Consistent Multiclass Algorithms for Complex Performance Measures

Consistent Multiclass Algorithms for Complex Performance Measures

Supplementary Material

Notations. Let \ be the base measure over A,, given by the uniform random variable (say U) over A,,. Hence, for
all measurable A C A,,, A(4) = P(U € A). Also, n : X—A,, is the mapping that gives the conditional probability
vector n(z) = [P(Y = 1|X = 2),...,P(Y = n|X = )] € A, for a given instance x € X. Let v be the
probability measure over the simplex induced by the random variable 1(X); in particular, for all measurable 4 C A,,,
v(A) = Px.,(n(X) € A). For amatrix L € [0,1]"*" we let £1, £s, ..., £, be the columns of L. For any set A C R,
the set A denotes its closure. For any vector v € R", we let (V) (i) denote the it" element when the components of v are
sorted in ascending order. For any y € [n], we shall denote rand(y) = [1(y = 1),...,1(y = n)] .

A. Supplementary Material For Section 2 (Complex Performance Measures)
A.1. Details of Micro F';-measure

We consider the form of the micro F} used in the BioNLP challenge (Kim et al., 2013), which treats class 1 as a ‘default’
class (in information extraction, this class pertains to examples for which no information is required to be extracted). One
can then define the micro precision of a classifier h : X—[n] with confusion matrix C = CP[h] as the probability of an
instance being correctly labelled, given that it was assigned by h a class other than 1:
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Similarly, the micro recall of h can be defined as the probability of an instance being correctly labelled, given that its true
class was not 1:

microPrec(C) = P(h(X) =Y |h(X) #1) =

Z?:Z Ci; _ Z?zg Ci )
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The micro F; that we analyze is the harmonic mean of the micro precision and micro recall given above:

microRec(C) = P(A(X) =Y |Y #1) =

S () = 2 x microPrec(C) x microRec(C) 25" ,Cy
microPrec(C) + microRec(C) 2->"  Cu—Yr,Cia’
Note that the above performance measure can be written as a ratio-of-linear function: ¥™of1(C) = %, where

A11 = O,A“ = Z,V’L 7é 17Aij = O,VZ 7£ 7» and By; = O,Bu = B;j1 = I,VZ 7£ 15Bij = 2,\V/Z 7£ J. Also, note that this
performance measure satisfies the condition in Theorem 17 with supgce,, ™ (C) < 1, and mingec, (B,C) >
1 —m; > 0, and hence Algorithm 2 is consistent for this performance measure.

Recently, Parambath et al. (2014) also considered a form of micro F} similar to that used in the BioNLP challenge. The
expression they use is slightly simpler than ours and differs slightly from the BioNLP performance measure:

o 2 T-L Cii
U)mlcruFl (C) — ;z_Z .
1+ Zi:Z Cu — 011

Another popular variant of the micro F} involves averaging the entries of the ‘one-versus-all’ binary confusion matrices
for all classes, and computing the F} for the averaged matrix; as pointed out by Manning et al. (2008), this form of micro
I effectively reduces to the 0-1 classification accuracy.

B. Supplementary Material for Section 3 (Bayes Optimal Classifiers)

B.1. Example Distribution Where the Optimal Classifier Needs to be Randomized

We present an example distribution where the optimal performance for the G-mean measure can be achieved only by a
randomized classifier.
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Example 5 (Distribution where the optimal classifier needs to be randomized). Let D be a distribution over {x} x {1,2}
with m(z) = na(z) = % and suppose we are interested in finding the optimal classifier for the G-mean performance
measure (see Example 3) under D. The two deterministic classifiers for this setting, namely, one which predicts I on x and
the other that predicts 2 on x, yield a G-mean of 0. However, the randomized classifier h*(z) = [%, %] " has a G-mean
value of % > 0 and can be verified to be the unique optimal classifier for G-mean under D.

We next present the proofs for the theorems/lemmas/propositions in Section 3.

B.2. Proof of Theorem 11

Theorem (Form of Bayes optimal classifier for ratio-of-linear ). Ler : [0, 1]"*"—=R . be a ratio-of-linear performance

measure of the form ¢ (C) = Eggi for some A,B € R"*™ with (B,C) > 0VC € Cp. Let t;, = Pp". Let

L* = —(A — t5,B), and let L* € [0,1]"*" be obtained by scaling and shifting L* so its entries lie in [0,1]. Then any
classifier that is Y -optimal is also V-optimal.

In the following, we omit the subscript on t7, for easy of presentation. We first state the following lemma using which we
prove the above theorem.

Lemma 18. Let ¢ : [0, 1]"*" =R, be such that ¢ (C) = E‘g%,for some matrices A, B € R"*" with (B, C) > 0 for
all C € Cp. Let t* = supgec,, ¥ (C). Then supgee, (A —t*B, C) = 0.

Proof. Define ¢ : R—R as ¢(t) = supgec, (A — tB, C). It is easy to see that ¢ (being a point-wise supremum of linear
functions) is convex, and hence a continuous function over R. By definition of ¢*, we have for all C € Cp,

ig: g; < t* orequivalently ¢(t*) = (A —t"B,C) < 0.
Thus
$(t") = sup (A —t"B,C) <0. ()
CeCp

Also, for any t < t*, there exists C € Cp such that

(A, C)
(B,C)

> ¢ orequivalently ¢(t) = (A —tB,C) > 0.

Thus for all ¢ < t*,

o(t) = sup (A —tB,C) >0.
CeCp

Next, by continuity of ¢, for any monotonically increasing sequence of real numbers {t;}$2, converging to t*, we have
that ¢(t;) converges to ¢(t*); since for each ¢; in this sequence ¢(t;) > 0, at the t*, we have that ¢(¢*) > 0. Along with
Eq. (2), this gives us

sup (A —t*B,C) = ¢(t") = 0.
CeCp

We next give the proof for Theorem 11
Proof of Theorem 11. Let h* : X—A,, be a % -optimal classifier. We shall show that A* is also t-optimal, which will

also imply existence of the -optimal classifier. Then we have

1—-(L*,CPn*]) = sup 1—(L*,CP[n)) = sup 1—(L* C).
hiX— A, ceCp

Since L* is a scaled and translated version of L* = A — t*B (where t* = P¥»*), we further have

(A —t*B,CP[h*]) = sup (A —t*B,C).
CelCp
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Now, from Lemma 18 we know that (A — ¢*B, CP[h*]) = 0. Hence,

(A, CP) .
B,CP)

or equivalently,

$(CP[R*]) = sup 9(C).

