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In this document, we derive several results and present additional experiments that were omitted from
the main paper due to space limitations. To allow easy referencing, the sections are numbered according to
the location in the main paper that they are referenced.

2 Efficient calculation of GS rules for sparse problems

We first give additional details on how to calculate the GS rule efficiently for sparse instances of problems
hy and he. We will consider the case where each g; is smooth, but the ideas can be extended to allow a
non-smooth g;. Further, note that the efficient calculation does not rely on convexity, so these strategies can
also be used for non-convex problems.

Problem h,
Problem ho has the form

ho(w) := Y gilw) + Y fijlwizy),

eV (i,5)EE
where each g; and f;; are differentiable and G = {V, E'} is a graph where the number of vertices |V is the
same as the number of variables n. If all nodes in the graph have a degree (number of neighbours) bounded
above by some constant d, we can implement the GS rule in O(dlogn) after an O(n+|E|) time initialization
by maintaining the following information about z*:
1. A vector containing the values V,;g;(z¥).

2. A matrix containing the values V, fi; (zF, xf) in the first column and V; f;; (x¥, xf) in the second column.

3. The elements of the gradient vector Vho(2*) stored in a binary max heap data structure [see Cormen
et al., 2001, Chapter 6].

Given the heap structure, we can compute the GS rule in O(1) by simply reading the index value of the root
node in the max heap. The costs for initializing these structures are:

1. O(n) to compute g;(x?) for all n nodes.
2. O(|E|) to compute Vijfl-j(x?,x?) for all |E| edges.

3. O(n + |E|) to sum the values in the above structures to compute Vh(z?), and O(n) to construct the
initial max heap.



Thus, the one-time initialization cost is O(n + |E|). The costs of updating the data structures after we

update xfk to xfjl for the selected coordinate iy are:

1. O(1) to compute g;, (zf}j’l)

2. O(d) to compute Vijfij(a:f"‘l,fo) for (i,7) € E and i = i or j = i (only d such values exist by
assumption, and all other V;; f;;(x;, z;) are unchanged).

3. O(d) to update up to d elements of Vh(x**+1) that differ from Vh(z*) by using differences in changed
values of g; and f;;, followed by O(dlogn) to perform d updates of the heap at a cost of O(logn) for
each update.

The most expensive part of the update is modifying the heap, and thus the total cost is O(dlogn).t

Problem h,
Problem h; has the form

n
hi(z) ==Y gi(z:) + f(Az),

i=1
where g; and f are differentiable, and A is an m by n matrix where we denote column ¢ by a; and row j by
ajT. Note that f is a function from IR™ to IR, and we assume V;f only depends on a]Tx. While this is a
strong assumption (e.g., it rules out f being the product function), this class includes a variety of notable
problems like the least squares and logistic regression models from the main paper. If A has z non-zero
elements, with a maximum of ¢ non-zero elements in each column and r non-zero elements in each row, then
with a pre-processing cost of O(z) we can implement the GS rule in this setting in O(cr logn) by maintaining
the following information about 2*:

1. A vector containing the values V;g;(xF).

2. A vector containing the product Az*.

3. A vector containing the values V f(Az*).

4. A vector containing the product ATV f(Az").

5. The elements of the gradient vector Vh;(x*) stored in a binary max heap data structure.

The heap structure again allows us to compute the GS rule in O(1), and the costs of initializing these
structures are:

1. O(n) to compute g;(2?) for all n variables.

2. O(z) to compute the product Az°.

J

(
(
3. O(m) to compute V f(Az°) (using that V; f only depends on a?z?).
4. O(z) to compute ATV f(Ax?).
(

5. O(n) to add the V,;g;(z) to the above product to obtain Vh(z°) and construct the initial max heap.

As it is reasonable to assume that z > m and z > n (e.g., we have at least one non-zero in each row and
column), the cost of the initialization is thus O(z). The costs of updating the data structures after we update

xfk to xf:rl for the selected coordinate i) are:

1For less-sparse problems where n < dlogn, using a heap is actually inefficient and we should simply store Vh(zk) as a
vector. The initialization cost is the same, but we can then perform the GS rule in O(n) by simply searching through the vector
for the maximum element.



1. O(1) to compute g;, (:UZH)

2. O(c) to update the product using Az**1 = Az® + (21" — 2F )a;, since a; has at most ¢ non-zero
values.

3. O(c) to update up to c elements of V f(Az**1) that have changed (again using that V; f only depends

T k+1
on aj " ).

4. O(cr) to perform up to ¢ updates of the form ATV f(Az*+l) = ATVf(Az*) + (V, f(Azk+) —
V,; f(Az%))(a;)T, where each update costs O(r) since each a; has at most r non-zero values.

5. O(crlogn) to update the gradients in the heap.

The most expensive part is again the heap update, and thus the total cost is O(crlogn).

