not of the form 1 +p'®
F,[Bux | k > 0].

By thinking about the edge homomorphisms of the spectral sequence, we obtain the claimed short
exact sequence of Hopf algebras. As the two outer terms are polynomial rings in even degrees,
the same is true of the middle term. As |Bu| = |q;4px|, we have the claimed equality of Poincaré
series. 0

Corollary 4.7. BU(6) is a even space, and H*BU (6) is a polynomial algebra of finite type over
7.

Proof. Tt is easy to see that BU(6) has finite type. The remaining statements are true p-locally for
all p by the Proposition, and the integral statement follows because everything has finite type. [

Corollary 4.8. The sequence of group schemes over IF),
BSUMPF» — BU(6)""*r — spec(AY) — 0
is exact.
4.5.1. The Weil scheme and HPyK (Z,3). In this section, we work over F,, unless otherwise spec-

ified. In particular, homology is taken with coefficients in IFp,.

We now have the solid arrows of the diagram

BSUHP ———— BU(6)#F ——— spec(AY) —— 0 (4.9)

|
le& f3J( =AY
5 N

C*(Gq,Gry) —— C*(Ga, Gyy) —— Weil(Gy) — 0.

The diagram commutes by Corollary 2.28. Moreover the rows are exact (by Corollaries 3.41 and
4.8), and the map fo is an isomorphism by Proposition 4.4. It follows that there is a map A making
the diagram commute. Our next task is to show that this map is an isomorphism.

We can give an explicit formula for this map. Recall from §2.3.3 that f3 classifies the 3-cocycle
ps € HPYPRHPyBU (6). Here ps is the adjoint of H Pyps, where ps3 is the map

P32, BU(6)

whose composite to BU classifies the bundle [],(1 — L;). Let W: P? — BU(6) be the map whose
composite to BU classifies the virtual bundle

S (= L)~ I — L) — (1= L)1~ IE)(1 — L)) & (1~ L)(1 — L) L — L},
k=1 k=1

(4.10)

Let W be the adjoint in HP°P?@HPyBU (6) of the map HPyW. Let t = —c; Ly and y = —¢; Lo
be the indicated generators of HP°P2. Then W gives a power series

W (z,y) € HPy(BU(6))[z,y] = HP°P?®HP,BU (6).
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Lemma 4.11. The power series W (x,y) has coefficients in the subring AY[z,y]. As such it is
an element of Weil(G,)(AY). The map X: spec(AY) — Weil(G,) classifying W (z,y) makes the
diagram (4.9) commute.

Proof. Recall that the map e: C*(Gq,G,,) — Weil(G,) takes the power series f(z,y,z) to the
power series

H flz, kz,y)

flz, ky,y)’

Recall also that the H-space structure of BU ( ) corresponds on the algebraic side to the mul-
tiplication of power series and on the topological side to addition of line bundles. The H-space
structure of P corresponds on the algebraic side to addition in the group @a and on the topological
side to the tensor product of line bundles.

Putting these observations together shows that

W = e(ps).
The lemma follows from this equation and the structure of the solid diagram (4.9). O
Lemma 4.12. For s > 1, we have an equation
W*qrips = play? —2”y) mod p
in the integral cohomology HP°P2.

Proof. As x = —c1 L1 and y = —c1 Lo, the total Chern class of the bundle (4.10) is given by the
formula

(1 —yt)(1 = pat)(1 = (z + py)t)
(1 —at)(1 = pyt)(1 = (pr +y)t)
We have ¢(t) = tdlog c(t). Modulo p? we have equations
tdlog(1 — at) = — to(1 + 2t + (xt)* +...)
tdlog(1 — pxt) = — pat
(z +py)t

(1= (z+py)t)
=—pyt(l+at+ (xt)* +...) —ot(l + ot + (xt)?> +...)

— pryt?(1 + 2wt + 3(xt)? +...).

With these formulae it is easy to verify the assertion. O

Wre(t) =

tdlog(l — (x + py)t) =

Note that Lemma 4.11 implies that the map (of F,—modules)
HP,W : HP,P? — HP,BU (6)
factors through the inclusion of AY in HPyBU (6).

Proposition 4.13. The map of group schemes A: spec(AY) — Weil(@a) s an isomorphism.

Proof. First note that A is a formal power series algebra on primitive generators (because ug
is primitive and the Steenrod action preserves primitives). It follows that AV is a divided power
algebra over F,, and thus a tensor product of rings of the form I, [y]/y”. We know from Lemma 3.36
that OWcil(@a) also has this structure. It will thus suffice to show that the map Ind(OWCﬂ(@a)) —

Ind(AY) = Prim(A)" is an isomorphism, or equivalently that the resulting pairing of Ind(Oy,; (@a))
with Prim(A) is perfect.
Define elements b; € H, P by setting (b;, 27) = §;;, and define elements b;; € A" by setting
bi; = HW(b; @ bj).
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It is clear that the Weil pairing g(x,y) associated to HPyW is given by the formula

glw,y) =Y bia'y’.
i

Let f(z,y) = 32, a;;x'y? be the universal Weil pairing defined over (’)Weil(@a), SO our map
sends f to g and thus a;; to b;;. We know from Lemma 3.36 that the elements ay:i ,; (with i < j)
form a basis for Ind(Oyy;z,))- On the other hand, the clements (Bug)?” (with k > 0 and m > 0)
are easily seen to form a basis for Prim(A).

The calculation of the Serre spectral sequence in Lemma 4.5 and the characteristic class calcu-
lation in Lemma 4.12 together imply that

W*Buy, = e(xyplC - x”ky)
in H*(P?), where € is a unit in F,. It follows that the inner product (b, i, (Bug)?P") in A is the

same (up to a unit) as the inner product (byi ., oyt pomypm) in H*(P?), and this inner
product is just 0;, 0. This proves that the pairing is perfect, as required. O

Corollary 4.14. For periodic integral homology, the map BU{(6)7F — Qg(@a,Gm) is an iso-
morphism.

Proof. Tt is enough to prove this mod p for all p. We can chase the diagram 4.9 to see that the map
BU(6)HFF» — Q?’(@a, Gn,) x spec(F,) is an epimorphism. We see from Propositions 4.3 and 3.28
that the corresponding graded rings have the same Poincaré series, so the map must actually be
an isomorphism. O

4.6. BSU and BU(6) for general E. Let FGL be the scheme of formal group laws and let
G = Al x FGL. There is a canonical group structure o: GXpar G = A2x FGL — A'x FGL = G
given by the formula o(a,b, F) = (a+rb, F'). We define an action of G, on FGL by (u.F)(z,y) =
w1 F(uz,uy). This gives a grading on Opgy; explicitly, if F(z,y) = Do a;;jx'y’ is the universal
formal group law, then a;; is a homogeneous element of Op¢, of degree ¢ + j — 1. It is clear that
Orcr is generated (subject to many relations) by the elements a;;. It is a theorem of Lazard
(see [Ada74] for example) that Opgr is a graded polynomial algebra with one generator in each
degree ¢ > 0.

The scheme C = C*(G,G,,) is the functor that assigns to each ring R the set of pairs (F, f),
where F is a formal group law over R and f € R[z1,x2,x3] is symmetric, congruent to 1 modulo
r1Tox3, and satisfies the cocycle condition

f(w1, o, 23) f (o +r 21,2, 3) " f (w0, 21+ T2, 23) f (0, 1, 23) " = 1.
The action of G, on FGL extends to an action on C by the formula u.(F, f) = (u.F,u.f), where
(u.f)(x1,x2,23) = f(uz1, U2, UT3)
and
(u.F)(z,y) = u ' F(uz, uy).

This gives O¢ the structure of a graded Opg-algebra. If f(x1,x0,x3) = Zi,j,kzo bijka:’i:rgmlg then
bi;r can be thought of as a homogeneous element of O¢ with degree i + j + k. Moreover, we have

It is clear that O¢ is generated over Opgy, by the elements b;;1, and thus that O¢ is a connected
graded ring of finite type over Z.