CeCp

Thus h* is also ¥-optimal, which completes the proof. O

B.3. Proof of Proposition 10

Proposition. Cp is a convex set.

Proof. Let C1,Cy € Cp. Let A € [0, 1]. We will show that A\C; + (1 — \)C» € Cp.
By definition of Cp, there exists randomized classifiers hy, ho : X—A,, such that C; = CP[h;] and Cy = CP[hy).
Consider the randomized classifier h* : XY —A,, defined as

h*(2) = Mhi(z) + (1 — A)ha(z) .

It can be seen that
CP[r* =AC; + (1 - N)Csy .

B.4. Supporting Technical Lemmas For Lemma 12 and Theorem13

In this subsection we give some supporting technical lemmas which will be useful in the proofs for Lemma 12 and Theorem
13.

Lemma 19 (Confusion matrix as an integration). Let f : A,,—A,,. Then
Clton = [ plE(p) dv(p).
pPEA,

Proof.

Chlfon] = Exy~plfin(X)) 1(Y =i)]
= Epwa(X,Y)ND [f](p) : l(Y = Z)|I’7(X) = p}
= EPNV [pz : fj (p)} .

O

Proposition 20 (Sufficiency of conditional probability). Letr D be a distribution over X x Y. For any randomized
classifier h : X—/\,, there exists another randomized classifier h' : X—A,, such that CP[h] = CP[W]| and b’ is such
that I/ = f o n, for some f : A, —A,,.

Proof. Leth : X—A,,. Define f : A,—A,, as follows,
f(p) = Exu[h(X)n(X) = p] .
We then have for any ¢, j € [n] that,

CPh = Exy)onlhj(X) - 1(Y =1i)]
EpE(x v)~p[hi(X) - 1Y =i)[n(X) = p]
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Epwv [Ex,y)~p[hi(X)n(X) = p] - E(x,y)~p[1(Y = i)|n(X) = p]|
= Epw[fi(p) pi
= ij [fo n]

where the third equality follows because, given (X ), the random variables X and Y are independent, and the last inequal-
ity follows from Lemma 19. O

Lemma 21 (Continuity of the C” mapping). Let D be a distribution over X x Y. Let f1,f5 : Ap,—A,,. Then

ICPifon = CPltaonl]], < [ 1fip) ~ fp)dv(p)

PEA,

Proof. Letfy, f5: Ap,—A,
CP[fy o] — CPlfyom] = / (6 (p) — fa(p)) ()
j o ISYAS

||CP[f1 om] — CP[f 0m]||,

IN

/  Ip(6(p) ~ (0 ()

/ 1Pl lIE() — £2(p)] 1 (p)
PEA,

/ 18:(p) — £o(p) |1 (p).
PEA,

O

Lemma 22 (Volume of a inverse linear map of an interval). Let d > 0 be any integer. Let V C R? be compact and
convex. Let f : R*—=R be an affine function such that it is non-constant over V. Let V be a vector valued random variable
taking values uniformly over V. Then, there exists a constant o« > 0 such that for all ¢ € R and € € R we have

P(f(V)€lc,c+¢]) <ae.

Proof. Let us assume for now that affine hull of V is the entire space R.

For any integer ¢ and set A, let vol;(A) denote the i-th dimensional volume of the set .A. Note that vol;(.A) is undefined if
the affine-hull dimension of A is greater than ¢ and is equal to zero if the affine-hull dimension of A is lesser than i.

For any r > 0 and any integer i > 0 let B;(r) C R’ denote the set B;(r) = {x € R : ||x||2 < r}. Also let R be the
smallest value such that V C By(R).

Let the affine function f be such that for all x € R, the value f(x) = g x + u. By the assumption of non-constancy of
fonV we have that g # 0.

‘We now have that

Vold({vGV:cfuggTvgcfu+e})

P(f(V)€lc,c+e]) =

volg (V)
< volg ({ve€ By(R):c—u<g'v<c—u+e})
- volg(V)
- . volg—1(Bg-1(R))
B vola(V)|lgll2

The last inequality follows from the observation that d-volume of a strip of a d dimensional sphere of radius 7 is at most
the d — 1 volume of a d — 1 dimensional sphere of radius r times the width of the strip, and the width of the strip under
consideration here is simply m.

2

Finally, if the affine hull of V is not the entire space R?, one can simply consider the affine-hull of V to be the entire (lesser
dimensional) space and all the above arguments hold with some affine transformations and a smaller d. O
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Lemma 23 (Fraction of instances with the best and second best prediction being similar in performance is small).
Let L € [0, 1]™*™ be such that no two columns are identical. Let the distribution D over X x Y be such that the measure
over conditional probabilities v, is absolutely continuous w.r.t. the base measure \. Let ¢ > 0. Let A. C A,, be the set

Ac = {P € An : (pTL)(Q) - (pTL)(l) < C}

Let r : Ry —R, be the function defined as
r(c) =v(A.) .

Then

(a) ris a monotonically increasing function.
(b) There exists a C > 0 such that r is a continuous function over [0, C/.

(c) r(0) =0.

Proof. Part (a):

The fact that  is a monotonically increasing function is immediately obvious from the observation that 4, C A, for any
a <b.

Part (b):
Let )
C= imin{d eR: €, — £, =deforsomey,y € [n,y#y'},

where e is the all ones vector. If there exists no y, ' such that £, — £, is a scalar multiple of e, then we simply set C' = oco.
Note that by our assumption on unequal columns on L, we always have C' > 0.

Forany ¢ > 0 and 3’ € [n] with y # 1/, define the set AYY" as

A'Z’y/ ={peA,: pTEy — pTéy/ <c}.

For any c, e > 0, it can be clearly seen that

V(-Ac-i-e) - V(Ac) = V(-Ac-i-e \-Ac) 3

A\ A € U (amva),
v,y €[n],y#y’

vdor\A) < YD w(ami ).
v,y €[n],y#y’

Hence, our proof for continuity of  would be complete, if we show that v (Agfé \ Ag’y') goes to zero as € goes to zero
forally # ¢ and ¢ € [0, C].

Letc € [0,Cland y,y" € [n] withy # ¢/

Agf; VAV = {pelA,:c<p' (b, —Ly)<c+e}.
If £, — £,/ = de for some d, we have thatp' (£, — £,/) = d and d > C by definition of C. Hence for small enough ¢ the
set Aff; \ AYY is empty.

If £, — £,/ is not a scalar multiple of e, then p " (£, — £,) is a non-constant linear function of p over A,,. From Lemma

22, A (Aﬁfé Ag=y') goes to zero as € goes to zero. And by the absolute continuity of v w.r.t. A, we have v (Agﬁe Ag’y/)
goes to zero as € goes to zero.

