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1. Proof in Section 2

Theorem 1 Assume that {X*, Y* W*} is bounded, ¢, — 0 and W*VZ:VL:, i=1,---,n,
are linear dependent. Let (X*,Y*, W*) be an accumulation point of (X* Y* WF), then
(X*,Y*, W*) is a KKT point of problem (7)

Proof We first prove that X*, Y*, W* is feasible. Since {X*}, {Y*} and {W*} are bound-
ed, then there exists X*, Y*, W* and infinite subsequence K such that limjcg XFT! = X*,
limpeg YA = Y* and limgeg WFH = W*,
If {p*} is bounded, then p is not updated from some iteration. So limy_, [|X* — Y*|| 7
and limg o0 || Y* = VW*VT 41| = 0. We can have X* = Y* and Y* = VW*VT — L.
Now we consider the case that {p*} is unbounded. From step 1, we have

O']f e 8f(xk+1) +Allf +pk(Xk+l _YkJrl)’ (1&)

o + AF = Af 4 pF(XFF YR gy R yWARIVT 1) € 37 Ny (YR, (1h)
i=1

of + VIASV + " VI(YH - VWEIIVT L )V € Ng, (WH) + Ng (WD), (1c)

where Ng(W) is the normal cone of Sat W € S, S, = {W ¢ R™": W = WI' W = 0},
S = {W € R : rtank(W) < m}, II; = {Y € RV : el'Ye; = 0} and we use
00s(W) = Ng(W). Here we replace Q with S, N'S,,,, IT with ITy N -- - TT,,.

Divide both sides by p* in (1a) and let k — oo, k € K. From o — 0, the boundedness
of 9f(X**1) and A}, we have X* — Y* = 0.

Divide both sides by p* in (1b) and let & — oo, k € K. From o} — 0, X* = Y*,
the boundedness of A¥ and A%, we have —(Y* — VW*VT 4+ 1) € >°7 | Npy,(Y*). Since
N, (Y*) = {dejel : X € R}, thus there exists Af,i = 1, ,n such that Y*~VW*VT 41 =
S el

Divide both sides by p* in (1c) and let & — oo, k € K. From a* — 0, Y*~VW*VT 41 =
S Arejel and the boundedness of AL, we have S AVTgelv =351 )\:-‘VZ:VL; €
Ns, (W*) + Ng, (W*). Since Ng, (W) = {W € S” : WW7 = 0} (Fletcher, 1985) and
Ns, (W) = {W € R"™" : ker(W)+ N ker(W)L = {0}, rank(W) < r —m} = {W € R"™*" :
WWT = 0, rank(W) < r —m} (Luke, 2013), then (W1 + W)W =0 if W, € Ns. (W)
and Wy € Ng, (W). So we can have 0 = 327" NVIV (WHT = S AWV,
From the assumption, we have A\ =0, =1,---,n. So Y* — VW VT 4+ 1=0.

© 2018 H. Li & Z. Lin.
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Now we prove that X*, Y*W* is a KKT point. From (1a)-(1c), the definition of A%
and ASH, we have

ol € 0f(XFH) + AT, (2)

of + AfTT — A5t ey Ny, (YR, (3)
=1

ob + VTALTIV € Ng, (W) 4+ Ng, (WHH), (4)

Since df (X**1) is bounded, thus A¥*! must be bounded. There exists A} and infinite
subsequence K; € K such that limyek, A = A%, From 0% — 0 we have —A} € 9f(X*).

Now we consider two cases of {A5+1}.

If {\|Ak+1||oo} is bounded, then there exists A and infinite subsequence Ky € K; such
that limyex, AST! = A;, A;—A;e X" N, (Y*) and VTAV € Ng, (W*) + Ng,, (W*),
which together with —A% € §f(X*) and the feasibility, is the KKT condition.

If {||A5™ |} is unbounded, divide both sides of (3) and (4) by ||AS*1||, we have

At Akt n
ok N AR AR €3 N (YFH)
" ARt T : ’
A oo A5 e A5 e =
k T A k41
(o Vv A2 \% k+1 k+1
_ . s, (W) + Ng,, (W),
A e Ao " "
Ak+1 AkJrl

Since —2—1i
[A5T!

lloo

is bounded, then there exists K3 € K1 such that limycxk, ||Ak+1\\ = A, and

|A3]lo = 1. So there exists A; such that Ay = 37 Mesel and VIALV € Ns+(W*)
Ns,,(W*), which leads to > ", )\Z-W*V;‘CVL; = 0. From the assumption we have )\;
0,i=1,---,n and A, = 0, which contradicts with ||A5]|co = 1. [ ]

1.1. Details of Step 1 in ALM-BF

We can use the Proximal Alternating Minimization method Bolte et al. (2014) to solve the
following subproblem in step 1 of ALM-BF:

min L(X,Y,W,AY A) (5)
X, Y W



SHORT TITLE

which consists of three steps in each iteration:

Xt — arg}r{nin L(X,Yk7t,Wk’t,Alf,A]§) + %HX — Xkt %7

= PrOXik”_”oo‘mazp ((kak,t _ Allc + TXk,t)/(pk + 7_)) 7
P :

2
F

YU = argmin L(XPHL Y, W AT, AL + Iy —yh

— Projyg ((pkx’“’t+1 AR 4 PVWEST T Ak YRty (28 1 T)> ,
Whttl — argi)rvnin L(Xk’H'l, YR W, A]f, A’g) + gHW - Wk’tH%
2

Ak
= argmin (W) + g HVWVT - (Yk’tJrl +I+ 2)
w P

;
+ S W — W%
F

AN
— argmin 0o (W) + g w - vT <Yk’t“ +1+ 2) \Y%
W p

+ S IW - WH

F
= Projg ((VT(p’“Y’“’tH + FT+ ABYV o+ rWR) /(pF 4 r)) :

where we use

I[VWVT —Z||% = trace(VWIVT - 2Ty (VWVT — 7))
trace(VWIVIVWVT) — 2trace(VWTVTZ) + trace(ZT Z)
(VWIWVT) — 2trace(VWIVTZ) + trace(Z7Z)
trace(VIVWTW) — 2trace( W' VIZV) + trace(Z1Z)
trace(WIT W) — 2trace(WI VI ZV) + trace(Z1Z)
= W= VIZV|E — [VTZV |+ |2

trace

and VIV =1 in the W update step. For an Arbitrary matrix Z,
2

Z+77 Z-177
PI‘OJQ(Z) = argmin ||W — ZH%—, = argmin W — + _
WeQ WeQ 2 2 ”
z+77| | ||z-Z7 |
= argmin||W — + + H ’
WeQ 2 F 2 Ja
where we use trace(AB) = 0 if A = AT and B = —B7”. Let UXUT be the eigenvalue

decomposition of # with an non-increasing order of the diagonal of > and

3 = diag([max{0,%11}, - ,max{0, Zpm},0,---,0]). Then Proju(Z) = USUT.

2. Proof in Section 3

Lemma 2 Let X* = Proj.- <1(pY), then we have Prozi (Y)=Y - X,
P co,mazxp

oo, marp = 14
Proof From the definition of Fenchel dual, we have

||Z||Oo7maxp = max (Z,X) .

