Double Nystrom Method: An Efficient and Accurate
Nystrom Scheme for Large-Scale Data Sets
(Supplementary Material)
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Table 3: The summary of 7 real data sets. n is the number of instances and dy is the
dimension of the original data

data set ‘ number of instances n  dimensionality d o k
Dexter 2600 20000 100.0 20,50

WineZ 4898 11 1.0, 3.0 20

AbaloneZ 4177 8 1.0, 3.0 20
Letter 20000 16 1.0, 3.0 20,50
MNIST 60000 784 5.0, 10.0 20,50
MiniBooNE 130064 50 0.3, 1.0 20,50
Covertype 581012 54 1.0 20,50

A Additional Experiments

In this section, we present additional experimental results that demonstrate our theoretical
work and algorithms. 7 real data sets, o and rank-k, which are we used in the experiments,
are summarized in Thl 3. We adopt two measures for experiments: “relative approximation
error” (Relative Error), and “normalized approximation error” (Normalized Error)

Relative Error = |K — Ky ||r/| K| ¢ (12)
Normalized Error = | K — Kk”F/HK - Kx|lF, (13)

where the minimum of the normalized error is 1.

A.1 Efficiency and Accuracy

In this section, we empirically compare the double Nystrom method described in Alg 3 with
four representative Nystrom methods: the standard Nystrom method (Williams & Seeger,
2001), the standard Nystrém method using randomized SVD (Li et al., 2015), the one-shot
Nystrém method (Fowlkes et al., 2004), and the standard Nystrom method using K-means
sampling (Zhang & Kwok, 2010). We run the double Nystrom method with the spanning
set S constructed by uniform random sampling (Unif) and approximate leverage scores
(ALev).

There are 10 episodes for each test, and there are 10 points on the each line in the
figures. We set s = 500¢, ¢ = (140 + 5¢), and m = (250 + 50¢) when n > 20000, where
t =1,2,...,10. For Dexter data, we set s = 200t, £ = (100 + 5¢), and m = (150 + 20t),
where t =1, 2, ..., 10.

A.1.1 Different rank-k

For Nystrom approximation, we select two different rank-k which are 20 and 50. We dis-
play the experimental results in Fig 3. Regardless of rank-k, Fig 3 shows that the double
Nystrom method always shows better efficiency than other methods under the same condi-
tion of using O(sn) kernel elements. In the experiment on the Letter data set, we can also
notice that the error of the double Nystrom approximation more rapidly decreases to the
optimal error than the others.
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Figure 3: Performance comparison both for & = 20 and k& = 50 among the four methods:
the standard Nystrom method (Williams & Seeger, 2001), the one-shot Nystrém method
(Fowlkes et al., 2004), the standard Nystrom method using randomized SVD (Li et al.,
2015), and the double Nystrom method (ours). There are 10 episodes for each test, and
there are 10 points on the each line in the figures. We perform SVD algorithm only on the
Dexter and Letter data sets due to memory limit. In this experiment, we set o for 5 data
sets as follows: o = 100.0 for Dexter, ¢ = 1.0 for Letter, o = 5.0 for MNIST, ¢ = 0.3 for
MiniBooNE, and ¢ = 1.0 for Covertype.



A.1.2 Different o

In this section, we report the results when we choose two different sigma for Gaussian kernel.
Regardless of sigma, Fig 4 shows that our methods is both efficient and accurate compared
to other methods.
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Figure 4: Experimental results for two different sigma on three data sets: Letter, MNIST,
and MiniBooNE. We gradually increase the number of samples s as 500, 1000, 1500,...,
5000, and there are corresponding 10 points on the each line.
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Figure 5: Comparison between the double Nystréom method and the one-shot

Nystrom method using K-means sampling. We set o = 1.0 for Letter, o = 5.0 for MNIST,
and o = 0.3 for MiniBooNE in this experiment.

A.1.3 Double Nystrom method vs K-means sampling + One-shot Nystrom

One of the heuristic Nystrom strategies is combining normal K-means sampling and the
standard Nystrém method (Zhang & Kwok, 2010). Thus, we also report experimental
results of Nystrom methods utilizing K-means sampling in this section. We adopted an
efficient K-means algorithm, and limited the maximum iteration as 10. For K-means sam-



pling, we gradually increase the number of clusters K as 100, 200, 300,..., 1000, thus there
are corresponding 10 points on the line.

