ADDITTION AND SUBTRACTION THEOREMS FOR THE SINE
AND THE COSINE IN MEDIEVAL INDIA

Rapna CHARAN GUPTA

Department of Mathematics, Birla Institute of Technology
P.O. Mesra, Ranchi.

(Received 18 July 1973)

The paper deals with the rules of finding the sines and the cosines of the sum
and differenice of two angles when those of the two angles are known separ-
ately.  The pralex, as found in the important medieval Tndian works. are
oquivalent 1o the corvect modern mathematical results.  Indians of the said
period also knew several proofs of the formulas.  These proofs are based on
simple algebraic and geometrical reasoning, including proportionality of sides
of similar triangles and the Prolemy’s Theorem.  The enunciations and deri-
vations of the formulas presented in the paper ave taken from the works of
the tamous authors of the period, namely, Bhaskara IT (a.p. 1150),
Nilakantha Somaydji (1500}, Jyesthadeva (16th contury) Munisvara (1st half
of the 17th century) and Kamalakara (2ud half of the [7th eentury).

1. INTRODUCTION

According to Car] B. Boyerl. the introduction of the sine function represents
the chief contribution of the Siddhantas (Indian astronomical works) to the history
of mathematics. The Indian Sine (usually written with a capital S to distinguish
it from the modern sine) of any arc in a drele is defined as the length of half the
the chord of double the are. Thus the (Tndian) Sine of any are is equal to R sin 4,
where R is the yadius (norm or Sinwus totus) of the circle of reference and sin 4 is
the modern sine of the angle, A, subtended at the centre by the arc. Likewise,
the (Indian) Cosine function is equivalent to R cos 4 and similarly for the Versed
Sine and its complement. The Aryabhaiiya of Aryabhata T (born 476 ap.) is
the earliest extant historical work of the dated type in which the Indian trigono-
metry is definitely used.

The modern forms of the Addition and the Subtraction Theorems for the sine
and the cosine functions are :

sin (4 -+B) == (sin A). (cos B)-+(cos 4). (sin B) .o
gin (4—B) = (sin 4). (cos B)—(cos 4). (sin B) 2)
cos (4+B) = (cos A). (cos B)—(sin 4). (sin B) .. {3)
cos (A—B) = (cos 4). (cos B)+(sin A). (sin B) . @)

The present paper concerns the equivalent forms of the above four Theorems
for the corresponding Indian trigonometric functions. Statements as well as deri-
vations of these formulas, as found in important Indian works, are described in it.
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2. STATEMENT OF THE THEOREMS

Bhaskara 11 (a.p. 1150) in his Jyotpatti, which is given at the end of the Gola-
dhydya part of his famous astronomical work called Siddhanta Siromans. states?

Capayoristayor-dorjye mithay, kotijyakdhate !
Trijya-bhakte tayoraikyam syaccapaikyasya dorjyaka [i21]]
Capantarasya jivd syit tayorantarasammit@ |/213//

‘The Sines of the two given ares are crossly multiplied by (their) Cosines and
(the products are) divided by the radius. Their (that is. of the quotients obtained)

sum is the Sine of the sum of the ares : their difference is the Sine of the difference
of the arcs.

R sin (A:{~B) = (R sin 4). (R cos B)/R+(R cos 4). (R «in B)/R ..o (D), (8)

Thus we get the Addition Theorem (called the Sumdsa-Bhdvand by Bhiskara 11)
and the Subtraction Theorem (called the Antara-Bhdvand) for the Sinc.

We have some reason (see below and also Section 3) to believe that Bhaskara 11
was aware of the corresponding Theorems for the Cosine.  According to the Maric:
commentary ( = MC) by Muniévara (1638) on the Jyotpatti, a reason for Bhaskara's
omission (upeksd) of the Cosine formulas was that the following alternately shorter
procedure, after having obtained R sin (4 -+B), was known?