1% 50 e, <1

3
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Then we have
i |2 o0 mas, + 512 = Y3

= min _ max <Z,X>+§||Z—Y||%

Z XI5 many <1
o 2 1X|7
— min max HZ—Y+ +<Y7X>_7F
Z X ey <1 2 plip 2p
x| X|I3
= X HZ Y + — <Y7 X> - w
Xl <1 2 2 F 2p
X 2
e (xR
X120 maay <1 2p
Let X* = Projx| = iy <1(pY), then we have PrOX1||Z||oo asy (Y)=Y - )5:- u

Theorem 3 Let ||x]|}
respectively, then

Tmaz, and || X% maz, be the Fenchel dual norm of ||x||maz, and || X|/co,maz,

1 j—
<, = e s e | = el
n
”XHZO,Mme = Z HXZ}:Hjnaxp = HXHl,max{lm,%h}'
i=1

Proof From the definition, we have |[x|[},,,, = max|g,,,, <1 x!'z.

n n p—1 n
xTz < > xillzl <7 sz = Y s l12zs@)| + > 1%l 1Zs0) |
=1 1=1 1=1 i=p
p—1 n
< Y Ixsyllzs | + 125y D 1xs)-
=1 i=p

From (|xs(1)| — %505 ([2s(6)| — Zap)]) = 0, Vi < p, we have

x5 (1Zs(5)| — |25 |) + %5y |25 | > X5y l1Z55) ], Vi < p.

Do this operation for i =1,--- ,p — 1 and sum, we have
p—1 p—1 p—1
D Ixsllzsey) < syl O 1zs)l = (0 = Dlzs ) + 125y Y x50
i=1 i=1 i=1

IN

p—1
x5 [(1 = 25| = (P = Dlzs|) + 125 D %503
=1
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where we use the constraint of ||z||maz, < 1. So
p—1 n
x"z < x5l (1= plzsp)l) + |26 | D x5 + |26 | D 1%50)]
i=1 i=p

x51)| + |Zs(p) (Z |%55)| —P|X5(1)|>
=1

=[xl + 25| (1]l = PlIx[loo) -

From ||z[maz, < 1, we have 0 < [zg,| < %.

If [|x[[1 > pl[x[|oo, the maximal value is obtained at |z, | = % and xTz < %HXHL When
Z; = %sgn(xi),w =1,---,n, the equality holds.

If ||x[|1 < pllx]loc, the maximal value is obtained at zs(,) = 0 and x'z < ||x[loc. When
z5(1) = sgn(X5(1)) and zg;) = 0,Vi = 2, -+, n, the equality holds.

S0 we have [[X|/5qz, = max { %o, 111x]1 }-

Now consider [|X[|% qz,, Where |
nition of Fenchel dual.

tr(XTZ) <30 X2

i=1 j=1

|X||)$o,m(zmp = maXHZHoo,maszl tT(XTZ) from the defi-

n
< Z HXZ, H;’Lamp‘
i=1

When [|Z;,.||maz, = 1,Vi =1,--- ,n, the equality holds. [ ]

3. Proof in Section 4

The KKT conditions:

Xi— 2z +a;+0— 5 =0, (8)

a; >0, x; <t (o, x;—t) =0, (9)
>0, >"ix;<pt, (0,>7 % —pt)=0, (10)
Bi>0, x;>0, (B;x;)=0. (11)

Theorem 4 Let {x,a, 0,5} be the KKT point, s = num(z; > t), then we have

1. If ||2||cc <t and ||z||1 < pt, then x = z.

2. If ||z]|oc >t and ||z||1 < pt, then x; =t if z; > t; x; = 2; if 2; < t. And we have
p>s.

3. If [|zlloc <t and ||z[ly > pt, then x; = 2z; — 0 ifz; > 0; x; =0 ifz; < 0. 3., _o(z; —

) = pt and p < num(z; > 0).

4. If ||z]loc >t and ||z||1 > pt, then xj =t ifz; —0>t; x5 =2; —0 if0<z; —0 <t;
x; =0 if z; < 0. Specially,
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(a) 2, — zp1 > t, then x; =t,Vj € [1,p]; x; =0,V € [p+1,n].

(b) 2z, — 2p1 <t and st—i—ZZiQZi < pt, then § =0. x; =t ifz; > t; xj = 2z; if
z; <t. And we have p > s.

(c) zp—2zpt1 <tandst+3), ,z;>pt, then0>0. x; =t ifz;—0>t;x;=2;—0
if0<zj—0<t;x;=0ifz; <0. num(zi—GZt)xt+20<zi79<t(zi—9):pt,
num(z; — 0 > t) < p < num(z; > 6).

Moreover, Y 1" | o +pb =Y (z; — x;).

Proof If x; > 0, then 8; =0 and x; = z; — a; — 0 < z; from (11) and (8). If x; = 0, we
also have x; < z;. So x; < z;, Vi.

Case 1: ||z]|cc < t and ||z||; < pt.

If there exists j such that x; < zj;, consider two cases: (1). If x; > 0, then 3; = 0
and x; = z; —a; — 0. So we have o > 0 or § > 0. If a; > 0, then x; =t from (9). So
t < zj, which contradicts with ||z]jc < ¢t. If @ > 0, then Y ;" | x; = pt from (10). Since
x; < z;,Vi and x; < z;, we have Y " | x; < > ;2. Sopt <Yy !,z which contradicts
with ||z]1 < pt. (2). If x; = 0, then o; = 0 from (9) and 0 = z; + 3; from (8). Since
z; >x;=0,5060>0and ) ;| x; = pt from (10). So pt < Y ", z;, which contradicts with
|lz||1 < pt. Thus we have x; = z;, Vi.

Then we prove Y o; +pd = > % (z; — x;). Since x; = z;, Vi, we only need to prove
# =0 and o; =0, Vi.

If there exists some x; such that x; > 0, then §; = 0 and o + 6 = z; — x; = 0 from
(11) and (8). So # = 0 and a; = 0. For x; = 0, if exits, then o = 0 from (9). So we have
# =0 and o; =0, Vi.

If x;, =0,Vi, then oy =0 and 0= Y"1 | x; < pt, so 6 = 0.

Case 2: ||z]|c >t and ||z||; < pt.

(1). If x; =0, then o =0 and § = z; + ;. If z; > 0, then > 0 and ) ;" , x; = pt. So
pt < >, z;, which contradicts with ||z||; < pt. Thus we have z; = 0.

(2). If x; >0, then f; =0 and x; =2z; — a; — 0 < z;.

If 0 > 0, then > " | x; = pt and x; < zj. Since x; < z;,Vi, so pt = > " | X; < Y1, Z;,
which contradicts with ||z|; < pt. So § = 0. Then x; = z; — «;. (a). Consider case z; < t.
If x; # z;, then x; < z; and «; > 0, so x; = ¢, which contradicts with x; < z; < ¢. So
x; = z;. (b). Consider case z; > t. If x; # t, then o; = 0 and x; = z; > t, which
contradicts with x; <t. So x; =t.

Since [|z[|c > ¢, then there exists x; =t < z;. So pt > ||z[1 > >0 ;x> >, ot = st.
Sop>s. -

Since x; =t > 0,Vj € [1,s], then from the above analysis we have §# = 0 and o =
z; —x;,Vj € [1,s]. So we have Y 1" ja; +pd =Y =D =0 (2 —xi) =
> P (zi — x;), where we use o = 0,Vi € [s+ 1,n] since x; = z; < t,Vi € [s + 1,n].
Specially, x; = z;,Vi € [s + 1, p].

Case 3: ||z]|co <t and ||z||; > pt.

(1). If x; > 0, then §; = 0 and x; = z; —o; —6 < z;. If o; > 0, then x; < z; and x; = ¢,
which contradicts with ||z|l. <t. So a; =0 and x; = z; — 0. Moreover, z; — 0 = x; > 0.

(2). If x; =0, then oj =0 and z; — 0 = —f3; < 0.

SOX]':Zj—eiij—9>0;XjZOiij—(9§O.
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If >, x; < pt, then § = 0. From the above analysis we have x; = z; if z; > 0 and
x; = 0if z; = 0. So pt > > " ,x; = >z, which contradicts with ||z||; > pt. Thus
2 im1 Xi = pt.