Fig 5 displays the corresponding results. We omit the experimental result of the
standard Nystrom method using K-means sampling (Zhang & Kwok, 2010), because it
shows relatively poor efficiency and accuracy compared to other methods. The one-shot
Nystrom method using K-means sampling shows better accuracy and efficiency than the
standard Nystrom using K-means, however it is relatively slow than our methods and
Nystrom method using randomized SVD (Li et al., 2015) due to the running time of K-
means. Especially, it is too slow for the experiments on the MNIST data set which has
784 original dimension. Whereas our methods shows a better efficiency even on the low-
dimensional data sets which are Letter and MiniBooNE.

A.2 Leverage Scores, Kernel K-means and CAPS

Rem 1 implies the kernel K-means sampling, leverage score sampling, and CAPS sampling.
Thus, we compare the three sampling methods for Nystrom schemes in this section.

We introduced the notion of spanning set S and its corresponding matrix S in the main
section. Let Cg be a n x s matrix such that Cy = ®'S. Then, we can also think that CAPS
sampling extracts W € R*¢ from S € R%**, and compress the n x s matrix Co and s X s
matrix Kg as a n X £ matrix C and a ¢ x £ matrix Ky respectively. Consequently, we can
understand that the three sampling methods compress Cg as C, and test which sampling
method extracts n x £ matrix C inducing small approximation error. We denote ¢ as the
number of columns of C in the experiments.

We apply each sampling method to the standard Nystrom method (S.Nys) and one-shot
Nystrom method (O.S.Nys.). We select 7 sampling methods: uniform random sampling
(Unif), adaptive-part sampling (Adapt-part) (Kumar et al., 2012), leverage-score sam-
pling (lev) (Gittens & Mahoney, 2013), near-optimal sampling (NearOptimal) (Boutsidis
et al., 2014), normal K-means sampling (Kmeans) (Zhang & Kwok, 2010), kernel K-
means sampling (KKmeans), and CAPS sampling using one-shot Nystrom (CAPS (unif),
CAPS(ALev)) (ours). We set s = n/10 both for standard Nystrém method using random-
ized SVD and double Nystrom method, and assign m = n/50 in these experiments.

We adopted normalized approximation error (Normalized Error) which is defined in
Eqn (13) in this experiment. Since the optimum value of the normalized approximation
error is 1, we can easily interpret the results. Meanwhile, since we need to compute the
optimal error ||K — Kp|/r, thus we select 3 data sets which is not very large: Abalone,
Wine, and Letter.

The experimental results are displayed in Fig 6 and Fig 7. Although the exact leverage
score sampling utilizes the full kernel matrix K, accuracy is not better than the normal K-
means sampling. Since, column sampling methods including leverage score sampling select
just one column index per a sample, whereas clustering samplings and CAPS samplings
extract the samples as linear combination of instances. We note that kernel K-means
sampling and CAPS samplings are superior to the other methods in terms of accuracy,
and induce low errors closed to the optimum value 1 of the normalized error with a small
£. This means that the suggestions based on our analysis is correct. If we consider both
running time and accuracy, then “CAPS sampling + Nystrom methods” outperform all
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Figure 6: Comparison of the errors induced by sampling methods. The dotted line corre-
sponds to the standard Nystrém method, and the solid line corresponds to the one-shot
Nystrom method. Double Nystrom denotes “CAPS + O.S.Nys.”

other strategies, especially the double Nystréom method.

B Analysis in Section 3

B.1 The proof of Lemma 2

Lemma 2 In the standard Nystrom method, approximate principal directions are

rTNYS
Uk

= UW,ka
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Figure 7: Comparison of the running times. Since the sizes of the data sets are small, the
running times of two Nystrom methods are relatively small compared to the sampling time.
Thus, dotted are solid lines are close to each other.



where W = UWEWV%. In the one-shot Nystrém method, approximate principal directions
are

Uy = Uy Ve,
where G = @TWVWZ_l =" Uy and GTG = Vgﬁ(;Vg.