R cos (44+B) = y/R2—{Rsin (A+B))? M

Kamaldkara (1658) also mentions (or guotes MC) in his commentary on his own
Siddhanta Tattva-viveka (= STV) that the dedrye (Bhiskara) has not followed
or given the Cosine Theorems because of the exactly same reason as stated in the

MCH,

In the late Arvabhata School the Addition-Subtraction Theorem for the Sine
was known as the Jiveparaspara-Nydye and is attributed to the famous Madhava
of Sanganagrimna (circa 1340-1425) who is also referred as Golavid (‘Master of
spherics). The Tantra-Samgraha ( = T8), composed by Nilakantha Somayaji
(A.D. 1500), gives Madhava’'s rule in Chapter II as®

Jive paraspara- nyetara-maurvikabhyd- M abhyasy z'ist;rtidalena vibhajyamaie ||
Anyonya-yogavirahdnugune bhavetdm Yadva svalambakytibheda-padikrte dve [/16 [/

“The Sines (of two ares) reciprocally multiplied by the Cosines and divided
by the radius, when added to and subtracted from cach other, become the Sines
of the sum and difference of the ares (respectively). Or (we get the same results
when the mutual addition and subtraction is performed with) the two (positive)
square-roots of the (two) differences of their own (that is, of the two Sines them-
selves) and lamba squares.’
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So that the first part of the rule gives the formulas (5) and (6), while the second
part contains the alternate formulas

R sin (A+B) = /(R sin A)2—(lamba)? -~ /(R sin B)*— (lamba)? .. (8),(9)

Nilakantha in his Aryabhatiya-bhdgya (= NAB) and Sankara Variar
(4.1, 1556) in his commentary ( = T'SC)® on the above rule explain that the lamba
involved is to he calenlated from the relation

lamba = (R sin A). (R sin B)/R .o (10)
Thus it will be noticed that the formms (8) and (9) are mathematically cquivalent
to the formulas (5) and (6).

An important point to note is that the 7SC (pp. 22-23) makes it clear that
the word jive (which we have translated as Sines) can be also taken to mean Cosines.
But in such a casc the phrase nijetaramaurvikds (‘the other chords’) should be taken
to mean, as the 78C points out, the corresponding Sincs. In other words we can
get the same Addition aud Subtraction Theorems for the Sine, if we interchange
“sin” and “‘cos” with each other in the right hand sides of (5) and (6). Following
this interpretation the forms (8) and (9) can also be expressed as
R sin (4 4+B) = /(R cos A)2—(lamba)? + /(R cos B)*— (lamba)? .o (1), (12)
where the lamba will now be given by

lamba = (R cos 4). (R cos B)/R o (13)
This interpretation also leads to the same Addition and Subtraction Theorems for
the Sine.

For & geometrical interpretation of the quantity lamba, see Section 4 below.

Almost the same Sanskrit text of Madhava’s rule is also found quoted in the
NAB (part I, p. 58) where it is explicitly mentioned to be ‘Madhava-nirmitam pad-
yam’ that is, a stanza composed by Madhava. In this connection the NAB (part I,
p. 60) also mentions the variant readings :

wistrigunena and vistytidalena

For the Addition and Subtraction Theorems of the Cosine funetion, we nay
quote the Siddhanta Sarvabhawma ( = SSB, 1646 a.p.), II, 57 which says®

Yadaméajyayorghdta-hind dhika ca Svakotijyayorahatis-trijakapia |
Tadaméaikyavidlegahinabhrananddim-éayorjye sta  (57//
‘The product of the Sines of the degrees (of two arcs) subtracted from or added
to the product of their Cosines, and (the results) divided by the radius, become the

Sines of the sum or difference of the degrees diminished from the ninety degrees.’
That is,

R sin (90°—ALB) = (R cos A. R cos BT R sin 4.R sin B)/R .. (14), (15)
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which are equivalent to the Theorems (3) and (4).

The STV (a.p. 1658), II1, 68-69 (p. 111) puts all the four Theorems side by
side in the following words clearly.

Mithap kolijyaka-nighnyau trijyapte capayorjyake |
Tayoryogantare sydtam capayogantarajyake [/68//

Dorjyayop, kotimaurvyoea ghdatau trijyod-dhytau tayop, |
Viyogayogau jive stadcapaikyantara-kotije [69//

‘Multiply the Sines of the two arcs crossly by the Cosines and divide (separately)
by the radius. Their (that is, of the two quotients obtained) sum and difference
are the Sines of the sum and difference of the arcs (respectively). The produots
of the Sines and the Cosines are (each) divided by the radius. Their (that is, of the
two quotient just obtained) difference and sum are (respectively) the Cosines of
the, sum and difference of the arcs.”. That is,

R sin (A—l—B) = (R sin A). (R cos B)/R—l:(R sin B). (R cos A)/R
R cos (4+B) = (R sin 4). (R sin B)/R(R cos A) (R cos B)/R

Immediately after the statement of the above Theorems, the author, Kamala-
kara, in the next two verses (STV, ITI, 70-71), says

Evamanayanam cakre purvam Sviyadiromanau |
Bhavanabhyamatispagtam samyagdryo’pi a bhdskarap [[70//
Tasya canayanasydryaih siddhantajiiaip puroditd |

Viasand bahubhih svasvabuddhivaicitryatap sphuta [[71//

‘Such a computation, which is quite evident from the two bhdvands (see the next
Section), was given earlier also by the highly respected Bhaskara in his (Siddhdnta-)
Siromani.* And many accurate proofs of that computation have been given pre-

viously by the respected astronomers according to the manifoldness of their in-
telligence.’

