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1 Proof for Proposition 1

The ;" component of the tangent vector of the positive sphere, mapped by a push-forward map F,
on a tangent vector v € T4 [P,
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For simplify, let denote:
fi(t) = (xi +tvi)™ Ay,
df;(t o —
hl(t) = fi() = (Xi + tVi) i—1 )\Zalvl
dt
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Since at t = 0, f;(0) = x*'A; and h;(0) = X;’“‘_l)\iaivi,
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Let apply v = 0;, 1 < i < n, the basis of the tangent space of the simplex TxP,,
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where §;; = 1if j =i and d;; = 0, otherwise.
Hence, we have T' = U (I — Bn™)D.

Moreover, the metric on the positive sphere S} is Euclidean. So, we have J(9;,9;) = (F..0;, F,.0;).
Consequently, we have the Gram matrix:

G=TT" =U(I - Bn")D*(I - Bn")"UT.
2 Proof for Proposition 2

Let consider matrix BnT € R(+1>(+1) "and vector v such that n”v = 0, so v is a eigenvector of
Bn’ with eigenvalue 0. There are n independent vectors {v;}, -, ., such that n”v; = 0. Moreover,

n+1
trace (Bn’) = Y- B;n; = 1, or sum of the eigenvalues of Bn” is 1. So, the last of (n + 1)
i=1

eigenvalues is 1. On the other hand, (,BnT) B =70 (nTﬁ) = 3, or 3 is a eigenvector of Bn”
with eigenvalue 1. In summary, we have {(vi,0)1<;<n, (3, 1)} are eigenvectors and corresponding
eigenvalues of Bn”. Let V be a matrix in R("+1)*("+1) whose columns are {v1,Va,--- ,Vn, B}.
So, we may express V' as follow:
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Let A is a diagonal matrix in R+ *("+1) where A;; = 0, forall 1 < i < n, and A, 1)(nt1) = L.
We have BnT = VAV L. Consequently, we have I — Bn? = V(I — A)V~L. Since I — A =
diag(1,1,---,1,0)and I—A = (I—A)?, we may express [ —3n” = VV—1, where V € R(»+1)x~

is the matrix V whose last column is removed, and V=1 € R™"*("+1) ig the matrix V' ~! whose last
row is removed.

Thus, we can express the Gram matrix G as follow:
G =UVV-1D2(VV-1)TyT
SO —T ~
= (UV)(V-1D*v-1 YUV)T
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We also note that UV and V-1D2V—-1 are matrices in R"*™. So, we have detG =
~ T

det?>(UV) det(V-1D?V-1"),

Compute det(UV):  Since, we have
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Compute det(V -1D?V -1
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We have its inverse:
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where vector r = (ry,rg, -

Now, we apply for the matrix V' where r;
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,Tn41) and vector ¢ = (cq,cCo, - - -
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*rn—i- 1C2
—TIp4+1C3

(r,c) = TnyiCn41
rn+1

,Cpy1) are in R*HL,

= xb and c; = xf‘iilai)\i, forall1 <i < (n-+1),and

remove the last row to form V' —!. For simplicity, we denote a diagonal matrix P € R™*" where
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Then, we can compute
— /x?ll)\l Z XA _ /X?)0t3.>\3
o
1<i<n+1 VX2 A2
i£2
o
o re% X '\
- 1 —/X7' A1 VX572 A x°‘311a3>\3
ViiD=———— P 1<isntl ™3
n+1 2 1#£3
i=1 :
(a7 (01
Xo 2)\2 -V X3 3)\3
Consequently, we have:
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L and 1,,x,, is a matrix of 1 in R"*",
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— > 11 Qjj;, following Lemma 2 of Lebanon (2005).




Hence, we have:
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Hence, we have: detG =

3 Proof for Proposition 3

The partial derivative of the objective function F with respect to A is:
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So, we have the proof for -

Similarly, we also obtain the proof for g%'
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