As the above arguments hold for any ¢ € [0, C] and y, 3’ € [n] with y # ¥/, the proof of part (b) is complete.
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Part (c):
‘We have,

Ay C (A nay).

.y’ €[n)y#y’
To show r(0) = 0, we show /\(Ag’y/ N Ag“y) =0forally #y'. Lety,y € [n] with y # ¢/, then
(A narY) = (pednp (- £)=0).
If £, — £,/ = de for some d # 0, the above set is clearly empty. If £, — £, is not a scalar multiple of e, then p ' (£, — £,,)
is a non-constant linear function of p over A,,, and hence by Lemma 22, we have that )\(Ag’y/ N Ag"y) = 0. By the
absolute continuity of v w.r.t. A we have that v (Ag’y/ N Ag/’y> =0.

As the above arguments hold for any y, y’ € [n] with y # ¢/, the proof of part (c) is complete. O

Lemma 24 (The uniqueness of )“-optimal classifier). Let the distribution D over X x Y be such that the measure over
conditional probabilities v, is absolutely continuous w.r.t. the base measure \. Let L € R™"*"™ be such that no two columns
are identical. Then, all " optimal classifiers have the same confusion matrix. i.e. the minimizer over Cp of (L, C) is
unique.

Proof. If x € X is such that argmin ¢, n(x)Tﬂy is a singleton, then any 1/"-optimal classifier h* is such that

h*(x) = argmin, e, n(z)"e,

We just show that the set of instances in X, such that argmin, ¢, n(x) "€, is not a singleton, has measure zero. For any
v € R™, let (v)(;) be the it" element when the components of v are arranged in ascending order.

1 ({x eX: |argminye[n} n(m)Tﬂy| > 1}) = M ({x €X: ("(x)TL)(l) = (n(w)TL)@)})
= v({peA,: (P L)qy=(P"'L)x})

Thus, by Lemma 23 (part c), we have that set of instances in X such that argminye[n] n(m)TEy is not a singleton, has

measure zero. Thus any pair of t)¥-optimal classifiers are same p almost everywhere, and hence all the v)%“-optimal
classifiers have the same confusion matrix. O

Next we give the master Lemma which uses every result in this section, and will actually be the only tool in the proofs of
Lemma 12 and Theorem 13.

Lemma 25 (Master Lemma). Let the distribution D over X x Y be such that the measure over conditional probabilities
v, be absolutely continuous w.r.t. the base measure \. Let L € [0,1]"*™ be such that no two columns are identical. Then,

argming g~ (L, C) = argmingec,, (L, C).

Moreover, the above set is a singleton.

Proof. The first part of the proof where one shows argmingcc,, (L, C) is a singleton is exactly what is given by Lemma
24. Let
C* = CP[h*] = argminge, (L, C) .

The classifier h* : X—A,, is such that CP[h*] = C*, and is fixed for convenience as the following classifier,

h*(z) = rand(argming ¢, n(z)"e,) .
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Also let f* : A,,—A,, be such that, h* = f* o n, i.e.
f*(p) = rand(argmin;;e[n] pTEy) .

In the rest of the proof we simply show that C* is the unique minimizer of (L, C) over Cp as well. To do so, we first
assume that C’ € argming o (L, C) and C’ # C*. We then go on to show a contradiction, the brief details of which
are given below:

1. AsC’ # C*, wehave ||C* — C'||; =& > 0.

2. As C' € Cp, there exists a sequence of classifiers A1, ha, . . ., such that their confusion matrices converge to C’.

3. The confusion matrices of the classifiers hq, ho, . . ., are bounded away from C* as £ > 0.

4. Due to the continuity of the C” mapping (Lemma 21), the classifiers k1, ho, . . . are also bounded away from h* —i.e.
they must predict differently from h* on a significant fraction of the instances.

5. Due to Lemma 23, we have that for most instances the second best prediction (in terms of loss L) is significantly
worse than the best prediction. The classifiers h1, hs, ... all predict differently from h* (which always predicts the
best label for any given instance) for a large fraction of the instances, hence they must predict a significantly worse
label for a large fraction of instances.

6. From the above reasoning, the classifiers hq, hs, . .., all perform worse by a constant additive factor than h*, on the
¥ performance measure. But, as the the confusion matrices of these classifiers converge to C’, the ) performance
of these classifiers must approach the optimal. Thus providing a contradiction.

The full details of the above sketch is given below.

Let
|C"—C*|[1=¢>0.

As C’ € Cp, we have that for all € > 0, there exists C. € Cp, such that ||C. — C’||; < e. By triangle inequality, this
implies that

HCe*C*Hl 2 5763 (3)

Letf. : A,—A, bes.t. C. = CP[f. o n]. Now we describe the set of conditional probabilities p € A,, for which f.(p)
differs significantly from £*(p). Denote this ‘bad’ set as B. Let

B={pean: ()~ Lm)lh > 5.

We now show that this set is ‘large’. Applying Eq. 3 and Lemma 21 we have

- < |[CPlf om] - CP[f o],
< / P @) - E@)lhdv(p)
¢
< /peB 2dv(p) +/p¢3 ZdV(p)
— 2(B)+ %(1 —u(B))
< 2u(B)+ %
g > =t 4)
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Now we consider the set of conditional probabilities p € A,,, such that the second best and best predictions (in terms of
L) are ‘close’ in performance. We show that this set is ‘small’.

For any ¢ > 0, define A. C A, as
Ac={pe D, : (P L) — (P L)y <}
From Lemma 23 we have that v(.A.) is a continuous function of ¢ close to 0 and v(Ag) = 0. Let ¢ > 0 be such that

§

v(Ac) < 16 ®)

From Eq. 4 and 5, we have
5§

v(B\ A:) > 6

N o

Any p € B\ A. is such that f.(p) is different from £*(p), and the second best prediction is significantly worse than the
best prediction, i.e.