Lemma 4.15. The ring O¢ is a graded free module over Opgr. In particular, it is free of finite
type over Z.
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Proof. Let I be the ideal in O¢ generated by the elements of positive degree in Opgr,, so the
associated closed subscheme V(I) 2 spec(Z) C FGL just consists of the additive formal group
law. It follows that O¢/I = Ogg(@a’Gm)7 which is a free abelian group by Corollary 3.30. We
choose a homogeneous basis for O /I and lift the elements to get a system of homogeneous
elements in O¢. Using these, we can construct a graded free module M over Opgr, and a map
M = O¢ of Opgr-modules that induces an isomorphism M JIM =2 Oc/IO¢. It is easy to check
by induction on the degrees that « is surjective. Also, M is free over Opgr,, which is free over Z,
so M is free over Z. Now, if we have a surjective map f: A — B of finitely generated Abelian
groups such that A is free and A ® Q = B ® Q, it is easy to see that f is an isomorphism. Thus,
if we can show that M has the same rational Poincaré series as O¢, we can deduce that « is an
isomorphism.

If (F, f) is a point of C over a rational ring R, then we can define a series expy in the usual
way and get a series g = f o (exp%) defined by g(x1,z2,23) = f(expp (1), expp(z2), expp(z3)).
Clearly we have g € Q?’(@a, Gm)(R), and this construction gives an isomorphism C' x spec(Q) —
FGL XQS(@G,Gm) x spec(Q). It follows that the Poincaré series of O¢ is the same as that of
OrcL ® OQ3(<§Q,G,")7 which is the same as that of M by construction. O

Proposition 4.16. For any even periodic ring spectrum FE, the natural maps
BSU* — C*(Pg,Gy,)

and
BU(6)" — C*(Pg,Gn)

are isomorphisms.

Proof. Let k = 2 or 3. Because BU(2k) is even, we know that the Atiyah-Hirzebruch spectral
sequence

H,(BU(2k); E,) = E,BU(2k)

collapses, and thus that FyBU(2k) = 0 and EoBU(2k) is a free module over Fy. If we have a
ring map E’ — E between even periodic ring spectra then we get a map Eo ®pg; EyBU(2k) —
EoBU(2k), and a comparison of Atiyah-Hirzebruch spectral sequences shows that this is an iso-
morphism, so BU(2k)? = BU (2k)F’ xs,, Sp. On the other hand, because the formation of C*
commutes with base change, we have

C*(Pp,Gy) = C*(Ppr xs,, Sp,Gp) = C*(Pr/,Gy) xs,, Sk

It follows that if the theorem holds for E’ then it holds for E. It holds for E = H P by Proposition
4.4 or Corollary 4.14, and we have ring maps

HP — HPQ — HPQA MU = M PQ,
so the theorem holds for M PQ.

For any E, we can choose a coordinate on F and thus a map M P — FE of even periodic ring
spectra, so it suffices to prove the theorem when F = M P, in which case Sg = FGL. In this
case we have a map of graded rings Oc — MPyBU(2k) = MU,BU (2k), both of which are free
of finite type over Z. This map is a rational isomorphism by the previous paragraph, so it must
be injective, and the source and target must have the same Poincaré series. It will thus suffice
to prove that it is surjective. Recall that I denotes the kernel of the map M Py, — Z = HPF,
that classifies the additive formal group law, or equivalently the ideal generated by elements of
strictly positive dimension in MU,. By induction on degrees, it will suffice to prove that the map
Oc¢/I — MPyBU(2k)/I is surjective. Base change and the Atiyah-Hirzebruch sequence identifies
this map with the map O@(ﬁa,@m) — HPyBU(2k), in other words the case E = HP of the
proposition. This case was proved in Proposition 4.4 (k = 2) or Corollary 4.14 (k = 3). O
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APPENDIX A. ADDITIVE COCYCLES

The main results of this section are proofs of Propositions 3.13, 3.16, and 3.20. We use the
notation of §3. In particular, we abbreviate C*(A) for C*(G,,G,), and for d > 1 we write C%(A)
for the subgroup of polynomials which are homogeneous of degree d.

For d > 1 let 2¢ be considered as an element of CO(@Q,@Q)(Z). Then we have polynomials
§¥(zq) € Z[z1,. .., x}] giving elements of C*(Z). For example

62 (xq) = xil + a:g — (z1 + Ig)d

83 (xq) = 2 + 23 + 25 — (21 + 20)? — (1 + 22)? — (w2 + 23)? + (21 + 22 + 23) %

A.1. Rational additive cocycles.

Proposition A.1 (3.13). If A is a Q-algebra, then for d > k the group C%(A) is the free abelian
group on the single generator §*x?.

Proof. If h € C¥(A) then there is a unique series f(x) such that h(z,e, ..., €) = ¥ 1f(x)
(mod €*), and moreover f(0) = 0. It follows that there is a unique series g € C2,(A) whose
(k — 1)’st derivative is f. We can thus define an A-linear map 7: C*(A) — gk(/I) by w(h) =
(—1)*g. We claim that this is the inverse of 6*. -

To see this, suppose that g € C2,;(A), so that g*~1(0) = 0. From the definitions, we have

(8 9) (@ e, ) = D (=11 (g(l1]e) = g(a + |1]e))

I
k—1
-3 (5" ) o - sta+o.

where I runs over subsets of {2,... ,k}. To understand this, we introduce the operators (T f)(x) =
f(x+e€)and (Df)(x) = f'(x). Taylor’s theorem tells us that T = exp(eD). It is clear that

k—1 S Eo1

S (K51 ot +ia = (-1

J=0

— (1 - exp(eD))*g) (x)
— (~F1g# D (2)  (mod €.
If we feed this twice into our earlier expression and use the fact that ¢g*~1(0) = 0, we find that
(8%g)(x,€,... ) = (=1)*e" LoD (z)  (mod €*).
This shows that 76 = 1.

To complete the proof, it suffices to show that 7 is injective. Suppose that h € C*(A) and that
7(h) = 0, so that h(z,e,... ,€) =0 (mod ). If k = 2 we consider the cocycle condition

h(y,z) — h(z +y,2) + h(x,y+ 2) — h(z,y) = 0.

If we substitute 2 = € and work modulo €2 then the first two terms become zero and we have
h(z,y+e€) = h(x,y), or equivalently Oh(z,y)/0y = 0. By symmetry we also have dh(z,y)/0z = 0,
and as A is rational we can integrate so h is constant. We also know that 7(0,0) =0 so h =0 as
required.

Now suppose that & > 2. We know that h has the form g(z1,...,2x)x, for some series g.
By assumption, ¢* divides h(z,e€,... ,€) = eg(z,¢€,... ,€) s0 g(z,¢€,... ,¢) =0 (mod €*~1). On the
other hand, xs, ... ,zi_1 also divide g so it is not hard to see that g(x,¢,... ,¢,0) = g(x,¢,... ,€) =
0 (mod €*~1). Moreover, the series g(z1,...,7r_1,0) lies in C¥~1(A), so by induction on k we
find that g(z1,...,2x_1,0) = 0. This shows that h(x1,... ,25_1,€) =0 (mod €?). The argument
of the k = 2 case now shows that h = 0. O
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A.2. Divisibility. Recall that ug is the greatest common divisor of the coefficients of the poly-
nomial 6%z, Let
5k d
clk,d) = 22

Ug
It is clear that C*(Z) = C*(Q) N Z[x1, ... ,x1], so Proposition A.1 has the following corollary.
Corollary A.2. For d > k, the group C’fj(Z) is a free abelian group on the single generator
c(k,d) O

We fix a prime p and an integer k£ > 1. In §3 it is convenient work p-locally, and then to use
the cocycles

which locally at p are unit multiples of c(k,d) (see Definition 3.14). In this section we study
v(d) = vp(u(d)).
It is clear that u(d) is the greatest common divisor of the multinomial coefficients
d
ayl - ag!’
where a; > 1 and Y a; = d.

We start with some auxiliary definitions.

Definition A.3. For any nonnegative integer d, we write o,(d) for the sum of the digits in the
base p expansion of d. In more detail, there is a unique sequence of integers d; with 0 < d; < p
and ). d;p* = d, and we write o,(d) = >, d;. Given a sequence o = (o, ... , ) of nonnegative
integers, we write
ol = _as
i

« (077
o=
7
it
7

supp(a) = {i | a; > 0}.
Lemma A.4. We have
v(d) = inf{yv,(d!/a!) | |a] =d and a; > 0 for all i}. O
To exploit this, we need some well-known formulae involving multinomial coefficients.

Lemma A.5. We have v,(n!) = (n —o,(n))/(p — 1).