4 Relationship between p; and pu

We can establish the relationship between p and p; by using the known relationship between the 2-norm
and the 1-norm,

Izl > llzl > —=le]
x x —||z]|1-
12 = Jn 1
In particular, if we assume that f is p-strongly convex in the 2-norm, then for all x and y we have
1
F) = f(@) + (Vf(@)y = 2) + Sy — =]
I
2 fl@) + (VF(@)y — ) + 5 lly — z|l3,
implying that f is at least £-strongly convex in the l-norm. Similarly, if we assume that a given f is

n

p1-strongly convex in the 1-norm then for all z and y we have
F) = f@) + (V@) =) + Sy — o}
> f(@) + (Vf(@)y =) + Ly — all%,
implying that f is at least p;-strongly convex in the 2-norm. Summarizing these two relationships, we have

<y < .
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4.1 Analysis for separable quadratic case

We first establish an equivalent definition of strong-convexity in the 1-norm, along the lines of Nesterov
[2004, Theorem 2.1.9]. Subsequently, we use this equivalent definition to derive p; for a separable quadratic
function.

Equivalent definition of strong-convexity

Assume that f is pi-strongly convex in the 1-norm, so that for any z,y € IR"™ we have
M1
F) = f(@) + (VF(@)y = 2) + 5 lly = 211
Reversing « and y in the above gives

F@) = F@) + (V) o —y) + Bl e — v},



and adding these two together yields
(VI(y) = Vi(@)y—z) > mly —lff.
Conversely, assume that for all z and y we have
(Vf(y) = Vf(2),y —2) > mlly - =llF,
and consider the function ¢g(7) = f(z + 7(y — z)) for 7 € R. Then
fly) = @) = (Vf(x),y —x) = g(1) — 9(0) = (V[ (2),y — =)
~ [ )~ (Vi) =) ar

OdT

=A (VI +7(y - ).y —2) — (Vf(a),y—z) dr
- / (Vi + 7y — 2)) — V(),y — ) dr

1

&T —2)|? dr
> [ Bty -a)li a

1
— [ wirly - alf ar
0
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= 7” —z|f.

Thus, p-strong convexity in the 1-norm is equivalent to having
(Vf(y) = Vf@)y—z) > mly—z|i ¥y

Strong-convexity constant u; for separable quadratic functions

Consider a strongly convex quadratic function f with a diagonal Hessian H = V2 f(x) = diag(\y, ...

where \; > 0 for all i = 1,...,n. We show that in this case
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n1 = — .
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From the previous section, p; is the minimum value such that (2) holds,

Vi) - Vi) — )
= PRk '
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Using V f(z) = Hz + b for some b and letting z = y — x, we get

o g (Hy =B~ (H —b).y )

wy ly — I3
H(y — _
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ety |y —zfff
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n
= min \iz?,
eTz=14
i=1

where the last two lines use that the objective is invariant to scaling of z and to the sign of z (respectively),
and where e is a vector containing a one in every position. This is an equality-constrained strictly-convex
quadratic program, so its solution is given as a stationary point (z*,n*) of the Lagrangian,

A(z,n) = Z)\sz +1(1 —eT'2).
i=1

Differentiating with respect to each z; for i = 1,...,n and equating to zero, we have for all ¢ that 2);z —n* =
0, or
LM
* = ) 3
§ =g 3)

Differentiating the Lagrangian with respect to 1 and equating to zero we obtain 1 —e”'z* = 0, or equivalently
1=¢T2" = T Z L
2 . A

which yields
-1

N 1
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Combining this result for n* with equation (3), we have
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This gives the minimizer, so we evaluate the objective at this point to obtain uq,

=3 Ni(z)?
=1

Interpretation in terms of ‘working together’

In this separable quadratic case, p; is given by the harmonic mean of the eigenvalues of the Hessian divided
by n. The harmonic mean is dominated by its smallest values, and the harmonic mean divided by n has a
particular interpretation in terms of processes ‘working together’ [Ferger, 1931]. If each \; represents the
time taken by each process to finish a task (e.g., large values of \; correspond to slow workers), then p is the
time needed by the fastest worker to complete the task, and p; is the time needed to complete the task if all
processes work together (and have independent effects). Using this interpretation, the GS rule provides the
most benefit over random selection when working together is not efficient, meaning that if the n processes
work together, then the task is not solved much faster than if the fastest worker performed the task alone.
This explains the non-intuitive scenario where GS provides the most benefit: if all workers have the same
efficiency, then working together solves the problem n times faster. Similarly, if there is one slow worker
(large A;), then the problem is solved roughly n times faster by working together. On the other hand, if
most workers are slow (many large J);), then working together has little benefit.