Let d = num(z; > 6). Since z; > zy--- > z,, thenx; =z;—f and z;—0 > 0,V1 < j < d;
Xj = 0,v5 > d.

pt=3" % =3% x =% (2 —0) <% 2 <%t = dt, where we use
|z|lo < t. Sop<dandx; =z;—0,Yj €[l,p]. So > i +pd=p =537 (z; — %),
where we use «; = 0, Vi from the above analysis.

Case 4:||z||c > t and ||z]|1 > pt.

(1). If x; > 0, then 3; =0 and x; = z; — oj — 0 < z;.

Consider case z; — 6 > t. Since x; <t, then a; > 0 and x; =t.

Consider case z; — 0 = t. If x; < t, then from x; = z; — o; — 0 we have a; > 0, so
x; = t, which contradicts with x; < ¢. So we have x; = t.

Consider case 0 < z; — 0 <t, then x; =2z; — 0 — o <t,50 a;j =0 and x; = ¢; — 0.

Consider case z; < 0, then x; = z; — 6 — o; < 0, which contradicts with the case of
X; > 0.

(2). If x; =0, then aj =0 and z; — 0 = —5; < 0.

Soxj=tforz; —0>t x;=2;—0for0<z; —0<t x;=0forz; <0.

Then we consider three subcases in details.

Subcase 1: z, — z,41 > t.

Since pt > Z?:l X, X1 > Xp > -+ > X, and X; can only take ¢, z; — 6 and 0, then the
values of x,, and xp41 have only four cases: (a) x, =t and xp41 = 0. (b) x, =2z, — 0 and
Xp1 = Zpy1 — 0. (¢) xXp =2y — 0 and x,41 = 0 (d) x, = 0 and x,41 = 0. The following two
cases cannot happen since pt > > | x;: (e) Xp41 =t and (f) x, = ¢, Xp11 = 2pp1 — 0 > 0.

For the first case, we have z, — 0 >t and z,1 < 0, so z, — 2,1 > t.

For the second case, we have 0 < z,—0 < tand 0 < z,1—0 < t, so we have z,—z,1 <,
which contradicts with the assumption.

For the third and forth case, since x; < t,Vi, x, < t and x; = 0,Vj > p + 1, then
o x; < pt and @ = 0. For the third case, we have ¢ < z, =2z, — 0 < t and 0 < z,4; <
¢ = 0, which contradicts with z, — z,41 > t. For the forth case, we have 0 <z, <60 =0
and 0 < z,41 <60 =0, which contradicts with the z, — z,.1 > t.

So we have x; = t,z;, — 0 > t,Vi € [1,p], x;, = 0,2; < 0,Vi € [p+ 1,n]. So a; =0,Vi €
[p+1,n and B; = 0,%x; —2z; + o, + 0 = 0,Vi € [1,p]. So > " i +pf =" [(a; +6) =
> i1 (2i —xi).

Subcase 2: z, — zp41 <t and st + 3, z; < pt.

From st + ZZi<t z; < pt we know s < p. If s = p, then there exists no z; such that
0 <z; <t. Since zs >t and z,41 < t from the definition of s, then z5; = 0. So z, > ¢ and
Zp+1 = 0, which contradicts with z, —z,41 <t. So s <p.

If @ > 0, then > " | x; = pt. Since x; < z; and x; < ¢, then pt > st + DogictZi = St +
D i1 Zi = D i Xty i Xi = )1 X; = pt. So the equalities hold and st+3)", _ z; =
pt, x; = t,Vi < s, x; = 2;,Vi > s. Since s < pand pt =Y ;" | x; = st + Z?:SH z;, then
Zs+1 > 0. S0 Xg41 = Zs+1 € (0,1), then as4q = 0 and Ss41 = 0. So 8 = 0 from (8), which
contradicts with the assumption § > 0. So # = 0. Then x; =t for z; > t , x; = z; for z; < t.
That is, x; = t,Vi € [1,s], x; = 2; < t,Vi € [s+ 1,n].
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Since oy; = 0,Vi € [s+ 1,n], B; =0,x; —z; + a; = 0,Vi € [1,8], p> s and x; = z;,Vi €
[s+ 1,m], then 330y o +pf = 325 ) i = 377 (2 — xi) = 27 (zi — %),

Subcase 3: z, — z,41 < t and st + Zth z; > pt.

If0=0,thenx; =tifz; >t,x;, =2 1f0<2z; <t,x,=0ifz, =0. Sopt > > " | x; =
st + Zz,-<t z;, which contradicts with the assumption. So § > 0 and pt = > " | x; =
num(z; — 60 > 1) Xt + > g, g4(zi —0).

Let d = num(x; > 0) = num(z; > #) and r = num(z; — 0 > t). Then x; = ¢,
z,—0>t,Vi<r;x;=z;—0,0<z;—0 <t,Vr <i<d;x; =0, 2; <0,Vi > d. Notice that
in this case r can be 0, d can be n.

If r = d, then x, = ¢t and x,41 = 0. Since pt = Y ;" | x;, then p = r, x, = ¢ and
Xp+1 = 0. Soz, —0 >t and z,11 < 0. So z, — zp4+1 > t, which contradicts with the
assumption. So r < d.

Since rt < rt + Zgzrﬂ(zi —0) <rt+ Z?:,,_Ht =dt, then r < p < d.

Since a; = 0,Vi € [r+1,n] and §; = 0,Vi € [1,d], then > " ; a; +pf = > | o+ pb =
i1 (zi =% —0) +p0 =371 (2 — %)+ (p—1)0 =00 (zi — %) + 20 0= 300 (2zi —
Xi) + > n 1 (zi — %) = >0 (2 — x;), where we use p < d and x; = z; — 0 for i € [r + 1, p].
|

Lemma 5 In case 3, let h(0) = 3>_, _y(z; — 0), 0 € [0,21), Zp41 = 0 then

k
h(0) = Zzi — k0, 0¢€[zp1,2),Vh=mn, -1
=1

and h(0) € (0,||z||1] is continuous, piecewise linear and strictly decreasing. Thus there is a
unique solution for h(6) = pt.

Proof Since z; > z9 > -+ > 2z, then h(0) = Zi>9(zi—9) = Zle(zi—e) if 0 € [zg41,21).
So limeimk = Zle(zi —z) = Zf;ll(zi —2zy) = h(zk). Thus h(0) € (0, ||z]]1] is continuous,
piecewise linear and strictly decreasing. |

Lemma 6 Let d+k =max{i:2z; =241}, 7+ Jj =max{i:z; = 2,41}, k* = max{i : z; =
z1}, Zn+1 = 0, zg = oco. Define interval

S(r,d) = (max{z4+1,2zr+1 — t}, min{z,4, z, — t}].

Go left from nonempty S(0,k*) = (max{zg+11,21 — t},2z1] and end when S(r,d) reaches 0.
For nonempty S(r,d),

1. If 2441 < Zp41 —t < min{zgy, z, —t}, then S(r+j,d) is on the left hand side of S(r,d)
and S(r + j,d) is nonempty.

2. If 2,41 —t < 2441 < min{zg,z, —t}, then S(r,d+k) is on the left hand side of S(r,d)
and S(r,d + k) is nonempty.
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3. If z2py1 —t = 2g11 < min{zg,z, — t}, then S(r + j,d + k) is on the left hand side of
S(r,d) and S(r + j,d + k) is nonempty.

The union of the constructed disjoint intervals is [0,z1].