Proof. Consider the reconstruction form K; = VkE,Qch = <I>TUkU,;r<I>. Similarly, we can
consider the reconstruction form both for the standard and one-shot Nystrom approxima-
tions such as Ky = V32V = & U, U] ®. Then, we have a following equation for K;"*

K" = CK},,CT = & "WV, 32V}, W' & = &"Uy, Uy, @,
and U‘; L Uwk = I, Thus, ﬁzys = Uy . Second, we have a following equation for KZS”
K" = GVgpV§, G =@ Up'Ve, Ve, U@,
and (UWVG,;.C)TUWVG,;.C = I,,. Consequently, ﬁzsn =Uw Vg d

B.2 The proof of Theorem 1

Theorem 1 Given the s samples W € R*® with rank(W) = s', KPCA using the one-shot
Nystrém method solves the optimization problem in Def 1.

Proof. Let ka € Rk be a matrix with orthonormal columns ;. The NRE can then be
re-formulated as

- r T TITHNT T YTT . - _|_~
R e e (o

where K = ®'® is the full kernel matrix. Consequently, the optimization problem
in Eqn (5) can be reformulated as

maximize tr(U] ®®'Uy) subject to U] Uy = I;;, Uy = WA, (14)

A
Using compact SVD W = UWZWVITV, we have
U, = WA, = Uy Sy Vi Ay = Uy Zy,
by introducing matrix Z; = Z]WVITVA;C € R¥"*F_ Since ﬁgfjk = Zng, Eqn (14) becomes
maxzikmize tr(Z) GT'GZy) subject to Z, Zj =1y, (15)
where G = ® 'Uyy. Note that this matrix is the same G in Alg 1 since Uy = WVWZ);V1

and C = ®'W. By the work in Fan (1949), setting Z; to the first k eigenvectors of the
matrix GG solves the problem, which is V¢ i computed in Alg 1. Hence,

U =UwZP = UpVeay, = WV S Ve, = UP™. (16)



Lastly, computing the projection of each data instance requires the eigenvectors of the kernel
matrix, given in Eqn (4). Using U} " in the above, the diagonal matrix of singular values
P = (UP)T @ TUP = 2g. since tr(Xgy) is the objective value at the optimum
in Eqn (15), which is equal to that in Eqn (14). Finally, Eqn (4) with U" and 2 yields

VI =@ UP (7)) =@ WVwS ! VarZgh = GVarZgh = Vi

Since Vzp b= VE" and EZP b= 395", two approximate principal components are the same
q)TUzpt — Vgptzzpt — stnzzsn _ (I)TUzsn. ]

B.3 The Proof of Corollary 1

Corollary 1 Minimizing NRE(U},) is equivalent to minimizing the e,(U},) defined in Def 2,
thus

ﬁzsn = argmin el(ﬁk) subject to ﬁ{f}k =1, U, = WA,.
Uy

Proof. For any k < rank(K),

Cr + 61(6]&

NRE(Uy) = |20,

where ¢ = tr(K) — tr(Kj). We finish the proof, since tr(K) and tr(Kjy) are constant given
K. O

B.4 The Proof of Proposition 1

Proposition 1 Let W1 and Ws be the matriz consisting of s1 samples and ss samples
respectively. If two column spaces col(W1) and col(Wy) are the same, then the outputs
of the one-shot Nystrom method are also the same regardless of difference between set of
samples.

Proof. As we proved in Lem 2, fJZyS = Uy, and U™ = Uy'Vgy, k- ﬁzys can differ
depending on scaling of W, since the columns of Uy, are the top £ left singular vectors
corresponding to the top k sigular values of W. That is, even if two subspaces are the
same, col(Uw, 1) and col(Uwy, ;) may be different to each other. However, under the same
condition, Uy, can be represented as Uy, By, where By is a rank(W1) x k matrix such
that B;—Bk = I;. Using the (ByZy) 'BrZy = I}, for Z;—er€ = I, we can easily show that
the sample based KPCA problem for W; and for Wy are equivalent for col(W;) = col(W2)
as follows

maximize tr(Z) G{ G1Z;) subject to Z] Zj =T
k

<:>maxzimize tr(Z, Gg GoZy) subject to Z} Zy = Iy,
k
where G; = ® 'Uy, and G = ® ' Uy,. O

10



Proposition 1 tells us that accuracies from the one-shot Nystrom method including the
NRE(U?"") and the €;(U?*") are invariant to the scaling of samples, but depend on only
subspace spanned by samples.

