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A. The Derivation of Dual Problem

Here, we give the detailed derivation of the dual problem of Eq. (2). First, we rewrite it as the following equivalent
constrained optimization problem

1
min§||Z||§+/\|\W||* st. Z=XW-Y (S1

Let us introduce the dual variable AP € R™*™ for the equality constraint, then the Lagrangian of Eq. (S1) can be written
as

1

L(W.Z,P) = o | Z|5 + A W], +ATr [PT(Z ~ (XW - Y))] (S2)

Then, the dual problem g(P) is

1
. T . 2 T . T

9(P) = inf L(W.Z.P) = \Tr [P"Y] +11%f{§ I1Z])% + AT [PTZ)] } + Amwf{ W], — Tr [PTXW] } (S3)
In order to obtain g(P), we need to solve the two optimization problems in Eq. (S3). For the first optimization problem,
it can be solved by setting its derivative with respect to Z equal to 0 and we obtain the optimal solution Z = —\P.

Substituting Z into Eq. (S3), we obtain the optimal value for the first problem as — %)\2 |P ||fP For the second problem, we
have (Boyd & Vandenberghe, 2004)

Aigvf{ W[, - Tr [PTXW] } = —)\s\t)lvp{Tr [PTXW] — [W], } —0st |[XTP||, <1 (S4)

Combing the optimal values of the first and second problems, we obtain the dual problem

2

1 s A2 Y T
max o [[Y [y — 5 HP . st | XTP[, <1 (S5)
which can be rewritten as the following equivalent problem
A2 Y|? -
min =~ ||P — — i st | XTP|, <1 (S6)

Let W3 and P? be the primal and dual optimal solutions, respectively. By using the KKT condition, we have

Z; =XW;i-Y (S7)
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75+ AP; =0 (S8)

Then, the above two equations establish the following relationship between W3 and P}

AP = Y — XW; (S9)
To find the value of Ay« such that the solution W7 is O for any A > Apax, we substitute W3 = 0 into Eq. (S9) and obtain
P} = % Since P7 is a dual feasible point and satisfies the constraints ||XT% ||2 < 1, which implies Ay = ||XTYH2.

B. The Screening Rule Based on KKT Condition is not Applicable for Subspace Screening

In this section, we derive why the screening rule based on KKT condition is not applicable for subspace screening. Suppose
that the rank of W73 is 7 and the SVD of W7 is U,\E,\Vf where U, € R*" ¥, € R"™" and V, € R™*", then the
subgradient of |[W||, is (Watson, 1992)

Wi, ={U,Vi+Q:UjQ=0,QV,=0,[Q|, <1} (S10)

From the KKT condition, we have

0e

OL(W.Z,P) _ . l(aL(WZ,P))T OW

20, oW a@,»j] = u/Swv; —u/X"P}v;, where Sy €9 [W}|.  (SI1)

which implies that there exists Sw € 9 || W7 ||, such that

uzTXTPKVj = U.ZTSWVJ‘ (512)

Since {w;v],i=1,...,d,j = 1,...,m} are orthogonal to each other, then the value of u] UV} v; will be zero if we

have (©3}),; = 0. In addition, if we know (@3} ),; # 0, then we obtain u; € span(U}) and v; € span(V}), which implies
u/' Qv; = 0. As aresult, we have

ulU,Viv, if (©3),;, #0
u/ Swv; € e ATAT _ ( j)” 7 (S13)
u; Qvy, [1Qfl, <1 if (GA)U‘ =0
According to Eq. (S12), the following holds
u/ U\ Viv; if (©%)..#0
u; XTP3v; € ff ATAT . ( i‘)“ # (S14)
u; Qv [Q, <1 if (9/\)”‘ =0
Same as feature screening, we have u! X"Pjv; € [-1,1] if (©});; = 0. However, unlike feature screening, for
(G);f j)ij # 0, we usually do not have |uiTXTP§Vj| = 1, which holds in feature screening since the absolute value of

the subgradient of ¢; norm at nonzero point is always 1. In particular, we also have u! X”P%v; € [-1,1] for nonzero
(©)),;» thus the value of u! X7 P} v, can not be used to determine whether (©3); ; is zero or not. Therefore, the screening
rule based on KKT condition is not applicable for subspace screening.