Proof. The number of integers in {1,...,n} that are divisible by p is |n/p|]. Of these, pre-
cisely |n/p?] are divisible by a further power of p, and so on. This leads easily to the formula
vp(n!) = >, [n/pk|. If n has expansion Y, n;p’ in base p, then [n/p*| = 3,0, nip'=*. A little
manipulation gives v,(n!) = >, n;(p* —1)/(p — 1) = (n — 0p(n))/(p — 1) as claimed. O

Corollary A.6. For any multi-inder o we have

vp(lafl/al) = (Zap ;) = |a|)> /(p—1).

Thus

v(d) = inf{ i "P(g@ 1— op(d)

|a|dandai>0foralli}. O
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It is not hard to check the following description of the minimum in Corollary A.6.
Lemma A.7. The minimum in Corollary A.6 is achieved by the multi-index o such that summing
d=a1+ -+ ay

in base p involves “carrying” the fewest number of times; and v(d) is equal to the number of
carries. O

The proof of Proposition 3.16 involves working out this number of carries. To make the argu-
ment precise, we introduce a few definitions.

Definition A.8. We let A(p, k, d) denote the set of doubly indexed sequences o = (c;;), where g
runs from 1 to k, j runs over all nonnegative integers, and the following conditions are satisfied:

i. For each 4,j we have 0 < oy < p— 1.
ii. We have »_, s ay;p’ =d.
iii. For each i there exists j such that a;; > 0.

By writing multi-indices in base p, we see that v(d) is the minimum value of (3_;; ai; —
op(d))/(p— 1) as « runs over A(p, k,d).

Definition A.9. We let B = B(p, k,d) be the set of sequences § = (f;) (where j runs over
nonnegative integers) such that

i. For each j we have 0 < 3; < k(p — 1).
ii. We have Bipd =d.
iii. We have Zj B > k.

We also write B = B (p, k,d) for the larger set of sequences satisfying only conditions i and ii.
Given 8 € B we write 7(8) = Zj Bj, so B € B if and only if 7(8) > k. If d has expansion

d=3Y, Bep® in base p, then 3 = (507317 ...) is an element of B, with T(B) = op(d).
Proposition A.10 (3.16). For any d > k we have

)= o, [E= 221

Alternatively, v(d) is equal to the minimum number of “carries” in base-p arithmetic, when d is
calculated as the sum of k integers ay,...,a, with a; > 1.

Proof. Consider the map p: A(p, k,d) — B(p, k,d) defined by p(a); = >, a;. It is easily seen that
p is surjective and that 7p(a) = >, . ;. It follows that v(p, k, d) = inf{(7(8)—0,(d))/(p—1) | B €
3 g

B}. If k < o,(d) = 7(0) then
assume that k > o,(d).

We define a map 0: B\ B — B as follows. If 3 € B\ B then ", #; < k and 3, 3;p/ = d. As
d > k this clearly cannot happen unless there exists some 7 > 0 with 3; > 0. We let j denote the
largest such i. We then define

J
€ B and this makes it clear that v(d) = 0. From now on we

1=3 ﬁj—l
0(B)i=qi=j—1 Bi—1+0p
i#j—1,5 B

We claim that the resulting sequence lies in B. The only way this could fail would be if 3;_1 +p >
k(p— 1), but as §; > 0 this would imply

TB) =B+ B =1+ (k-1)(p—1) >k,
contradicting the assumption that 3 ¢ B.



ELLIPTIC SPECTRA 51

Note that 70(3) = 7(8) + (p — 1). It follows that for some i, the sequence 3 = 6*(3) is defined,
lies in B, and satisfies k < 7(8) = op(d) +i(p — 1) < k+p — 1. It follows that

;= TB) —op(d) _ Vr—ap(d)" |

p—1 p—1
and thus that v(d) < [(k—op(d))/(p—1)]. By definition we have 7() > k for all v € B, and this
implies the reverse inequality. Thus v(d) = [(k — 0,(d))/(p — 1)]. O

A.3. Additive cocycles: The modular case. In this section we give the description of C2(A)
when A is an [Fp-algebra, as promised in Proposition 3.20. For convenience, we recall what we
need to prove.

Let ¢ be the endomorphism of Az, ... ,x;] defined by ¢(z;) = 2%, and we observed that if
p = 0 in A then this sends C*(A) to C*(A) and C¥(A) to ijp(A). Moreover, if A = F, then

a? = qa for all ¢ € F), and thus ¢(h) = h?.
Definition A.11. We say that an integer d > 3 has type

1 if d is of the form 1 + p with ¢ > 0.
IT if d is of the form p*(1 + p') with s,¢ > 0.
IIT otherwise.

If d = p*(1 + p*) has type I or II we define ¢/(d) = ¢°c(1 + p') € C3(F,). Note that d has type I
precisely when o,(d — 1) = 1, and in that case we have ¢/(d) = ¢(d).

Proposition A.12 (3.20). If A is an Fy-algebra then C3(A) is a free module over A generated
by the elements c(d) for d > 3 and the elements ¢/ (d) for d of type I

The proof will be given at the end of this section. It is based on the observation that a cocycle
h = h(z,y,z) € C3(A) can be written uniquely in the form Y, h;(z,y)z’. Each h; must be a
two-cocycle, and so a multiple of ¢o(d — 7). The symmetry of h restricts how the h; can occur.

It is convenient to have the following description of the image of ¢.
Lemma A.13. Ifp =0 in A and h € C*(A) and h(z1,... ,2x_1,€) = 0 (mod €?) then h = ¢(g)

for some g € C¥(A). Moreover, if h is homogeneous of degree d, then g is homogeneous of degree
d/p, which means that h =0 if p does not divide d.

Proof. The cocycle condition gives
h(z,...,xk) — h(z1,... ,xp—1, 2k +€) + h(x1,. .. ,Zp—1 + Tk, €) — h(x1,... ,Tp_2, Tk, €) = 0.

Modulo €2, the last two terms vanish and we conclude that Oh/dx), = 0. This shows that powers
xi can only occur in h if p divides j, or in other words that h is a function of z}. By symmetry it
is a function of a? for all 4, or in other words it has the form ¢(g) for some g. It is easy to check
that g lies again in C*¥(A). The extra statements for when h is homogeneous are clear. O

Definition A.14. Given an integer d > 3 and a prime p, we let 7 = 7(d) be the unique integer
such that p” +1 <d <p™+! + 1.
Definition A.15. We define a map m: C3(A) — A as follows. Given a cocycle h € C3(A), write

d

hzx,y,2) = Z hi(z,y)2".

i=0

Then we can write h(x,y, z) uniquely in the form Z?:o hi(x,y)z'. Tt is easy to check that h; is
a two-cocycle, and so Lemma 3.5 implies that h; = a;ca(d — 4) for a unique element a; € A. Set
W(h) = Apr(a)-
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Lemma A.16. There is a unit A € F,™ such that w(ac(d)) = Aa, so 7 is always surjective. If d
is not divisible by p then w: C3(A) — A is an isomorphism. If d is divisible by p then the kernel
of w is contained in the image of the map ¢: Cg/p(A) — C3(4).

Proof. For the first claim we need only check that when A = F,, the element A = w(c(d)) is
nonzero. Equivalently, we claim that some term z’y/z?" (with i 4+ j + p” = d) occurs nontrivially
in ¢(d). Given Corollary A.6 and Proposition 3.16, it is enough to show that there exist integers
1,7 >0 with i+ j+p” =d and

on(i) +0p(i) 1 =0pld) _ (F—Wﬂ ,0> ,

p—1 p—1

If 0,(d) > 3 then this reduces to the requirement that o,(i) + 0,(j) = op(d) — 1. We cannot
have d = p™™! or d = p™™! 4 1 because in those cases 0,(d) < 3, so we must have p” + 1 <
d < p™tt. It follows that in the base-p expansion d = Y., d;p’ we have d, > 0, and thus that
op(d—p7) = op(d)—1 > 2. It is now easy to find numbers ¢, j > 0 such that i +j = d—p” and the
sum can be computed in base p without carrying, which implies that o, (i) + 0,(j) = op(d — p7)
as required.

We now suppose that o,(d) < 2. In this case, we need to find 4,5 > 0 such that i + j +p™ =d
and

3—o0p(d) <op(i) +0p(j) +1—0p(d) <3—0,(d)+p—1,
or equivalently
2<0,()+o,(j) <p+1.

Assuming that p > 2, the possible values of d, together with appropriate values of i and j, are as
follows.

d=prt! i=j=35(p—1p"
d=1+p™*! i=1,j=@—-1)p"
d=p*+p” (0<s<r7) i=p 1 j=@p-1p!
In the case p = 2, the possibilities are as follows.
d=2"1 (1 >0) i=j=27"1
d=1+2"t1 i=1,5=27
d=2°4+2" (0<s<7) i=j5=2"!