Proof S(r,d) is nonempty, so we can consider three cases:
If 2441 < Zr41 — t < min{zg,z, — t}, then S(r,d) = (2,41 — t, min{zq, z, — t}],

S(r+j,d) = (max{zgqy1,2Zr4j+1 —t}, min{zg, z,4; — t}]
= (max{zgi1,2Zrj+1 — t}, min{zg, 2,41 — t}]
= (max{zqi1,Zryjr1 —t} Zry1 — ],

and S(r + j,d) is nonempty from the definition of r + j.
If 2,41 —t < 2441 < min{zg, z, — t}, then S(r,d) = (2441, min{zg4, z, — t}],

S(r,d+k) = (max{zgik+1,2Zr+1 —t}, min{zgip, 2z, —t}]
= (max{Zgtr+1,2r4+1 — t}, min{zg11, 2, — t}
= (max{Zgir+1,Zr+1 — t}, Zd41],
and S(r,d + k) is nonempty from the definition of d + k.

If 2,41 —t = 2441 < min{zg,z, — t}, then S(r,d) = (2,41 — t,min{z4,2, — t}] =
(Zg+1, min{zq, z, — t}],

S(r+jud+k) =

max{Zq4k+1,Zr+j+1 — U}, min{zayp, 21 — t}]
Max{Zd k41, Zr4j+1 — L}, Min{zg41, Zr+1 — t}]
MaxX{Zdtk+1, Zr+j+1 — t}, Zr41 — 1]

MaX{Zdtk+1, Zr4j+1 — t}, Zdy1),

(
(
(
= (

and S(r + j,d + k) is nonempty.
As 7,41 =0, so S(r,d) can reach 0. [ |

Lemma 7 In case 4.3, let Zp11 = 0, Zpyo < 0, 29 = 00, h(0) = num(z; — 0 > t) x t +
> 0<z,—o<t(Zi —0). Consider S(r,d) constructed in Lemma 6, then

)=rt+ Z z, — (d—r) 6 e S(r,d).

h(8),0 € [0,z1] is continuous, piecewise linear, non-increasing and there is a unique solution
for h(8) = pt.

Proof
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0 € S(r,d) = 0¢€(z4+1,24), 0 € (Zr41 — t,2, — t], SO

h(f) = num(z, —60>1)xt+ Z

0<z;—0<t
= num(z, — 0 >1t) xt+ Z
0<z;—0<t
= rt—i—z i —0) —T’t+ZZz
i=r+1 i=r+1

Since S is nonempty, then z441 < z, —t < z, = r < d. Thus h(6),0 € S(r,d) is a linear
strictly decreasing function if d > r and the constant rt if r = d.

Now we prove that k() is continuous when 6 € [0, z1].

If 2441 < Zp41 — t < min{zy,z, — t}, then S(r,d) = (2,41 — t,min{z4,z, — t}] and
S(r+j,d) = (max{z441,2,+j+1 — t}, Zr+1 — t] is on the left hand side of S(r,d).

d
lim  h(0) = rt+ > (2 — (zr11—1))
O;ZT+17t i=r+1
d 7‘+]
= (it > (zi— (e —1) —jt+ Y (2 — (241 — 1))
t=r+j+1 i=r+1
d
= (r+jt+ Z (i — (Zr41 — t)) = h(Zr41 — 1).
i=r+j+1

where z; = z,11,Vi € [r + 1,7 + j] from the definition of r + j.
Ifz, 41—t < 2441 < min{zq, z,—t}, then S(r,d) = (2441, min{zq, z,—t}] and S(r, d+k) =
(max{zg+k+1,2r+1 — t},24+1] is on the left hand side of S(r,d).

d d+k d+k
lim h(0) = rt+ Y (zi—zap) =rt+ Y (2 —Zap1) — Y (% — Zay1)
0—)Zd+1 i=r+1 i=r+1 i=d+1
d+k
= rt+ Z (Zi — Zd+1) = h(Zd+1).
i=r+1

where z; = z441,Vi € [d+ 1,d + k] from the definition of d + k.
If 2,41 —t = 2441 < min{zg,z, — t}, then S(r,d) = (2,41 — t,min{z4,2, — t}] =
(Zd41, min{zq, z,—t}] and S(r+j, d+k) = (max{zgtk+1, Zr+j+1—t}, Zr+1—t] = (Max{Zag1i+1, Zryj+1—

10
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t},z441) is on the left hand side of S(r,d).

d
lim  h(0) = lim h(0) =rt+ Y (2 —2z441)
9;zr+1—t G;Zd+1 i=r+1
d+k d+k r+j
= (4Dt D (m—2zar1)— Y (2 —2zap) —jt+ > (2 — 2a41)
i=r+j+1 i=d+1 i=r+1
d+k d+k r+j
= (r+jt+ Z (Zi — Zd41) — Z (2 — Za41) — jt + Z (2 — 2Zry1 + 1)
i=r+j+1 i=d+1 i=r+1
d+k
= Gt S (B 7an) = h(zas):
i=r+j+1

Thus h(@) is continuous when 0 € [0, z1].

Now we claim that if h(6) is a constant at some interval, then h(0) = rt # pt. Otherwise,
r = p = d. Since S is nonempty, then z,,; < z, —t, which contradicts with the assumption
Zp — Zpy1 < t.

From 0 € S(r,d) = 2441 <0< 2z4,2,41 —t <0 < z, — t, we have r = s = num(z; > t)
and d =n+1. So h(0) = st +>_, ,z;. From z1 € S(r,d) = 2411 < 21 < Za, 2,41 —t <
z1 <z, —t, we have d = k* = max{i:z; =2z;} and r = 0. So h(z1) = Zle(zZ —z1) =0.
Thus h(0) € [0,st + >, ;2] Since st + >, ;2 > pt, then there is a unique solution for
h(8) = pt. [ ]

4. Proof in Section 5

The Lagrangian function is:

1
LX,g 0,62 = 5 D o1Zij =X+ {aiy, Xy — i)
i, V)
n n n
+ Z <0i7 ZX” - Pgi> + </\7 Zgi - T> - Z (Bijs Xij) -
i=1 =1 i=1 i

11
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and its KKT conditions are:

Xij—Zij+aij—Pij+0; =0, (12)
= aij—pbi+ A =0, (13)
J
n
=1
Xij <8 @ij>0, (aijXi;—gi)=0, (15)
n n
0; >0, > Xi; <pg, <9i, > X, —sz‘> =0, (16)
=1 =1
Xij 20, Bij>0, (BijXij) =0. (17)
Lemma 8 At the optimal solution, either (1) g; > 0 and Z 1(Zi; — X5 5) = A; or (2)

gz—OandZ 1Z;j <.
Proof If g; =0, then X; ; = 0,Vj, so a; ; + 0; = Z; j + B j > Z; ;.

T M@

n p p
A=) i +pl =D i +pli=> (aij+06;)
=1 =1 =1

If g; > 0. Consider (12), (15), (16) and (17), the four conditions are equivalent to minimizing
the following problem with fixed g;:

mln Z Zij; — 7]

s.t.X;; < 8, VJ, I;ZXM <gi, Xi;=0Y]
=1

(18)

From Theorem 4, we have >0 i +pli = Y8 (Zij — Xi;). So from (13) we have

Lemma 9 Let s = num(z; > t), r = num(z; — 60 > t) and d = num(z; > 0) in case 4.3 of
Theorem 4.
If ||z]| oo > %HZHI; then

0, t > |z[loo
g(t) = 2 i-1%i — st, t* <t < |lz]o
St izi—rt+(p—1)0, zp—zpy <t <t*
Zf:l z; — pt, t < Zp — Zpi1
where t* € [z, — Zp41, ||2]|1/p] is the unique solution satisfying num(z; > t) + M =p.

12
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If |1z]loo < Sllzll1, then

0, t> 7||Z||1
o(t) = o, |zlloe <t < llz]1
Siizi—rt+(p—1)0, zp—2zp11 <t <|2z]o
> i1 2 — pt, t < Zp = Zpy1

Proof Similar to Theorem 4, we consider four cases.