C Analysis in Section 4

C.1 The Proof of Theorem 2

Theorem 2 Let Uy, be a matriz consisting of k approzimate principal directions computed
by the Nystrom methods given the sample matric W € RIXS with rank(W) > k. Suppose
that €9(Uy) = d(col(Uy), col(Uy)), then the NRE is bounded by

NRE(U}) < NRE(Uy) 4 V26,

where NRE(Uy,) is the optimal NRE for rank-k. The error of the approximate kernel matriz
1s bounded by

1K — Killr < K — Kil[r + V26 tr(K),
where | K — K| is the optimal error for rank-k.
Proof. For any Uy, we have following inequalities
NRE(Uy) — NRE(Uy,)

< (U U — Uk(Op) " ®||r/|®| r
< |[ULU; = Ug(Ug) | .

The square of the last term in the above inequality is
10U = Uk(UOp) "7 = 2k — 2t(Ux Uz UL(Ug) ).
Since
PE*(Uy, Uy) = k — tr(Ux UL U(T) ),

we finalize the proof with |[UzU] — Uy (Ux)T||% = 2PE*(Uy, Uy).
Similarly,
1K - Killr = 1K - Killp = [@7® - @TUL(Uy) '@ — |€T® — T ULU @
<[(@T® -2 UL U) @) - (2'® -2 UU; )| F
= [(@T (UL U} — Ux(Tx) )| 1
< ULU} = Uk(U) |21 ® I3
= V2PE(U,, Uy,) tr(K).

11



C.2 The Proof of Lemma 4

Lemma 4 Suppose that k-th eigengap is nonzero given Gram matriz K, i.e., v = A\p —
Ak+1 > 0. Then, given the U € Rk gnd Vi, € R™F such that U U, =1, and V Vi =
I, the subspace distance is bounded by

U] < (0, ol D) < 1 A28
EQ(Vk-) C GQ(Vk)
"y < d(col(Vy),col(Vy)) < P

where ea(Vi) = tr(V] @T®Vy) —tr(V] @TOVY).

Proof. First, we prove an upper bound of subspace distance between col(Uy) and col(Uy).
Without loss of generality, assume that U, = U,P;, + Uk +1Qk, where Uy be the matrix
consisting of the first k& principal directions which are eigenvectors of ®® " Uk 41 be the
matrix consisting of other (d — k) eigenvectors of ®® ", Ay and A¢ 41 are dlagonal matrices
consisting of corresponding eigenvalues. Then,

e1(Ug) = tr(U] @@ 'Uy) — tr(U, @@ 'U,,)
= tr(Ag) — tr(APLPY) — tr(A],, QrQ))
= tr(Ax(I — PrP})) — tr(Af,,QrQy)
> A tr(Ip — PRPL) — tr(AL QeQy ).
Since tr(I;) = tr(P} Py + Q/ Qy), we have
e1(Ug) > M\ tr(I, — PyPy) — tr(Af, 1 QrQy )
= A tr(QiQy) — tr(Af QiQY)
= tr((AkTa—k — AL ) QRQY)
> (M — Not1) t1(QeQY ).
We finish this proof with PE*(Uy, Uy) = tr(Q, Q] ) and PE(Uy, Uy) = d(col(Uy), col(Uy)).
Similarly, we can provide a lower bound of d(col(Uy), col(Uy)).
e1(Ug) = tr(U] @@ 'U,,) — tr(U] 2@ U,
= tr(Ag(Iy — Py Py)) — tr(AL 1 Qi Qy)
< ATy — PRPy) — tr(Af, Qe Qy)
< A1 tr(QrQy ).

Since PE*(Uy, Uy) = tr(QxQy ), we have \/ LUTE < PE(U, Uy).