This completes the proof that A = w(c(d)) is nonzero. For general A we have w(ac(d)) = Aa, and
it follows immediately that 7 is surjective.

We next show that the kernel of 7 is contained in the image of ¢ (and thus is zero if p does
not divide d). Suppose that h € C3(A) and w(h) = 0. Let a; be as in Definition A.15, so that
ap,~ = w(h) = 0. By Lemma A.13, it suffices to check that h is divisible by z%. We already know
that it is divisible by x, so we just need to know that a; = 0. Let \;; € IF,, be the coefficient of
2yl in ca(()i + j), so we have

h= Z )\i7jakxiyjzk.
i+j+k=d
As h is symmetric in z, y, and z, we conclude that \; jar = \; pa;. In particular, we have
a1Apr d—pr—1 = Apr A1, d—p7—1 = 0.

It is thus enough to check that A,r q—pr—1 is a unit in F,. In the case d = p"™*! + 1 we have

1 prH P P pT'H
c(2,p,p" ™) = ((x+y) —x —y? )/pand thus A\pr g_pr—1 = o /p. Corollary A.6
tells us that this integer has p-adic valuation 0, so it becomes a unit in F,. In the case when

d < ptt+1, we have ¢(p,2,d— 1) = (z +y)* 1 — 247t —y?=L and thus A\pr g_1_pr = < dp_Tl )
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It is not hard to see that we have a base-p expansion d —1=37_ d;p* in which d, > 0. Given
this, Corollary A.6 again tells us that A, q—1—p- is a unit, as required. O

Lemma A.17. If d has type II then w(c'(d)) = 0.

Proof. We have d = p*(1+p?) with s > 0 and 1+p' > 3. As s > 0 we have 1 +p*Tt < p* +psTt <
1+ pstFL so 7(p® + p*T) = s +t. We thus have to prove that there are no terms of the form
2y 22" in (1 + p')P”, or equivalently that there are no terms of the form ziy/z?" in (1 + pt).
This is clear because ¢(1 + p') has the form zyz f(z,y,2), where f is homogeneous of degree
pt — 2. O

Proof of Proposition A.12. Tt is clear from Lemma A.16 that C3(A) is generated over A by the
elements ¢°c(d) for all s and d. However, Proposition 3.18 and Corollary 3.17 tell us that ¢°c(d) =
c(p°d) unless vp(d) < v(d), where

2 o9(d)=1and p=
o(d) = 1 op(d)=1andp>2

1 op(d)=2

0 op(d)>2.

Suppose that d is one of these exceptional cases. We clearly cannot have o,(d) > 2. If 0,,(d) =1
then d = p* for some ¢t. The inequality v,(d) < v(d) means that t <2 if p=2and ¢t <1if p > 2.
We also must have d > 3, sot > 0, and ¢t > 1 if p = 2. These requirements are inconsistent, so we
cannot have o,(d) = 1. This only leaves the possibility o,(d) = 2, so d = p"(1 + p*) with ¢ > 0,
and t > 0 if p = 2. The inequality v,(d) < v(d) now means that » = 0. The inequality d > 3
means that the case t = 0 is excluded even when p > 2.

In other words, ¢*c(d) = c(dp®) unless s > 0 and d has the form 1 + p* with ¢ > 0, so p°d has
type II. Thus C3(A) is spanned by the elements c(d) for d > 3 and ¢/(d) for d of type IL.

It is easy to see that C3(A4) = C3(F,) ® A, and in the case A = F,, we know from Lemmas A.16
and A.17 that our spanning set is linearly independent. The proposition follows. O

APPENDIX B. GENERALIZED ELLIPTIC CURVES

In this appendix, we outline the theory of generalized elliptic curves. We have tried to give
an elementary account, with explicit formulae wherever possible. This has both advantages and
disadvantages over the other available approaches, which make more use of the apparatus of
schemes and sheaf cohomology. For more information, and proofs of results merely stated here,
see [Del75, KM85, Sil94, DR73]. Note, however, that our definition is not quite equivalent to
that of [DR73]: their generalized elliptic curves are more generalized than ours, so what we call a
generalized elliptic curve is what they would call a stable curve of genus 1 with a specified section
in the smooth locus.

We shall again think of non-affine schemes as functors from rings to sets. The basic example
is the projective scheme P", where P"(R) is the set of submodules L < R"*! such that L is a
summand and has rank one. If we have elements ao, ... ,a, € R such that >, Ra; = R then the
vector (ag, ... ,an) € R"*1 generates such a submodule, which we denote by [ag : ... : a,]. This
is of course a free module. In general, L may be a non-free projective module, so it need not
have the form [ag : ... : a,], but nonetheless it is usually sufficient to consider only points of that
form. For more details, and a proof of equivalence with more traditional approaches, see [Str99a,
Section 3.

Definition B.1. A Weierstrass curve over a scheme S is a (non-affine) scheme of the form
C= C(alv az,as, a4, a’ﬁ)

={([x:y:2],5) €P? x S| vz + a1(s)zyz + az(s)yz? = 2 + az(s)2?2 + as(s)x2? + ag(s)2>}
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for some system of functions aj,...,as € Og. (Whenever we write (ai,...,aq), it is to be
understood that there is no as.) For any such curve, there is an evident projection p: C — S
and a section 0: S — C given by s — ([0 : 1: 0],s). We write WC(R) for the set of 5-tuples

(ai,...,as) € R®, which can clearly be identified with the set of Weierstrass curves over spec(R).
Thus, WC' = spec(Z[aq, ... ,ag]) is a scheme. We define various auxiliary functions as follows:
bg = CL% + 40,2

by = aras + 2a4

be = a3 + 4ag

bs = atas — arasas + 4dasag + asaj — aj
cq = b3 — 24b,

c6 = —bs + 36byby — 2160

A = —b3bg — 8b} — 27bg + Ibabsbe
j=ci/A

The function A € Og is called the discriminant. We say that a Weierstrass curve C' is smooth if
its discriminant is a unit in Og.

Definition B.2. A generalized elliptic curve over S is a scheme C' equipped with maps S 2
C £ S such that S can be covered by open subschemes S; such that C; = C' x g S; is isomorphic
to a Weierstrass curve, by an isomorphism preserving p and 0. An elliptic curve is a generalized
elliptic curve that is locally isomorphic to a smooth Weierstrass curve. We shall think of S as
being embedded in C' as the zero-section. We write we /g for the cotangent space to C along S, or
equivalently we/s = Zs /T2, where Zg is the ideal sheaf of S. One checks that this is a line bundle
on S. We say that C/S is untwisted if we /g is trivializable.

It is possible to give an equivalent coordinate-free definition, but this requires rather a lot of
algebro-geometric machinery.

Let C be a Weierstrass curve. Note that if we put z = 0 then the defining equation becomes
2% = 0, so the locus where z = 0 is an infinitesimal thickening of the locus = z = 0, which is
our embedded copy of S. Thus, the complementary open subscheme C; = C'\ S is just the locus
where z is invertible. This can be identified with the curve in the affine plane with equation

y2 +airy +asy = 23 + a2x2 + asx + ag.
Weierstrass curves are often described by giving this sort of inhomogeneous equation.

A given generalized elliptic curve can be isomorphic to two different Weierstrass curves, and
it is important to understand the precise extent to which this can happen. For this, we define a
group scheme W R of “Weierstrass reparameterizations”: for any ring R, WR(R) is the group of
matrices of the form

uz 0 7
M(u,r,s) = | su? u® ¢t
0 0 1

with u € R*. Such a matrix acts by multiplication on P? x spec(R) in the obvious way, and one
checks that it carries C'(a1,... ,a6) to C(a}, ... ,ag), where
a) = aju —2s
al, = apu® + ajsu — 3r — s*
ay = azu® — ayru + 2rs — 2t
aly = agu® + azgsu® — 2a9ru® + ay (t — 2rs)u + 3r? + 2rs? — 2st

ag = agu® — agru* + as(t — rs)u3 + apr?u® + a1 (r?s — rt)u 4 2rst — t2 — r2s? — 3
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(These equations are equivalent to [Del75, Equations 1.6] with a; and a} exchanged.)