(1). If t > ||z||0o and t > %HzHl, then z = x and ¢(t) = 0.

(2). If t < ||z]|co and ¢t > ]lg||z||1, then x; = t,Vi < s, x; = 2;,Vi > s, and p > 5. So
g(t) =327, z; — st.

(3). If t > ||z]|oo and t < %Hz”l, then x; =2z, —0ifz, — 0 >0, x; =0if z; — 0 <0, And
p < num(z; > 0). So g(t) = pb.

(4). If t < ||zl and t < 1||z||1, consider three cases:

(4a). If zp—zp4q > 1, then x; =t,Vi € [1,p], x; = 0,Vi € [p+1,n]. Sog(t) = > L, zi—pt.

(4b). If zp —zpy1 <tand st+ ), ,z; <pt, thenx; =1,Vi <s,%x;, =2;,Vi >s,p>s.
So g(t) =37 | z; — st.

(4c). If 2z, — 2,41 < t and st—i—ZZiQZZ- > pt,thenx; =¢,Vi <r,x; =2z;—0,Vr <i <d,

x;=0,Vi>d, r<p<d Sog(t)=>,_,2zi—rt+ (p—r)d.

Let h(t) = num(z; > t) + M = s+ M Recall that z; > t and zg,1 < t.
Increase t satisfying zs > ¢, then num(z; > ¢) and »_, _,z; do not change, so h(t) strictly
decrease. Further increase ¢ to ¢ satisfying zs < t’ and ¢’ < z,_;, where we allow repetition
to consider z; = zs_1 = -+ = Zs_j11 < Zs—;. Then h(t') = s—]+w — 5 —
J+ Z?:S“z”t,x:“f“z" = s+ 721 LT IEe <5+ Lizen % = < s+ Lm;ﬂzf -
h(t). So h(t) is strictly decreasmg We also have h(z,) = n and h(z;) = num(z; =
)+ leli=nGae el el 5o it g, 2 L, then p € [h(en), hen)]

Z1 z1

and there exists an unique t* € [z,,z;1] such that h(t*) = p. If ||z]|c < %||z||1, then
h(t) > h(z1) > p,Vt < 71 = ||2z]|c- So st+>_, _,z > pt and case (4b) in the above analysis
dose not hold.

We first consider the case of ||z]|s < %HZHl:

(1). If t > %HZHh then g(t) = 0.

(2). If [|z]|oc <t < %Hz”l, then g(t) = p#.

(3). If 2z, — zpy1 <t < ||Z||o0, then g(t) => "1, 2; —rt+ (p—1r)0.

(4). If t < zp — 2zpy1, then g(t) = > P | z; — pt.

We then consider the case of ||z||c > %||z||1.

Let v = num(z; > |[z]1/p), then z, > |lz[l1/p, 2o11 < |z]li/p and h(|z]./p) =
vt pXi i zi/llzlh = v+ p(lzl - X z)/llzlh = v+p—pdii z/llzl < v+p—
pvzy/||zlly <p. So |[z]1/p > t*.

Zzi<z —z Z;
If z, 1 > 0, then h(zp—2,41) = num(z; > zp—zp+1)+zp+pﬂl

then h(z, —zp41) > num(z; > 2z, —2z,41) > p+1. lf 21 < 2z, — 2,11, since z, > 2z, — 2,41,

Mzp > 2p—2p41,

Zz‘ zZp—2 Zl
then h(z, — zp11) = p + — 2 2okl > p oy 2l 5 5 So h(z, — 2p+1) > p and

Zp—Zp+1 Zp—Zp+1

13
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Zz ; <zP Z;

Zp — Zpi1 < t*. If 2,11 =0, then h(z, — zp+1) = h(zp) = num(z; > z,) + e So
" =2p = 2p — Zpt1.

Thus z, — 2,41 < t* < ||z||1/p and we have

(1). If t > ||2|| 0, then g(t) = 0.

(2)- 16 Lally < ¢ < 2]acs then g(t) = XT3, 7 — st

(3). It t* <t < S|lzl|1, then g(t) = 3;_, zi — st.

(4). If z, — zpy1 <t < t*, then g(t) => . ,2z; —rt+ (p —r)b.

(5). If t < zp — 2zpy1, then g(t) = >°F | z; — pt. |

Lemma 10 Consider g(t) = >.;_,z; — st, t € (0,|z||oc), where s = num(z; > t). Let
Zn+1 = 0. then g(t) is continuous, strictly decreasing and piecewise linear, g~ (\) can be
expressed as

k
g ()\) = _1k ) A € [Z’L 1Z'L kzk?Zf—i_ll z; — (k + 1)Zk+1) 7k = 17 e, n

Proof If t € (zg41,2,] with fixed k, then s = k and g(t) = Zle z; — kt, so g(t) is
continuous, piecewise linear and strictly decreasing. So

Sz — A b htl
g_()\)zlilT’,)\e [ZZi—ka,ZZi—(kj+1)zk+1> k=1,--- ,n,

=1 =1
and g~ (V) € (0, l|oo] n

Lemma 11 Consider g(t) = pf, t € (0, %HZHI} , where 6 and t satisfies Y - o(c; —0) = pt,

then g(t) is continuous, piecewise linear and strictly decreasing, let zn,+1 = 0, then g~ ()
can be expressed as

k
_ g i= Z; kX
g ()\): Z_?l - p27 )‘E [pzk+17pzk)7k:1727"' y

Proof Fix 0 € [z;41,2), we have

" Zle Zz; — ko

p
e Z?:l zi — kzy, Z§:1 z; — kzp i1
p ’ P
— Zz 1 Z; — kzk Zf+11 Z; — ( + ].)Zk+1
p D

and 0 = 722 1,:1 Pt Qo

725;1 %i — pt te (Zz 1%i — ka Zf+11 z; — (k + 1)Zk+1]

g(t)=p
®) k P P

14
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g(t) is continuous, linear function and strictly decreasing.

k
- i kA
gi(A):ZpilZ_727 >‘€ [ka+1,ka),k:1,2,"' y 1.
p p
And we have g~ () € (0, ”Zp"l]. [ |

Lemma 12 Define interval

S(r,d) = (m { B Bri1 2 %) B (i~ zd>}

d—rp p—r
min Z?:r—i—l(zT —2;) Z?:r—l—l(zi — Zd41)
d—p ’ p—r

withr < p<d Letr—j+1=min{i: 2z =2z}, d+k = max{i : z; = 2441},
p—j+1=min{i:z; =2y}, p+k=max{i:z =2y}, 20 =00 and z,11 = 0. Then
we can divide (2 — 7y, £°) if |20 > Lzl and (2 — 2per, J2ll) # 2o < L2l

into several disjoint and connected intervals by the following way: Go right from non-empty
S(p—j,p+k), if S(r,d) is non-empty, then for S(r,d) with r >0, d <n,

Z?:r«kl(ZT"’l_zi) ch'l:r+1(zi_zd) Zg:r+1(zT_Zi) Z;ﬁi:r+1(z7;_zd+1)
1. If max a—p , - < d—p < =t , then the

right hand side of S(r,d) is S(r — j,d) and S(r — j,d) is non-empty.

S (Ee—z) S, (2i—2a) S 1 (Zi—Zay1) > (2r—2))
2. If max T , - < =t < d—p

right hand side of S(r,d) is S(r,d+ k) and S(r,d + k) is non-empty.

, then the

‘ ) T e e A
3. If max Zi:r+b(f;+1 ZZ)’ Zl:rzi(: Z4) < E':H;(:q Zat1) _ ZZ_TEI,(; z)} then the

right hand side of S(r,d) is S(r — j,d + k) and S(r — j,d + k) is non-empty.

