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1 Overview

This supplementary material is organised into three parts. In the first two parts we respectively state the proofs of the on-
average and uniform stability analysis. In the last part, we show that the specific loss presented in the paper is k-lipschitz.

For the sake of readability we start by recalling our setting. Let 7" be a training set drawn from a distribution D7 over
X x Y. We consider the following framework for biased regularization metric learning:

M* = argmin Ly (M) + A|M — Mg|| (D
M0

where Ly(M) = 3 3 1[(M, z,2’) stands for the empirical risk of hypothesis M. Similarly we denote the true
risk by Lp. (M) = E, ,~p, (M, z,2"). We only consider convex, k-lipschitz and (o, m)-admissible losses.

2 On-average-replace-two-stability analysis

In this part we show that our algorithm is on-average-replace-two-stable. For the sake of completeness, we also recall the
proof of the bound already presented in the paper.

First we show in the following lemma that our algorithm is strongly convex. Before proving this result, we recall the
definition of strong convexity.

Definition 1. A function f is \-strongly convex if for all w, u, and o € [0, 1] we have:

flaw+ (1 —aju) <af(w)+(1—a)f(u) - %a(l —a)llw —uf*.

We can now state the lemma.
Lemma 1. The algorithm presented in Eqll]is 2\-strongly convex.
Proof. First we show that the regularization term A||M — Mg||% is 2\-strongly convex in M:
Ale(M) + (1 — @) (M) — Ms||%
= Ala(M ~ Ms) + (1 — a)(M' - Ms)||%
< Aa|M - Ms|f% + A1~ a)|[M' — Ms||% — Aa(1 — a)|[M — Ms — M’ + Ms||% )
< M~ Ms|F + A1 — )M — Ms||7 — Aa(l — o) |[M - M'||%

Eq.|2|comes from the strong convexity of the squared Frobenius norm.
The regularization term is 2A-strongly convex and Ly (M) is convex since it a sum of convex functions. Thus our
algorithm is 2\-strongly convex because it is a sum of a 2\-strongly convex and a convex function. O

We can now show the on-average-replace-two-stability of our algorithm.



Theorem 1 (On-average-replace-two-stability). Given a training sample T of n examples drawn i.i.d. from D, our

8k2

algorithm is on-average-replace-two-stable with e(n) = S

Proof. Let M, respectively Mij*, be the optimal solution when learning with the training set 7', respectively TV Let
71,7,z respectively be the k™ examples of training sets T, 7%, T"’. We have:
Lr(M” )+ A[M7 = Ms|% — (Lr(M") + A|M* - Ms|%)
= L (MY ) + A[MY = M3 — (Lgs (M") + XM = Ms| %)
N (M7 2y, 2,) — I(M*, 2, 2,) Y (MY 2,,2)) — I(M*, 2;, 7))

n2 n2
+ Zkl(M Zk’ z)_l(Mﬂ zk’ z) Zl ( 7 17zl)_l(M2J ) L’zi> (3)
2 2
n n
= Ly (M7 ) + A[MY = M5 = (Lgis (M*) + AM* — Ms||%)
LI g z) — (M 2, zi) | UM 2 2) — U(M” 2, 21)
+ . + :
n n
+ Zkl(M*’Zﬁc’Z;) - l(M,L] 7Z§C7Z:LL:) Zl (M ) z?Zl) - Z(MZJ ) 27Zi)
n? n?
N Zkl(M” ,z};,zé) — l(M*,z’;’C,zé) N le(M” 7z],zl') — (M ,z],zi)
n? n2
> LM Zﬁ»%]) Z(MZJ Zk ' 2 ) Zz (M*,z ; 7Zz ) Z(MZJ ) ;J»ij)
+ a . )
n n
. . 8k|[M* " — M*
< Ly (M) 4 AIMY — Mg~ (L (M) + M — M) 4 S ZMEZ s
E|[M* " — M*
< 8k|| [E3 ©)

n

Equalities (3) and (@) are obtained by successively adding and removing 51m11ar terms. Inequality (3) is due to the k-
lipschitz property of the loss. Inequality (6)) is obtained by noticing that M* " is the minimizer of our algorithm when

learning with training set T,
Furthermore, from the 2-strong convexity of our algorithm, proved in Lemmal[I] we have:

LM ) + A|M” — Ms||5 — (Lo(M*) + A|M* = Ms|5) > MM — M*||%.
Thus we obtain:

M7 — M

n
G 8k
= MY — M*
[ I < &
N L . i % . 82
= Z(Ml 7ZZ7ZJ)7I(M azlazj) Sk”MZ -M ”.FS T
n

(N

The last inequality is obtained thanks to the k-lipschitz property of the loss. Taking the expectation of both sides gives the
theorem. O

Using the on-average-replace-two-stability property of our algorithm, we derive our first bound.