Below we outline the various derivations as found in some Indian works and
which indicate the ways through which Indians understood the rationales of the
Theorems.

3. MerEOD BASED ON THE THEORY OF INDETERMINATE ANALYSIS

The second degree indeterminate equation

Na2-Lk =2 .. (18)

*Altornately, the first verse may be translated thus : ‘This was very clearly c omputed earlier
by the respected Bhaskara also through the bhavands in his Siddhanta-Siromani.’

4
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is called varga-prakrii (‘square-nature) in the Sanskrit works. In connection with
its solution the following two Lemmas, referred to as Brahmagupta’s (A.p. 628)
Lemmas by Datta and Singh'®. have been quite popular in Indian mathematics
since the early days.

Lemma I : TIf x,, y, is a solution of (16) and x,, y, that of
Nx2tg = y? o (17
then (Samasa-bhivand)
L=y Yyl e Y = Yoyt Ny 2y
is a solution of the equation
Nuat+kyg = y* .. (18)
Lenvma 11 : (Antara-bhavand)
T = Yg—Ypty ¥ = Yr Yo — Ny 2y
is also a solution of (18).

An eclabovate discussion of the subject including references to Sanskrit works.
translations, proofs, and terminology is available and nced not to be reproduced
herel!. Dr. Shukla’s paper on Jayadeva (not later than 1073) is an additional
noteworthy publication in this connection!®.

Now. as indicated by the terminology used by Bhiskara Il and clearly
explained by his great mathematical commentator, Munidvara, it is evident that
Bhaskara II arrived at the truth of the Addition and Subtraction Theorems for
the Sine (and Cosine) possibly by applying the above Lemmas as follows.

As explained in the MC (pp. 150-51) on Jyolpait: 21-25, if we compare the
equation (16) with the relation

—(R sin @)? +R? = (R cos @)? (W
we see that we can take
gupaka (multiplier) N = —1
kgepaka (interpolator) k = R?

z = Rsin @
y= R cos @
Hence, on identifying
k = g == RZ

zy=RsinAd,y, = R cos 4
x, = R gin B, y, = R cos B,
we at once see, from Lemma I, that
x = (B sin A4). (R cos B)+(R cos A). (R sin B) .. (20)

and
i = (R cos A). (B cos B)—(R sin 4). (R sin B) ..o@2n

is a solution of the equation
_.x2+Ra —_— yz
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that is, (x/R) and (y/R) will be a solution of (16), since
—(x/R)* -+ R? = (y/R)* S (22)
Thus comparing (19) and (22), we see, from (20) and (21), that
/(B sin 4). (R cos B)+{(R cos 4). (R sin B)}/R

and
{(R cos 4). (R cos B)— (R sin 4). (R sin B)}/R

will represent some sort of additive solutions for the Sine and Cosine functions res-
pectively. The above were taken to represent R sin (A-+B) and R cos (4+B)
regpectively. From mathenatical point of view, there is a lacuna in snch an identi-
fication without further justificationl®.

Similarly, by using Lemma II. the expansions of Rsin{d—B) and
Reos{A —B) were identified.

Such a derivation undoubtedly supports the view that Bhéiskara must have
been aware of the Addition and Subtraction Theorems for the Cosine, although
he did not state them.

The SSB, II, 58-59 (pp. 144-45). whose author is same as that of MC, also
gives the same derivation of the Theorems (also see STVC, pp. 112-13).

4. GEOMETRICAL DERIVATION A% GIVEN IN THE NAB

While explaining Madhava's Sanskrit stanza (Jiveparaspara ete.) and the
implied rules. which we have already mentioned above. the NAB (part I. p. 59)
Says

Tatradyapadatraydtmakamekam

viakyam. Oarma,}., pado vakyantaramiti vibhagay.
Tatradye vakye trairddikena

taddnayanam pradar§yate. Anyasmin
bhujakotikarna dvdra vargamila
parikalpanaya.

