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Recovering Condorcet Winners and Tournament Solution Sets at the Top

Supplementary Material

Before we give the appendix material, we note the following: In general, all the algorithms described (both previous
algorithms and those proposed in this paper) can be run either on a true preference matrix P as input (where P;; i +Pj i = 1for
all i # j) or on an empirical preference matrix P as input (where there might be some (4, j) pairs for which PZ = Pﬂ = 0).
The notation P used in describing the algorithms allows for both possibilities. All the theorems we give apply to the
empirical preference matrix and therefore use the notation P; on the other hand, the counter-examples we give in Examples
show that even if the corresponding algorithms are run on the true matrix P, the algorithms can fail to satisfy the desired
property, and therefore use the notation P.

A. Supplement to Section 3 (Related Work and Existing Results)

For completeness, here we include descriptions of the Rank Centrality (RC), Matrix Borda (MB) and SVM-
RankAggregation (SVM-RA) algorithms that form the backdrop to our work. For the SMV-RA algorithm, we will need
the following definition:

Definition 12 (P-Induced Dataset (Rajkumar & Agarwal, 2014)). Let P € [0,1]"*" satisfy the following conditions:
(i) foralli # j: p;; +Dj; = 1 orp;; = p;j; = 0 and (ii) for everyi: p;; = 0. Define the P-induced dataset Sg =
{Vvij, zij ti<jp,,+p,,=1 as consisting of the vectors Vij = (P; — P;) € R" for every pair (i, j) such that i < j and
Dij +Dj; = 1, where D; denotes the i-th column of P, together with binary labels z;; = sign(p;; — p;;) € {£1}.

Algorithm 4 Rank Centrality (RC) Algorithm ((Negahban et al., 2012))
Input: Pairwise comparison matrix P € [0, 1]"*" satisfying the following conditions:
() forall # j: p;; +pj; =1lorp;,; =p;; =0
(ii) for every i: p;; = 0

Construct an empirical Markov chain with transition probability matrix ﬁ as follows:
ﬁij = {ipijl _ lfl 7&]
1= 5> P ifi=j.
Compute 7, the stationary probability vector of ﬁ
Output: Permutation Grc € argsort(7)

Algorithm 5 Matrix Borda (MB) Algorithm ((Rajkumar & Agarwal, 2014))

Input: Pairwise comparison matrix P € [0, 1]"*" satisfying the following conditions:
() foralle # j: p;; +pj; =1lorp,; =p;; =0
(i1) for every i: p,;; = 0

Fori=1ton: f; =137 P

Output: Permutation oy € argsort(f)

B. Supplement to Section 4 (Performance of Rank Centrality, Matrix Borda and
SVM-RankAggregation Algorithms under Preferences with Cycles) and Example 3

Additional details for Examples 1-3. For completeness, we first give here the permutations output by different algorithms
for the preference matrices given in Examples 1, 2 and 3. For the PM algorithm, the value of the parameter c is chosen as
the maximum of the values prescribed by Theorem 10 and 11.
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Algorithm 6 SVM-RankAggregation (SVM-RA) Algorithm ((Rajkumar & Agarwal, 2014))

nxn

Input: Pairwise comparison matrix P € [0, 1] satisfying the following conditions:
@) for all ¢ # j: Pij +Pj;=1lorp;; =p;; =0
(ii) for every i: p;; =0

Construct P-induced dataset Sp (see Definition 12)

If S is linearly separable by hyperplane through origin, then
train hard-margin linear SVM on S5; obtain & € R”

else
train soft-margin linear SVM (with any suitable value for regularization parameter) on Ss; obtain & € R”

Fori=1ton: f; = > h_ ) QD
Output: Permutation Gsym.ra € argsort(f)

For the matrix in Example 1, we have the following:

orc =(2163475)
=(2163475)
USVMRA—(7621543)
omc =(1263475)
oom=(1234567)
opm = (1267345)
For the matrix in Example 2, we have the following:
orc = (431265)
oM =(412365)
osvmra = (426 135)
omc =(123465)
oum = (123456)
opm =(123654)
For the matrix in Example 3, we have the following:
orc = (46571238)
omp=(46571238)
osymRra = (46521738)
omc=(24651738)
oum = (52467318)
opm =(54627318)

We next give additional examples showing that the MB algorithm can fail to rank the Condorcet winner/Copeland
set/Markov set at the top even in PPAG \ PN and the RC algorithm can fail to do so even in PN\ PBTL,

Example 6 (MB algorithm can fail to rank the Condorcet winner/Copeland set/Markov set at the top even in PPAG \ PLN),
Let n = 3, and consider