We therefore have an action of WR on W', and a map from W R x W' to the scheme of triples
(C,C", f) where C and C" are Weierstrass curves and f is an isomorphism C — C’ of pointed
curves. One can check that this map is an isomorphism.

If we define ¢}, ¢, A’ and j' in the obvious way then we have

¢y = cqut
cy = cou®
A" = Au'?
i'=j.

Definition B.3. Let C be a generalized elliptic curve over S. We will define various things as
though C' were a Weierstrass curve; one can check that the definitions are local on S and invariant
under reparameterization, so they are well-defined in general. We write

Sen = D(A)
Ssing = V(A)
Smutt = D(ca) NV (A)
Saaa = V(ca) NV (A),

and call these the elliptic, singular, multiplicative and additive loci in S, respectively. Here as
usual, D(a) is the locus where a is invertible and V(a) is the locus where a = 0. Let f be a
standard Weierstrass equation for C, and write f; = 0f/0x and so on. Let Cgng be the closed
subscheme of C' where f, = f, = f, =0, and let C,¢z be the complementary open subscheme.

It turns out that C,e; has a unique structure as an abelian group scheme over S such that
the map 0: S — Cleg is the zero section. If C' is a Weierstrass curve, then any three sections
co, c1, c2 of Creg With cg + 1 + c2 = 0 are collinear in P2, or equivalently the matrix formed by the
coordinates of the ¢; has determinant zero. Any map of generalized elliptic curves (compatible
with the projections and the zero-sections) is automatically a homomorphism. One can check that
the negation map is given by

—lx:y:zl=[r:—ax —y—azz: 2.

The formal completion of C' along S is written C. If C is defined by a Weierstrass equation
f =0 then we have

C(R) = {(x,2,5) € Nil(R)® x S(R) | f(x,1,2) = 0},
where Nil(R) is the set of nilpotent elements in R. One checks using the formal implicit function
theorem that there is a unique power series {(z) = Y, ., &a" € Os [[x]] such that ¢(z) = 2°
(mod z*), and (z, z,s) € C(R) if and only if z = £(z). This proves that C = § x Al, so that C
is a formal curve over S. The rational function x/y gives a coordinate; we normally work in the
affine piece y = 1 so this just becomes z. The group structure on C' thus makes C into a formal
group over S (i.e. a commutative, one-dimensional, smooth formal group). If we define

k
X(l’o,ﬂUl,Iz g fz+y+k+2$o$ Lo
1,5,k>0

then one can check that x(xo, 1, 22) = 2o + 21 + 22 mod (29, 71, 22)? and

ro 1 &(x0)
rr 1 &(x1) | = (xo —x1)(x0 — 22) (21 — 22) X (@0, T1, T2).
vy 1 &(x2)

One can deduce from this that x(xo, 21, 22) is a unit multiple of 29+ F 21 +F x2, and that the series
G(zo,x1) = [-1]p(zo +F 1) is uniquely characterized by the equation x(xq,z1, G(zg,21)) = 0.
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We also have

(1l (x) = —2/(1 + a1z + asé(x)).

More generally, if C' is an untwisted generalized elliptic curve then C is still a formal group,
although we do not have such explicit formulae in this case.

B.0.1. Modular forms.

Definition B.4. A modular form of weight k over Z is a rule g that assigns to each generalized
elliptic curve C/S a section g(C/S) of w%ﬁs over S, in such a way that for each pull-back square

c—sc

S*fhg/

of generalized elliptic curves, we have f*g(C’/S’) = g(C/S). (We will shortly compare this with
the classical, transcendental definition.) We write M F}, for the group of modular forms of weight
k over Z. More generally, for any ring R, we define modular forms over R by the same procedure,
except that S is required to be a scheme over spec(R).

Let C = C(ay,... ,ag) be the obvious universal Weierstrass curve over the scheme
WC = spec(Zlay, ... ,as))-
We have a projection map 7: WR x WC — W and also an action map a: WR x WC — WC
defined by
a(a, ... ,ae, 1, s,t,u) = (al,... ag),

where the elements a/ are as in the previous section.

We can regard W R x C as a generalized elliptic curve over WR x W, and we have maps

T,00: WRxC — C (B.5)

covering m and «. The first of these is just the projection, and the second is given by the usual
action of WR < GL3 on P2, It is clear that the group of modular forms of weight k over Z is

precisely the set of sections g(C/WC) of wgfwc such that

a*g(C/WC) =7*g(C/WC). (B.6)
More explicitly, there is the following.

Proposition B.7. The space MF}, can be identified with the set of functions h € Owe =
Zlay,. .. ,ag) such that o*h = u*h. Moreover, we have an isomorphism of graded rings

MF, = Zlcy, c, A]/(1728A — 3 + ¢2),
where ¢4 € MFy, c¢ € MFg and A € M Fy. (The prime factorization of 1728 is 2633.)

Proof. To understand the condition (B.6) more explicitly, we notice that x/y defines a function on
a neighborhood of the zero-section in C, so we have a section d(z/y)o of we we, which is easily
seen to be a basis. Moreover, we have 7*d(z/y)o = d(z/y)o and a*d(x/y)o = u~td(x/y)o. Thus,
a section g(C/WC) of wgfwc is of the form g(C/WC) = hd(x/y)§ for a unique h € Owc =
Zlai, ... ,ag]; and equation (B.6) is equivalent to the equation a*h = u*r*h (and we implicitly
identify 7*h with h). It follows that ¢4, ¢g and A correspond to modular forms of the indicated
weights, and one checks directly from the definitions that ¢} — ¢2 = 1728A. The proof that M F,
is precisely Z[cy,cg, A]/(1728A — ¢} 4 ¢2) can be found in [Del75] and will not be reproduced
here. O
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Definition B.8. The g-ezpansion of a modular form g is the series h(q) € Z[g] = Op.,,. such
that g(Crate/ Drate) = h(@)d(z/y)§-

Note that if 7 lies in the upper half plane then the analytic variety C, = C/Z{1,7} has a
canonical structure as a scheme over spec(C), which makes it an elliptic curve. Moreover, if z is
the obvious coordinate on C, then the form dz on C gives an invariant differential on C'.. Thus,
for any modular form g of weight & we have a complex number f(7) such that g(C,/spec(C)) =
f(T)(d=z)*. 1If (%) € SLy(Z) and 7' = (ar 4 b)/(c7 + d) then multiplication by (¢t + d)™! gives
an isomorphism C; — C,.. The pull-back of dz along this is (dz)/(cT + d), so we conclude that
f(7) = (et +d)* (7). One can check that this construction gives an isomorphism of C® M F, with
the more classical ring of holomorphic functions on the upper half plane, satisfying the functional
equation f(7') = (c7 +d)*f(7) and a growth condition at infinity. Moreover, if g has g-expansion
h(q) then the power series h(e2™'7) converges to f(7).

B.0.2. Invariant differentials. As Cieg is a group scheme, the sections of wg /g over S biject with
the sections of Qé /g over Creg that are invariant under translation. This is proved by the same
argument as the corresponding fact for Lie groups. Another way to say this is as follows. A
section of Qlc/s is the same as a section of Za/Z%, where A is the diagonal in Creg X5 Creg, and
Za is the associated ideal sheaf. In other words, it is a function «(cg,c1) that is defined when
¢o is infinitesimally close to ¢1, such that a(c,¢) = 0. In these terms, a section of the form gdh
becomes the function (cg,c1) — g(co)(h(co) — h(cr)). A section of Qé/s is invariant if and only if
a(c+co,c+c1) = a(cp, c1). On the other hand, a section of we/g is a function B(c) that is defined
when ¢ is infinitesimally close to 0, such that §(0) = 0. These biject with invariant sections of

Qlc/s by G(c) = a(e,0) and a(cg,c1) = B(co — ¢1).

We refer to invariant sections of Q}J /g 88 invariant differentials on C. We next exhibit such a
section when C' is a Weierstrass curve. Suppose that C' is given by an equation f = 0, where

fz,y,2) = v*2 + a1xyz + azyz? — 2 — agx’z — agxz® — ag2>.
We write f, = 0f/0x and so on. Next, observe that a point that is infinitesimally close to
0 =[0:1:0] has the form [e: 1: 0] with €2 = 0. We need to calculate [z : 1: 2]+ [e:1:0]. We
know that —[z : 1:z] =[-2: 14+ ax+a3z: —z] and —[e: 1 : 0] = [—€: 1 4 aje : 0], and one
checks that

—€ 14+ aqe 0
—z 1+ a1z +asz —z =0 (mod €
T+ ef, 1 z—€fy

and
f@+efe,l,z—€fs) =0 (mod €?).
This shows that
[x:1:2]4+[e:1:00=[r+efo:1l:2—efy] (modé?).