5.1 Gauss-Southwell, exact optimization: convergence rate
We can obtain a faster convergence for GS using exact coordinate optimization for sparse variants of problems

hi and hs, by observing that the convergence rate can be expressed in terms of the sequence of (1 — u1/L;,)
values,

k
1) - 1) < (T1 (1= 22) | ) - s
j=1 Y
The worst case occurs when the sequence of (1 — p1/L;, ) values is as large as possible. However, using exact
coordinate optimization guarantees that, after we have updated coordinate i, the GS rule will never select
it again until one of its neighbours has been selected. Thus, we can obtain a tighter bound on the worst-
case convergence rate using GS with exact coordinate optimization on iteration k, by solving the following
combinatorial optimization problem defined on a weighted graph:

Problem 1. We are given a graph G = (V, E) with n nodes, a number M; associated with each node i, and
an iteration number k. Choose a sequence {i;}¥_, that maximizes the sum of the M;,, subject to the following



constraint: after each time node i has been chosen, it cannot be chosen again until after a neighbour of node
i has been chosen.

We can use the M; chosen by this problem to obtain an upper-bound on the sequence of log(1—puy/L;) values,
and if the largest M; values are not close to each other in the graph, then this rate can be much faster than
the rate obtained by alternating between the largest M; values. In the particular case of chain-structured
graphs, a worst-case sequence can be constructed that spends all but O(n) iterations in one of two solution
modes: (i) alternate between two nodes i and j that are connected by an edge with the highest value of
%7 or (ii) alternate between three nodes {i, j, k} with the highest value of w7 where there is
an edge from 7 to j and from j to k, but not from ¢ to k. To show that these are the two solution modes,
observe that the solution must eventually cycle because there are a finite number of nodes. If you have more
than three nodes in the cycle, then you can always remove one node from the cycle to obtain a better average
weight for the cycle without violating the constraint. We will fall into mode (i) if the average of M; and M;
in this mode is larger than the average of M;, M; and M}, in the second mode. We can construct a solution
to this problem that consists of a ‘burn-in’ period, where we choose the largest M;, followed by repeatedly
going through the better of the two solution modes up until the final three steps, where a ‘burn-out’ phase
arranges to finish with several large M;. By setting M; = log(1 — u1/L;), this leads to a convergence rate of
the form

f(a*) = f@*) < O (max{p, p§'}*) [f(z°) — f(z")],
where p§ is the maximizer of \/(1 — pu1/L;)(1 — pu1/L;) among all consecutive nodes i and j in the chain,
and p§ is the maximizer of /(1 — pu1/L;)(1 — p1/L;)(1 — p1/Ly) among consecutive nodes i, j, and k. The
O() notation gives the constant due to choosing higher (1 — p;/L;) values during the burn-in and burn-out

periods.The implication of this result is that, if the large L; values are more than two edges away from each
other in the graph, the convergence rate can be much faster.

6.2 Gauss-Southwell-Lipschitz rule: convergence rate

The coordinate-descent method with a constant step-size of L;, uses the iteration

1
"t =2k — v, f(a2P)e, .
Li,

Because f is coordinate-wise L;,-Lipschitz continuous, we obtain the following bound on the progress made
by each iteration:

FH) < @)+ Vi f@R) @ - o)+ D e 2
— 1) = (O + B [ 9]
k lk k\12 k (4)
= f(a") - f[vikf(x )]
_ L[V ("))
- a5 |

By choosing the coordinate to update according to the Gauss-Southwell-Lipchitz (GSL) rule,
[Vif(a*)|

i = argmax ———,

[ \/Li

we obtain the tightest possible bound on (4). We define the following norm,

el = Zﬁu (5)



which has a dual norm of

]|z, = max

1
— |-
P

Under this notation, and using the GSL rule, (4) becomes

1 N2
FE) < f@8) = SIVFEDIL)S
Measuring strong-convexity in the norm || - ||z, we get

F(y) = F(@) + (VF().y - @) + Sy — allf.
Minimizing both sides with respect to y we get
f@) 2 f(a) = sup{(=Vf @),y = @) = Sy = o}
= 1@ = (B2 13) (V@)
= 1@ = (V@)
Putting these together we get

F™) = fa*) < (1= pp)lf (") = f(a)]. (6)

6.2 Comparing p; to pu; and p

By the logic of Section 4 of this document, to establish a relationship between different strong-convexity
constants under different norms, it is sufficient to establish the relationships between the squared norms. In
this section, we use this to establish the relationship between p, defined in (5) and both uq and p.

Relationship between p; and py

We have

cllefy = llzllz = CZ. ji| = Z VLilai| =) (e~ VL,

i

Assuming ¢ > VL, where L = max;{L;}, the expression is non-negative and we get
Izl < VL.

By using

clall = lllh =D (ev/Li = )il

1
\ Lmzn ’

and assuming ¢ > where L, = min;{L;}, this expression is nonnegative and we get

]l < [l -

min
The relationship between gy, and p; is based on the squared norm, so in summary we have

&<NL< H1

L~ a Lmin.