% g
(P'L)@) — (P L)) > ¢ and |[|f*(p) — fe(p)|h > 1
For any p € A,,, we have f*(p) € A, has a 1 at the index argminze[n] p' £, and zero elsewhere. For any p € B\ A,
we have ||[f*(p) — f.(p)|[1 > %, and hence the value of f.(p) corresponding to the index argming¢/,, p'£,, is at most
(1- %) In particular, we have
T S T £ T
p Lf(p)>(1- 3 (p L) + g (P L)) - (6)
By using Lemma 19 and Eq. 6 we have,
L.C)- L) = [ pTLE®) - £ @)dvip)
PEA,
- [ pLE®) - e+ [ P L(E,(p) — £* (p))dv(p)
peEB\A. peAn\(B\AC)

"L(f.(p) — £*(p))dv(p)

> /I)EB\AC ((1 - g) (p'L)a) + (g) (p'L)) — (PTL)(l)) dv(p)

= /GB\A g (P"L)@) — (p" L)1) dv(p)
Ee

(\Y4
'c\
m

oy

—

&
he}

\%

Ife < %, we have

o o £
<Lace>7<L>C >Z@ (7)

The above holds for any € € (0, g], and both £ and ¢ do not depend on .
However, we have C’ € argming g (L, C), and [|Cc — C'[[1 < e. Hence,

(L,C.) = (L,C)+(L,C.~C)
< (L, C) +|Lf|ofIC = Ca
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< (L,C) +e
< min (L,C) + ¢
CeCp
= (L,C*)+e¢ (8)
It can be clearly seen that, for small enough ¢, Eqs. 7 and 8 contradict each other. And thus we have that C' = C*. O

B.5. Proof of Lemma 12

Lemma (Existence of Bayes optimal classifier for monotonic ). Let D be such that the probability measure associated
with the random vector n(X) = (n1(X),..., 0. (X)) " is absolutely continuous w.r.t. the base probability measure as-
sociated with the uniform distribution over A, and let { be a performance measure that is differentiable and bounded
over Cp, and is monotonically increasing in C; for each i and non-increasing in C;j for all i, j. Then 3h* : X=A,, s.t.

Phln] =Ph".

Proof. Let C* = argmaxg g, ¥(C). Such a C* always exists by compactness of Cp and continuity of v». We will
show that this C* is also in Cp, thus proving the existence of h* : X—A,, which is such that C* = CP[h*] and hence
Phln] =Ph*.

By first order optimality, and convexity of Cp, we have that for all C € Cp
(V(CT),C7) = (Vi(CT), C) .
Let L* be the scaled and shifted version of —V(C*) with entries in [0, 1], then we have that

C* € argming—(L*, C) .

Due to the monotonicity condition on ¢ the diagonal elements of its gradient Vi)(C*) are positive, and the off-diagonal
elements are non-positive, and hence no two columns of L* are identical. Thus by Lemma 25, we have that C* € Cp. O
B.6. Proof of Theorem 13

Theorem (Form of Bayes optimal classifier for monotonic ). Let D, ¥ satisfy the conditions of Lemma 12. Let h* :
X—A,, be a -optimal classifier and let C* = CP[h*]. Let L* =—V(C*), and let L* € [0,1]"*" be obtained by
scaling and shifting L* so its entries lie in [0, 1. Then any classifier that is ¥ -optimal is also -optimal.

Proof. Clearly
¥(C7) = max (C) .

CeCp

Hence by the differentiability of 1), first order conditions for optimality and convexity of Cp we have VC € Cp,

(Vip(CT),C7) = (Vy(C7),C) .

By definition of L*, this implies that VC € Cp,
(L*,C*) < (L*,C) .

Thus, we have that h* is a ¢/ -optimal classifier.

Due to the monotonicity condition on ¢ the diagonal elements of its gradient V) (C*) are positive, and the off-diagonal
elements are non-positive, and hence no two columns of L* are identical. By Lemma 24 (or Lemma 25), we have that
all 1) -optimal classifiers have the same confusion matrix, which is equal to C”[h*] = C*. And thus all 9" optimal
classifiers are also ¥-optimal. O
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C. Supplementary Material for Section 5 (Consistency)
C.1. Proof of Lemma 14

Lemma (L- -regret of multiclass plug-in cla531ﬁers) For a fixed L € [0,1]™*"™ and class probability estimation model
L XA, leth : X —[n] be a classifier h( ) = argminjc, St Mi(x)Lyj. Then

PL* — PER < Ex[|a(x) — n(x)|,].

Proof. Let h* : X—A,, be such that
h*(x) = argmin;e[n] E;n(x) )
By Proposition 6, we have that

h* € argmax,.y_A Pplh].

We then have
P5* — Phlh] = (L,CP[h)) - (L, CP[W])

= EX["(X)Teh(X)] EX["( ) L (X]
= Ex[7 (X)Teh(X)] +Ex[(n(X ) (X)TE;A(X)} —Ex [n(X) - (x)]
< Ex[0(X) "y x)] + Ex[(n(X) —n(X)Te o) — Ex[n(X ) h-(x)]
= Ex[(n(X)—ﬁ(X))T(fg(X) Eh*(x))}
< Ex[[[n(X) =2, - [[5x) = €n- 00l
< Ex([[n(xX) =2,

as desired. O

C.2. Proof of Lemma 15

Lemma (Uniform convergence of confusion matrices). For q : X—A,, let

n

Hq = {h:X—[n], h(z) = argminj(, Zqi(x)Lij |L e[0,1]"*"} .

i=1

Let S € (X x [n])™ be a sample drawn i.i.d. from D™. For any 6 € (0, 1], w.p. at least 1 — § (over draw of S from D™),

c \/n2 log(n) log(m) + log(n2/4)

m

sup ||[CP[h] — CS[h]|
heHq

[eS) ’

where C' > 0 is a distribution-independent constant.

Proof. For any a, b € [n] we have,

sup G50~ CP)| = sup | 3" (Uys = a,h(a) = b) ~ B = a,h(X) b>n|
heHq heHtq | T
= sup L (1(yi = a,h(z;) =1) —E[L(Y =a,h(X) =1)])| ,
heny | ™M T

where for a fixed b € [n], H = {h : X—={0,1} : IL € [0,1]"*",Vz € X, h(x) = 1(b = argming ¢, E;—q(m))} The
set ’Hg can be seen as hypothesis class whose concepts are the intersection of n halfspaces in R™ (corresponding to q(z))
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through the origin. Hence we have from Lemma 3.2.3 of Blumer et al. (1989) that the VC-dimension of ’Hg is at most
2n?log(3n). From standard uniform convergence arguments we have that for each a,b € [n], the following holds with at
least probability 1 — 4,

. n log(n) log(m) + log( %)
sup G5, [h] - C(fb[h]’ < c\/ 5
heHq m
where C' > 0 is some constant. Applying union bound over all a, b € [n] we have that the following holds with probability
atleast1 —§

n?log(n) log(m) + log(ﬁ)
- .

s Hés[h] - CD[h]HOO < 0\/

C.3. Proof of Theorem 16

Theorem (i)-regret of Frank-Wolfe method based algorithm). Ler ) : [0, 1]"*" =R be concave over Cp, and L-Lipschitz
and B-smooth w.rt. the {1 norm. Let S = (S1,S2) € (X X [n])™ be a training sample drawn i.i.d. from D. Further,
let i) : X— A, be the CPE model learned from Sy in Algorithm 1 and hgw : X— A, be the classifier obtained after km
iterations. Then for any § € (0, 1), with probability at least 1 — & (over draw of S from D™),

n?log(n)log(m) + log(n?/6) N 83
m km + 2’

Py = Pplhd"] < ALEx[[0(X) - n(X)||,] + 4\/§ﬁn20\/

where C' > 0 is a distribution-independent constant.

