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A Rademacher complexity

Definition 6 (Rademacher complexity). Given a fam-
ily of functions F and a training set Z = {Zy,..., Zn},
the Rademacher complexity of F conditioned on Y' is

given by

where oq,...,0,, are i.i.d. random variables uniform
on {—1,41}. The Rademacher complexity of F for
sample size m is given by

Rz (F) = Ezg[maxlzm 0. f(Z:)|Y

fer m

R (F) = Eys [a?{z (f)] .

The Rademacher complexity has been studied for a
variety of function classes. For 1nstance for the linear
hypothesis space H = {x — w'm, ||w\|2< A}, Ry can
be upper bounded by Rz(H) < %maxZHZ l2. As
another example, the hypothesis class of ReLu feed-
forward neural networks with d layers and weight ma-
trices Wy, such that Hk W p< ~ verifies Rz (H) <

9d—1/2

T Y max;|| Zi||2 (Neyshabur et al., 2015).

B Discrepancy analysis
Proposition 1. Let H be a hypothesis space and let L
be a bounded loss function which respects the triangle

inequality. Let h' € H. Then,

A<AH+LMR|Y)+ LAY

Proof. Let h,h’ € H. For ease of notation, we write

ZL
——ZL (Y

Ay (h, 1Y) W (Y (3)))
), W (Y (@),

Applying the triangle inequality to L,

L(h|Y)= ZE ) Yria(i) | Y]
ZL ), b (Y1 (4)))
+— ZE (W' (Vi (4)), Yri1(3)) | Y]

:g D LY (i), W (Y () + LR | Y).

Then, by definition of Az(h,h’,Y’), we have

L ]Y) < WYY (i)

ZL
f—ZL h(Y.I=Y(
+ = ZL

+£(h’|Y)
<A (h R,Y')+ LW |Y)

+ — ZL h(YT1(i)

), B (YT (@)

). W (Yi7H(0))

), 1 (Y (@)

By an application of the triangle inequality to L,

L(h,D) <A, (h W, Y
+— ZIE
+ = ZE L ({7 @), Y2 (i) | Y]

LK |Y) +L(h|Y")

Y')+ LN Y)

(h(Y"1(0)), Yr(i) | Y]

=A(h, h’7 Y')+
+ L Y").

Finally, we obtain

LW Y) = £(h | ') <AL (h, W, Y) +

+L(h 1Y)

L |Y)

and the result announced in the theorem follows by
taking the supremum over H on both sides. O

Proposition 2. Let I ,---,1; be a partition of
{1,...,m}, and Cy,...,Cy be the corresponding par-
tition of Y. Write ¢ = min;|C;|. Then we have with
probability 1 — 6,

Ay <A, —|—max(max9{‘c |(C ), maxfﬁ|c \(N))

N ilo 2k
2 5=, (LI-0BI) + FI)]
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Proof. By definition of Ag,

= LT ), W ()]

— Ey (L), 0 ()]

+ sup
h,h'€H

1 & 1
—— > LY (@)
miz
by sub-additivity of the supremum. Now, define

[ZL (Y (i

— By [L((Y), b (Y] >>]}

(B (L), K ()]

W)

»(Y) A sup
hhEH

W (Y (i)

P(Y') £ sup
h,h'eH

_7ZL YTl

By definition of A., we have from the previous inequal-
ity

[EY [L(h(yvlT—l), h/(YlT—l))

DB @]

As < Ac+ (YT + (Y] .

We now proceed to give a high-probability bound for
¢; the same reasoning will yield a bound for . By
sub-additivity of the max,

v) <32 Gl up [y 7y

; m hex
|0|Y§f”1}

(&
< -4
<> oo
J
and so by union bound, for € > 0

Pr(¢(Y) >€) < ZPr(¢ C

Let € > max; IE[gb(CN’J)} and set €; = € — E[¢(5j)]

Define for time series Y (i), Y (5) the mixing coefficient

B, j) = [Pr(Yy" (2), Yy () —Pr(Y{" (2) Pr(Y{" () v

where we also extend the usual notation to 3(Cj;).