Relationship between p; and p
Let L denote a vector with elements v/ L;, and we note that

1= (S0me) = (Tn) " =ik e 1= P

4 4

Using this, we have
|zl = o™ (sign() o L) < ||z||||sign(z) o L|| = V'nL||z||.
This implies that
L <u
nL — M

Note that can also show that pu; < 72—, but this is less tight than the upper bound from the previous
section because 1 < p.

Equivalence of Gauss-Southwell-Lipschitz and nearest neighbour search

Dhillon et al. [2011] discuss an interesting connection between the GS rule and the nearest neighbour search
(NNS) problem for problems of the form

min P(z) = f(Az). (7)

This is a special case of h; with no g; functions, and its gradient has the special form
VF(z) = ATr(x),

where 7(z) = V f(Az). We use the symbol r because r(z) is the residual vector (Az — b) in the special case
of least squares. For this problem structure the GS rule has the form

ir = argmax |r(z)T ay,
i

where in this section we again use a; to denote column ¢ of A for : =1,...,n. Here, we also need a notation
for its negation; for this, we also use a; to denote —(a;_,) for i = (n+1),...,2n. Under this notation, Dhillon
et al. [2011] propose to approximate the above argmax by solving the following NNS problem

iy, = argmin ||r(z) — a;]|,
i€[2n]

where if 4 in the argmin is greater than n, we return (¢ — n). We can justify this approximation using the
logic

iy = argmin ||r(z) — a;]|
i€[2n]

1
= argmin - ||r(z) — a;)?
1€[2n] 2

o1 1
= argmin 5“7"(@”2 fr(x)Tai + §||aiH2
1€[2n] | ,
constant
1
= argmaxr(x)Tai — §||ai\|2
1€[2n]
T 1 2
= argmax |r(z)” a;| — §||al|| .
i€[n]



Thus, the nearest neighbour search computes an approximation to the GS rule that is biased towards
coordinates where ||a;|| is small. Note that this formulation is equivalent to the GS rule in the special case
that ||a;|| = 1 (or any other constant) for all 4. Shrivastava and Li [2014] have more recently considered the
case where ||a;|| <1 and incorporate powers of ||a;|| in the NNS to yield a better approximation.

In the next 2 sections, we explore the connection between the GSL rule and the NNS problem. We in
particular show the surprising result that for many problems of the form (7) we can formulate the ezact GSL
rule as a NNS problem (i.e., it is not an approximation as it is for the GS rule). We start by doing this for
least squares, then consider more general scenarios.

Equivalence of GSL and NNS for least squares

The classic least squares problem is defined by

1Az — bIJ?,

(0=

N |

where we will use the same notation as Section 2 for problem hy for rows and columns of A. The gradient
and Hessian for this problem have the form

Vf(z) = AT (Az —b), V?f(z)= AT A.
Using r(z) = Ax — b, the gradient elements have the form
Vif(x) =r(z)"a;.
Since the diagonals of the Hessian are constant, we have that
Li = Vi f(z) = (a:)" a; = ||ail|*.

Using these properties, we can compute the GSL rule by finding the index ¢ corresponding to a solution of
a normalized NNS problem

1) = argmin
i€[2n]

@

o) = | (%)
llaql

The exactness of this formula follows because

i = argmin iHr(x) — ai/lai| |I?
1€[2n]

1 r(x)Ta; 1] a?
— argmin 1 r(@))? - L0y Ll
remi Tl " 2l
constant constant
T,.
_ angmae 77l
i€[n] ||
B |Vif(x)]
= argmax ——-—.

et VLi

Thus, the form of the Lipschitz constant conveniently removes the bias towards smaller values of ||a;|| when
we try to formulate the classic GS rule as a NNS problem.

Equivalence of GSL and NNS for linear prediction

Consider the more general scenario where we have

min F(@) =Y f(alx),

z€lR™



for some twice-differentiable univariate function f where f’ is y-Lipschitz continuous. This includes least
squares and logistic regression as a special case, and indeed this is a common abstraction in machine learning
and statistics. For this problem structure we have

V.F(x) = iaijf’(ajrsc) =r(z)Ta,,
=1

where we define r(z) = [f'(af x), f'(alz),..., f'(al,x)]T. The diagonals of the Hessian have the form
V2E@) = S (),
j=1

By using that f’ is «-Lipschitz continuous we have

Li= sup ViF(x)
z€IR"™
m

Il
w
=
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Q
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where the inequalities will typically hold with equality (e.g., because we can typically achieve the supremum
with a common z like z = 0, and because each a; will have at least one non-zero element so aJTx spans IR).
We now show that the normalized NNS problem (8) is also equivalent to the GSL rule for this problem,

i, = argmin — ||7(z) — a;/||a;||||?
1€[2n]

r(x)Ta; 1 ]ail?