Next, we prove upper and lower bound of d(col(V},), col(V},)). Without loss of generality,
suppose that Vi = V,Pj + Vi 1Qk, where Vi be the matrix consisting of the first &
eigenvectors of K, V7! | be the matrix consisting of other (n — k) eigenvectors of K, Ay
and A}, are diagonal matrices consisting of corresponding eigenvalues. Then, the rest of
the proof is similar to the case of d(col(Uy), col(Uy)). O
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C.3 The Proof of Lemma 5
Before showing the proof of Lem 5, we provide the following two lemmas.

Lemma 6. A € R U, € R¥¥k \~7~k € RN”X]“ be given, where k < min{d,n} and Ui, Vi
have orthonormal columns. Then o;(U] AVy) < o;(A).

Lem 7 comes directly from Lem 6.

Lemma 7. Let Vk be a subfnatm‘x consjstipg of k colum@s of \7@, and ka be a submatrix
consisting of k columns of Uy, where UZU@ =1, and V;VZ = I,. Then, given kernel
matriz K, we have

Now, we provide Lem 5.

Lemma 5 Suppose that { samples are columns of dV,, i.e. W = &V, and Vj, is a
submatriz consisting of k columns of V, where V;Vg =1,. Then, for any k < rank(W),
Uzys and U™ satisfy

e1(UP") < e (UPY°) < e2(Vi) < e2( V),
where fJZyS and szsn are defined in Lem 2.

Proof. Given V, without loss of generality, we can arrange columns of V as descending
order corresponding to the diagonal entry of Ky = V;@Tq)Vg. Let Vi be the matrix
consisting of the first £ columns of Vy, then by Lem 7,

(Vi) =tr(VI®@T®V,) —tr(V] @ T®V,) < tr(V, @ ®V,)) —tr(V,] D DV,)) = e2(V)).
The next goal is showing
e1(Uwg) = tr(U, @D T Uy) — tr((Upg) @@ Upp) < tr(V @T®Vy) — tr(V, T ®Vy),

where Uy, consists of the first k& columns of Uyy. Since tr(V] @ T ®Vy) = tr(U] 2@ " Uy),
we will show that

tr(Vy T ®Vy) < tr(Uyp,, 82 Up).
The matrix V;@T@Vk is a principal submatrix of V;@T@\Nfg, thus by Lem 6,
tr(Vy @' ®Vy) < tr(V) 2T ®V)))) = tr(Zfyp)-
We give an alternative form for the same quantity of tr(Z%M i) as follows
tr(Sfyx) = tr(Vwr St Vi)

= tr(W Uy, Uy W)
= tr(V, @ Uy Uy, BVy).

13



Since tr(V,} @ Uy, U}, @V)) < tr(® Uy, Uy, @), we finish the proof for the inequality
tr(VI®@T®V,) < tr(U],, @2 Uyy). )

We proved €1 (Upy) = tr(U} @@TUy) — tr(Uy,, @2 Uy i) < €(Vi). Meanwhile,
fJZyS is the Uy, as we proved in Lem 2, and szS” minimizes the ¢; among Uy obtained

from any sample-based KCPA methods including Nystrom methods as we also proved in
Cor 1. Thus,

61(]—325”) S 61(I~J—Zys) = El(UW,k) S EQ(Vk).

C.4 The Proof of Theorem 3

Theorem 3 Suppose that the k-th eigengap i is nonzero given K. If we set W = dV,
with V;Vg =1,, then by the standard and one-shot Nystrém methods, NRE and MRE are
bounded as follows:

) 2(V
NRE(U,) < NRE(U}) + Ezs k)
k
2 -
< NRE(Uy) + TPE(VIka),
k
- 2¢5(V
K~ Kyl < 15 - K+ 22V ey

[\ 8
< |K — Kyil|p + T;PE(Vk,Vk) tr(K),

where V7, is any submatriz consisting of k columns of V,.