Pr(6(Cy) > ) =Pr (9(Cy) ~ E6(C))] > ¢;)

<pr (0(6))
—E[¢(Cy)] > &) + (1LI-D)B())
+ (1| -1)B(1),

(2)6—2&?

where (a) follows by applying Prop. 6 to the indicator
function of the event Pr(¢(C;) — E[p(C;)] > €), and
(b) is a direct application of McDiarmid’s inequality to

#(C;) — E[g(C))].

Hence, by summing over j we obtain

Pr(¢(Y) > ) <ke2ming|Csl(e=max; E[6(C,))?

3 5-DA,)

and similarly

Pr(y(Y') > €) <ke2miny|Cjl(e-max; E[p(CH)?

+ Y (IL1-05'(L
J
which finally yields

Pr(As — Ac > €) S Pr(¢(Y) > €) + Pr((Y') > ¢)
< 2k exp(—2c(e — max(maxE[qﬁ(éj)], mjaXE[w(é]’)]))Q)

J
+Z|I|—

)+ 8'(17)],
where we recall that we write ¢ = min;|C;|. We invert

the previous equation by setting

€= max(mjax E[6(C;)], max E[Z/’(é;)])

+ 1 log 2k
2¢ 76 =321 1=D)[B() + AU
yielding with probability 1 — 4§,

A, <A, —l—max(maXE[(b(C ), maxE[w(é})])

J

N 710 2k
2¢ 5~ 3, (1~ D) + I
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We now bound E[gb(C )] by Ry¢, ‘(C ). A similar argu-
ment yields the bound for ¥. By definition, we have

E[o(Cy)] = E[ sup o P Z F(h, YT () -

heH

|C| E[ sup Z S, Y (@) ~Ey [£(h, V)]

he?—[ ~
g(h,Y " (7))
1
= —FE| sup g(h, Y (i
ol Z (h, Y (i)
ZECj

Standard symmetrization arguments as those used for
the proof of the famous result by Koltchinskii and
Panchenko (2002), which hold also when data is drawn
independently but not identically at random, yield

E[6(C))] < Ric, (Cy).
The same argument yields for
E[(C))] < R, (C)).

To conclude our proof, it only remains to prove the
bound

Bi,3) <Beas(i, )
+Ex: | Cov( Pr(Yr(i) | Y)), Pr(¥r(j) | Y)))]

be two time series, and write X; =

Let Y (4),Y(y)
| Y']. Then the following bound holds

E[Pr(Y{ (i) | Y

B(i, ) =[Pr(Yy" (), Y{' (7)) — Pr(Yy" () Pr(Yy" (7))llrv
=[E[Pr(Y{"(0), Y1 (7)) | Y] = E[XELX] |l v
=[E[Pr(Y{" (i), Y1 (7)) | Y{ '] - E[X;, X}

— E[Cov(X;, Xj)] v
<Ps2s(i, §) + Eyr [Cov(Xi, Xj)],
which is the desired inequality. O

We now show two useful lemmas for various specific
cases of time series and hypothesis spaces.

Proposition 3. If Y (i) is stationary for all 1 < i <
m, and H is a hypothesis space such that h € H :
VYT=1 5 Y (i.e. the hypotheses only consider the last
T — 1 values of Y ), then A, = 0.

Proof. Let h,h’ € H. For stationary Y (i), we have
Pr(YF(i)) = Pr(Yy (7)), and so
E[L(A(Yy"), W (Y3 )] = E[L(h(Y{ 1), b/ (Y7 71)] =0

and so taking the supremum over h,h’ yields the de-
sired result. O

Proposition 4. If Y (i) is covariance stationary for
all 1 <i<m, L is the squared loss, and H is a linear
hypothesis space {x — w -z | |Jw|€ RP < A}, then

Ey[f(h,Y,1)]] Ae = 0.