Proof We begin with S(p—j,p+k). Since zp_; > zp_j11 =+ = 2p, Zpy1 =+ = Zpyk >
(k+))zp—j—jzp—kzpt1  jzZptkzpi1—(k+i)Zpirs1
2 ’ j

Zpt+k+1, then S(p—j,p+k) = <Zp — Zp+1, NN { F;
is nonempty and on the most left of (z, — z,11,t*) and (2, — Zp+1,[|2||). So we should
go right from S(p — j,p + k). We will prove that for every nonempty S(r,d), we can find a
nonempty interval connected with S(r,d) on its right hand side.

d d d d
Z,-:,.+1(Zr+1—zz') Zi:r+1(zi_zd) < Zi:r+1(zr_zi) < Zi:rr-+1(zi_zd+1)
d—p ) p—r d—p p—r

Case 1: If max{ , then

d —z; d Z;—7Z d Zy—Z;
S(r,d) = (max { Zi:”b(_zgl 1), lerzl_(rl d)} , Z’:lel_(p’ l)], Z; > Z,+1. From the def-

15
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inition of r — j + 1, we have z,_; > z,_j 41 = -+ = 2, > Z,41. Since
d d
Zi:r—f-l (z; — 2q) < Zi:r.H (zr — 2i)
p—r d—p

d
& -z +d-p> Y. z

i=r+1
r d
o ot Y i Y w
i=r—j+1 i=r—j+1
d
& (p-r+i)zejnt+d—pza> Y oz
i=r—j+1

d d
Zi:r—j—i—l(zi - Zd) < Zi:r_j+1(z7"—j+1 - Zi)

A -
Pp—r+] d—p
then
d d
S(r—yj,d) = max Diicr—ji1 (Brojit1 = %) Dimyj11(%i — Za)
’ d—p Cop-TH] ’
d d
min Zi:r—j-ﬁ-l(ZT*j — ;) Ei:r—j+1(zi — Zdt1)
d—p ’ p—r+j
d d d
_ Zi:r—j—i—l(ZT—j-H — ;) min Zi:r—j+1(z7’—j — ;) Zi:r—j+1(zi — Z411)
d—p ’ d—p ’ p—r+]
d d d
_ Dieri1(Zr — Zi) min Zi:rfjJrl(ZT—j — z;) Zi:rfjJrl(zi — Zdy1)
d—p ' d—p ’ p—T+]
d . —_ .
is on the right hand side of S(r,d). It can be easily checked that i:“”a(_zg_]“ z)
Z?:r—ﬁq(zrfj*zi) .
. Since
d—p
d d
Zi:r+1(z7“ — z;) < Zz‘:r+1(zi — Zd11)
d—p p—r

d
& (p—1)zr +(d—p)zay1 < Z Z;
i=r+1

T

d
& p-rmt Y mtl-pma< Y u

i=r—j+1 i=r—j+1

d
& (pt+i-—nz—pm+[@d=pzan < Yz

i=r—j+1
d d
Zz‘:r—j+1(zr—j+l - z;) Zi:r—j+1(zi — Zd41)
~ < - .
d—p p—r+j

16
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So S(r — j,d) is not empty.
Z?:H-l(zr-&-lfzi) Z?:T.H(Zifzd) < Z?:H-l(zz'*szrl)

<

d
Zi:r-ﬂ(zT*Zi)

Case 2: If max = , o —

_ S Ee—z) S (zimza) | X, (Zi—Zay1)
S(r,d) = ( max i , s , P

the definition of d + k, we have zg g1 < Zgyx = -+ = Zg+1 < Zq. Since

d d
Zi:TJrl(ZT’H _ Zi) < Zz r+1( - zd+1)

d—p p—r

~ (p - T)ZT+1 + (d — p)Zd_H < Z Z;

d—p

i=r+1
d+k d+k
& (p—7)2r11+ (d—p)2agp1 + Z z; < Z Z;
i=d+1 i=r+1
d+k
<~ (p - T)Zr—&—l + (d + k —p)zd+k < Z Z;
1=r+1
d+k d+k
= Ziir—‘rl(z""f‘l - Zi) < Zz +7"+1( - Zd+k)
d+k—p p—r
then
d+k d+k
; Zri1 — Z; —z
S(r,d+ k) = max Lizrs1(Zra1 Z)a 2= TH( ark)
d+k—p
d+k d+k
min >l 7'+1(Z7" —2z;) D il r+1( Zd+k+1)
d+k—-p
d+k d+k d+k
_ i +7“+1( Zd+k z+7“+1 (zr — 2) Eiiyurl(zi — Zdtk+1)
p—r d+k—-p p—r
d d+k d+k
_ 2izrt1(Zi — Zdt1) z+r+1 (zr — 2) ZiirJrl (Zi — Zd+k+1)
p—r d+k—p p—r
is on the right hand side of S(r,d). Since
d d
Zi:r+1(z7“ - Zi) > Zi:r+1(zi - Zd+1)
d—p p—r
& Z z; < (p—1)zy + (d — p)Zg41
i=r+1
d+k dtk
A Z z; < (p—1)z; + (d — p)zgs1 + Z Z;
i=r+1 i=d+1

17
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d+k
~ Z z; < -r Zr (d +k— p)zd-l-k
i=r+1
dtk dtk
N Zz r—i—l( _Zd-i-k) < Zi:r+1(zr - Zi)

p—r d+k—p

So S(r,d + k) is not empty.
S (B —20) Z?rﬂ(zi_zd)} < i (mizas) X (2r—2)

Case 3: If max , then

d—p ) p—r p—r - d—p
Zry1 < Zp and zg4q < Zq. Since

d d
Zz’:r—i—l(zi - Zd+1) o Z’i:r—‘,—l(z’r - Zz’)

p—r d—p
d
& -zt - =Y =
i=r+1
d+k dtk
& (p—r)z, + Z z; + (d — p)de—{-Zzl_ Z z;
i=r—j+1 i=d+1 i=r—j+1
d+k
s p—r+))z—jr1+(d+Ek—p)zgr = Z Z;
i=r—j+1
- Zﬁf j+1( — Zdtk) _ Zfﬂg g+1(zr —j+1 = )
—r+7J d+k—p
and
d

Y 2~ (d=r)zg1 = (p = 1)z + (d = P)2ar1 — (d = 1)2ar1 = (p = ) (20 — Zas1),
i=r+1

then we have

d d
Zz’:r—i—l(zi - Zd+1) Zi:r-‘,—l(z’l’ - Zi)

- =Zr —Zdt1
p—r d—p " b
d+k
Zz r— ]—H(ZZ Zd+k) Zz r— J+1(Z7“ j+1 — ) ” . . .
- = Zr—j+1 — Zd+k = Zr — Zd+1-
p—r+7] d+k—p Tt + T +

So

d _ g d _
S(r,d) = (max { e ZZ)’ Zoizr (2~ 2) } L — Zd+1] )

d—p p—r

18
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and
d+k d+k
S(r—j,d+k) = max Dimr—j1 (Br—j1 —21) 30,0 ]+1( — Zdtk)
) d + k p b —r + j )
d+k d+k
min Zz =r— ]+1(ZT J Zi) Zz r— ]+1(Zl - Zd+k+1)
d+k—p ’ —r4j
d+k d+k
_ P min EZ =r— ]+1(Z7' —J Zi) Zz r— j+l( Zd+k+l)
r d+k>s d+k— D ) 1 .
is on the right hand side of S(r,d). It can be easily checked that
Zd+k ]+1(Zr J+1—%;) Zd:k_' 1(Zr—j—2;) Ec-l:k_- (zi—Zd+k) Zc-l:k_- (Zi—Zd+k+1) .
= < == and ===LE S . Since
d+k— pzf;’“ijﬂ(zl Zd+:l)+k pZZ 5 e le)) r+j ' p.rﬂ
Zy — Zgi1 = P i , thus S(r — j,d + k) is not empty.