0 04 04
P=|06 0 0.1
06 09 O

Here CW(P) = 1,CO(P) = MA(P) = {1}, but the permutation oyp produced by running MB on P is op = (2 1 3).
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Example 7 (RC algorithm can fail to rank the Condorcet winner/Copeland set/Markov set at the top even in PN \ PBTL),
Let n = 8, and consider
0 0.49 0.3095 0.3 0.3 0.3 0.3 0.3]
0.51 0 0.1 049 03 03 03 0.3
0.6905 0.9 0 02 01 03 03 03
0.7 0.51 0.8 0 01 03 03 0.3
0.7 0.7 0.9 09 0 03 03 0.3
0.7 0.7 0.7 0.7 07 0 03 03
0.7 0.7 0.7 0.7 07 07 0 0.3
| 0.7 0.7 0.7 0.7 07 07 07 0

Here CW(P) = 1, CO(P) = MA(P) = {1}, but the permutation orc produced by running the RC algorithm on P is
ore = (21346578).

C. Proofs of Results in Sections 5-6

The overall strategy followed by our proofs is largely similar to that of (Rajkumar & Agarwal, 2014): namely, that the
empirical pairwise comparison matrix P concentrates around the true pairwise preference matrix P, and that when P
becomes sufficiently close to P, the specific algorithm satisfies the desired property. However the details differ considerably
depending on the algorithm and property of interest. The proofs for the Matrix Copeland (MC) and Unweighted Markov
(UM) algorithms are relatively straightforward; the proofs for the Parametrized Markov (PM) algorithm, on the other hand,
require additional tools. In particular, as noted in the main text, the proof of Theorem 9 involves reasoning about a new
property of preference matrices that we term the restricted low-noise (RLN) property; the proofs of Theorems 10-11 make
use of the Cho-Meyer perturbation bound for Markov chains. Details follow.

C.1. Proof of Theorem 5

Proof. Let m satisfy the given assumption. Then by Lemma 4, we have with probability at least 1 — §, the following event

holds: )
%;”‘ for all 4, j.

Ipi; — Dijl <
Under this event, we have for all ¢, j : p;; > % <= @j > %, and therefore Gp = Glg, thus giving for all ¢ € [n]:
P 1 & d(i)
fi = ﬁzl(ﬁ%j < %) = 521(1%' < %) =
j=1 j=1

The first claim follows. To prove the second claim, note that if P € PPAS, we have forany 4,7, i =p j = d(i) > d(3).
The claim follows. O

C.2. Proof of Theorem 6

Proof. Let m satisfy the given assumption. Then by Lemma 4, we have with probability at least 1 — 9, the following event
holds: e
lpij — Pisl < — foralli, j.

Under this event, we have foralli € TC(P),j ¢ TC(P), p;; < 3 (and therefore the edge (i, ;) is present Gg), thus
giving

~ 1L -
foralli € TC(P): f; = ~ Y 1(fi; < ) > “=TEN and 2)
n
j=1
R R PP n— 1
forall j ¢ TC(P): f; = EZl(pﬁ <1y < nATERIL (gince j; = 0) (3)
i=1

Thus under the above event, we have f; > fj forall i € TC(P),j ¢ TC(P). The claim follows. O
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C.3. Proof of Theorem 7

Proof. Let m satisfy the given assumption. Then by Lemma 4, we have with probability at least 1 — §, the following event
holds:

Ymin

Ipij — Pij| < for all 4, j. @

Under this event, we have for all ¢, j : p;; > % <= ;Bij > %, and therefore Gp = Glg; it is easy to verify that in this case,

the Markov chain H constructed by the UM algorithm is the same as the Markov chain P used to define the Markov set
MA(P), and therefore their corresponding stationary distributions 7 and 7 are also the same. The claim follows. O

C.4. Proof of Theorem 8

Proof. Let m satisfy the given assumption. Then by Lemma 4, we have with probability at least 1 — , the following event
holds:

Ipij — Pij| < % for all 4, j. 5)

Under this event, we have for all i,ju: pij > & < p;; > 5. In particular, we have for all i € TC(P),;j ¢ TC(P),
Dij < %, and thus the Markov chain H constructed by the UM algorithm satisfies

)¢

0 ifieTC(P),j ¢ TC(P
”_:{ ifi € TC(P),j ¢ TC(P) ©

ifi ¢ TC(P),j € TC(P).

1
n

This implies in particular that the stationary distribution 7 of H satisfies
m; =0 foralli ¢ TC(P).