Thus, if we define a section By of wa/g by Bo(le : 1 : 0]) = ¢, then the corresponding invariant
differential o satisfies

ao([z+ef, :1:z—efy],[z:1:2]) =e¢,

and thus ag = dz/f,. It is convenient to rewrite this in terms of homogeneous coordinates: it
becomes oy = y?d(x/y)/f.. We rewrite this again, and also introduce two further forms a; and
as, as follows:

ao = y*d(x/y)/f. = (ydo — x dy)/ [
a1 = 22d(y/2)/ fo = (zdy — yd2)/ fo
g = 2%d(z/z)/f, = (xdz — 2dx)/ f,.
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We claim that any two of these forms agree wherever they are both defined. Indeed, one can check
directly that

Qo — 1 = (ydf - 3fdy)/(fzfz)
o1 —az = (zdf —3fdz)/(fyfz)
Q2 — Qo = (xdf - 3fdx)/(fzfy)v

and the right hand sides are zero because f = 0 on C and thus df = 0 on C. Thus, we get a
well-defined differential form o on the complement of the closed subscheme Csing where f, = f, =
f- = 0. We have seen that ag is invariant wherever it is defined, and it follows by an evident
density argument that « is invariant on all of Cieg.

B.1. Examples of Weierstrass curves. In this section, we give a list of examples of Weierstrass
curves with various universal properties or other special features. We devote the whole of the next
section to the Tate curve.

B.1.1. The standard form where siz is invertible. Consider the curve C = C(0,0,0,a4,ag) over
the base scheme S = spec(Z[%, a4, ag]) given by the equation
yZZ =z + a4xz2 + a623,

equipped with the invariant differential

aifzdw+xdziydzfzdyi ydr —xdy
2yz 322 + ag2?2 Y2 — 2a472 — a2’
We have
C4 = —243a4
cg = —2533a6

A = —2%(4a3 + 27a2)
j =283%3/(4a3 + 27a2)
This is the universal example of a generalized elliptic curve over a base where six is invertible,
equipped with a generator a of wg,g. More precisely, suppose we have a scheme S” where six is
invertible in Og/, and a generalized elliptic curve C" — S’. Suppose that the line bundle wer /g
over S’ is trivial, and that o/ is a generator. Then there is a map f: S’ — S, and an isomorphism
g: C' = f*C, such that the image of a under the evident map induced by f and g, is @’. Moreover,
the pair (f, g) is unique.
Here is an equivalent statement: there is a unique quadruple (z',y’, a}, ag) with the following
properties:
i. 2’ and y' are functions on Cf = C"\ 5".
ii. a4 and ag are functions on S’.
iii. The functions 2’ and ' induce an isomorphism of C with the curve (y')? = (/)3 + as2’ + ag
in A% x S.
. / . / /
iv. The form o/|¢; is equal to —dx'/(2y’).

B.1.2. The Jacobi quartic. The Jacobi quartic is given by the equation
Y2=1-25X%+eX*

over Z[%, d,€]. The projective closure of this curve is singular, so instead we consider the closure
in P3 of its image under the map [1, X,Y, X?]. This closure (which we will call C') is defined by
the equations

Y2=W?—-26WZ +¢eZ?
WZ = X2



ELLIPTIC SPECTRA 59
For generic § and ¢, the curve C' is smooth and is the normalization of the projective closure of
the Jacobi quartic. In all cases, C is isomorphic to the Weierstrass curve
vz = (x — 1202)((x 4 662)? — 324¢)
via

6((3¢ — 0%) X2 + 26(Y — 1))

Y +6X2 -1
_2233(8% — )X
YTy rexzo1
X =6(126 —2)/y
Y = (2°3%6(62 — 3¢) + 2333(6% + 3€)x — 36027 + y?) /.

The standard invariant differential is as follows
a=—dX/(6Y) = —dz/(2y) = dy/(223%(6% + 3¢) — 327).
The zero section corresponds to the point
W:X:Y:Z]=[1:0:1:0].
There is also a distinguished point P of order two, given by
W:X:Y:Z]=[1:0:-1:0] or [z:y:2]=[126:0:1].

The curve C' is the universal example of an elliptic curve with a given generator of wg and a given
point of order two, over a base scheme where six is invertible. Indeed, given such a curve, the last
example tells us that there is a unique quadruple (z,y, a4, ag) giving an isomorphism of C with the
curve y? = 2% + a4 + ag, such that the given differential is d(z/y)o. The points of exact order two
correspond to the points where the tangent line is vertical. It follows that we must have y(P) =0
and z(P) = 12§ for some &, so that 1236% + 12a40 + ag = 0, so x — 126 divides 22 + ayz + ag. As
the coefficient of = in this polynomial is zero, one checks that the remaining term has the form

2?2 + 128 + i for some 7, or equivalently the form (z + 65)? + 324¢ for some e. The claim follows
easily from this.

The modular forms for the Jacobi curve are
ey = 2034(6% + 3¢)
ce = 2°3%5(6% — 9¢)
A = 212312(¢ — §2)2¢
o6 (62 + 36)3'
(e — 02)?

B.1.3. The Legendre curve. Consider the Weierstrass curve over Z[3, A] given by
vz = x(x — 2)(x — \2).
The modular forms are
ey =221 =X+ \?)
s =2°A—2)A+1)(2A - 1)
A=2N(\-1)
F=221 =X+ A/ (A=1)2)?)

If we restrict to the open subscheme where A and (1 — A) are invertible, then the kernel of multi-
plication by 2 is a constant group scheme, with points

0=[0:1:0] P=[0:0:1] Q=[1:0:1] P+Q=[X:0:1].
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B.1.4. Singular fibers. The curve y?z + xyz = 2 is a nodal cubic, with multiplicative formal

group. There is a birational map f from P! to the curve, with inverse g:

fls:t] = [st(s —t) : t?s: (s — )7

glx:y: 2l =[z+y:y]
The map f sends 1 to [0 : 1 : 0], and sends both 0 and infinity to the singular point [0 : 0 : 1].
If sgs182 = 1 then the points f[sg : 1], f[s1 : 1] and f[sq : 1] are collinear, which shows that the
restriction to G,, = P!\ {0, 00} is a homomorphism. The discriminant is zero and the j invariant
is infinite.
The curve y2z = 22 is a cuspidal cubic, with additive formal group. There is a birational map
f from P! to the curve, with inverse g:

fls:t] = [t?s : t3: 5%

gl iy = o1y,

This sends infinity to the singular point [0 : 0 : 1] with multiplicity two, and sends 0 to [0 : 1 : 0].
If sg + s1 + s2 = 0 then the points f[sg : 1], f[s1 : 1] and f[s2 : 1] are collinear, which shows that
the restriction to G, = P!\ {oo} is a homomorphism. The discriminant is zero and the j invariant
is undefined.

B.1.5. Curves with prescribed j invariant. If a and b = a — 1728 are invertible in R then we have
a smooth Weierstrass curve C' over spec(R) with equation

Y2z + xyz = 3 — 36222 /b — 23 /b.

The associated modular forms are

¢y =—ce=a/b
A =a?/V?
j=a.

If 6 is invertible in R we can put a = 0 and get the singular curve (y +2/2)? = (z+1/12)3, which
has ¢4 = A = 0 so that j is undefined.

B.2. Elliptic curves over C. Let C' be an elliptic curve over C. It is well-known that there
exists a complex number 7 in the upper half plane and a complex-analytic group isomorphism
C = C,. = C/A, where A is the lattice generated by 1 and 7. We collect here a number of
formulae, which are mostly proved in [Sil94, Chapter V] (for example). We write ¢ = €2™'7, so
the map z +— u = e2™* gives an analytic isomorphism C, = C*/¢?. We also have an analytic
isomorphism of C; with the curve

Y2Z =4X3 — g2 X7 — g3 73,
where g = ZweA\Ow_gk. The isomorphism is given by (z mod A) — [p(z) : /(2) : 1], where
plz) =27+ Y ((z-w)?-w?).
weA\0

This is to be interpreted as [0 : 1: 0] if z lies in A. We also have an analytic isomorphism of C
with the Weierstrass curve

yzz +xyz = 2+ a4x22 + a6z3,

where a4 and ag are given by the same formulae as for the Tate curve in §2.6. This isomorphism
sends u = €2™* to [z : y : 1], where z and y are again given by the same formulae as for the Tate
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curve. We have the following identities.
X = (27mi)*(x + 1/12)
= (2ri)*(2y + )
—(27i) "tgo /4 +1/48
—(2mi)Cg3/4 — (2mi) gy /48 + 1/1728.