Next, we consider two special cases: r =0 or d = n.

If r = 0, consider S(0,d) = (max{zg };_z; z’), = l(zl_zd)} , Zi 1(Z;_zd“)} From the
analysis of case 2, the right hand side of S(0,d) is S(0,d + k) and S(0,d + k) is nonempty.
mgmon) polm) ) 2o o ]y < plll, then
t* < ||lz|l1/p and S(0, n) reaches the right hand side of [z, — zp41,t*]. If ||z||1 > pl|z|/~, then
5(0,n) reaches the right hand side of [z, — Zp41, ||2]|s]-

If d = n, consider
S(rm) = (max { im0 St L i { St S8t
If flzly > pllafoc. then S, iz > pa — Yoz = (p— )z + 1z — iz >
2 iy (2r—2i) < 2imr i1 %

(p —r)z1 > (p — 1)z, which is equivalent to o P

Z?:r+l(z7'+1_zi) Z?:'r-ﬁ—l(zi_Z”) < Z?:r-kl(z’”_zi) < Zzn:r-kl Zi
n—p ’ p—r n—p p—r

1, the right hand side of S(r,n) is S(r — j,n) and S(r — j,n) is not empty.

Z?:r+1(zr+l_zi) Z?:r+1(zi_zn)} < Z?:r+1(zr—zi) < Z?:r+1 Zi
n—p ’ p—r n—p p—r )

then the right hand side of S(r,n) is S(r — j,n) and S(r — j,n) is nonempty. Otherwise, we

Moreover, S(0,n) = (max{

, S0 we have

max{ and then it reduces case

If fl2lly < pllzlloc, if max {

claim that S(r,n) reaches the right hand side of (z, — zp41,t*) by proving M =t*.
Z?=7‘+1 Zi

Let ¢t = =222—. Since
n n
v (g — 1 Zi
sz'r—l-l( r+ Z) < ZZ*T—H ’ & (p— ’I")Z'r-{-l < Z Zj,
n—p p—r i=r+1
’I'I_ 7z — Z 7.1_ Z; g
2z (Zr — 2i) > 2izr 1% & (p—r)z, > Z zi,
n—p p—r i=r+1
, Loj<t?i Disri1%i _
S0 z, >t > z;11. Thus num(z; > t) + =2~— =r + ; = p, from lemma 7 we know
h(t) = num(z; > t) + ZZ# is strictly decreasing and h(t*) = p, so t =t*. "
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Lemma 13 Consider g(t) =Y ;_, zi—rt+(p—7)0 witht € (2, —2zp41,t*) if ||2] 0 > %HZHI
and t € (zp — Zp+1, ||2]|) if ||Z]lec < %HZHL then for each interval S(r,d) constructed in
Lemma 12, we have

(t)—zr:z-—rt—i—( —T)Z?:’”“Zi_(p_r)t Wt € S(r, d)
g _1_1 7 p d_r b 7 )

and

r d
_ d—r p—r
5=\ <i:1zz+d_r 3 zZ—A), A€ g (S(r,d)),

pry 2 —
dr+p 2pr S

where g (S(r,d)) means the function value g(t) on the interval S(r,d). Moreover, g(t) and
g~ (\) is continuous, piecewise linear and strictly decreasing.

Proof t € S(r,d) # 0 is equivalent to
S (2e—2) S (Zrr1—2:)
S, 2t > =,

Z?:r+1(zi_zd+1) > t > E?:7'+1(Zi_zd)
p—r - p—r ’

which can be further written as

Zc'l:r 1%i—(p—7)t Zd:r-u z;—(p—r)t
Zr*tZHT> Zr+1*t<lT,

d o d e
Zd1 < —Zi:THdZ_ZT ® T)t, Zg > —ZZ:THdZ_ZT (o)t
On the other hand, fix t,r,d, consider 8 satisfying
Zp —t>0, zZ,401—t<0, z401<60, z5>0, r<p<d, (19)

then

d
h(0) = num(z—0>t)xt+ > (-0 =rt+ > (zi—0)

0<z;—0<t i=r+1

d
Zi:7»+1 z;—(p—r)t

L— is the unique solution for h(f) = pt satisfying

is strictly decreasing. So 6 =
(19). Thus we have

r d
. i_ —_— t
o) =Sz vt (p—r) = BTy i)

i=1

and ¢(t) is a linear strictly decreasing function in S(r,d).
Now we prove that g(t) is continuous.
Case 1:
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d
Zi:r+1(zT—zi)

d 1
< 2imrg1(2i d+1), then S(r,d) =

S (Eeri—z) D (2i—24)
If max { i , = < d—p
Zd— +1(Zr+1*zi) Z('i— +1(Zi*Zd) Zd— +1(Zr*zi)
max =r =r = and
d—p ’ p—r ’ d—p ’

p—r

d—p d—p )

p—r+j

d ; d Zyp i —Z; d . (z;—z
S(r—j,d) = (W,min{zji_“j“( rog %) Dimrogi (% d+1)}] is on the right

hand side of S(r,d). Consider the interval S(r,d), we have g <

— d —r)2
e D imrt1 %i — <7“ + (pd—rr) )

d oz
Elepletl) _ 5 mt

d 2
>y (Zr z). Consider S(r — j,d), we have

d—p
. lim g(t)
s Ei:r—;l_(:r_zi)
r—j . . d . ) d -
= Zzi+pdir+], Z Zz‘(?“ +([()1 T+],) )wa&l(zr z;)
i=1 _r+‘7i:r—j+1 -t -p
r . d N2 d
_ . p-rTt] oo\ )P Ximea (7 — 2)
- ;ZZ A (_Z ZZ“ZT) (r U B ) d—p
1= i=r+1
Sz —z)\ p-r4j d p—r+j p-r
N g( d—p _‘7ZT+d—?“—i—jjzr—{_Z,zzr;rlzZ d—r+j_d—7"
d .
_Ei:r-l—l(ZT_Zi) (p—r+4)° o (p—r)?
d—p d—r+j 7 d—r
= g Zg:rJrl(zT — %i) _d-p 2y + jld—p) Zgerrl z; j(d—p) Z?:rJrl(ZT — %)
d—p d—r+77" " (d—r+j)d—7) (d=7r+j)d—r)
d
_ Zi:rJrl(z"“ — 7;)
g i :
. S (@e—zi) L (2i—2q) S (Zi—Zag1) S (2 —20)
Case 2: If max *b_p , *];1_T < *;_T o< Zl_p , then
d i d 7;,—2 d Z;,—2
S(’I“, Cl) — <maX{Zi:r+é(_Z;+1zz)7 Zi:r-;_(rz d) } , 21=T+;)(_; d+1):| and

d Z;,—2 C-l+k Zyr—2; djk Z;—Zq . .
S(r,d+k) = <M, min { Lizrial ) Lz B Zarir) H is on the right hand

p—r d+k—p ) p—r

d Z;,—7Z o
side of S(r,d). Consider the interval S(r,d), we have g (w> = > 1%+

21

p—r



L1 LiN

d o
e Z?ZTH z; — (r + &= T)2> Zizrt1(Z720401) - (ongider S(r,d+ k), we have

d—r —r
Lim 9(t)
1y D=1 (i 2ar1)
p—r
d+k J
- Zz i z; — (r+ (p—1)*\ Xizrs1(Zi — 2as1)
l d+k—riT+1’ d+k—r p—r
d d
(p—7)%\ Xizrs1(2Zi — Za+1)
Z +d+k—r<i;lz+ Zd+1> (r—l—d—i-k—r -

d
= g Zz r+l( _Zd+1) +(p—7“ kZd+1+ Z 2; b=
p—T d+k—r d+k:fr d—r

X1 (i — zan) ( (p-1?° (- r)?)
p—r d+k—r d—r

- Zd+1)

g (Z?zr-i—l(zi - Zd+1)> + (p - r)kzd+1 k(p - T) Z;j:r-i-l Z; + k‘(p - ’I”) Z?:r-i—l (Zi

p—r d+k—r (d+k—r)(d—r) (d+k—r)(d-—
(L= za)
(i)