Moreover, for all i,j € TC(P), we have p;; > 3 <= p;; > 3 as above, and therefore the items in TC(P) form a
recurrent class in the above Markov chain; this implies that

m; >0 foralli € TC(P).

Thus under the above event, we have 7; > 7, for all i € TC(P), j ¢ TC(P). The claim follows. O

C.5. Auxiliary Results Needed for Proof of Theorem 9

Theorem 9 claims that for P € PBTL, the PM algorithm using any 1 < ¢ < oo (for sufficiently large sample size, with high
probability) recovers an optimal permutation w.r.t. PD error. As noted earlier, we will prove the result of Theorem 9 for a
slightly larger set of preference matrices than BTt namely for all P satisfying the restricted low-noise (RLN) property,
defined as follows:

PELNz{PEP": Vi#gj#k:i>pj = pij <pki}.

We will show below the following three results:

(i) PBTL C PRIN (Proposition 13).
(ii) Forany 1 < ¢ < oo, PR is closed under g, i.e. P € PRIN — H¢ = g.(P) € PR™N (Proposition 14).
(iii) For any P € PRIN| the permutation ogc produced by running the RC algorithm on P satisfies

orc € argmin, g erp’[o] (Theorem 15).

These results will imply that for any P € PRIN (and therefore in particular for any P € PBTL) and any 1 < ¢ < oo, the
permutation opy produced by running the PM algorithm on P (i.e. the RC algorithm on H¢ = g.(P)) satisfies

opum € argmin, g erpp (o]
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Moreover, since p;; > 3 <= gc(p;;) > 3, we have argmin, g eryr:[0] = argmin, g erf[o], which further gives that

5’
for P and c as above,

opum € argmin, g erp [0].

We will then be able to argue that for sufficiently large sample size m, when Pis sufficiently close to P, the permutation
opMm returned by running the PM algorithm on P will also minimize the PD error w.r.t. P, which will prove Theorem 9.

Proposition 13. PETL C PRIN,

Proof. We have,

W
Pe ”PSTL = there exists w € R} : foralli # j, p;; = —7
w; + W;
= forany ¢, j, if p;; < pj;, then w; > w;
.o .. Wi W
— for any ¢, j, for any k& 1L, ]} Dik = ——— > pjk = —————
y i ] y k # {i,j} pir wtwe PR
. P e PR,
This proves the claim. O

Proposition 14. Ler P € PN, Let 1 < ¢ < oo and define H® as h$; = g.(pij) for all i # j and h§; = 0 for all i. Then
H¢ € PRIN,

Proof. Leti,j € [n]. We have,

i=He j = hi; <hj,

Pfj P?i
: C C C C
Pij T Pji Pyt Pi
= DPij < Pji
= pr; > pijforallk # {i,j} (since P € PRN)
= pri + 1 —pjxpir > prj + 1 — pjpix forall k # {7, 5}
= PriPjk > PikPr; forall k # {i,j}
— Dik o Zﬂforallk;afé {3,5}
Pki Djk
— (2%} < (2%) foralle> 1, forall k # {i,j}
Pki Djk
= gc(Pri) > ge(pr;) foralle > 1, forall k # {i,5}
= hj; > hj forallc > 1, forall k # {i,5}

Thus we have H¢ € PRLN, O

Theorem 15. Let P € PRIN. Then the permutation orc produced by running the Rank Centrality algorithm on P satisfies

orc € argmin, g erp’[o].

Proof. Let P be the Markov chain constructed from P by the Rank Centrality algorithm and let 7r be its stationary distri-
bution. Fix any 4, j such that ¢ ~p j. Assume for the sake of contradiction that 7; < 7;. We have from the stationary
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distribution equations,

n
T = E Tk Dhi
k=1

Z TrDri + TiDii + ijﬂ

k#{i.5}
= > Wk&‘Fﬂ'z (1= pir) +7TJJ
kA (i3} Py
1 .
=¥ . L ( +Z%)+m&
n n n n
k{i.g} ki

Similarly we have

e Y mB (Lo

k#{i,5} k#j

Notice that the equations for 7; and 7; are of the form

T = a1+ bim; +cam;

T = a2+bg7rj—|—027ri

where

Tr pox

pkg 1 Dkj Dij
Y byt o
ki) [y B n

Since P € PR and i =p j, we have that a; > aa,b; > by and ¢; > co. Observe that 0 < by, by < 1. We claim that
neither by nor by can be exactly equal to 1. To see this, first consider bo. We have by = 1 only if p;,; = 1 for all & # j. But
as ¢ >p j, we have p;; < pj; and so this cannot happen. Thus b < 1. Next consider b;. We have by = 1 only if py; =1
for all k # i. When this happens, it is easy to see that CW(P) = i and so m; = 1 and 7; = 0 for all j # . This contradicts
our assumption that m; < 7;. So in what follows, assume 0 < b1, by < 1. In that case, we have

ax C1

b, (1=p
ag C2

>1—b2+1—b2m

T =

(as P € PR™N and by our assumption that 7; < 7r;)

which contradicts the assumption that m; < ;. Thus, we must have that
foranyi,j, i>=pj = m > ;.