B.3. Singularities.

Proposition B.9. Let C be a generalized elliptic curve over S. Then C is flat over S.

Proof. We can work locally on S and thus assume that S is affine and that C' is a Weierstrass
curve. Let Cy be the locus where z is invertible, which is isomorphic to the affine curve where
z = 1, which has equation y? 4+ a2y + asy = x> + asz? + asx + ag. Thus, the ring of functions
on Cy is a free module of rank 2 over Oglx], or of rank 3 over Ogly]. Either description makes
it clear that Oc¢, is free as a module over Og, so Cy is flat over S. Similar arguments show that
the locus C; (where y is invertible) is also flat. The union of Cyy and C4 is the complement of the

closed subscheme where y = z = 0. On this locus the defining equation gives 2® = 0, which is
impossible as z, y and z are assumed to generate the unit ideal. It follows that Cyo U C; = C, and
thus that C' is flat over S. O

Proposition B.10. The singular locus Cging s contained in the open subscheme Co = C\S. The
projection p: C — S sends Csing int0 Ssing-

Proof. Our claims are local on S so we may assume that C is a Weierstrass cubic, defined by an
equation f = 0 in the usual way. On S C C we have x = z = 0 and y is invertible, so we can take
y = 1. We then have f, = y? =1, so clearly S C Cyeg and Cying C Cp.

Now consider a point P = [z : y : 2] of C. If z = 0 then the defining equation gives 2® = 0, so P
lies in an infinitesimal thickening of S C C. It follows that Cy is the same as the complementary
open locus where z is invertible.

Now consider a point P = [z : y : 2] of Cgng. By the above, z is invertible so we may assume
z = 1. We can then shift our coordinates so that = y = 0. This changes f but does not change
A, as we see from the standard transformation formulae. Let the new f be

fla,y,1) = (v° + aizy + azy) — (¢® + aza® + agz + ag).

We must have £(0,0,1) = f,(0,0,1) = f,(0,0,1) = 0, so ag = a4 = ag = 0. It follows that the
parameters by are given by by = a% + 4a9 and by = bg = bg = 0, and thus that A = 0. In other
words, P lies over Sging as claimed. O

B.4. The cubical structure for the line bundle Z(0) on a generalized elliptic curve. In
this section we give a proof of Proposition 2.55.

B.4.1. Divisors and line bundles. We will need to understand the relationship between divisors and
line bundles in a form which is valid for non-Noetherian schemes. An account of divisors on curves
is given in [KMB85], but we need to genera-Lise this slightly to deal with divisors on C' xg C xg C
over S, for example. The issues involved are surely well-known to algebraic geometers, but it
seems worthwhile to have a self-contained and elementary account.

Definition B.11. Let X be a scheme over a scheme S. An effective divisor on X over S is a
closed subscheme Y C X such that the ideal sheaf 7y is invertible and the map Y — S is flat.

Suppose that S = spec(A) and X = spec(B) for some A-algebra B, and that Y = spec(B/b)
for some element b that is not a zero-divisor. Then Zy corresponds to the principal ideal Bb = B
in B, and it is easy to see that Y is a divisor if and only if B/b is a flat A-module.
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Conversely, if Y is a divisor then one can cover S by open sets of the form S’ = spec(4) and
the preimage X’ of S’ by sets of the form spec(B) in such a way that Y N spec(B) has the form
spec(B/b) as above.

Proposition B.12. Let Y and Z be effective divisors on X over S. Then there is a unique
effective divisor Y + Z with Iy 1z = Iyv1ly; = Iy Qo Lz. The effective divisors form an abelian
monoid DivT (X/S) under this operation. Moreover, this monoid has cancellation.

Proof. We define Y + Z to be the closed subscheme defined by the ideal sheaf ZyZ, < Ox. We
claim that the product map Iy ® o Iz — Iy +z = IyZz is an isomorphism. Indeed, the question
is local, and locally it translates to the claim that Bb ® p Bc maps isomorphically to Bbc when b
and ¢ are not zero-divisors, and this claim is obvious. All that is left is to check that Y + Z is flat
over S. Locally, we have a short exact sequence

B/b>—"— B/bc —» B/c
with B/b and B/c flat over A, so B/bc is also flat over A. The rest is clear. O

Definition B.13. We write Div(X/S) for the group completion of the monoid Div' (X/S), and
refer to its elements as divisors. The proposition implies that the natural map Div'(X/S) —
Div(X/S) is injective. It also implies that given a divisor Y = Y, — Y_, we can define a line
bundle 7y = Iy+Z;} and this is well-defined up to canonical isomorphism.

Proposition B.14. Let f: X' — X be a flat map. Then the pull-back along f gives a homomor-
phism Divt(X/S) — DivT(X'/S), with Zs-y = f*Iy as line bundles over X'. This extends to
give an induced homomorphism f*: Div(X/S) — Div(X'/S).

Proof. Let Y C X be a divisor, and write Y/ = f*Y =Y xx X’. It is clear that this is a closed
subscheme of X’. The induced map f’': Y’ — Y is a pull-back of a flat map so it is again flat.
The map Y — S is flat because Y is a divisor, so the composite Y/ — S is flat. Let j: Y — X
and j': Y’ — X’ be the inclusion maps. Essentially by definition we have f*Ox = Ox: and
3Oy = ji(f)*Oy = j.Oy/. We have a short exact sequence of sheaves Ty — Ox — 5.0y,
where j: Y — X is the inclusion. As f is flat, the functor f* is exact, so we have a short exact
sequence [*Iy — Ox: — j.Oy/. It follows that Zy» = f*Zy, and f*Zy is clearly a line bundle.
Thus, Y’ is a divisor, as required. It is easy to see that f* is a homomorphism, and it follows by
general nonsense that it induces a map of group completions. O

Proposition B.15. Let g: S’ — S be an arbitrary map, and write X' = g*X. Then pull-back
along g gives a homomorphism Div™(X/S) — Divt(X'/S"), with I,-y = g*Ty as line bundles
over X'. This extends to give an induced homomorphism f*: Div(X/S) — Div(X'/S).

Proof. The proof is similar to that of the previous result. O

Definition B.16. Let £ be a line bundle over X, and u a section of £. Then there is a largest
closed subscheme Y of X such that u|y = 0. If this is a divisor, we say that u is divisorial and
write div(u) =Y. If so, then w is a trivialization of the line bundle £ ® Zy, so £ I;l.

If v is a divisorial section of another line bundle M then one can check that u® v is a divisorial
section of £ ® M with div(u ® v) = div(u) + div(v). One can also check that the formation of
div(u) is compatible with the two kinds of base change discussed in Propositions B.14 and B.15.

Definition B.17. A meromorphic divisorial section u of a line bundle £ is an expression of the
form w4 /u—_, where uy and u_ are divisorial sections of line bundles £, and £_ with a given
isomorphism £ = £, /£_. These expressions are subject to the obvious sort of equivalence relation.
We define div(u) = div(ug ) —div(u_), which is well-defined by the above remarks. We again have

Y _1
L= Idiv(u) .
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Lemma B.18. Let C be a subscheme of P? x S defined by a single homogeneous equation f =0
of degree m, such that the coefficients of f generate the unit ideal in Og. Let Cios be the open
subscheme D(f;) UD(fy) U D(f.) of C, where f, f, and f, are the partial derivatives of f. Let
o be a section of Creg over S. Then oS C C' is a divisor.

Proof. Let U, V and W be the open subschemes of S where f; o0, f,o0 and f, oo are invertible.
Because o is a section of Cieg we know that S = U UV UW. We restrict attention to U; a
similar argument can be given for V and W. After replacing S by U, we may assume that f, oo
is invertible. Let C; and C5 be the open subschemes where y and z are invertible. Because f is
homogeneous of degree m we have zf, +yfy, +2f, =mf and foo =0s0 x = —yf,/fo —2f./fa
on the image of . Thus, on the closed subscheme where y = z = 0 we also have z = 0, so this
subscheme is empty, which implies that C = C; U Cy. Write U; = 07'Cj, so that U = U; U Us.
We restrict attention to Us; a similar argument can be given for U;. In this context we can work
with the affine plane where z = 1, and z, y and f can be considered as genuine functions. Write
2o =200 and yg = yoo. As foo =0 we have f = (x —x¢)g+ (y — yo)h for some functions g and
h. Clearly, g(xo,y0) = fu(x0,y0) and this is assumed invertible, so D(g) is an open subscheme of
Cy containing cUs. On this scheme we have f =0 and thus z = 29 — (y — yo)h/g. Thus

D(g) NV (y —yo) = D(g) NV (x — w0,y — yo) = D(g9) N cS.