‘The first three lines (of the stanza) form one rule (or method). The last line repre-
sents another rule. This is the break-up. We demonstrate the derivation of the
first rule by (applying) the Rnle of Three (that is, the proportionality of sides in
the similar triangles). The other (rnle) will follow from the relation between the
base, upright and hypotenuse (or Sine. Cosine and radins) by extracting the square-
root’.

The geometrical demonstration given in the NAB (part I. pp. 58-61) may be
substantially outlined as follows :

In Fig. 1 (East direction is upwards).
arc EP = A4
arc PQ = arc PG = B (being less than A4).
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So that
arc EQ — A-+B

arc EG = A-B

P
9
(\\4\0\
N TC ] o

Here OP and QG intersect at Z and
PL = Rsind = TO
OL = Rcos A
QZ = Rsin B = ZG
0z Recos B = OP—PZ
@M = R sin (44 B), which is required to be found out.

l

In order to find @M, we determine its two portions. QD and DM, made by
the line ZC (drawn westwards from Z), separately and add them. Now to find
the southern portion DM (which is equal to KZ) we have, from the similar right
triangles OZK and OPL,

ZK|0Z = PLjOP
or

DM|(R cos B) = (R sin 4)/R
giving

DM = (R sin 4). (R cos B)/R .. (23)
Again, to find the northern portion D@, we have, from the similar right triangles
D@QZ and OLP

DQ|ZQ = OL|OP
or

DQJ(R sin B) = (R cos A)/R
giving

D@ = (R cos A). (R sin B)|R .. (29)
By adding (23) and (24) we get QM which represents R sin (4-+B). Thus is proved
the Addition Theorem for the Sine.

For proving the Subtraction Theorem, drop perpendicular GU from G on
ON. Tt divides ZK, which is equal to DM given by (23), into two portions VZ
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and VK. The northern portion VZ is equal to D@ given by (24) because the hypo-
tenuse Z@ is equal to the hypotenuse Z@. Hence the southern portion

VK = ZK—-D@
or

GH = DM —DQ
That is,

R sin (A—B) = (R sin A). (R cos B)/R—(R cos A). (R sin B)/R

the required Subtraction Theorem.
Again, since

(R sin 4). (R cos B)/R = (R sin 4). {+/B*—(R sin B)}/R

= +/(B sin A)*—{(& sin 4). (B sin B)J R )2

= 4/(R sin 4)*—(lamba)?

we can easily get the forms (8) and (9) from the forms (5) and (6) mathematically
(see NAB, part I, pp. 86-87).

The NAB (part I, p. 87-88) has also given some further geometrical interpreta-
tions and computations which we now indicate. In Fig. 1, R sin (A4-B), that is,
@M, is the base of the triangle ZQM. The second (or smaller) Sine, R sin B, that
is, Q@Z is the left side. The greater Sine, R sin 4, is the right side Z}M. (How ?)

The foot of the perpendicular (lamba), D, divides the base into two segments
(@badhas) DQ and DM which have been already found out. So that the lamba,
given by (10), can be easily identified with the length ZD, the altitude of the tri-
angle ZQM (this follows from ZD? = ZQ*—D@?). Then, from (see NAB part I,
p- 88)

VDM2LZD? = ZM,
we get, using (10) and (23),
ZM = Rsin 4.

5. A Proor Basep on ProLEMY’S THEOREM

Jyesthadeva (circa 1500-1610)% wrote Yuktibhiei ( = YB) in Malayalam.
Part I of the work presents an elaborate and systematic exposition of the rationale
of the mathematical formulas?s.

YB, (pp. 206-208 and 212-13) explains Madhava’s rules concerning the
Addition and Subtraction Theorems for the Sine more or less on the same lines
as given in the NAB. However, the YB (pp. 237-38) also indicates a proof of the
Addition Theorem for the Sine by applying the so-called Ptolemy’s Theorem,
namely :

‘In a cyelic quadrilateral the sum of the products of the opposite sides is equal
to the product of the diagonals’.
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Of course, before indicating this use of the Ptolemy’s Theorem, the
YB (pp. 228-36) has given a proof of it. According to Kaye!®, a proof of
the Ptolemy’s Theoremm was also given by a commentator (Prthidaka ?, ninth
century) of Brahmagupta (a.p. 628), the famous Indian mathematician who knew
the correct expressions (which immediately vield the Ptolemy’s Theorem on multi-
plication) for the diagonals of a cyelic quadrilaterall?,