The claim follows. O

C.6. Proof of Theorem 9

Proof. Let m satisfy the given assumption. Then by Lemma 4, we have with probability at least 1 — J, the following event
holds:

-~ min mins "'min .o
Ipij — Pij| < % for all 4,5 . (7)
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Under this event, we have

foralli,j: p;; > 1 = piy >4 (since [p;; — pi;| < 25 for all 4, )
= pr; > pijforall k # {i,5} (since P € PBTL C PRIN from Proposition 13)

= Dri > Dij forall k # {i,j} (since [Drm — Pkm| < TI;“ for all k,m) .

Thus under the above event, we have Pc PRIN_and therefore by Proposition 14 we have that the matrix H¢ constructed

by the PM algorithm satisfies H® € RN, and by Theorem 15 that
OpM € argmin, g erIPA{DC [o]. 8)
Since under the above event we also have
foralld,j: pi; > % = Dij > % <:>ﬁfj > %,
it follows that under this event, argmin, s, ergy[0] = argmin, ¢ s erp’[o] and therefore
Opum € argmin, g erp (o] .

This proves the result. O

C.7. Auxiliary Results Needed for Proofs of Theorems 10-11
The first result we will need for proving Theorems 10-11 is the following perturbation bound for Markov chains:
Theorem 16 ((Cho & Meyer, 2001; Seneta, 1988)). Let R and R’ be the transition probability matrices of finite Markov

chains having unique stationary distributions 7 and 7' respectively. Then

IR - R/

/
— <
e = ll < 1-7(R) ’

where 1 — 7(R) = min;; Y ;_, min{ry, rjx}.
We will use the above theorem to show the following two results:

(i) For any P and sufficiently large ¢, the permutation opy; produced by running the PM algorithm on P satisfies
opm(i) < opm(j) forall i € MA(P), j ¢ MA(P) (Theorem 19).

(ii) For any P and sufficiently large ¢, the permutation opy produced by running the PM algorithm on P satisfies
opm(i) < opm(j) forall i € TC(P),j ¢ TC(P) (Theorem 20).

In proving these results, we will make use of Theorem 16 to bound the difference between the stationary probability vectors
7 and 7 of the Markov chains associated with the matrices H® = ¢.(P) and H = ¢, (P). For this, we will find the
following two lemmas useful:

Lemma 17. Let P € P,,. Let H = g (P), with h;; = 1(p;; > 1/2), and let H be the Markov chain transition matrix
corresponding to H as constructed by the Rank Centrality algorithm applied to H. Then

1—7(H) >

SRS
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Proof. We have,

1 — T(ﬁ) = n;é Z ln{ilik, Ejk}
k=1
= min ( min{;lik, ﬁjk} + min{]uzii, ;Lji} + min{ﬁij, Bjj})
T ko)
= min ( > min{hi, Ay} + by + 7Lij> (since hy; > hij, hj; for all i # j)
7 k;ﬁ{w}
g k#{w}
o fF ¥ Ly oy v 1 o
= min ( min{ ik, hjr} + —) (since hj; + hi; = — forall i # 5)
i#] n n
k#{i,5}
1
> —.
n

O

Lemma 18. Let P € P, and 1 < ¢ < co. Let H® = g.(P) and H = goo(P), and let H®, H be the Markov chain

transition matrices corresponding to H¢ and H as constructed by the Rank Centrality algorithm applied to H® and H. Let
In(2/¢€)

Omin = MilG£jippj 0 p .Lete >0.Ifc> - ),then

In(min

[HS — H|oo < €
Proof. Consider any 7 # j. If p;; < % we have
e | = 19(pij) — L(piz > $)|  ge(pij) 1
ig — Mgl = = = Piiye)
n n n(l+ (pi]_) )
Similarly if p;; > 4, we have
|7L? _ 71\ _ lge(piz) = 1(pi; > %)| _ ge(pig) =1 1
v AN - - ii\c)
J n n n(1+ (ZT) )
In both cases, we have
o 9 1
h$: — hy; _
| Zj j| B (1 +am1n)