1
= argmin 3 Hr(x)||2 —

remi lal " 2 Jadl?
constant constant
B ()" ail
= argmax —————
i) Vlladl
B |Vif(x)]|
= argmax

1€[n] VL ’

where we have used that v > 0. Interestingly, we thus do not need to know -y to implement the GSL rule as
a NNS problem. If we had a different function f; for each training example and they each had a different ~;,
it would break the equivalence of GSL with normalized NNS. On the other hand, the GSL rule is equivalent
to a NNS for general functions of the form f(Axz), whenever for all i we have that L; = ~|/a;||? for some
constant ~.

7.2 Approximate Gauss-Southwell with additive error

In the additive error regime, the approximate Gauss-Southwell rule chooses an i satisfying

Vi f(*)] > [V f(2")|lo — €x, where €, >0 VE,

11



and we note that we can assume e; < ||V f(2¥)||oo without loss of generality because we must always choose
an i with |V;, f(z*)| > 0. Applying this to our bound on the iteration progress, we get

Fat) < ) = 7 [V

< S = 57 (IVF ) oo — )

= 1@ = 5 (VS — 260V 1) + )
€ 62
= (@) = S IV A + E IV - S5

We first give a result that assumes f is L;-Lipschitz continuous in the 1-norm. This implies an inequality
that we prove next, followed by a convergence rate that depends on L;. However, note that L < L; < Ln,
so this potentially introduces a dependency on n. We subsequently give a slightly less concise result that
has a worse dependency on e but does not rely on L;.

Gradient bound in terms of L,

We say that V f is L;-Lipschitz continuous in the 1-norm if we have for all z and y that

V() = Vi)l < Lnllz =yl

Similar to Nesterov [2004, Theorem 2.1.5], we now show that this implies

£ = F(2) + (VF@)y - a) + 5|V @) - Vi) (10)

and subsequently that

IVF(@")lloo = IV f(2") = VF(@")lloo < \/2L1(f(xk) — f(@*)) < V2Li(f(2°) = f(a)), (11)

where we have used that f(x*) < f(2*~1) for all k and any choice of i_; (this follows from the basic bound
on the progress of coordinate descent methods).
We first show that V f being L;-Lipschitz continuous in the 1-norm implies that

Fl) < F@) 4V ()y — ) + Ly — .

12



for all z and y. Consider the function ¢(7) = f(x + 7(y — z)) with 7 € IR. Then
1) - £(@) — (VF(@),y — 2) = g(1) — g(0) — (Vf(x),y — 2)
[ E) - (Vi@.y ) i
0
1
= [ttty =)y — o)~ (V1@.y o) dr
= [ (V=) - Vi@ -2 ar
< [ 194+ 7= ) = V@ ly - 2l dr
0

1
g/ Lyrlly — ally lly — #lloo dr
0

1
< [ Lirly - alf ar

0
L !
= 772||y —z|3 .
Ly
=5 lly - ||

To subsequently show (10), fix z € IR"™ and consider the function

o(y) = f(y) — (Vf(2),9),

which is convex on IR™ and also has an L;-Lipschitz continuous gradient in the 1-norm, as

16" (W) = &' (@)lloe = I(Vf(y) = Vf(2)) = (V(z) = V(@)
= IV (y) = VI (@)l

< Lufly — ).
As the minimizer of ¢ is z (i.e., ¢'(x) = 0), for any y € IR" we have
. . L
¢(z) = min(v) < mind(y) + (¢'(y). v — ) + v~ v}
L
= 6(y) — sup{~¢' (), v — ) — o I}
_ LRI
—0lo) ~ 510 W
Substituting in the definition of ¢, we have

f(@) = (Vf(x),z) < fly) = (VI(z),y) - Tilllvf(y) - V@)%

!

F(2) < F) + (Vf(@)x—y) - %Llnvm/) V@)

!

F@) 2 F@) + (VF(@)y -~ a) + 5 IV ) - Vi)

13



Additive error bound in terms of [,

Using (11) in (9) and noting that € > 0, we obtain

2
€k
2L

2

€k

1 €
< f@*) = SIVHEN)E + EVIL(FED) — fa) - 5k
1 V2L
< FN) = IV + e V@) = f).
Applying strong convexity (taken with respect to the 1-norm), we get

V2L,
L

P < F@4) — eIV FE I+ I F ) e

Fa) = fla”) < (1 - “L) [£a*) - F@@")] + e F®) — 1),

which implies

k k k—i
Fr ) < (1-5) 1) - ]+ 30 (1- ) @A - 1)

where

Additive error bound in terms of L

By our additive error inequality, we have
Vi f (@) + e > [V f(2")]] oo
Using this again in (9) we get

2
£k

F@) < fa¥) - iuwu’f)nio + LIV = 5

2

< $4) = IV + (T )+ ) — 5
2

1 € €
_ Ey _ kyp2 ko, k k
Further, from our basic progress bound that holds for any i we have

2 2

Fa') £ 1) < 1) - g7 [T <060 - 5 [Vasah)]

which implies

Vi f(2*)] < V2L(f(20) — f(2%)).