We first prove an important lemma where we bound the approximation error of the linear optimization oracle used in the
algorithm using Lemma 14 and 15. This result coupled with the standard convergence analysis for the Frank-Wolfe method
(Jaggi, 2013) will then allow us to prove the above theorem.

Lemma 26. Ler ¢ : [0, 1]"*" =R be concave over Cp, and L-Lipschitz and 3-smooth w.r.t. the {1 norm. Let classifiers
gty ..., g%, and h°, ht, ... kT be as defined in Algorithm 1. Then for any § € (0, 1], with probability at least 1 — § (over
draw of S from D™), we have forall 1 <t <T

(Vo(CP[A* 7)), CP[g") > max (Ve(CP[h'™1),CPlg]) — es

g:X:—A,

where

n?log(n)log(m) + log(%z)
- )

es = 2LEx [|[n(X) - n(X)||,] + 2\/§Cﬁn2\/

Proof. Forany 1 <t < T,letg"* € argmaxg, y_, o (VY (CP[h!71]), CP[g]). We then have

max (VY(CPhY), CPlel) — (Vo(CPh 1), CP[g)
= (Vy(CP['71]), CPg™)) — (Ve (CPrY), CPgh)
= (Vy(CP[h'71]), CPlg"]) — (Ve(C% [1! 1)), CPlg*])
+ (V(C%2[n 1), CPg"*]) — (Vo (C[h'71]), CP[g"))
+ (V(C%=[n' 1), CP[g"]) — (Ve (CP[r'~1), CP ).

termg

o]
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We next bound each of these terms. We start with termy. Forany 1 < ¢ < T, let L’ be as defined in Algorithm 1. Since
L! is a scaled and translated version of the gradient Vzb(CSz [ht~1]), we have V¢(CSZ [RY]) = ¢ — a;Lt, for some
constant ¢; € R and a; € [0,2L]. Thus forall 1 <¢ < T,

(Vip(C2[1'~1]), CPgh*]) — (Vp(C%2 '), CP[g"])
= ~<<ff CDrg\tD ~ (L'.C7lg")
= (P} [ - P5[g")
< at~<7> LM
< 2L (P5" - [ﬁt])
< 2L Ex[[ln(X) - a(X)],],

where the third step uses the definition of 79};7* and the last step follows from Lemma 14.
Next, for term;, we have by an application of Holder’s inequality

(Ve(CP[h' ), CP[g"*]) — (Ve(C%=[h' 1), CPlg""])

< [[Ve(CE ) = voCP | ICP 8"
= |[Ve(CH[n' 1) = Ve(CP R )| (1)

< s - P,

< anH(’jSz htfl] o CD[ht71]||oo

< s 07— 0771

< Bn? sup HCS2 |- CPhl .,

hG'H;,
where the third step follows from -smoothness of ¥. One can similarly bound terms. We thus have forall 1 <t < T,
max (Vi (CP[p'~1)), CPg]) — (Ve (CP[n' 1), CP[g")

g:X—A,
< 2L Ex[||[n(X) —7(X)||,] + 2802 sup [|C%[n] — CP[n]|_, -
heHz
Applying Lemma 15 with |S2| = [m/2] examples, we have with probability 1 — & (over random draw of S5 from D), for
all1 <¢t < T,

max (Vi (CP[a'™1), CP[g]) — (Ve (CP[r' 1), CP[g")

g XA,
< 2LEx [HT](X) — ﬁ(X)Hl] + 2\/505712\/712 log(n) log(m) + log(%) -

m

We are now ready to prove Theorem 16.

Proof of Theorem 16. Our proof shall make use of Lemma 26 and the standard convergence result for the Frank-Wolfe
algorithm for maximizing a concave function over a convex set (Jaggi, 2013). We will find it useful to first define the
following quantity, referred to as the curvature constant in (Jaggi, 2013).

Cy = sup 2 (¢(Cl +7(Co — C1)) ¢(Cl) - W’<C2 - Clvvw(cl)>)'
C1,C26Cp,v€[0,1] Y

Also, define two positive scalars €5 and d,px required in the analysis of (Jaggi, 2013):

€s = 2LEX[||"](X)*ﬁ(X)||J Jr2\/50@12\/anog(n)log(m)—|—log(7?)

m
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(T + 1)es
5apx = Wv
where 6 € (0, 1] is as in the theorem statement. Further, let the classifiers g, ..., g7, and h°, h',... 7 be as defined in

Algorithm 1. We then have from Lemma 26 that the following holds with probability at least 1 — 4, forall 1 <¢ < T,

(Ve (07 (W), CP [§]) = max (Ve (CP (1Y) CP[g]) —es

g:X:—A
_ D [3t—1 _
= @ax (V¢ (CV [0"71]).C) —es
= max (V¢ (CP ['7']),C) —es
CeCp
1 2
= CP [W'']),C) = Z0upx i
éré%<vw( [ })7 > de T+1Cw
1 2
> CP [h71]),C) — =y ——Cly . 9
= géa%<v'(/]( [ ])7 > 2%y Wb )
Also observe that for the two sequences of iterates given by the confusion matrices of the above classifiers,
cPhtl = (1- 2 CPp=1 + icDm (10)
t+1 t+1 o
forall 1 <¢ < T. Based on Eq. (9) and Eq. (10), one can now apply the result of (Jaggi, 2013).
In particular, the sequence of iterates CP[h°], CP[R1],..., CP[hT] can be considered as the sequence of iterates arising

from running the Frank-Wolfe optimization method to maximize ¢ over Cp with a linear optimization oracle that is
%(5@”%le accurate at iteration ¢. Since v is a concave function over the convex constraint set Cp, one has from Theorem
1 in (Jaggi, 2013) that the following convergence guarantee holds with probability at least 1 — ¢:

PUIEY] = (CPIAEY))
= Y(CP[r")
> max v(C) - 2% (14 i)
= maxolo)- 7% - ST
> max 6(C) - Y — 2 an