Let c satisfy the given assumption. Then we have for all ¢ # 7,

€

A5 = higl < o5~

Moreover, for all 7, we have
c 7 jc 7 jc 7 €
hi; — hiil = ‘Z(hik - hik)‘ < Z [P = hak| < 5
k#i k#i
Thus

VI Yo e (n—1
IH® — H|| oo :m?xzk:mik Z;€| < max< < h”| —&—;\hlk Z1€|> < 3 4+ — <e.
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Theorem 19. Let P € P,. Let H = ¢g.(P), and let H be the Markov chain transition matrix corresponding to H
as constructed by the Rank Centrality algorithm applied to H. Let 7 be the stationary probability vector of H. Let
B2(P) = max;ep,) T — MaXpgMA(P) Tk ANd Omin = MiN jgypj 225 If ¢ > In(in/Ba(P))

P M(amm) then the permutation opy
ij min
produced by running the PM algorithm on P satisfies

UPM(i) < UPM(j) foralli € MA(P),] ¢ MA(P) .

Proof. Let c satisfy the given assumption. Let HE be the Markov chain transition matrix corresponding to H¢ = ¢.(P)
as constructed by the Rank Centrality algorithm applied to H®. Let ¢ be the stationary probability vector of H¢. By
Lemma 18, we have

N " P
e -, < 2P0
2n
By Theorem 16 and Lemma 17, it then follows that
P
¢ — el < e — ey < 220

By definition of 82(P) and MA(P), this implies in particular that
m; > foralli € MA(P),j ¢ MA(P).
The claim follows. O

Theorem 20. Let P € P,. Let ayin = ming v p Pit Ife > (n41) In(4n)

L —<—~, then the permutation opy produced by the
Dij In(amin)

running the PM algorithm on P satisfies

O'PM(’i) < JPM(j) foralli e TC(P),] ¢ TC(P) .

Proof. Let c satisfy the given assumption. Let H¢ and H be the Markov chain transition matrices corresponding to
H¢ = g.(P) and H = g, (P) as constructed by the Rank Centrality algorithm applied to H¢ and H. Let 7w, 7 be the
stationary probability vectors of H®, H. By Lemma 18, we have

[H® — Hl|oo < Il

By Theorem 16 and Lemma 17, it then follows that
H"C "Hoo < ||"C "” < !
! 2nn

By definition of H, we have that 7r; > 0 if and only if i € TC(P). Now, define

WESXZ max T
i€eTC(P)

ﬂ'glgl: min 7;,
i€TC(P)

and let
mo € argmin;cro(p) i -

If | TC(P)| = 1, then clearly my is the unique Condorcet winner and 7,,,, = 1, with m; = 0 for j # my; in this case
1

7L< =1> .
nn

If | TC(P)| > 1, then it must be the case that mg >p m; for some m; € TC(P) (otherwise mo ¢ TC(P)). From the
stationary equations, we have that

n

v 9 Vis .. 2 .
ﬂ';rmcn =Tmg = E TkPkmo = Tmy Pmyme = :L“ (from definition of H and since mg =p mq).
k=1
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If | TC(P)| = 2, then 7, = Tmax > % which again gives

1 1
TC - > )
nn

min = ﬁ =
One can similarly show that regardless of the size of TC(P), we have
e, 1

nn

Thus the above result gives us
r1C
HT‘_L_T‘_”OO S min
2
TC

By definition of 7_;;, this implies in particular that
m; > nj foralli € TC(P),j ¢ TC(P).
The claim follows. O

C.8. Proof of Theorem 10

Proof. Let c and m satisfy the given assumptions. Applying Theorem 19 to 13, we have that opy; satisfies
Gpm(i) < Opm(j) foralli € MA(P),j ¢ MA(P).

Now by Lemma 4, we have with probability at least 1 — §, the following event holds:

Ymi

lpij — Dijl < ?n for all 7, j. 9

Under this event, we have
foralli,j: pi;>2<Dij > 3. (10)
Thus under the above event, we have MA(P) = MA(P). The claim follows. O

C.9. Proof of Theorem 11

Proof. Let c and m satisfy the given assumptions. Applying Theorem 20 to P, we have that opw satisfies
Gpm(i) < Opum(j) foralli € TC(P),j ¢ TC(P).

Now by Lemma 4, we have with probability at least 1 — 4, the following event holds:

pi; — Byl < %;i“ for all 4, j. a1
Under this event, we have
forall i, : pij>%<:)@-j>%. (12)

Thus under the above event, we have TC(P) = TC(P). The claim follows. O