14



and thus that

P < F4) — o971+ A RER <>>+;—g

= f(z*) ~ ﬁ\lvf(x’“)llio + ekﬁ\/f(fro) — f@*) +

Applying strong convexity and applying the inequality recursively we obtain

i=

_ (1 - “Ll)k [f(l’o) )+ Ak]’

i=1

where

Although uglier than the expression depending on L1, this expression will tend to be smaller unless €, is not
small.

8. Convergence Analysis of GS-s, GS-r, and GS-¢ Rules

In this section, we consider problems of the form
a-eﬁ%" (@) () +9(@ Zg (i)

where f satisfies our usual assumptions, but the g; can be non-smooth. We first introduce some notation
that will be needed to state our result for the GS-g rule, followed by stating the result and then showing
that it holds in two parts. We then turn to showing that the rule cannot hold in general for the GS-s and
GS-r rules.
Notation and basic inequality
To analyze this case, an important inequality we will use is that the L-Lipschitz-continuity of V;f implies
that for all z, 7, and d that
L,
F(z +de;) = f(x +de;) + g(w + dei) < f(2) +(V(2), dei) + 5d° + g + dei)

= (@) + 9(e) + (VI (@), dei) + 5@ + giloi+ d) — giler) (1)

= F(z) + Vi(z,d),

where I
Vilz,d) = (Vf(x),de;) + §d2 + gi(x; + d) — gi(x;).

Notice that the GS-q rule is defined by

ix = argmin{min V;(z, d)},
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We use the notation d¥ = argmin, V;(2*, d) and we will use d* to denote the vector containing these values
for all . When using the GS-q rule, the iteration is defined by

1
of =2k 4 dy e,

= 2% + argmin{V;, (=, d)}e;, . (13)
d

In this notation the GS-r rule is given by

jx = argmax |d¥|.
i

We will use the notation xi to be the step that would be taken at xj if we update coordinate j; according

the GS-r rule

k _ k . .
Ty =2 +d]ke]k'

From the optimality of d¥, we have for any i that
1
—Ll(27 = 7 Vif (%)) = (@f + d)] € il + ), (14)

and we will use the notation s¥ for the unique element of ng(xé? + df) satisfying this relationship. We use
s* to denote the vector containing these values.

Convergence bound for GS-¢g rule

Under this notation, we can show that coordinate descent with the GS-¢ rule satisfies the bound

Fe*) - Fa®) <min { (1= L) [f@") - £, (1= B ) (") - f@) + e (15)

where "
er < 7 (g9(ah) —g(@® + d*) + (5%, (% + a¥) = o)),

We note that if g is linear then ¥ = 0 and this convergence rate reduces to
F(z") — F(a*) < (1 - ’21) [F(mk) - F(x*)].

Otherwise, €; depends how far g(xljr) lies above a particular linear underestimate extending from (z* + d¥),
as well as the conditioning of f. We show this result by first showing that the GS-q rule makes at least
as much progress as randomized selection (first part of the min), and then showing that the GS-¢ rule also
makes at least as much progress as the GS-r rule (second part of the min).
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GS-q is at least as fast as random
Our argument in this section follows a similar approach to Richtérik and Taka¢ [2014]. In particular,

combining (12) and (13) we have the following upper bound on the iteration progress

F(z"™) < F(z®)+ min {man(x d)}
i€{1,2,...,n} |deR

= r e in (e i),

= F(l'k) + yrgﬁ% {ie{lr%in " Vz(xkvyz - .Tf)} )

< F(a" +yg${ ZV ok, yi — )}

= F) + L min {<Vf(9:’“),y —ah) 4 gl =P ) - gt

n yelR™

= (1= 2 )F6+ & min { £+ Oy = B+ - 4 g |

n n yelR™

From strong convexity of f, we have that F is also p-strongly convex and that
I
F@®) < fly) = (Vf("),y —2") - Sly = %,

Flos® + (1 - a)a*) < af(z*) + (1 - ) o) — LM g

for any y € IR™ and any « € [0, 1] [see Nesterov, 2004, Theorem 2.1.9]. Using these gives us

F()
< (1-2)P6h+ 3 i {70 = Sl =12 + Gl = o2+ o)}
= (15 )FE+ ¢ min {F0) + 5 1 -2
< <1 ;>F +Mré%n”{F az® + ( 1oz)xk)+a2(L2u)||xkz*|2}
< (1 i)F +Mrer%nl]{ap +(1— a)F(z) + a2(L‘“);°‘(1_a)“||g;k—x*|2}
< (1 i)F )+ & [a*F(m*) +(1- a*)F(a:k)} (choosing o = % € (0, 1])
= (1 711>F )+ a—*F(m*) + (1_717“*)1?(95’“)
= Pty TRt - P