We can further upper bound CY, in the above inequality in terms of the the smoothness parameter of 1):

O,L/, = sup %(1/)(01 +’Y(CQ—Cl)) —1/1(01) —’y<CQ—Cl,V¢(Cl)>>
C1,C2€Cp y€[0,1] 7
< s (220 - calp)
C1,CaeCp vel0,1] V7 N2
= 4f,

where the second step follows from the 5-smoothness of /. Substituting back in Eq. (11), we finally have with probability
atleast 1 — 6,

8
PHISY = max w(C) = s — 2es

Py* —ALEx[||n(X) — a(X)|,] - 4\505?12\/”2 tog(n) log:nm) 2 TSEQ’

which follows from the definition of eg. Setting 7" = xm completes the proof. O
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C.4. Proof of Theorem 17

Theorem. Let 7 : [0,1]"*" =R, be such that (C) = ggg; where A,B € R}*", supgee, ¥(C) < 1, and
mincee, (B,C) > b, for some b > 0. Let S = (51,52) € (X x [n])™ be a training sample drawn i.i.d. from D.
Let 1 : X—A,, be the CPE model learned from Sy in Algorithm 2 and hgs : X—[n] be the classifier obtained after km

iterations. Then for any § € (0, 1), with probability at least 1 — & (over draw of S from D™),

n?log(n)log(m) + log(n?/6)

JF 27K1m

P~ Polt] < 2B ([0 ~ ()] + 2v2Cr

where 7 = L(||All; + | B||1) and C > 0 is a distribution-independent constant.

We will find it useful to state the following lemmas:

Lemma 27 (Invariant in Algorithm 2). Ler ¢ be as defined in Theorem 17. Let Hy = {h : X—[n], h(z) =

argming g, S (@)L | L € [0,1]"%™}. Then the following invariant is true at the end of each iteration 0 <t < T
of Algorithm 2:
o' —7é < Y(CP[n)) < sup ¥(C) < B +7E,
CeCp

where = L(| Al + [Bll) and € = Bx[[[A(X) ~ n(X)],] + supper, 1C7 1] — CS:[n]

oo’

Proof. We first have from Lemma 14, the following guarantee for the linear minimization step at each iteration ¢ of
Algorithm 2:
(L', CP[F) < win (L', C) + Ex[[[n(X) - n(X)||,]
= min (L', C : 12
Zin (L%, C) + ¢ (say) (12)

Further, let us denote ¢’ = supj,cq, [|C”[h] — CS2[p) |- Notice that € = € + €.

We shall now prove this lemma by mathematical induction on the iteration number ¢. For ¢ = 0, the invariant holds trivially

as 0 < ¢(CP[h%]) < 1. Assume the invariant holds at the end of iteration t — 1 € {0,...,T — 1}; we shall prove that
~t
the invariant holds at the end of iteration ¢. In particular, we consider two cases at iteration ¢. In the first case, ¢(I' ) > +*,

leading to the assignments o = ~*, 8% = 8¢~1, and h* = G*. We have from the definition of ¢’
~t
—79'B,T') — |A —+'B|:¢
~t ~t

,T) =2'(B, T) - [A—7'B|:e
~t ~t

(B, T)(¥(T') —7") = |A =B

0 — [|A—=~'B|e

—[A = ~"Bll1(2¢ +¢)

—([[A[[1 + [Bll1)(2¢ + €,

(A-+'B,C"[g"])) > (A
(A

VvV Vv IV

where the third step follows from our case assumption that ) (ft) > ~'and (B f‘t> > 0, the fifth step follows from ¢ > 0,
and the last step follows from triangle inequality and 7" < supgcc,, 1(C) < 1. The above inequality further gives us

(A, CP[g") ¢ _ IAL A+ Bl

®.cry ~ 7 .oy T
> 7 = LA+ [BI)Ee + )
= ' — 7(2e+¢€)
= ’yt — T€E

Q
|

TE,
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where the second step follows from émcn (B, C) > b and the last step follows from the assignment o = ~'. In other
€Cp

words,

Dt
w(CP1)) = w(CPF)) = {Fga > o — 7

Moreover, by our assumption that the invariant holds at the end of iteration ¢ — 1, we have
Bt + re=p"1 4 e > ax ¥ (C) > P(CPh]) > of — re
e€Cp

Thus under the first case, the invariant holds at the end of iteration ¢.

=t . . . .
In the second case, (I’ ) < ~! at iteration ¢, which would lead to the assignments o = o!~1, 8* = 4!, and h! = h!~ 1.
Since the invariant is assumed to hold at the end of iteration ¢ — 1, we have

o' —7e = o' —7E < P(CPR'TY) = (CP[RY). (13)

Next, recall that L! € [0,1]™*™ is a scaled and translated version of —(A — ~'B); clearly, there exists ¢; € R and
0 < a; < 2||A — ¥'B|| such that A — 4'B = ¢; — a;Ly. Then for C* = argmax (A —~'B, C), we have

CeCp
<A _VtB7 C*> = ¢ —at@ta Cc")
< o —ay(L',CPR1) + ape
< ¢ —a (L', CP[h) + 2A — "B e
= (A—19'B, C”[n]) + 2|A —7'Bl|we
< A—WtB T) + IIA—vtBHle’ + 2|A —7'Blloce

A T) =B, T') + ||A - +'B|i¢ + 2|A —7'Bl|oce
B, T')(¢(T') ") + |A = 'Bli¢’ + 2|A —7'B||wce
B, T')(0) + |A —7'Blli¢ + 2|A —7'B|e

A —1'Bl1(2¢ + ¢')

(JA] + 1Bl1)(2e + ),

(
(
= A
(
(
|

INIAIA

where the second step follows from Eq. (12), the third step uses a; < ||A —7'B|| o, the fifth step follows from the definition

~t ot
of ¢ and Holder’s inequality, the seventh step follows from our case assumption that 4)(T' ) < ~* and (B, ' ) > 0, and

the last step follows from triangle inequality and v* < sup 9 (C) < 1. In particular, we have for all C € Cp,
CeCp

(A—9'B, C) < (Al +[IB]1)(2e +€),
or

(A, C)
(B, C)

[All: + (Bl

B, C) (2¢ +¢€).

<At +

Since émcn (B, C) > b, we have from the above, for all C € Cp,
€Cp

1
¥(C) <" + 5 AL+ [Bl1)(2e + €)= Ve = B+ TE

In other words,

sup ¥ (C) < B' + e
CeCp

By combining the above with Eq. (13), we can see that the invariant holds in iteration ¢ under this case as well. This
completes the proof of the lemma. O
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Lemma 28 (Multiplicative Progress in Each Iteration of Algorithm 2). Let v be as defined in Theorem 17. Then the
following is true in each iteration 1 < t < T of Algorithm 2:

575 —Oét _ %(Bt—l _ th_l).