Theorem 2 (On average bound). For any convex, k-lipschitz loss, we have:

. 8k
Er [Lp,(M")] < Lp, (Ms) + v

where the expected value is taken over training sets of size n.
Proof. We have:
Er [Lp, (M")]

=Er [Lp,(M")] + Er [L7(M")] — E7 [Ly(M")]
=Er [Lr(M")] + Er [Lp, (M") — Ly(M")]

8k2

< Eg [Ly(M")] + Y ¥
8k2

<Er[Lr(Ms)] + v )

Inequality [8|is obtained by noting that from Th. |l{we have E [Lp., (M*) — Lp(M*)] < E;L:. Inequality @ comes from
the convexity of our algorithm which gives Ly(M*) < Ly (M*) 4+ A[|M* — Ms||% < Lr(Ms) + A|[Ms — Ms|/%.
Noting that E; [L7(Ms)] = Lp,(Msg) gives the theorem. O

3 Uniform stability analysis

In this second part, we show that our algorithm is uniformly stable before proving the generalization bound presented in
the paper.

Theorem 3 (Uniform stability). Given a training sample T of n examples drawn i.i.d. from Dy, our algorithm has a
uniform stability in % with I = %.

Proof. Let AM = M — M’ where M is the optimal solution when learning with set 7" and M’ is the optimal solution
when learning with set 7. The empirical risk is convex by sum of convex functions, thus

Lyi(M —tAM) — Ly (M) < t(Lyi (M) — Lyi (M))
Lpi(M! +tAM) — Lyi(M?) < t(Lpi (M) — Ly (M?))
Summing up the two inequalities gives:
Lpi(M —tAM) — Lyi (M) + Lpi (M* 4+ tAM) — Ly (M*) < 0. (10)
Our algorithm is convex as stated in Lemmal[T] thus:
Lp(M) + A|M - Ms|% — Ly(M — tAM) — A\|[M — tAM — Ms||%
+ Lpi (M%) 4+ MM — Ms||% — Lpi (M + tAM) — A|[M? + tAM — M;||% < 0. an
And thus summing inequalities [T0]and [TT] gives:
Ly(M) — Lyi(M) + Ly« (M — tAM) — Ly (M — tAM)
+AIM — Mslf% — AIM — tAM — Ms|% + AIM' — Ms|% — AIM' +tAM - Ms[3 <0, (12)



Let B = A\|M — Ms||% — A\|M — tAM — Mg||% + A\|M? — Mg||% — A[[M* + tAM — Mg||%, we have:
B <| = Ly(M) 4 Ly« (M) = Ly (M — tAM) + Ly (M — tAM)]

g%\ZZZ(M—tAM,zJ—,zk)—l(M—tAM,zj, 1)+ UM, z},z5) — [(M, 25, 2;.)|
ik
) Lgs G ) g 4q

1
SE‘ZZ(M—LLAM,Z]‘,Z,')—Z( —tAM, z},z}) + (M, 2%, z}) — (M, 2, z;)
J

+) UM — tAM, z;, 7)) — I(M — tAM, 2}, z},) + (M, z},2,) — [(M, z;, z,,) |

y 2y Z

7],1

1
< Zu ftAM,zj,zi)fl(M,zj,zi)\+Z|lM,zj,zl) I(M — tAM, z*, z)|

+ ) UM — tAM, z;, 7)) — I(M, z“zk|+Z\ZM, zt,z8) — (M — tAM, 2, 7 )|>
k

k
<=5 (IM~tAM -~ M|7 + |[M - M +tAM| 7 + |[M ~ tAM — M|/ + [M — M + tAM]| )

4kt
< -lAaM]|z

Furthermore, setting t = %, we have
1 . ;1
B =M — |3 ~ AIM — L AM — Ms|3 + A[M ~ M3~ X[M' + SAM — M|}
1 7 7
:/\Z Z {(Mkl — Msy)? — (My; — i(Mkl —Mj,;) — Msi)® + (M}, — Msy)?
- (M + (M~ M) - M|
2 1 Lo i 2 i s 1 1.5 2
:/\ZZ (My; — Msp)” — (§Mkz + EMkl = Msp)™ + (M — Msy)” — (§Mkl + §Mkl — Msu)
k1
:/\Z Z [(M’vl —Msp)® - (i(Mkl - Msp) + i(Mkl —Msw))® + (M}, — Msy)?

1 1 .
- (i(Mkl — M) + §(M§cz - Msm))z]

1 ; i
=A E E {2((Mkl — Msp)® + (M}, — Msy)® — 2(My — Msy) (M}, — Msy))
T J

—AZZ [ (My; — Mgy — My, — MSkl)2]

=2 jami3.
Then we obtain:

A , 4k
— < —||AM
JlAaM3 < A

4k
< —.
s laM|z <



Using the k-lipschitz continuity of the loss, we have:

k,2
sup |I(M, z,2") — (M, z,2')| < ||AM||z < SV
Setting K = 4 concludes the proof. O

We now recall the McDiarmid inequality McDiarmid! (1989)), used to prove our main theorem.