Thus, in the open set D(g), our subscheme ¢S is defined by a single equation y = yg, so the
corresponding ideal sheaf is generated by y — yg.

We still need to verify that y — yo is not a zero-divisor on D(g) N Cq. It is harmless to shift
coordinates so that yg = zg = 0. Suppose that r € Og|x,y] is such that ry = 0 on D(g) N Cy; we
need to show that r = 0 on D(g) NCy. We have g¥ry = sf in Og[z,y] for some k and s. It follows
that g*tlrz = gfr(f — hy) = (¢*r — hs)f and thus (¢*r — hs)yf = ¢"Tlray = gsxf. As the
coefficients of f generate Og we know that f is not a zero-divisor in Og|xz, y] so (¢*r — hs)y = gsx.
It follows easily that y divides gs, say gs = ty, and then ¢*tlry = gsf = tfy so ¢*T'r = tf. On
Cy we have f = 0 and thus ¢*T!r = 0, so on D(g) N Cy we have r = 0 as required.

This shows that the intersection of .S with D(g) N Cs is a divisor. Similar arguments cover the
rest of ¢S with open subschemes of C' in which ¢S is a divisor. Trivially, the (empty) intersection
of 0.5 with the open subscheme C'\ ¢S is a divisor. This covers the whole of C, as required. O

Corollary B.19. If C is a generalized elliptic curve over S then the zero section of C' is a divisor.

O

B.4.2. The line bundle Z(0). Let C be a generalized elliptic curve over S, and let Z(0) denote the
ideal sheaf of S C C. The smooth locus Cheg is a group scheme over S, so we can define ©3(Z(0))
over Cree and thus the notion of a cubical structure. In this section we give a divisorial formula
for ©3(Z(0)).

Consider the scheme C% = CxsC xgC. A typical point of C% will be written as (co, c1,c2). We
write [co = ¢1] for the largest closed subscheme of (Creg)% on which ¢y = ¢1, and so on. This is the
pull-back of the divisor S C Cieg under the map g: (co, ¢1, ¢2) — co—ci. This map is the composite
of the isomorphism (co,c1,c2) — (co — ¢1,¢1,c2) with the projection map (Creg)s — Creg, and
the projection is flat because C is flat over S (Proposition B.9). Thus, g is flat. It follows from
Proposition B.14 that [cg = ¢;] is a divisor, and the associated ideal sheaf is ¢*Z(0). Similar
arguments show that the subschemes [¢; = 0], [¢; = ¢;], [¢; +¢; = 0] and [co + ¢1 + c2 = 0] are all
divisors (assuming that ¢ # j). We can thus define divisors

[CO —O] [Cl = O} + [CQ :O]

[Co+01—0] [Cl+02:0]+[02+00:0]
[CQ+01+02—0]
=

co = c1) + [e1 = ca] + [ea = ¢o)-
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There is (almost by definition) a canonical isomorphism of line bundles

93(2(0)) = I(O)OI—D1+D2—D3 = WCIDQIL_)llJ,-DS'

B.4.3. A formula for the cubical structure.

Definition B.20. Let C' = C(a1,as,as, a4, as) be a Weierstrass curve. A typical point of (Cyeg)%
will be written as (co, 1, ¢c2), with ¢; = [x; : y; : z;]. We define s(a) by the following expression:
1

Zo Yo <o
Ty 2 T z To Z _
s(a)(co,c1,2) = | 1 Y1 21 30(1) 2’(1) x; z; 96(2) Z?J (z02122) " td(z/y)o.
T2 Y2 22

Proposition B.21 (2.55). s(a) is a meromorphic divisorial section of the line bundle p*wc over
(Creg)¥ (where p: C3 — S is the projection). Its divisor is —D1 + Dy — D3 (in the notation of
§B.4.2), so it defines a trivialization of

(p*wC) ®I*D1+D2*D3 = @S(I(O))v
which is equal to s(C/S).

Proof. By an evident base-change, we may assume that C' is the universal Weierstrass curve over
S = spec(Z[ai, a2, a3, as, agl), and thus that S is a Noetherian, integral scheme.

We have a bundle O(1) over C, whose global sections are homogeneous linear forms in z, y
and z. We can take the external tensor product of three copies of O(1) to get a bundle £ over
C xg C xg C. We define a section u of L by

To Yo 2o
u(co,c1,c2) = | 21 Y1 21
T2 Y2 22

We claim that this is divisorial, and that div(u) = D4 + Ds. This is plausible, because one can
easily check that v = 0 on the divisors [¢; = ¢;] (whose sum is Ds) and also on the divisor
[co + ¢1 + c2 = 0] (because any three points that sum to zero are collinear). Let Uy be the open
subscheme of (Creg)? where ¢ # co, and define U; and Us similarly. Then the complement of
U = Uy U U, UU, is the locus where ¢g = ¢; = ¢y, which has codimension 2. Given this, it
is enough to check that u|y, is divisorial and that div(u|y,) = (D4 + D3) NU; for 0 < i < 2
(see [Har77, Proposition I1.6.5]). By symmetry, we need only consider the case i = 0. Let Vj be
the complement of the diagonal in (Creg)%, so that Up = Cieg X5 Vo, which we can think of as the
regular part of a generalized elliptic curve over V. The diagonal is defined by the vanishing of
the quantities x1y2 — T2y1, Y122 — Y221, and 21z — 2221, SO0 on Vy these quantities generate the
unit ideal. It follows from this that the map

h:[s1: 82] ¥ [s121 + Saa @ S1y1 + Soy2 : S121 + S222]

gives an isomorphism of P! with the locus in P2 where the determinant vanishes. The addition law
on C is defined by the requirement that the intersection of A(P!) with C x g Vj is [co = ¢1] + [co =
2] + [co = —c1 — ¢2]. Moreover, we have [c; = c3] N U = 0. Thus, div(u) N Uy = (D4 + D3) N Uy
as required.

We now define sections v and w of £ and £? by
v(co, c1,C2) = 202122

To <0
Tl 2

1 z1

U}(C(),CQ,CQ) = To 29

By methods similar to the above, we find that
div(zg) = 3[co = 0]

div(zgz1 — x120) = [co = 0] + [c1 = 0] + [co = c1] + [co + ¢1 = 0]
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and thus

div(v) = 3D
div(w) =2D1 + Dy + Dy.

We also have s(a) = u~twv=td(z/y)o so as claimed this is a meromorphic divisorial section of
p*we, with divisor —Dy + Do — D3. As explained earlier, it therefore gives rise to a trivialization
of ©3(Z(0)).

Recall that ©3(Z(0)) is canonically trivialized on the locus where c; = 0. In terms of our
picture of ©3(Z(0)) involving rational one-forms, this isomorphism sends a one-form to its residue
at co = 0. To calculate this for s(a), we may as well restrict attention to the affine piece where
Yo = y1 = y2 = 1, and let x5 tend to zero. The 3 x 3 determinant in the definition of s(a)

approaches — | 3% 2% |. The defining cubic gives the relation

2 2 3
zo(1+ a1me — agx; + agza — agazs — agzy) = Ty,

which shows that 25 is asymptotic to 23 and thus that |5} 7! | is asymptotic to —z227 and |52 22| is
asymptotic to x929. (Here we say that two functions f and g are asymptotic if there is a function
h on a neighborhood of the locus ¢o = 0 such that f = gh and h = 1 when ¢z = 0). It follows that

s(a)(co, c1,co) is asymptotic to 25 *d(x)o, and this means that s(a) has residue 1, as required.

We now see that s(a) is a rigid section of ©3(Z(0)), so that f = s(a)/s(C/S) is an invertible
function on (Cieg)s, whose restriction to S is 1. It follows that f = 1 on the open subscheme
p~ 1 Sen, which is dense in (Creg)¥, so f =1 everywhere. Thus s(a) = s(C/S). O
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