~t
Proof. We consider two cases in each iteration of Algorithm 2. If in an iteration ¢ € {1,...,T}, ¥(I') > %, leading to
the assignment o! = ~¢, then
ﬂt _ Oét — Btfl _ ,}/t
_ i at=1 4 gt—1

2
_ %(6t—1 _ at—l)'

On the other hand, if 1) (f‘t) < 7%, leading to the assignment 3¢ = ~*, then

Bt—at = At —at!
B at=1 4 g1 o
2
_ %(615—1 —at™l),
Thus in both cases, the statement of the lemma is seen to hold. O

We now prove Theorem 17.

Proof of Theorem 17. For the classifier h35 = h” output by Algorithm 2 after 7" iterations, we have from Lemma 27

Pp = Pplhg’] = sup 4(C) — ¥ (C7h1])
< (B + 70 - (af - 79
= pB'—al + 27€
< 277(8° —a’) + 27e

= 277(1-0) + 27¢
= 277 4 27¢,
where € is as defined in Lemma 27; the fifth step above follows from Lemma 28. Setting T' = xm thus gives us
Py — Pplh] < 2rEx[||n(X) —n(X)||,] + 2r sup ICP[R] — C¥h)|| . + 27"
€y

By an application Lemma 15 to the second term in the right-hand side of the above inequality (noting that |Ss| = |m/2]),
we then have for any § > 0, with probability at least 1 — §,

n?log(n)log(m) + log(n?/6)

27:‘1’”’7]

Py — PpEY] < 27Ex [[|7(X) = n(X)],] + 2\/507\/

)

for a distribution-independent constant C' > 0. O

C.5. Extending Algorithm 1 to Non-Smooth Performance Measures

In Section 5, we showed that Algorithm 1 was consistent for any concave smooth performance measure (see Theorem 16).
We now extend this result to concave performance measures for which the associated ) is non-smooth (but differentiable);
these include the G-mean, H-mean and Q-mean performance measures in 1. In particular, for these performance measures,
we prescribe that Algorithm 1 be applied to a suitable smooth approximation to 1; if the quality of this approximation
improves with the size of the given training sample (at an appropriate rate), then the resulting algorithm can be shown to
be consistent for the original performance measure.
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Theorem 29. Let ) : [0,1]"*"—Ry be such that for any p € Ry, there exists 1, : [0, 1]"*"—R which is concave over
Cp, L, Lipschitz and 3, smooth w.r.t. the {1 norm with

sup [¢(C) —,(C)| < 0(p),

CeCp

for some strictly increasing function 0 : Ry —Ry. Let S = (S1,52) € (X X [n])™ be a training sample drawn i.i.d.
from D. Further, let 1) : X—/,, be the CPE model learned from Sy in Algorithm 1 and h];W,p : X— A, be the classifier
obtained after km iterations by Algorithm 1 when run for the performance measure 1),. Then for any § € (0, 1], with
probability at least 1 — & (over draw of S from D),

n?log(n)log(m) + log(n?/6) n 86, +20(p),
m rm + 2

PE* — PHlhg™) < 4LBx[[|A(X) - n(x)|,] + 4x/§6pn20\/

where C' > 0 is a distribution-independent constant.

Proof. From Theorem 16 we have that

n?log(n) log(m) + log(n?/6) n 86,
m km+ 2

P — PL Y] < 4LEx[|[A(X) - n(X)|,] + 4*/§5P”2C\/ "

For simplicity assume that the 1)-optimal classifier exists; the proof can be easily extended when this is not the case. Let
h* : X—A, be a ¢-optimal classifier; note that this classifier need not be 1),-optimal. We then have that

Py = Phlns"]
Y(CP 7)) — o (CP[AG)

< Up(CP[R7]) = 4, (CP[Hg"*]) +20(p)

= PR = Py (5] +26(p)

< PR = P[RS+ 2000)

< AL B[00~ nO0],] + 4v3srcy BBl 0D | 85,y

where the second step follows from our assumption that supg ¢ ¢, [¥(C) —4,(C)| < 0(p), and the fifth step follows from
the definition of P¥»-* and the last step uses Eq. (14). This completes the proof. O

We note that for each of G-mean, H-mean and Q-mean, one can construct a Lipschitz smooth approximation 1, as required
in the above theorem. Now, suppose the CPE algorithm in Algorithm 1 is such that the class probability estimation error

term in the theorem Ex [||7(X) — n(X)||, ] 2, 0 (as the number of training examples m—s00). Then for each of the
given performance measures, one can allow the parameter p (that determines the approximation quality of ¢,) to go to 0
as m— oo (at appropriate rate), so that the right-hand side of the bound in the theorem goes to 0 (as m—0c0), implying that
Algorithm 1 is 1-consistent. We postpone the details to a longer version of the paper.

D. Supplementary Material for Section 6 (Experiments)
D.1. Computation of Class Probability Function for Distribution Considered in Synthetic Data Experiments

We provide the calculations for the class probability function for the distribution considered in synthetic data experiments
in Section 6. We present this for a more general distribution over R? x [n], where for each class 4, the class prior probability
is 7; and the class conditional distribution is a Gaussian distribution with mean y; € R and the same (symmetric positive
semidefinite) covariance matrix ¥ € R9*9, We shall denote the pdf for the Gaussian corresponding to class i as f;(z) =

m exp (— 3(z — i) "7 (@ — ;). The class probability function for this distribution is then given by

P(Y =i|X =)
i fi(x)
Z;L:I i fi(z)

ni()
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Table 6. Data sets used in experiments in Sections 6.2—6.4.
Data set #instances # features # classes

UCI car 1728 21 4
pageblocks 5473 10 5
glass 214 9 6
satimage 6435 36 6
covtype 581012 54 7
yeast 1484 8 10
abalone 4177 10 12

IR  cora 2708 1433 4
news20 12199 61188 4
revl 15564 47236 11

exp (— 3(z— ) 'S He — ) + Inm;)
Sirexp (= 5(z = py) TRz — py) + Inmy)
exp (M;FZ_lx — %,u;rZ_lui + lnm) exp ( — %xTZ_lx)
Sy exp (pf Xle — $u Sy + Inmy)exp (— sz T8 1)
exp(w, © + b;)
> exp(w] z + bj)’

where w; = X 'p; and b; = — % ij‘l i + Inm;. Clearly, the class probability function for the distribution considered
can be obtained as a softmax of a linear function.