Proof. Recall that a time series Y is covariance sta-
tionary if Ey [Y;] does not depend on t and Ey[Y;Y;] =
f(t —s) for some function f.

Let now (h,h') € H = (w,w’) € RP. We write ¥ =
YT (Y) = T(Y) the covariance matrix of Y where the

equality follows from covariance stationarity. Without
loss of generality, we consider p =T — 1. Then,

E[L(h(Y)), b’ (Y5)] = E[L(A(Y," ), b (Y 7))
= E[((w —w') "85 (Y)(w — w')]
—E[((w - ) "2 (Y ) (w — w')]
=0.

Taking the supremum over h, h’ yields the desired re-
sult. O

Proposition 5. If the Y (i) are periodic of period p
and the observed starting time of each Y (i) is dis-
tributed uniformly at random in [p], then A, = 0.

Proof. This proof is similar to the stationary case: in-
deed, we can write Pr(Y{! ~(i)) = %Pr(Y(i)) due to
the uniform distribution on starting times. Then, by
the same reasoning, we have also

Pr(Y{ (1)) = ~ Pr(Y () = Pr(YT~1(i)),

p

from which the result follows. O

C Generalization bounds

Proposition 6. Yu (1994, Corollary 2.7). Let f be
a real-valued Borel measurable function such that 0 <
f < 1. Then, we have the following guarantee:

E[f(C)] - E[f(O)]| < (IC-1)5,

where (B is the total variation distance between joint
distributions of C and C.

Theorem 4.1. Let H be a hypothesis space, and
h € H. Let Cy,...,Cx form a partition of the train-
ing input YT, and consider that the loss function L is
bounded by 1. Then, we have for 6 > 0, with probability
1-49,

®u20(h) <A + max [Ryc, (G | V)]

)6325(Ij)> .

+ L log i
—_— o
2minj|Ij\ 572]’('[‘”71
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For ease of notation, we write

o(Y) =sup L(n| Y') - L(h,Y)

m

wwizﬁhnonw

he#H T

o Z f(h, YlT(Z))

We begin by proving the following lemma.

Lemma 3. Let Y be equal to Y on all time series
except for the last, where we have Y (m) =Y (m) at all
times except for timet =T. Then

1
m

[6(Y) = 6(Y)| <

Proof. Fix h* € ‘H. Then,

LW |Y') — L(h*,Y) — sup [ﬁ(h 1Y) — L(h,Y)

heH
< L(h*|Y') = L(h*,Y)

= e 1Y) - 20 )]

a

—

< L(h*,Y) = L(h*,Y)
1 - 1
< . * T _ * T < .
< = [0, VT () = 0, YT ()] < —
where (a) follows from the fact that Y’ = Y’ and the

last inequality follows from the fact that f is bounded
by 1.

By taking the supremum over h*, the previous calcu-
lations show that ¢(Y) — ¢(Y) < 1/m; by symme-
try, we obtain ¢(Y) — ¢(Y) < 1/m which proves the
lemma. O

We now prove the main theorem.

Proof. Observe that the following bounds holds

Coa(Y) =L(h | Y) = L(h,Y)
<sup [£(h | Y) = £(h | Y')]
heH
+ sup [c(h 1Y) - E(h,Y)].
heH
and so
Deos(Y) — A < sup L(h, | Y') = L(h,Y).
heH
$(Y)
Define M = max; E[gzﬁ(éj) | Y’]. Then,

Pr(@sgs(Y) ~A-M>e¢| Y')
< Pr(e(Y) —

(C.1)
M>e|Y).

By sub-additivity of the supremum, we have

oY M<2ﬂ$$ﬂ<hY%Em@%

and so by union bound,

Pr(p(Y)—M > €| Y') <ZPr C))—M >e€|Y).