The proof indicated in the VB aund as explained by its editors (pp. 237-39)
may be outlined as follows :

Tn Fig. 2
arc PE = A
arc QP = arec QG = B
A E A
i L\\F
B /
/
Q /
] = H
G
BXA
N s
Fig. 2

The radius 0 intersects PG in 7. Thus PL and OL are the Sine and the Cosine
of 4 and PU aud OU those of B. From the cvelic quadrilateral LPUO, we have,
by applying the vule of bhuji-pratibhuji etc.
{that is. the Ptolemy’s Theorem),

PL.OU4OL. PU = LU. OP

* (R sin A4). (R cos B)--(R cos 4). (R&in B) = LU.R .. (2b)
The relation (25) will establish the Addition theorem for the Sine provided we are
able to identify that LI represents the Sine of (4+B). For seeing this, it may be
noted that LU is the full chord of the are (LP+PU) in the circle which
circuruseribes the quadrilateral in question and whose radius is £/2 (as the centre
of this smaller civele will be at H. the middle point of the radins OP equal to R).
Thus
LU = 2 (R/2)sin {(24-+-28)/2}
= R sin (4+B)

We can also prove this by observing that LU is parallel to and half of the side

FG in the triangle PFG. But FQ itself is the full chord of the arc GPF in the bigger

circle. 50 that
FG = 2R sin {(24+2B)/2}
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6. A GEOMETRICAL Proor QUoreEDp Ix THE M (1638)

The MC (pp. 154-55) contains a geometrical proof. ascribed to others (kecid).
which is only slightly different fromt that found in the NAB (see Section 4). 1t
may be outlined as follows :

Firstly, the M asks us to draw a figure similar to Fig. 1 which may be ve-
ferred now. In the triangle ZQM, the base QM is the desired Sine of the conbined
arec (A-+B). The smaller side ©@Z is R sin B. The distance between Z and M.
that is, the larger (lateral) side ZM. is equal to R sin 4 evidently (pratyakge-pramd-
navagatd ?) In order to know the base QM. its two seginents QD and DM should
be found out.

Now the MC finds QD exactly in the same manner as NAB (see the derivation
of the relation (24)). Similarly. from the similar right triangles DMZ and 0ZQ,
we have

DMIMZ = 0Z[0Q
or

DM(R sin A) = (R cos B)/R
which gives the bigger segment DM and hence their sum (QD-+DM) proves the
Addition Theorem for the Sine.

After this. the M also indicates the method for proving the Subtraction
Theorem for the Sine.

We note that, in proving the Addition Theorem above, the MC does not give
any theoretical details to demostrate that the length ZM is equal to B sin 4. One
way of proving this conld be by noting that ZM is parallel to and half of the side
G/J in the triangle @GJ ; and GJ is itself the full chord of the arc GE.J which is easily
seen to be equal to 24, so that GJ = 2R sin 4.

Alternately, we can see that a circle, of radins R/2, drawn ou 0 as the dia-
meter will pass through the points @, Z. M and O and ZM will be a full vhord (sub-
tending angle 24 at the centre) of this smaller circle. So that we have

ZM = 2(R/[2) sin A
Once the flank sides of the triangle ZQM are thus identified, the perpendicular

ZD could also be obtained directly by using a well-known geometrical rule equi-
valent tol®

erp. - product of flank sides
PP =t ¥ice the circum-radius

giving _ ~
ZD = ZQ.ZM|2. (R/2)

= (R sin B). (R sin 4)/R

Thus, knowing Z@¢, ZM and ZD, we can easily get the segments @D and DM
and hence the required length Q3. This provides an alternate and independent
rationale of the Addition Theorem for the Sine in the form (8).
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7. Proors Fouxp mw STVC

We have already mentioned the observation of STV, ITI, 71 that several proofs
of these Theorems were given by the previous writers. One set of derivations as
given in the STVC (pp. 125-29) may be briefly outlined as follows :

In Fig. 3, arcs EP and EQ are equal to A and B respectively. Other construc-
tions arc obvious from the figure. Tt can be easily seen that

A Q
A-p

u

P L
K F
H
N S 3

w

Fig. 3

PK = PL4+MQ = Rsin A+Rsin B
QK = OM—OL = R cos B—R cos A

Therefore.
PQ? = (R sin A+ R sin B)®>4-(R cos B—R cos A)?
= 2R*}2R sin A. R sin B—2R cos A. R cos B .. (26)
But P@ is the full chord of the arc (4 B), so that
PQ[2 = R sin {(4+B)/2} .27