C. Proof of Lemma 2

Proof. To prove this lemma, we first show that if there exists a y such that P{ =Y, theny =1 / HXTY||2. Itis easy to
check that Y/ || XT'Y ||, satisfies the constraint in Eq. (13). Substituting P = Y/ || X”Y||, and P}, = 7Y into Eq. (13),

we obtain .
Y Y 1 1 9
(v XY ()] = (1) (e ) IR 20
[( Ao 1XTY], Ao/ \IXTY |, r

Thus, we have y € [1/ ||XTYH2 ,1/Xo]. Combining this with || XTP3 ||, = ||XT7YH2 <l,wegety=1/ HXTYHQ.
Next we start to prove Lemma 2. We note that

oll:

2
>0 (815)

Y *
IAI5 = |5 - P,
0 F
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where the equality holds if and only if Y /Ao = P . As shown above, P} =Y /)¢ iff \g = ||XTYH2 while we know
Ao < HXTY’ ,» S0 we have ||AH§, > 0 which implies A # 0. The proof for B # 0 is similar to the proof for A # 0. [

D. Proof of Theorem 1

Proof. Let o and /3 denote the dual variable for the two constraints in Eq. (26), then the Lagrangian can be written as
L(R,a,8) = ¢ (S),; +aTr [AT (R +B)] + 8 (IR[} - |BI}.) (516)

If we only consider the constraint ||R||§, < ||B||§; in Eq. (26), the optimal objective value is — ||D.;||, || B|| 7, which
implies that the optimal value of Eq. (26) is lower bounded. Thus, the optimal dual variable 8 should be greater than 0,
otherwise, the Lagrangian L(R, a, ) is unbound below in R Setting the derivative of L(R, a, 8) with respect to R equal
to 0, we obtain

—eD,; (V)" —aA

eD; (V)" +aA+26R=0=R = (S17)

26
Substituting R into Eq. (S16), we obtain the dual problem of Eq. (26)
Ot2 2 T € (Dz)T AV] 1 2 2
max — 75 [|Ally + | Tr [A'B] - 5 )Y 1 ID.ill; = B1IBIp (S18)

st.a>0,6>0

For D” AV, it can be expressed as

. U7 (X7X) T XTXWE V. UT (XTX) ' XTXS S
D AV - 0 = —
)\0 )\O /\O
where & = UT (X”X) “!XTXX. Then, we have (D.;)7 AV, = %\’O’ . Hence, the dual problem can be rewritten as
) -
(6% 2 T 627',]' 1 2 2
- — A Tr |A°B| —  — — | D45 — 8B S19

a>0,0>0

Maximizing the dual problem leads to a closed form solution for « with given 3

2 Tr [ATB] 8 — e
a:max( o Tr [ ]f ¢ J,o) (S20)
Ao [|A[l%

Here we need to consider two cases: &« = 0 and o # 0.
If @« = 0, which means

200 Tr [ATB] g — €5, <0 (S21)
In addition, substituting oo = 0 into Eq. (S17) gives
T
R- DilVa) 2(;/'3') (S22)
Since we have 3 # 0, by using the complementary slackness condition, we have
B2 = L T v = i (523)
432 F
Then, we have
5 1D, 21

2|Bp
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Substituting 3 into Eq. (S21) gives R
X Tr [ATB] |D.ll, < e|B|x 2i; (S25)

In addition, we also have
(Sr);; = —elD.illy Bl # (526)

Next, we consider the case that o # 0. In other words,

o 2A0 Tr [ATB} ﬁ - eiij

(S27)
Ao | Al
Substituting « into Eq. (S17) gives
S Tr [ATB
R=_ <J2A -D, (V.j)T> - LQ]A (S28)
26 \ Mo A% Az
Similar to the last case, we can use the complementary slackness condition since S # 0. By ||RH§, = HB||§7, gives
=2
M IAIE Dl - =5,
8= \/ - ol - 2 J 5 (S29)
220\/IAII% IBII% - (Tr [ATB])
Then, we obtain SRZ-J-
2 2 2 2 2 &2 S
—e¢ (1A15 B - (Tr [ATB]?) (A3 |AlL D)3 - =5,) - Tr [ATB] 5
(Sr);; = 3 (830
’ Ao [|A[[p
This ends of the proof. ]

E. Proof of Corollary 1

Proof. We first show the proof for ®;;, which is equal to 0.5\ max ((SR) i — (Sc) ij). Therefore, we need to minimize

Eq. (26) by setting e = —1. Here we need to consider two cases: Eq. (28) holds or does not. If Eq. (28) holds, the optimal

value for (Sr),; is || B|p [[D.i[|. So the value for @;; is 0.5\ (||BHF D, — (Sc)ij)' Otherwise, the optimal value

for (Sr),; is equal to

G — Tr [ATB] &,
o [[A]l

n= (S31)

As a result, the value for ®;; is 0.5\ (n - (Sc)ij)'

Next, we consider the proof for ¥;; thatis 0.5\ max (— (Sr);; + (Sc)ij) . The proof is similar to the proof for ®;; except

we need to set e = 1 in this case. This ends the overall proof. O
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