By definition of M,

Pr(o(Cy) - M = €| Y')
< Pr(¢(Cy) ~ E[(C)) | Y] > | Y')

Ime@)
—E[¢(C) | Y]=e|Y)+

b
Y 21051

(11| =1)Bsas(I; 1 Y')

+ (11;1=1)Bsas (1; | Y').

where (a) follows by applying Prop. 6 to the indicator
function of the event Pr(¢(C;) — E[¢(C;) | Y'] > e),
and (b) is a direct application of McDiarmid’s inequal-
ity, following Lemma 3. The notation fes(I; | Y’) in-
dicates the total variation distance between the joint
distributions of C; and C; conditioned on Y’. In par-
ticular, we have Evy B525(C; | Y') = Bsas(C}).

Finally, taking the expectation of the previous term
over all possible Y’ values and summing over j, we
obtain

Pr(L(h|Y) = L(h,Y) ~Eg [6(Cy) | Y] > ¢)
<Ze 2|Cy e +Z|I|_ )Bsas(I )
Combining this bound with (C.1), we obtain
Pr(@SQS(Y) “A-M> e)
<Ze 2‘0‘6 +Z|I‘_ SQS )

< ke —2min,|Cj|e? _|_Z ‘I |
J

6525( )

We invert the previous equation by choosing § >
Zj(uj‘ 1)Bs2s(1;) and setting

)

k
o 108 5 T )
2 min;|I;]

which yields that with probability 1 — &, we have

k
5*23(|1j|*1)ﬁ(1j))

2minj\lj|

log(
(PSQS(Z) S M+A+
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To conclude our proof, it remains to show that

M <R, (C; 1Y),

E[6(C;) | Y] =E[ sup £(h | Y)

heH
- T 0) | Y]
I =1
‘@E[Z‘éi > BIRT) V)

where we’ve defined

g(h, Y\ (i) £ E[f (h, YT () | Y] = £(h, YT (0)).

Similar arguments to those used at the end of Ap-
pendix B yield the desired result, which concludes the
proof of Theorem 4.1. O

D Generalization bounds for local
models

Theorem 5.1. Let h = (hq,...,hy) where each h; is
a hypothesis learned via a local method to predict the
univariate time series Z;. For § > 0 and any o > 0,
we have w.p. with 1 —§

Dioc(Z) g% ZA(Y(i)) +2a

+\/;10gmmaxi(Ev~T(Y§i))[ 1(&,./_‘.,’[))])

Proof. Write

®(Y( (i) = Zlelg]E[f(h, Y v

1 T

=5 2 fh YT @),

By (Kuznetsov and Mohri, 2015, Theorem 1), we have
that for e > 0, and 1 < ¢ < m,

Pr(®(Y{" (i) — A(Y (i) > €) <Eyurp Ni(a, F,v)]
T(e —2a)? )

xexp(— 5

By union bound,

Pr(— ST B () - A (D) > o

<m HlZaX(EvNT(Y(i)) Wi(a, F,0)])

T(e— 2a)2)

xexp(— 5

We invert the previous equation by letting

7 va 7 N afv
6:2a+\/210gmmax( (v (@) Mias F,v))
T 1)
which yields the desired result. O

E Analysis of expected mixing
coefficients

Lemma 2. Two AR processes Y (i),Y (j) generated
by (4.1) such that o = Cov(Y (i), Y (j)) < 0o < 1 verify

I 3 1
5525(%])=max 2(1—02)’ 1-200

Proof. For simplicity, we write U = Y (i) and V =
Y (j).
Write

B =|PUr|IY")P(Vr|Y') = P(Ur,Vr|Y')|rv
=sup |P(Ur=u)P(Vr=v) — P(Ur = u, V1 = v))|

=sup |[P(Ur =u | UL HYP(Vr =v | v ™)

u,v

— PUr=u,Vpr=v| vg_l,ug_l)’

=sup
u,v

— Pluyv | UF )

{P(u,v | U VY + f(o,, ‘5)}

where we’ve written § = u—©;(U; ') (and e similarly
for v), and we’ve defined
f(0,8,€) = P(ulUy ~)P|Vg"") = Plu,olUg V)

—emdete) _ 1 s @)
1— o2

Assuming we can bound f(o,d,€) by a function g(o)
independent of §, ¢, we can then derive a bound on £.

