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Appendix A. Binned Kernel Spectral Identity

We can define a sequence of kernels through the Fourier transform:

k̂n(f, f ′) =

∞∫
−∞

∞∫
−∞

e−π
2(t+t′)2/4nk(t, t′)e−i2πfte−i2πf

′t′dtdt′, (1)

where k(t, t′) is an arbitrary stationary kernel of interest. The reason for defining this
sequence with the e−π

2(t+t′)2/4n term is in anticipation of a change of variables to u ≡ t− t′,
v ≡ t+ t′, which results in:

k̂n(f, f ′) =
1

2

∞∫
−∞

e−π
2v2/4ne−i2πv(f+f ′)/2dv

∞∫
−∞

k(u)e−i2πu(f−f ′)/2du. (2)

Without the squared-exponential term, the Fourier transform in the first integral only exists
as a distribution, rather than a function. We can explicitly evaluate the Fourier transform
of the Gaussian function in the first integral:

k̂n(f, f ′) =

√
n

π
e−n(f+f ′)2

∞∫
−∞

k(u)e−i2πu(f−f ′)/2du. (3)

Now consider the binned kernel:

k̄
(
t∆, t

′
∆′
)

=
1

∆∆′

∫ t+∆/2

t−∆/2

∫ t′+∆′/2

t′−∆′/2
k(ξ, ξ′)dξdξ′ =

1

∆∆′

∫ ∆/2

−∆/2

∫ ∆′/2

−∆′/2
k(ξ + t, ξ′ + t′)dξdξ′ =

1

∆∆′

∫ ∞
−∞

∫ ∞
−∞

rect(ξ, ξ′|∆,∆′)k(ξ + t, ξ′ + t′)dξdξ′, (4)

where ‘rect’ denotes the two-dimensional rectangle function. Thus, k̄(t∆, t
′
∆′) = (rect ?

k)(t, t′|∆,∆′), where ? is the cross-correlation operator. Using the cross-correlation theorem
for Fourier transforms (e.g., Butz, 2015):
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ˆ̄k(f, f ′) = ˆrect(f, f ′|∆,∆′)k̂(f, f ′) = sinc(∆f)sinc(∆′f ′)k̂(f, f ′). (5)

If we substitute Equation (3) into (5) and take the inverse Fourier transform, we obtain:

k̄n(t∆, t
′
∆′) =

∞∫
−∞

∞∫
−∞

√
n

π
e−n(f+f ′)2sinc(∆f)sinc(∆′f ′)×

 ∞∫
−∞

k(u)e−i2πu(f−f ′)/2du

 ei2πftei2πf ′t′df ′df. (6)

We note that in Equation (1), taking the limit n → ∞ recovers the expression for the
Fourier transform of the original kernel of interest. We can therefore compute the inverse
Fourier transform for the binned kernel as:

k̄(t∆, t
′
∆′) ≡ lim

n→∞
k̄n(t∆, t

′
∆′) =

∞∫
−∞

lim
n→∞

∞∫
−∞

√
n

π
e−n(f+f ′)2sinc(∆f)sinc(∆′f ′)×

 ∞∫
−∞

k(u)e−i2πu(f−f ′)/2du

 ei2πftei2πf ′t′df ′df =

∞∫
−∞

sinc(∆f)sinc(∆′f)

 ∞∫
−∞

k(u)e−i2πufdu

 ei2πf(t−t′)df, (7)

where we have used the fact that the result of the inner integral over f ′ satisfies the Lebesgue
dominated convergence theorem and the functions

√
n/π exp(−n[f + f ′]2) form a Delta

sequence (e.g., Arfken and Weber, 2005).
Thus, the Fourier transform of the binned kernel becomes:

ˆ̄k(f) = sinc(∆f)sinc(∆′f)k̂(f). (8)

Appendix B. Fourier Transform of the Locally Periodic Kernel

The locally periodic kernel is defined as:

k(u) = η2e−sin2(πνu)/w2
e−u

2/2`2 , (9)

where u ≡ t − t′ and η, ν, w, and ` are hyperparameters. We begin by Taylor expanding
the first exponential term:

k(u) = η2

[ ∞∑
n=0

1

n!

(
−sin2(πνu)/w2

)n]
e−u

2/2`2 . (10)
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Expanding the sin2n (πνu) terms and doing some algebra results in:

k(u) =

∞∑
n=0

1

n!
(−1)n

(
1

w2

)n 1

22n

[(
2n
n

)
+

n−1∑
k=0

(−1)n−k
(

2n
k

)
cos (2(n− k)πνu)

]
× e−u2/2`2 . (11)

If we reindex with m = n− k, some algebra yields:

k(u) =

[ ∞∑
n=0

1

n!22n

(
2n
n

)(
− 1

w2

)n
+

∞∑
n=0

2

n!22n

(
− 1

w2

)n n∑
m=1

(−1)m
(

2n
n−m

)
cos(2mπνu)

]
e−u

2/2`2 (12)

For a given m, we can evaluate the sum over n in terms of a modified Bessel function of the
first kind (e.g., Abramowitz and Stegun, 1972):

∞∑
n=m

1

n!22n

(
2n

n−m

)(
− 1

w2

)n
= e−1/2w2

Im(−1/2w2). (13)

Thus, the locally periodic kernel can be written:

k(u) =

[
a0/2 +

∞∑
n=1

an cos(2πnνu)

]
e−u

2/2`2 , (14)

where an ≡ 2e−1/2w2
In(1/2w2).
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