Subtracting F'(z*) from both sides of this inequality gives us

Flz*1) — F(a*) < <1 - H”L) [F(z%) — F(a")].
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GS-q is at least as fast as GS-r

In this section we derive the right side of the bound (15) for the GS-r rule, but note it also applies to the
GS-q rule because from (12) and (13) we have

F(z"™) < F(2®) + min Vi(z,d¥) (GS-q rule)
< F(2®) + V), (z,d% ) (ji selected by the GS-r rule)

7k

Note that we lose progress by considering a bound based on the GS-r rule, but its connection to the oo-norm

will make it easier to derive an upper bound.
By the convexity of g;, we have

95 (%5,) 2 95, (@5, + dj,) + 5, (25, — (@, +dj,)
= g5 (@}, +d5,) — (—Ldj, = V;, f(a"))(d5,)
where s¥ is defined by (14). Using this we have that
F(a"*h) < P(2%) + Vj(x,d5,)

= F(a") + V; f(&")(d},) + g(dfk)Q + iz, + dj) — gi(f,)

< F(ah) + Vi F) ) + o ()7 — Vi fa)d, — D)2

Adding and subtracting F'(z*) and noting that jj is selected using the GS-r rule, we obtain the upper bound

F(z**1) - F(a*) < F(a*) - F(z*) - glld’“llio- (16)

Recall that we use x’i to denote the iteration that would result if we chose ji and actually performed the
GS-r update. Using the Lipschitz continuity of the gradient and definition of the GS-¢g rule again, we have

F(e*) < P(a) + V()T (25 — %) + §‘|$k+1 — 2|2 4 g(a ) — g(a*)

< F(h) + VA @~ a%) + 2l — 247 + o) - glat)

= F&*) + VIR~ ) + R + (o)
By the strong-convexity of f, for any y € R we have

Fa*) < fly) = V(g = ab) = By — "I,
and using this we obtain
F@) < f5) + V(@ = 9) = By — o + S, + glab). (")

By the convexity of g and s* € dg(x* + d*), we have

9(y) = g(a® +d¥) + (s",y — (a" + d¥)).
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Combining (17) with the above inequality, we have

P — F(y) < (VF(a5), 25— o) — 2Ly — oH 3 + Db
+g(ah) = g(a® +d%) + (", (2" + d¥) — ).
We add and subtract (s*,z%) on the right-hand side to get
F) = Py) < (V) + 55,2 — ) = By = 2H3 + I,
+ g(ak) — g(a® + d¥) + (¥, (aF + dF) — 2%).

Let ¢* = g(z%) — g(a* + d*) + (s*, (¥ + d*) — 2% ), which is non-negative by the convexity g. Making this
substitution, we have

H1 L
F(y) > F@) + (- Ldby - ak) + By — b - 242, — .
Now add and subtract (—Ld*,z*) to the right-hand side and use (14) to get
M1 L
Fy) > F(") + (=Ld',y = 2%) + Tlly — 2" = Slld"5 — L{d®, 2% — al) — e,
Minimizing both sides with respect to y results in

L2 L
F(") 2 Pt — S % = 5012 — L, o4 — k) = &
1

> P - b — St 4 L, -
— 2/~L1 (e e) 2 e o) oo
L(L -
= Fry - BB e o
2
where we've used that 2% = 2% +d¥ e;, and |d¥ | = ||d"||o. Combining this with equation (16), we get

F(a*+y - F(z*) < F(xk) — F(z*) — %Hd’“llio

F(a") — F(z*) < F(a*) — F(a*) — ﬁ {FW““) — F(z*) = c*
L xk 1y z* iCk . z* EkL
(1 2 ) [Pt = Fen)] < ety - Py s
F(:CkJrl) _ F(l‘*) < @ [F(;z:k) — F(JC*):| + Ck%
F(z") — F(z*) < (1 — ‘2) [F(x’“) - F(w*)] + Ck%

Lack of progress of the GS-s rule

We now show that the rate (1 — p1/L), and even the slower rate (1 — p/Ln), cannot hold for the GS-s
rule. We do this by constructing a problem where an iteration of the GS-s method does not make sufficient
progress. In particular, consider the bound-constrained problem

. 1 2
min f(z) = 5| Az — b3,
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where C' = {x : z >0}, and

We thus have that

f(@%) = 2((1+1)2 + (.07 +3)%) ~ 6.7

= Amax — 1
1 1\ ! 1
=(—+— =14+ —=0.33
i ()\1 * )\2> 049 ’

where the \; are the eigenvalues of AT A, and p and p; are the corresponding strong-convexity constants for
the 2-norm and 1-norm, respectively.