Let z = V02 + €2 be a measure of how far the AR
process noises lie from their mean y = 0. Using the
inequality

|0e| < 6% + €2,

we proceed to bound | f(o, d, €)| by bounding f and —f.



Foundations of Sequence-to-Sequence Modeling for Time Series

_1lcs2 2 _1_ 1 52 2 9516
f(o,0,6) <e 207+ _¢ 3 (6% 420 5¢|)

< e_%x2 e -1 — 02 (14-20)2?

Using the inequality 1 — x < e~ %, it then follows that

flo,6,€) e 37 (1 — (1 — L2297 2))

21-02 %

(E.1)

where inequality (a) follows from the fact that y —
ye ¥ is bounded by 1/e.

Similarly, we now bound — f:

1

_f(0,67€) < 5€ 21 02(524'6 —20led|) _%(52_,'_62)
=14
11-20 2

< 1 : 26_51*"2 —e’%zg

— 0

1 —1(1-20)x? 1,2
Sl A S

— O

One shows easily that this last function reaches its

maximum for z% = %log(tg;), at which point it ver-
ifies

20
1—-20

) 20
<
—1—-20

e 2 IOg(l 20

- f(a7 afo) =

(E.2)
Putting (E.1) and (E.2) together, we obtain
3 1
d,e)] <
Fo.di) < omax ()

. 3 1
max
= 21— 02)’ 1-200) 7

Taking the expectation over all possible realizations of
Y’ yields the desired result. O

Proof. Recall that Y contains m’ = mT examples,
which we denote Ytt_p(i) forl1<i<mand1<t<T
(when t — p < 0, we truncate the time series appropri-
etly). We define

m

Liyn(h | Y) ZJE hY7 1), Yria(9)) | Y]
n_ 1l le NIRRT
Lan(h | Y') = >0 5 > EIL(A(YS (), V(i) | Y]
— 11 ¢ o1
Lnyy(h) = o Z T ZL(h(Y (1)), Yi(3))

1

~
Il

% 1

where we note that here Y’ indicates each of the mT
training samples excluding their last time point.

Observe that the following chain of inequalities holds:
iy (Y) = sup Ly (h | Y) = Lugn (1)
heH
<sup [Lagt (R 1Y) = Ly (0] Y]
€M

+sup (L (| Y) = Eng (. V)

+ sup Lo (h | Y') = fh;w,w]
heH
and so

1 —_—
Pryn(Y) — Y oA< sup Lo (hy| Y') = Loon(h,Y) .
t

(YY)

Then, following the exact same reasoning as above for
Dyos shows that for § > 0, we have with probability
1-46/2

(I)hyb (Y)

log (W]\C—l)ﬁ(m)

< {)‘{ A
_m]aX Z t+ 2m1nj|IJ|

By

However, upper bounding ®y,1, can also be approached
using the same techniques as Kuznetsov and Mohri
(2015), which we now describe. Let o > 0. For a given
h, computing Ly (h,Y) is similar in expectation to
running h on each of the m time series, yielding for
each time series Y7~T7p+1(i) the bound

E[L(h(YT p1(D)); Yr1(9) | Y]
ZL Yt 1

2 iEUN i -/V; 7]:a
+2a+\/T10gmaX T(Y;;[ (@7, v)]

), Yi(i)) + A(Y)

and so by union bound, as above, we obtain with prob-
ability 1 — 5/2

ZA

\/ 2mmax; B, ry,)[Ni(a, F,v)]
— log 5

Ppyp (Y ) + 20

<B,
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We conclude by a final union bound on the event
{Phy(Y) > B1 U Py (Y) > Bs}, we obtain with
probability 1 — 4,

q’hyb(Y) S rnin(Bl, BQ)