Proof. The proof of this theorem comes directly from Thm 2, Lem 4 and Lem 5. O

C.5 The Proof of Proposition 2

Proposition 2 Given spanning set S consisting of s representative points, suppose that
we set W = ®V, and VZVg = I, with the constraint col(W) C col(S). Then, under that
condition, the problem of minimizing the ea(Vy) can be equivalently expressed as

minimize 62(‘7@) subject to Vy = TgAy, A;Ag =1, (17)
£

and the output of step 3 in Alg 2 with rank-¢ SVD minimizes the e2(Vy), i.e.,

Vs = argmin 62(\74) subject to Vo = TgAy, AZA@ =1,
Ay

where Kg = VSZ%V;

14



Proof. The condition is equivalently expressed as W = <I>\~{g = SA/, and \Nfg = TgAy, where
A] A, =1, and then the problem of minimizing the €3(V,) becomes Eqn (17). Next, we
can directly show that

minj;mize eg(Vg) subject to V;, = TgA, and AZA@ =1,
£

<:>minimizetr(V,;r¢>T‘I’Vk) —tr(A; TI®"®T5A,) subject to A A, =1,
¥4

Since S = #Tg and Kg = T ®"®Ty,

Vs, =argmintr(V) @ ®Vy) — tr(A] T{® T ®TgAy) subject to A} Ay =1y,
Ay

C.6 The Proof of Remark 1
C.6.1 The Kernel K-means Sampling

In this section, we insist that kernel K-means sampling for Nystrom methods can in-
duce more accurate approximation rather than normal K-means sampling (Zhang & Kwok,
2010). To show that, we will provide theoretical analysis of kernel K-means sampling for
Nystrom methods, and compare it with analysis of normal K-means sampling for standard
Nystrom method.

The normal K-means sampling (Zhang & Kwok, 2010) is heuristically good, but its
motivation is weak due to ignoring kernel function s(x;,x;) for computing landmark points
in sampling step, even if the final goal is computing an approximate kernel matrix. In
addition, suggested analysis displayed in Proposition 3 does not show any connection to the
optimal error ||K — K| F for rank-k.

Proposition 3. (Zhang & Kwok, 2010) Given the original dataset X defined in Section 2,
suppose that a clustering result from normal K-means on dataset X is represented by its
centroids z; = Y, 3ijX; = XBj, where B; is the j-th Ly cluster membership vector such that
L=, Bij- By using B, if we set £ sample vectors for standard Nystrém method as w; =

®3, for j =1,...,L, where { = K, then the error of the standard Nystrom approximation is
bounded by

K — K™*|| < 4n1/CyKn D + C5 Kny DK, ||,

where n; is the number of instances in i-th cluster, ny = max; [n;|, c(i) = argmin;_; o g [|x;—
z;||, D is the normal K-means cost s.t. D =37 | [|x;—2.(;)|13, and C% is the unknown con-
stant for the given kernel function r s.t. (K(Xq,Xp)—K(Xe, Xa))? < Ch||xa—Xc||3+]1x—%all3-

Now, we show why kernel K-means sampling for Nystrém methods is able to induce a
small approximation error. First, we can easily show that the cost of kernel K-means is
(e2(Vi) + tr(K — Ky)), and provide Lem 8.
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Lemma 8. Let columns of VK € R K pe Ly normalized membership vectors. Then \N/'K

sati:s’ﬁes the condition V}VK = Ik, and the objective of kernel K-means is minimizing the
€2(Vi) defined in Lem 4 for k = K.

Proof. 1t is well known that objective of kernel K-means is

minimize tr(K) — tr(Vg® ' ®V), (18)
Vi

where columns of Vi € R"*X are Ly normalized membership vectors. Since tr(K) is a
constant for the given kernel matrix K, we can also consider the e2(V) as its objective
function. O

Thus, if the cost of kernel K-means is low, then kernel K-means sampling will induce
small e3(Vg) and e3(Vy). Using Lem 7, Lem 8 and Thm 3, we prove that if we consider
L9 normalized membership vector Vi of kernel K-means of a low cost and set W = &V,
for Nystrom methods, then the approximation error will be small.

Corollary 3. Suppose that the k-th eigengap vi is nonzero given K. Assume that given
the cost of kernel K-means is (ex + tr(K — Ky)), and columns of Vi are Ly normalized
membership vector of given the clustering. If we set ¢ = K and W = ®V, then the
standard and one-shot Nystrom methods induce the NRE and the MRE as

262

NRE(U,) < NRE(Uy) + \/7

Tk
- 2¢
1K — Kl < K = Kl + /2= tr(K).