Theorem 4 (McDiarmid inequality). Let X1, ..., X,, be n independent random variables taking values in X and let
Z = f(Xa1,...,Xy). If for each 1 < i < n, there exists a constant c¢; such that

sup lf(x1, ) — f(21, s @l 20)] < ¢, V1 < <
T1yee T, T EX

—92¢2
then for any e > 0,Pr([|Z —E[Z]| > €] < 2exp %2 .
2im1 G
Using Th. [3] which state the uniform stability of our algorithm and the McDiarmid inequality we can derive our
generalization bound. For this purpose, we replace Z by Ry = Lp, (M*) — Ly(M*) in Theorem {4] and we need to
bound Er [Rr] and | Ry — Rri|, which is done in the following two lemmas.

Lemma 2. For any learning method of estimation error Ry and satisfying a uniform stability in &, we have

Er [Rr] < 252.

n

Proof.

7 [Rr] <Ep [Lp,(M*) — Ly(M")]

SET,Z,Z’NDT l( y 4,2 TL2 ZZZM 1 Ziy 2
< Erunp, nQZZlM 2,2) ~ (M7, 2,2)) £ 1M 2,2,) — UM, 21,2,)

1 Lk . .
SET,Z,Z’N'DT EZZZ(MZQ ;Zi7zj)_l(Mz 7Ziazj)+l(Mz 7Ziazj)_l(M*7ZiaZj) (13)

<Erzz~Ds HQZZ‘ M \Zi,Zj) Z(Mi*,zi,zj‘ QZZ’Z M  2i,25) — [(M*, 2;,2;)

(14)

%
n

5)

Inequality (T3) comes from the fact that 7', z, z’ are drawn i.i.d. from the distribution D7 and thus we do not change the
expected value by replacing one example with another. Inequality (I4) is obtained by applying triangle inequality. The
lemma comes from applying the property of uniform stability twice (Th.[3). O

Lemma 3. For any matrix M* learned by our algorithm using n training examples, and any loss function l satisfying the
(0, m)-admissibility, we have
2K 4 (40 + 2m)

|RT — Rpi| <
n




Proof.

|RT - RTl

= | Loy (M) = Le(M") = (Lo, (M) = Ly« (M")|

= Loy (M) = L, (M) 4+ L (M) = L (M) + L (M)

< ‘LDT(M*) - LDT(M”)’ n ‘LTi (M) — Lps (MF)] + | L (M
2k .

S 7 ’I’LQ ZZ 7 Ja Z(M 7zjazk)
2k . 1

§7+ ngz s J’ 7 7Z(M ,Zj,Zﬂﬁ*ﬁ?l(M 7Z13

1
<2+ nQZ!l 7). 2]) UM 25, 2) [+ 5 D (1M,

k
< 2K n 2(20+m)

- n n

Ly (M*)

") — Lr(M")]

) - Z(M*vzia zk)

zj,) — (M*, z;, 2, |

(16)

a7

(18)

19)

(20)
2L

Inequalities (T6) and (I9) are due to the triangle inequality. comes from the application of uniform stability (Th. [3).
(T8) comes from the fact that 7" and T only differ by their i example. (20) comes from the (o, m)-admissibility of the

loss and the fact that |y y2 — y3ya| < 2.

We are now ready to prove our generalization bound.

O

Theorem 5 (Generalization bound). With probability 1 — §, for any matrix M learned with our K uniformly stable

algorithm and for any convex, k-lipschitz and (o, m)-admissible loss, we have:

Loy (M) < Lr(M) + (4 +2m +¢) O (;ﬁ) o (i)

where c is a constant linked to the k-lipschitz property of the loss.

Proof. Using the McDiarmid inequality (Th. ) and Lemma [3|we have:

2¢2
Pr(|Rr — Er [Rr]| > €] < 2exp (‘ s (2}C+40+2m)2>

=1 n

2¢2
< 2exp -7 5 |-
= (2K + 40 +2m)

Then, by setting:

2¢2
6 =2exp -3 5
= (2K + 40 + 2m)

we obtain:

2
e = (2K + 4o + 2m) 1n2(75)

and thus:

PI'HRT —Er [RT” < 6] >1-4.



Then, with probability 1 — §:

Ry < Er [RT] +e€

= LDT(M*) — LT(M*) <Er [RT] + €
2K In (2
= Lp, (M) <LT(M*)+7+(2K+4O’+2TR) #
The last inequality is obtained using Lem. [2]and replacing e by its value. O

4 Specific loss

We show the k-lipschitz property of our loss.

Lemma 4 (k-lipschitz continuity). Ler M and M’ be two matrices and z,7z' be two examples. Our loss (M, z,2’) is
k-lipschitz continuous with k = maxx x ||x — x'[|.

Proof.

I(M,2,2") = I(M',2,2")] = | [yy'((x —x) "M(x = x") = 7)] | = [99/((x = x")TM'(x = x) = )], |
< yy' ((x = x)"M(x — %) = ) — w9/ (x = x) "M (x = X') — 7, )]
< Jyy'(x = x)TM(x = x) = yy/(x — x')TM'(x — x'))|
<J(x—x)"(M - M)(x - x')|
< lx = x|*IM - M|+
< max [[x — x'||*|M — M|
/||2

Setting k£ = maxx x ||x — x'[|* concludes the proof. O
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