Now from & rule given in the Jyotpatti, 10 (p. 282), which the STVC (p. 126) quotes,
we have

Rsin (A4+B)/2 = y/(R[2). R vers (4+B) .. (28)

R vers (A+B) = (2/R). {Rsin (A+B)/2}
= (1/2R). P@?, by (27)
Using (26), we easily get
R vers (44-B) = R-}-(R sin A. R sin B—R cos A. R cos B)|R
from which the required expression for R cos (4-B) follows, since
R cos (A+B) = R—R vers (4-}B).

Here it may be pointed out that the STVC (p. 126) also states that P@, which
we have found above from the triangle PQK, is also the hypotenuse for the right

That is,
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angled triangle PQH (PH being perpendicular to the radius 0Q). Incidently, this

gives an alternate procedure for proving the Addition Theorem for the Cosine. For,
we have

PK*4-QK® = PQ? = PH2 L QH*

or
(R sin 4+ R sin B)2+ (R cos B—R cos 4)?
= {Rsin (44 B)}* + {R—R cus (A+B)}*

or
2R24-2R sin A. R sin B—2R cos A. R cos B
= 2R*-2R. R cos (A-+-B)
giving the required expansion of R cos (4+B).

Anyway, after getting the expression for R cos (A4 B), the STVC (pp. 127-28)
derives the corresponding expression for R sin (4-+B) by using the relation

{R sin (4+B)}2 = R?2— {R cos (44 B)}?

Again, in the same figure the are QF represents (4—B). Also we have
FQ? = FK*+QK? = (PL—QM)?*+-(OM—0L)?
or
{2R sin (4—B)/2}? = (R sin A—R sin B)?>-}(R cos B—E cos A4)* (29)
If we proceed as we did in the case of proving R cos (A4+B) above, we easily get
the desired expression for R cos (4—B). Alternately we get the same expansion
by starting with the relation
FK?* L QK?* = FU2-QU*

and proceeding as before.

Finally, the corresponding Subtraction Theorem for the Sine can be derived
from that for the Cosine.

It is interesting to note that an equivalent of the identity (29) already ocecurs
in the Jyofpatti, 13, (p. 282). Thus Bhiskara IT’s familiarity with the relation (29)
and that implied in (28) (where A—B should be used for A+B), was enough to
derive the Subtraction Theorems by this method (if he wanted to do so).

Another proof given in the STVC (pp. 130-35) may be briefly outlined as follows:
In Fig. 4
arc EP = arc EF = 24
arc EQ = 2B

It is important to note that the STV says that the radius of the cirele drawn is
R/2 where R is the Sinus tobus, 30 that the full chords EP, EQ, etc. will themselves
behave as the Sines. That is, we have

EP = 2 (R/2)sin A = R sin A

EQ = Rsin B

PW = Rcos 4

QW = Rcos B
ete., and, of course

EW =R

5
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E __ 28
2A
M Q

Fig. 4

Now, by the methods of tinding the altitude and segments of the base in a triangle.
we have

segment EM = (R sin B)*/R

segment WM = (R cos B)/R

perpendicular QM = (R sin B). (R cos B)/R

segment EL = (R sin A)?/R

segment WL= (R cos 4)%R

perp PL = perp LF = (K sin 4). (R cos 4)/R
(Of courge, all these vesults also follow from similar right triangles in the fignre.)
Now we have
PQ? = PK*4-QK*

= (PL+QM)*+(EL—EM)*
On substituiing from the above expressions, simplifying, and on taking the square-
roots we casily get the required expression for R sin (4+B) represented by P@.

Again we have
FQ? = FRK®4KQ?

= (PL—QM)?*+(EL—EM)*
Thus, following the same procedure, we get the required expression for B sin (4—B)
represented by QF.

However, before closing this article, it may not be out of place to mention

that by using the Ptolemy’s Theorem in Fig. 4, we get the expressions for PQ and
QF almost in one step. For, Ptolemy’s Theorem applied to the quadrilateral

EPWQ yields
EP.QW4-PW.EQ = PQ.EW

which gives the desired PQ ; and Ptolemy’s Theorem applied to the quadrilateral

EQFW yields
EQ. FWQF. EW = EF. QW

which gives the desired QF.
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