Remark 3. Our analysis urges that Lo normalized membership vectors should be set as
Vi for W = ®Vg instead of L1 normalized membership vectors. In fact, using Lo or
L1 normalized membership does not affect the one-shot Nystrom approzimation, however it
brings out the difference in standard Nystrom method.

Remark 4. By Lem 8 and Cor 8, kernel K-means algorithm is suited for minimizing
the €3 to reduce the error of the Nystrom methods. If we consider Lo membership vec-
tors of the normal K-means, then the normal K-means could be considered as approrimate
kernel K-means sampling, since its objective function tr(K) — tr(VgXT X V) is simi-
lar with Eqn (18), however it does not apply kernel function. Thus, kernel K-means for
Nystrom methods may induce more accurate approximations rather than normal K-means
for Nystrom methods, except that both of their clustering results are similar, i.e., kernel
function is ineffective.

Remark 5. Our analysis is distinct from the work suggested by Zhang & Kwok (2010),
First, our proposed error bounds in Cor 3 include the optimal error term and can converge
to the optimum for any rank k, but the other can not. Second, there is also a difference
between approaches for using the cluster structure. For example, suppose that we have the
same clustering result from normal K-means. Then, based on our analysis, we prefer to use
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Lo membership vectors of clustering for obtaining Vi and W = ®V g, and construct C
and Ky by using W = dVy. However, the other method uses the centroids of clustering
to directly compute C and Ky by applying kernel function k(-,-). The latter is fast, but
the former can be more accurate. To resolve the scalability issue, we can use scalable kernel
K-means.

C.6.2 The Leverage Score Sampling

In this section, our goal is showing that leverage score sampling may induce a short subspace
distance PE(Vy, Vi), consequently a small approximation error from Nystrom methods.
The i-th leverage score of the columns of K for rank-k is defined as

levi = (ViV} i)

which is the i-th diagonal element of VkV,I, where columns of Vi € R™ % are the true k
eigenvectors of K. Since the leverage scores are squared Ly norm of each row of Vy,, if we
consider V, which consists of k vectors of row indices, then we can provide an alternative
form of PE(V}, V},) by using leverage scores.

Lemma 9. Let columns of V}, be the true k eigenvectors of K and columns of Vj, be
vectors of row indices corresponding to index set I, where |I| = k. Then, PE(Vy, Vi) can
be characterized by leverage scores

PE(Vy, Vi) = [k= lev;, (19)
el

where lev; be the i-th leverage score.

Proof. Given Vy, PE(Vk,Vk) =||Vi — VkV;—VkHF Since columns both of V; and Vj

are orthonormal,

PEQ(Vk,Vk) = HVk — VkV,IVkH% = tl"(Ik — V,IV,CV;V;C)

Therefore, PE(Vy, Vi) = VE =3 crlevs. O

Now we provide directly Cor 4, which states that the upper bounds of approximation
errors induced by Nystrém methods from using any row (or column) index sampling can be
characterized by sum of leverage scores.

Corollary 4. Let V, be vectors of row indices corresponding to index set J where |J| = ¢,

and Vi, be a submatriz which consists of k columns of V, corresponding to index set I of
I C J. If we set input vectors for the standard and one-shot Nystrém methods as W = ®V,
then

Yk

k— Zie[ lev;)
Vi

NRE(ka) < NRE(Uyg) + \/2)\1(K)(k — D ierlevi)

1K — Kyllr < K - Kellr + \/ 2N i2(K).
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Remark 6. To reduce upper bounds both of the NRE(Uy,) and the |[K —Ky||p in Cor 4, the
probability of sampling indices has to induce a low expected value of maxrcj(k—) ,; rlev;),
or equivalently a high expected value of maxrcj .c;lev;. The simple idea which leads
to high Elmaxrcj(k — ) ;c;levy)] is the leverage score sampling which selects indices for
rank-k approrimation with probability p; = le% Thus, the leverage score sampling has an

effect which reduces the expectation of minvk PE(Vyg, Vk), and may induce a small error of
Nystrom approrimation.
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