The proximal operator of the indicator function is the projection onto the set C, which involves setting
negative elements to zero. Thus, our iteration update is given by

1 X 1
$k+1 = proX[;C [xk - Zvikf(xk)eik] = max(mk - Zvikf(xk)eik70)7

For this problem, the GS-s rule is given by

1 = argmax |nf|,
i

where
v Vif(@®), ifzkF£0o0r Vif(a*) <0
N = . .
0, otherwise

Based on the value of Vf(z%), the GS-s rule thus chooses to update coordinate 2, setting it to zero and
obtaining

Flat) = %((1 +1)% + (=3)2) = 6.5.

Thus we have
fah)~ fz) 655
f@®) — f(z*) " 675

even though the bounds obtain the faster rates of

(1—%) _ (1— 0'249> ~0.76,

(1 - %) ~ (1 - 0.33) = 0.67.

~ 0.88,
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Thus, the GS-s rule does not satisfy either bound. On the other hand, the GS-r and GS-q rules are given in
this context by

1) = argmax
i

bl

max <mk - %Vif(xk)ei, 0> —zF

and thus both these rules choose to update coordinate 1, setting it to zero to obtain f(x!) ~ 5.2 and a
progress ratio of
flal) — f(x*) _52-5
f(a%) = f(@*) ~ 6.7-5

~ 0.12,
which clearly satisfies both bounds.

Lack of progress of the GS-r rule

We now turn to showing that the GS-r rule does not satisfy these bounds in general. It will not be possible
to show this for a simple bound-constrained problem since the GS-r and GS-q rules are equivalent for these
problems. Thus, we consider the following #;-regularized problem

1 ) B
min o[ Az — b3 + M| = F(z).

We use the same A as the previous section, so that n, pu, L, and pp are the same. However, we now take
2 0.4 1
=(4) o=(@3) =-(0) 2

flxo) = 3.1, flz.) =2

The proximal operator of the absolute value function is given by the soft-threshold function, and our coor-
dinate update of variable i, is given by

so we have

k41 k+3, k+1 k+3
z;T = proxy| [sr:ik = Sgn(xik ) -max(a:ik —\/L,0),
where we have used the notation

K2

A zk — %Vif(xk)ei.

The GS-r rule is defined by
iy = argmax k|,

k+3 . .
where d¥ = prox,.([z; *] - z¥ and in this case

o (06
= (155)-

Thus, the GS-r rule chooses to update coordinate 1. After this update the function value is
F(z') = 2.9,

so the progress ratio is
F(z')—F(z*) 29-2 _
F(z0) — F(z*) ~ 31-2

However, the bounds suggest faster progress ratios of

u
1- 2 ) ~o.
( Ln) 0.76,
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Graph-based label propagation
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Figure 1: Comparison of coordinate selection rules for graph-based semi-supervised learning.

K1
1—— | =0.
< L> 0.67,

so the GS-r rule does not satisfy either bound. In contrast, in this setting the GS-¢ rule chooses to update
coordinate 2 and obtains F(z!) ~ 2.2, obtaining a progress ratio of
F(z') — F(z%) _22-2
F(z0) — F(z*) ~ 3.1-2

~ 0.16,

which satisfies both bounds by a substantial margin. Indeed, we used a genetic algorithm to search for a
setting of the parameters of this problem (values of z°, A, b, and the diagonals of A) that would make the
GS-q not satisfy the bound depending on u;, and it easily found counter-examples for the GS-s and GS-r
rules but was not able to produce a counter example for the GS-q rule.

9. Experiments on Graph-Based Label-Propagation

Here, we consider an instance of problem hso, performing label propagation for semi-supervised learning in
the ‘two moons’ dataset [Zhou et al., 2004]. We generate 500 samples from this dataset, randomly label
five points in the data, and connect each node to its five nearest neighbours. This high level of sparsity is
typical of graph-based methods for semi-supervised learning, and allows the exact Gauss-Southwell rule to
be implemented efficiently. We use the quadratic labeling criterion of Bengio et al. [2006], which allows exact
coordinate optimization and is normally optimized with cyclic coordinate descent. We plot the performance
under different selection rules in Figure 1. Here, we see that even cyclic coordinate descent outperforms
randomized coordinate descent, but that the GS and GSL rules give even better performance. We note that
the GS and GSL rules perform similarly on this problem since the Lipschitz constants do not vary much.

Runtime Experiments

In Figure 2 we plot the objective against the runtime for the ¢s-regularized sparse least squares problem
from the main paper. Although runtimes are very sensitive to exact implementation details and we believe
that more clever implementations than our naive Python script are possible, this figure does show that the
GS and GSL rules offer benefits in terms of runtime with our implementation and test hardware.
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Running time for I» - regularized sparse least squares
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Figure 2: Comparison of coordinate selection rules for /s-regularized sparse least squares.
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