) S E—z) T (miza) i (@izas) X (2r—2)
Case 3: If max{ p , oot < o = i—p , then

d
Z’L r+1(z’b Zd+1 7, 'r+1(z7‘ Z)

= =2y — 2441,
i=r z7‘+1 ZZ) ch'lzr (Z’ifzd)
S = <max{ +1 y -;1_7, y Ly — Zd+1 y
dtk d+k
. S Zy_j—Z; i—r— z;,—7 . .
S(r—j,d+k)= (Zr — Zd4+1, Min { iz glj'rlk(_p : ), i le(rﬂ Ltk+1) H is on the right

hand side of S(r,d). Consider the interval S(r,d), we have

r d 2
_ p—r (p—r)
g(zr_zd—H) = ZZZ_FEZ zZ; — <T+ d—r >(Zr—zd+1)

= Z Z; — %y + DZii1,
=1
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and consider S(f — j,d + k) we have

t%zl'rlglzd+1 g(t)

T*j . d+k 9
— ZZH——. Z Zi_<7‘—]+. (2 — Zgs1)

i=1 d+k—7"—|-]i:r_j+1 d+k—r+j

r ) d .
= ZZi_]ZT—Fd—I—k—T‘—I—j(.Z Zi+]Zr+kZd+1>—(r_]_|_d+k_T+j> (zr_zd—H)

i=1 i=r+1

- p—r+j
= ;Zi_jZT—i_d—i‘k—T—i‘j((p_r>ZT+(d_p)zd+1+jzr+kzd+1)

- (p—r+j)?
G ]+d+k—r+j(” Zdt1)

IR L (p—r+j) - (p—r+j)?
- ;ZWZT( ey S Uy
—r+)d—p+k )2
(p—rtj)ld—p+tk) et (p—r+35)°
d+k—r+7 d+k—r+j

+Zq11 (
.

= Z Zi — T'Zy + PZd+1
i=1

= 9(2r — Zd41) -

So g(t) is continuous, piecewise linear and strictly decreasing in (z), —2zp41,t") if ||z||oc >
plzll and in (zp — 2p41, [|2llo0) if [12]lc < Izl
We can easily get that

r d
—\y d—r p—r
g ()\)_dr—i—pQ—QpT‘(Zzl—'_d—r ZZZ )x), VA € g(S(rd)).

i=1 i=r+1
and g~ () is continuous, piecewise linear and strictly decreasing. |
Theorem 14 g(t) =Y 7 (z;—x;) witht € [0, max{||z||«, ||2|1/p}] and its inverse function

g~ () with X € [0,>°F_, z;] are continuous, strictly decreasing and piecewise linear.

Proof Based on Lemma 10, 11 and 13, we only need to prove that g(¢) is continuous at
point t = ||z||«, ||2][1/p, t* and z, — zp41. We first consider ||z|lo > ||z]/1/p.

When t 5 ||z]|oe = z1, then s = num(z; > t) — k* = max{i,z; = z;} and limy_5, h(t) =
Zf; z; — k*z1 = 0.

When ¢ =5 *, then st+3,,<¢ 2 — pt. We claim that 6 — 0. Otherwise, pt = > | x; <
st + Z?:SH z; = st + ZZZ,Q z;, where we use x; < t and x; < z;. So x; — t,Vi < s and
X; — Zi,Vi > s. On the other hand, From case 4 and case 2 of Theorem 4, we have
xj=tifz; -0 >t x; =2, -0if0<z; -0 <t;x; =0ifz; <. Thus § — 0. So
r=num(z; — 0 >t) — s and limy_y~ h(t) = > 7, z; — st.
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When t — z, — z,41, from case 4.3 and 4.1, we know pt = >""" | x;. Thus there are two
cases: X, = t, Xp41 = 0; X, < ¢, 0 < xp41 < t. For the first case, we have z, — 0 >t and
Zp+1 < 0, thus z, — 2,11 > t. Thus we have z, — 0 — ¢ and z,41 — 6. For the second case,
we have z, — 6 <t and 0 < zp41 — 0, thus z, — z,1 <t. So we also have z, — 0 — t and

i — \P -
Zp+1 — 0. Sor — p and hmtgzpizp+1 g(t) =>4 2z; — pt.

Then we consider ||z||co < ||z]/1/p. When ¢ 5 lelli/p, from 3, _4(zi — 0) = pt — ||z

we have § — 0 and lim Izl /pg(t) = 0. When ¢t 5 z1, then from the analysis in Lemma
1

n
t5
9 we have st + Zzi<t z; > pt. We claim 0 > 0. Otherwise, if § — 0, then from case
4.3 and case 3 in Theorem 4, we have x; — ¢ if z; > ¢t and x; — z; if z; < t. Then
die1Xi = st+ Y, ,2; > pt, which contradicts with > " | x; < pt. So 6 > 0. Then

r=num(z; — 0 >t) — 0 when ¢ X z1. So limt+ g(t) = pb.
—Z]
[ |

5. Numerical Experiments

In this section, We verify the convergence of the proposed methods: the Augmented La-
grangian Multiplier method with direct Babel Function minimization (ALM-BF) and the
Alternating Projection method (APM, Algorithm 2). We take ® to be a d x n random
Gaussian matrix and test on three settings with varying sizes of ®: (1) d = 400, n = 500;
(2) d = 800, n = 1000; (3) d = 1200, n = 1500. We fix m = 50 and p = 20 in model (7).
Thus the redundancy of the effective dictionary D, n/m, varies on the three settings. In
ALM-BF we set v = 1.2, w = 0.9, A = 1072°, A = 10%° and 7 = 107°. We run the in-
ner loop of ALM-BF for 10 iterations and 100 iterations respectively and note the method
as ALM-BF-5 and ALM-BF-100. We set the threshold ¢ as the Welch bound /™

m(n—1)
in Algorithm 2. Figure 1 plot the curves of the mutual coherence maxi<; j<n 7||c‘1<j;’|(|jé]>-:l2’
Babel function max |aj—p MaXjga D i %, constraint violations ||X — Y||% and
Y — VWVT + 1|2 vs. iteration respectively for ALM-BF-10, ALM-BF-100 and APM.
We run Algorithm 2 for 50 (100; 200) iterations as the initialization procedure for ALM-BF
on the setting of d = 400, n = 500 (d = 800, n = 1000; d = 1200, n = 1500). We can see
that both ALM-BF and APM converge well. Since ALM-BF minimizes the Babel function
directly while APM only uses an approximated threshold, ALM-BF produces a solution
with much lower mutual coherence and Babel function. ALM-BF-5 performs a little worse
than ALM-BF-100. In applications with large size matrix D, too many inner iterations are
not affordable and we can still obtain a good solution with only a few inner iterations. We
should mention that the initialization is critical for ALM-BF. Otherwise, it may get stuck

at a bad saddle point or local minimum, especially when d and n are large.
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Figure 1: The mutual coherence and Babel function of ADM-BF and APM. The constraint
violations of ADM-BF. Top: d = 400, n = 500. Middle: d = 800, n = 1000.
Bottom: d = 1200, n = 1500
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