D.2. Additional Experimental Details/Results

In all our experiments, the regularization parameter for each algorithm was chosen from the range {1074, ... 10%} using
a held-out portion of the training set.

Synthetic data experiments. Since the distribution used to generate synthetic data and the four performance measures
considered satisfy the condition in Theorem 13, the optimal classifier for each performance measure can be obtained by
computing the )™ -optimal classifier for some loss matrix L* € [0, 1]"*"; we have a similar characterization for micro
F) using Theorem 13. In our experiments, we computed the optimal performance for a given performance measure by
performing a search over a large range of n x n loss matrices L, used the true conditional class probability to compute a
1p-optimal classifier for each such L (see Proposition 6), and chose among these classifiers the one which gave the highest
performance value (on a large sample drawn from the distribution). Moreover, since the class probability function here is a
softmax of linear functions, it follows that the Bayes optimal performance is also achieved by a linear classification model,
and therefore learning a linear model suffices to achieve consistency; we therefore learn a linear classification model in
all experiments. Also, recall that Algorithm 1 outputs a randomized classifier, while Algorithm 2 outputs a deterministic
classifier. In our experimental results, the i)-performance of a randomized classifier was evaluated using the ‘expected’
(empirical) confusion matrix of the deterministic classifiers in its support.

Real data experiments. All real data sets used in our experiments have been listed in Table 6. The version of the CoRA
data set used in our experiments was obtained from http://membres-lig.imag.fr/grimal/data.html.
The 20 Newsgroup data was obtained from http://qwone.com/~jason/20Newsgroups/. For the RCV1
data, we used a preprocessed version obtained from http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/
datasets/. For each of the UCI data sets used in our experiments, the training set was normalized to 0 mean and unit
variance, and this transformation was applied on the test set. Table 7-9 contains results on UCI data sets not provided in
Section 6. Table 10—12 contains training times for Algorithm 1 (applied to the G-mean, H-mean and Q-mean measures)
and the baseline SVMP" and 0-1 logistic regression methods on all UCI data sets; in each case, the symbol x against
SVMP* indicates the method did not complete after 96 hrs.

Implementation details. The proposed Frank-Wolfe based and bisection based algorithms were implemented in MAT-
LAB; in order to learn a CPE model in these algorithms, we used the multiclass logistic regression solver provided
inhttp://www.cs.ubc.ca/~schmidtm/Software/minFunc.html for the experiments on the synthetic and
UCI data sets, and the liblinear logistic regression implementation provided in www.csie.ntu.edu.tw/~cjlin/


http://membres-lig.imag.fr/grimal/data.html
http://qwone.com/~jason/20Newsgroups/
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
http://www.cs.ubc.ca/~schmidtm/Software/minFunc.html
www.csie.ntu.edu.tw/~cjlin/liblinear
www.csie.ntu.edu.tw/~cjlin/liblinear
www.csie.ntu.edu.tw/~cjlin/liblinear
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car pageblocks  glass  satimage covtype yeast abalone
Frank-Wolfe (GM)  0.945 0.908 0.680 0.843 0.695 0.448  0.223

SVMP (GM) 0.792 0.796 0.431 X X X X
LogReg (0-1) 0911 0.691 0.146 0.779 0.692  0.000  0.000

Table 7. Results for G-mean on UCI data sets.

car pageblocks  glass  satimage covtype yeast abalone
Frank-Wolfe (HM)  0.945 0.904 0.632 0.836 0.686 0412  0.197

SVMP (HM) 0.880 0.574 0.381 X X X X
LogReg (0-1) 0.909 0.631 0.143 0.731 0.679 0.000  0.000

Table 8. Results for H-mean on UCI data sets.

car pageblocks  glass  satimage covtype yeast abalone
Frank-Wolfe (QM)  0.930 0.877 0.613 0.821 0.685  0.510  0.247

SVMP (QM) 0.909 0.651 0.481 X X X X
LogReg (0-1) 0.898 0.660 0.490 0.725 0.675 0.473 0.223

Table 9. Results for Q-mean on UCI data sets.

car pageblocks glass satimage covtype Yyeast abalone
Frank-Wolfe (GM) 1.96 5.89 0.27 9.66 139.60 1.68 7.31
SVMP (GM) 8327.54  63667.67 1302.84 X X X X
LogReg (0-1) 0.59 1.70 0.07 4.48 106.27  0.40 3.84

Table 10. Training time (in secs) for G-mean on UCI data sets.

car pageblocks  glass  satimage covtype yeast abalone
Frank-Wolfe (HM) 1.96 5.85 0.26 9.02 125.30  1.69 7.14
SVMPT (HM) 3342.08  35836.87  108.80 X X X X
LogReg (0-1) 0.57 1.55 0.07 4.78 127.12  0.38 4.07

Table 11. Training time (in secs) for H-mean on UCI data sets.

car pageblocks  glass satimage covtype yeast abalone
Frank-Wolfe (QM) 1.93 6.11 0.27 9.00 134.85 1.65 7.29
SVMPT (QM) 6795.87  54803.42 158.48 X X X X
LogReg (0-1) 0.61 1.79 0.07 4.72 120.60 0.43 3.84

Table 12. Training time (in secs) for Q-mean on UCI data sets.

liblinear for the experiments on IR data. All run-time experiments were run on Intel Xeon quad-core machines (2.66
GHz, 12 MB cache) with 16 GB RAM.

We implemented SVMP*™ using a publicly available structural SVM API°. The SVMP*™ method (proposed originally for
binary performance measures (Joachims, 2005)) uses a cutting plane solver where computing the most-violated constraint
requires a search over of all valid confusion matrices for the given training sample. In the case of the G-mean, H-mean and
Q-mean measures, this search can be restricted to the diagonal entries of the confusion matrix, but will still require (in the
worst case) time exponential in the number of classes; in the case of the micro F, this search is more expensive and will
involve searching over 3n — 3 entries of the confusion matrix. While we use an exact implementation of SVMP* for these
three performance measures, for the micro F-measure, we use a version that optimizes an approximation to the micro F}
(in particular, optimizes the variant of micro F; analyzed by (Parambath et al., 2014)) and requires fewer computations. The
tolerance parameter for the cutting-plane method in SVMPT was set to 0.01 for all experiments except on the Pageblocks
and CoRA data sets, where the tolerance was set to 0.1 to enable faster run-time.

http://www.cs.cornell.edu/people/tj/svm_light/svm_struct.html
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